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Abstract: A new method for the calculation of kinetic coefficients is presented. This
method allows us to obtain the distribution of scalar and vector fields {(such as the
temperature, the admixture particle number density and the magnetic field) in turbulent
cosmic media with any value of § = uo7o/Ro. The explicit expression for the “turbulent”
diffusivity Dz is obtained. In some cases Dy becomes negative, implying the clustering
of the admixture particles in patches (a local increase of the temperature and magnetic
fields). The magnetic a-effect is considered for the case § ~ 1.

Processes of scalar and vector field transport in turbulent medium are of great
importance in most astrophysical objects. The general form of the equations which
describe these processes is

Kf(r,t)=Lf(r,t), K= % — DyV2. (1)

(a) For the case of particle propagation f(r,t) = f,(r,t) is the number den-
sity of the particles with momentum p at the space-time point #,f, and
I = I, = —(w)V - divu(p/3)(8/8p). u(r,t) is the turbulent velocity
of the medium. {u(r,t)) = 0. The brackets { ) denote an averaging over the
velocity ensemble.

(b) If one considers the particle distribution, disregarding their momenta, then
fr,t)y=N(r,t)= [ fp(r,t)p*dpand L=Ly = —(uV) divu.

(c) For the case of heat propagation f(r,t) = T(r,t), L = Ly = —(uV) —
R/uCydivu ,where T is the temperature, p is the molecular weight, Cy is
the specific heat capacity and R is the gas constant.

(d) The magnetic field distribution is determined by (1) with f(r,t) = B(r,1),
the magnetic field, and Lf = LB = —(uV)B + (BV)u — Bdivu. Dy in (1)
is the diffusion coefficient for the field considered.

Most papers devoted to the solution of (1) are restricted to the case S? =

(uoro/Ro)? < 1, where u2 = (u?(r,t))/3 and Ry and 7o are the space and time
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scales of the turbulence. By definition the motion within the scale values of order
Ro,7o is more or less regular and becomes random only for scale sizes L > R and
t > 7o. The condition $? < 1 allows us to take into account only the correlation
tensor of second rank, (u;(r,t)uj(r,t)) where R = #—#',7 = t—t'. The turbulence
is assumed to be stationary and homogeneous. If S & 1 the correlation tensors of
higher rank become important.

In this paper we present a new method for the solution of the transport problem
in a compressible turbulent media for the case S 2 1. The Greens function of (1)
is determined by

(K — L)G(1,2) = 8§(1 — 2) = 8(r1 — r2)6(t1 — t2), (2)

where the symbols 1, 2.... denote 7y, t; ; 73, t; ;... and d1, d2,... denote dr,dt,
; dradty ;... The integral form of (2) is

G(1,2)=G0(1,2)+/d3G0(1,3)1i(3)G(3,2), KGo(1,2) =6(1,2). (3)

If one uses a direct iteration of (3), beginning with Go(1,2), then a divergent series
for the case S 2 1 is obtained. The series is valid and asymptotic for $? < 1. To
avoid this difficulty let us take instead of (3) the two coupled equations (4) and (5),
which are 1dentlcal to equation (3) for any value of the operator O. The particular
choice of O is equivalent to the particular choice of the zero approximation for

G(1,2).

G(1,2) = M(1,2) + / d3G(1,3)[f&(3)M(3,2)— / d40(3,4)M(4,2)|, (4)

M(1,2) =Go + / d3 / d4 Go(1,3)0(3,4) M(4,2). (5)

The advantage of this form is that it allows the possibility of choosing the zero
approximation in such a way to provide a better convergence of the iteration
and it takes into account the higher rank correlation tensors. Let us choose
0(3,4) = (L(3)Go(3,4)L(4)), leading to an asymptotic iteration series for G(1,2)
adequate for $? ~ 1. This statement can be proved by calculations with sub-
sequent approximations. The second iteration takes into account the correlation
tensors up to the fourth rank, etc. The equation for the mean Greens function is

(G(1,2)) = Go(1,2) + / d3Go(1,3)(L(3)G(3,2)). (6)

Equations (5) and (6) are approximately equivalent if one inserts (3) into (6)
and takes (L(3)Go(3, 4)L(4))(G(4 2) instead of (L(3)Go(3, 4)L(4)G’(4 2)). This
approximation for M(1,2) is, in many cases, sufficiently precise (~ 10 % ) for
large values of 52, G(1,2) depends on the particular form of L. Consider the case
L = Ly = —(uV) — divu, as an example. Taking into account that (G(R,)) is
a smooth function on scales ~ Ry, 79, one can take (G) out of the integral. This
leads to a diffusion equation for N(r,t) with a “turbulent” diffusivity:
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ON/8t — (Do + DT)V?N =0, (7)
Dy = % /dR/d’r Hui(1)G(1,2)ui(2)) — R- (w(1)G(1, 2)div u(2))].

In the first approximation we can take in (7) G(1,2) ® M(R, 7). The kernel of (5)
depends on R and 7 only and M (R, 7) can be obtained in the explicit form using
the Fourier transform. Consider, as a simple example, the potential turbulence
u = Vi with the correlation function

3ul sinkoR 7]
(e(1)e(2)) = R RRE P (—;) : (8)
In this case the Fourier transform of the M(R,7) is
~ _8(m) T . ar ar
M(k,r)= . [exp (— 2'r0)] [sm o + acos 27_0] , (9)

where §(7) = 1if 7 >0and §(r) = 0if 7 < 0, a = (4ulri — 1)1/2 and D, is
assumed to be much smaller than Dr. The first integral term in (7) is always pos-
itive, but the sign of the second one depends on the particular form of (uGdiv u).

" In a compressible medium (div u # 0) div u may be negative. Using (8), (9) and
(7) we obtain

Dy =2ulne(2—95%)(2+95%) 7", S =uproko/3, (10)

and so Dt becomes negative if S > 2/9. There are cases, for example acoustic
turbulence, when D7 + Dy is always positive. The negative diffusion leads to
formation of patches of the admixture particles. It does not contradict the laws of
thermodynamics, because the physical system is thermodynamically open.

By the method described above we can obtain the equation for the average
magnetic field in the case S 2 1. We obtain

<-(% — (Do + DT)VQ) (B) = arrot(B) — ﬂTgt—rot (B). (11)
In the case of isotropic, stationary, homogeneous non-mirror symmetric turbulence
(u;(l)uj(2)) = 6,']'BJ_(R,T) + R,’Rj(B"(R, 7')—- (12)

B (R,7)R™? + ¢;js RiC(R, T).

In this case D and a., are given by
Dp=—— /wd 3/°°dr 1(1\2 +M)—a-1§( 7)
T = 6n2 J, 94 A 5\ M+ ~)aq [1\gs

0ty - W22 0, r)] , (13)

1 © ri . - L
= dg [ dr |—=(My+ M-)(6:;4* + ¢igj)Bij(q,7)—
ar 3(27r)3/ Q/O T [2q( + )(6ijq° + giq;)Bij(q,T)
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oL, — M) 57|
Bij(R,7) = (ui(1)uj(2)).
The expression for ar differs from that for S only by an additional factor 71
in the integral.
My(q,7) = [a1! sin(as7/270) + cos(axT/270)] exp(—7/270)8(r)  (14)
at = (4ufrlq® — 1£8Cordq)'/?,
C(0,7) = Cp exp(—|7|/70)-
In an incompressible medium with By(0,7) = uezp(—|7|/70), co = Yyudko/2,
lv| €1, § = ugroko/3 we have

Do = 2ulmo(2 +9(1 +~%)S?) o = dulko(1l + 95%)y
T= 7 (249522 —81925% ' “T7 (21952 - 81925¢"

(15)

Equations (15) are valid to within an error of ~ 20 % up to § = 1.
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