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Abstract

In this paper, one model of the universal Teichmiiller space is studied. By the method of construction, the
lower bound of the inner radius of univalency by the Pre-Schwarzian derivative of quasidisks with infinity
as an inner point (such as domains bounded by ellipses) is obtained.
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1. Preliminary and introduction

Let D be a quasidisk in the complex plane C. Here np denotes its Poincaré density
with Gaussian curvature —4. Furthermore, let D*=C\ D, A={z:|z] <1}. So
A*=C\ A and D* is a quasidisk in C with co € D*.

For a holomorphic and locally univalent function f in domain D, define

4

Ty = ra (log £,

which is called the Pre-Schwarzian derivative of f, and

0= ()35
;= f/ 2 f/ ’

which is called the Schwarzian derivative of f. The Pre-Schwarzian derivative of f
vanishes in D if and only if f is a similarity. The Schwarzian derivative of f vanishes
in D if and only if f is a Mobius transformation. Moreover, Ty is holomorphic at a
finite point zq if and only if f is holomorphic and injective around zo. Similarly, S
is holomorphic at zg if and only if f is holomorphic (or meromorphic) and injective
around zg.
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In addition, we define the following two Banach spaces of functions ¢ which are
holomorphic in D:

B{(D) = :qﬁ : ¢ is holomorphic in D with norm [|¢ ||}, = sup{Iqﬁ(z)InBl(z)} < oo},
zeD

B>(D) = {¢ : ¢ is holomorphic in D with norm ||@| p = Sug{IQf)(Z)MBZ(Z)} < oo}
zZ€
Let
S(D) = {Sf : f is holomorphic and univalent in D},
T(D) = {Sy: f is holomorphic and univalent in D
and has quasiconformal extension to C},
S*(D) = {Ty : f is holomorphic and univalent in D},
T*(D) = { Ty : f is holomorphic and univalent in D
and has quasiconformal extension to C).
It is known that
T(D) C S(D) C Bo(D) and T*(D)C S*(D)C Bj(D).

When D=A={z:|z] <1}, T(A) is the famous Bers embedding model of the
universal Teichmiiller space. Here T*(A) is an alternative model of the universal
Teichmiiller space introduced by Astala and Gehring [3] and Zhuravlev [9]. Zhuravlev
proved in [9] that

T*(A):{ U LQ} UL,

0€l0,2m)

where L and Ly are disconnected components of T*(A) with f bounded in A and
lim,_, ,is f(z) = 00, respectively. Furthermore, some concrete properties of Ly and L
were studied in [8]. It is easy to see that 77 : ¢p — ¢’ — $?)2 maps T*(D) onto T (D)
with Sy = T} - (Tf)2 /2, and it was also proved that 7 is continuous.

Let g : A — D be a conformal mapping. Because D is a quasidisk in C, we know
that g has quasiconformal extension, so it is concluded that

S, eT(A) and T, € TH(AD).
For any f holomorphic in A, we have
1S7 = Sglla = 1S pog1 1104
ITf = Tells = 1T pog1 15,

which implies that the map ® : Sy — S,-1 is an isometric homeomorphism of 7'(A)
onto 7' (D), which carries the point Sg € T (A) to the origin of 7' (D). At the same time,
themap ¥ : Ty — Tfog—l is also an isometric homeomorphism of 7*(A) onto T*(D)
which carries the point T to the origin of 7% (D).
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We define the inner and outer radii of univalency by the Schwarzian derivative of
domain D, denoted by o7 (D) and oo (D), respectively, as

o;(D)=sup{oc >0:|Ssllp <o = f is univalent in D},
oo(D)=sup{l|S¢llp: f:D— Cis univalent}.
From the analysis above, we know that

or(D)y= inf |[Spllp= _inf [|Sy— Sglla,
SpedT (D) SredT ()
where g : A — D is conformal. Hence we conclude that o7 (D) is the distance from
the point S, to the boundary of 7'(A).
Similarly, we define the inner and outer radii of univalency by the Pre-Schwarzian
derivative of domain D, denoted by o/ (D) and o, (D), respectively, as

o/ (D) =sup{oc >0:||Tfllp <o = fisunivalent in D},
o5(D) =sup{||T¢llp: f: D— Cis univalent}.

So

o/ (D)= ThegI}E(D) I ThIly = Tfeti)r}f*(ﬁ) ITr — Tglln,
where g : A — D is conformal. We can also conclude that o (D) is the distance from
the point T, to the boundary of 7*(A).

In [3, 7], it was proved that (D) > 0 or (D) > 0 if and only if D is a quasidisk.
From the above point of view, we establish some formulas to compute the inner
radius of univalency of domain D. As we know, a locally univalent function f
in D is not always wholly univalent in D. With the aid of the inner radius of
univalency, we can judge that a function f is univalent in D when ||T¢ ||}, < o[ (D)
or |S¢llp <or(D). Some results have been obtained about the inner radius of
univalency by the Schwarzian derivative such as those for the unit disk (or the half
plane), angular domains, rhombus domains, regular polygons and so on. However, for
the inner radius of univalency by the Pre-Schwarizian derivative, there are a many
things that are unknown. Although the Schwarzian derivative plays an important
role in the study of the universal Teichmiiller space, and many important results
have been obtained, it is not easy to deal with the Schwarzian derivative, in general,
because of its complicated form. Therefore, some attempts to replace it by the Pre-
Schwarzian derivative have been made [3]. Although the Pre-Schwarzian derivative
is sometimes called the ‘poor man’s model’, since it does not have much invariance,
this model is interesting when considering geometric function theory. Sometimes the
Pre-Schwarzian derivative model could be more useful although it is less investigated.

In the discussion above, the domain D belongs to C. In other words, the infinity
point oo ¢ D. In the study of T (D) which is the Teichmiiller space of domain D
by the Schwarzian derivative, whether or not co € D is always ignored because the
Schwarzian derivative is invariant under Mobius transformations. However, in the
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study of T*(D), which is the Teichmiiller space of domain D by the Pre-Schwarzian
derivative, the two cases when oo € D and oo ¢ D must be considered separately
because the Pre-Schwarzian derivative is not invariant under Mobius transformations.

In [5], Becker investigated the Teichmiiller space of the domain A* = C \ A by the
Pre-Schwarzian derivative. Let X be the set of functions F that are meromorphic

and univalent in A* normalized by F(z) =z + bo+ b1/z+---. For any F(z) =
z+byo+bi/z+---,TFr = (2b1/z3) +---=0(z3). The norm of the function TF
is defined by

-1
1T A« = sup {|zTF(2) 14« (2)},
ZEN*
which seems to be more natural.
Define

B (A™) = {¢ : ¢ is meromorphic in A* with [|¢ A« < 00},
and a topological model of the universal Teichmiiller space
T*(A*) = {Tr : F € ¥ and has quasiconformal extension to C}.

Moreover, in [5] it was proved that the model T*(A*) is homeomorphic to the
model T (A*).

It is known that the map 7 (¢p) = ¢’ — »%/2: B (A*) — By(A¥) is continuous. By
definition, 7 (S*(A*)) = S(A*) and 7 (T*(A*)) = T(A*). Since in [1], Ahlfors has
proved that T (A*) is an open subset of By(A*) and T*(A*) =z~ (T (A*)), the
set T*(A*) is also an open subset of B (A*). Moreover, in [4, 6] it was proved
that 0, (A*) =6 and o} (A*) = 1.

The introduction of T*(A*) raises some questions. Is the introduction of
the universal Teichmiiller space of domain D* with co € D* denoted by T*(D*)
necessary? How should the norm of functions in 7*(D*) be defined? With the analysis
above, we know that the answers to these questions will help us to compute the inner
radius of univalency of domain D* by the Pre-Schwarzian derivative. Let g : A* — D*
be conformal in D* \ {oo} with g(00) = 00, g’(c0) = 1. We define

Bi(D*) = {d) : ¢ is meromorphic in D* with

@l = sup g~ ()P (2)Inpi(z) < oo},

zeD*

T*(D*) = {Tf : f is meromorphic and univalent in D* with lim <& — 1) =0

7—>00 Z
and f has quasiconformal extension to @}.

So for any F € %,

1T — Telips = 1 Tpog—1 I+
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It is concluded that ¢ : Tr — TFog_1 is an isometric homeomorphism of 7*(A*)
onto T*(D*). Furthermore,
of(D*)= inf Tullh: =  inf Tr — T,
FOY = nfWTle= il ITe = Tl
Because D* is a quasidisk, the conformal map g : A* — D* has a quasiconformal
extension and Ty € T*(A*). Since T*(A*) is an open subset of Bf(A*), we can
conclude that

o (D*) = dist(T,, 0T*(A%)) > 0.

Furthermore, 7*(D*) is an open subset of B (D*). In fact, for any T]’;e T*(D*),
we need to prove that there exists a constant > 0, such that for any meromorphic
and locally univalent function & in D* with ||Tj — T]r||’z)* <r, then Tj, € T*(D*).
Since Tfog e T*(A*) and T*(A*) is an open set, there exist a constant r > 0 such
that {¢ : ||¢ — Tfog”*m <r} C T*(A*). So for the h above,

1T — Tl = 1 Tiog — Troglar <.

so that & o g is univalent and has quasiconformal extension. So / is univalent and also
has quasiconformal extension, which implies that 7, € T*(D*).

2. A sufficient condition for quasiconformal extension

In the study of the universal Teichmiiller space, it is important to judge whether a
function F € T can be quasiconformally extended to C. To be specific, under what
additional condition can F be quasiconformally extended to C? In [5], Becker gave
some answers to this question.

However, we can think over this question in a different point of view, it can be
regarded as consisting of two parts.

(1)  When does there exist a quasiconformal mapping F* of A such that F and F*
have equal continuous extensions to |z| = 1?

(2) If F and F* have this property, when do they together form a locally
homeomorphic mapping of C?

To the second question, there are some answers. For instance, if F and F* extend to
locally homeomorphic mappings of the closed domains A* and A, then they determine
a global homeomorphism.

In 1974, Ahlfors [2] proved the theorem as follows.

THEOREM A. If f is holomorphic and locally univalent in A, then the inequality

"
a% +02— o
together with 1/o =0 on A and o=/c? in A, is sufficient to imply that f has
(1 4+ k)/(1 — k)-quasiconformal extension.

<klozl (O=<k<1),
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By the similar method, we can also get the following.

LEMMA 1. If F € ¥ and locally univalent in A*, then the inequality

4
2
o0— +0" —o0y

7 <kloz]

is sufficient to imply that F has a (1 + k) /(1 — k)-quasiconformal extension where o
satisfies 1/o =0 on {|z] = 1} and (0=/0?) # 0 in A*.

For the completeness of the paper, we give the proof of Lemma 1.

PROOF. We can assume that F is meromorphic and locally univalent in A*. Define
the extension

F(2), 7 € A¥,
vo={o(l). ez

Z

where G is sense-reserving and k-quasiconformal in A* with G = F on {|z| = 1}.
If weset G = F + u with u = 0 on |z| = 1, then u should satisfy

|F' + ug| < kluzl. ey

In addition, we should require that |uz| # 0 in A*. Under these conditions it is evident
that W will be a k-quasiconformal extension of F'.
If we choose

u=—,
o

with 1/0 =0 on |z| = I and (07/0%) # 0 in A¥, then (1) becomes

"
F 2
oO— +0"—o0y

= < klozl,

which implies that F has a quasiconformal extension.

When F is not meromorphic and locally univalent on {|z| = 1}, we can change W (z)
into the limitation of W,(z) as r — 1+, where W,(z) is the extension function
of Fr(z) = F(rz). O

3. Estimation for the inner radius of univalency of domains with infinity as
an inner point

As an application of Lemma 1 and the definition of || Tf||},., we can estimate the
inner radius of univalency of domain D* = C \ D with co € D*.

https://doi.org/10.1017/5S0004972708000026 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000026

[7] A model of universal Teichmiiller space 27

THEOREM 2. Let D* be a quasidisk in C with oo € D* and let A be the
quasiconformal reflection across d D*, then

(Az(w)] = [w(@)DIg ™" (w)]
lw — A(w)|np=(w)

PROOF OF THEOREM 2. Let w = g(z) be the conformal mapping from A*
onto D*, so we construct

o709z ot

A | !
T= °8 and a:—g— SR | . 2)
g gl—1 g—Aog
We know that
1 —A
—=872%8 0 onlzl=1
o
and
o 8T
g —o¥
where
oo tv8EtAwsr Mgz L 2w
8 8

Let F be meromorphic and locally univalent in A*; by Lemma 1 and replacing (2)
into (1), we have

g 1 F" (g 1 g 1 g 1 g 9t
gl—1tF g2 1—-1)2 gl-1 g2 1l—-1 g(l—1)2
e
T (1-1)?
that is
F// g// g/
‘—(l—f)<7—?>+gf+3zf <kl|ozT|. (3)

The inequality implies that F has a (1 + k)/(1 — k)-quasiconformal extension. It
follows from (2) that

z (F_” 3 g_”) _ 20:(g7) |z110z(g7)| @
nax\F' g ) gl =1)nax lg(1 = T)nax|
It is easy to see that if F satisfies the inequality
F" ’ k|z||0z —|zd
z (_/_g_/)\s g KllldeeD] ~ 12201 )
na \F' g N |g(1 — T)nax]
then F must satisfy inequality (3), which implies that F is univalent. Because
z F// g//
I Tpog-1 I = ITF — Tglip« = sup <——— : (6)
Fog D glA cen| Nt F’ g/
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we can see, from (4) and (5), that if F satisfies

k 0= — 179
1T pog1 I < inf |l3=(g7)| — 23:(g7)|
b [g(1—)nas|

El

1

then F is univalent in A* and F o g~ ' is univalent in D*. So

GH(D*) = sup { - klzl||0z(8T)| — |Z9z(gf)|}
0<k<1lzea* lg(1 — T)nax
. lzlloz(gT) | — 120-(g 7))
Czent|g(1 = T)npsl
o (Aww)] = Ay (w)DIg™ ()]

inf . O
weD* w — A(w)[nps(w)

By using Theorem 2, we can get a lower bound of o;(D*), where D is an ellipse
domain.

THEOREM 3. Let D be an ellipse domain where the ratio of the minor axis to the
major axis is q, so then

or (DY = 24
q+1

where D* = C \ D.

PROOF OF THEOREM 3. We may assume without loss of generality that D* is
bounded by the ellipse {¢r + (e~?)/r |0 <6 < 27}, where r > 1 is fixed, so then

_r—(/rn)

2— —_
q_r—}—(l/r) and r"=1+¢q)/(—gq).

The function w=g(z) =rz+ 1/(rz) maps A* onto D*, g(z) is conformal
in A* \ {o0} and g(c0) = 0o. The function

pw) = (w— Vw2 =4) () =0,
maps D* onto the disk |z| < 1/r. It follows that
h=¢+r’9,

is a quasiconformal reflection across d D*.
After the above preparation, next we compute

if PP — [Aw()DIg ™" (w)]
weD* lw — A(w)[np+(w) '
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We know that

2
r(w—vw?— 4),
r/211 — w(w? —4)~1/2)
1= /2 (w — Vw2 —4)[
o = ¢ + 1’z = dw + 1w,
o = b + 176y = b + 1w,

¢ (w) =

np*(w) =

where
puw =111 —ww?—49""?] and ¢z=0.
So
Ay =12y =r? [1 —w(w? — 4)—1/2],

Ay =y =1/2[1 — w(w _ 4)—1/2]’
Il — Al = 302 = DI — ww? — 4712,

lw—A(w)| = |w—¢ —r’e| = w—%(w—/ﬁ)—r%( w2—4>'.

Hence

¢ ) — w(@)D g™ (w)]
weD lw — A(w)[np(w)

(r — /211 —ww? = H722/(r|w — Vw? — 4|)
vl ‘w—(w—m)/Z—rz(w—\/—/Z‘
1= |(r/2)(w — Vw? —4)[°
X
/DI — w(w? —4)~1/2]
r2—1)/r1/|w— vw? -4
w—(w—«/m)/z—rl(w—\/myz‘
1—|r/2(w— w2—4)|2
X r/2 .
Let . =w — vw? —4,then |¢| <2/r and w = (£/2) + (2/2),
(IA(w)] = [w(@)DIg ™" (w)]

= inf
weD*

inf
weD* lw — A(w)[np+(w)
- > =1/r 1—r2/4c)2 rP—1 2
m<(2/r) /2 42/ —¢ /2 —r2)2¢| r/2 o2 g+ 1
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2
oF (D% > —L . 0
14+g¢

REMARK. Because ¢ is the ratio of the minor axis to the major axis of the ellipse

and ¢ < 1, we find that

2q 2q
—— <1l and ———>1 (@—1),
1+g¢ I+gq
which is compatible with o (A*) = 1.
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