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Abstract

Let (W, S) be a Coxeter system, and write S = {s; : i € I}, where I is a finite index set. Fix a nonempty convex
subset & of W. If W is of type A, then Z is the set of linear extensions of a poset, and there are important Bender—
Knuth involutions BK;: & — & indexed by elements of 1. For arbitrary W and for each i € I, we introduce an
operator 7;: W — W (depending on £) that we call a noninvertible Bender-Knuth toggle; this operator restricts
to an involution on & that coincides with BK; in type A. Given a Coxeter element ¢ = s;,, - - - 5;,, we consider the
operator Pro¢c = 7;, - - - 7;;. We say W is futuristic if for every nonempty finite convex set &, every Coxeter element
c and every u € W, there exists an integer K > 0 such that Prof (u) € &. We prove that finite Coxeter groups,
right-angled Coxeter groups, rank-3 Coxeter groups, affine Coxeter groups of types A and C, and Coxeter groups
whose Coxeter graphs are complete are all futuristic. When W is finite, we actually prove that if s;,, ---s; is a
reduced expression for the long element of W, then 1;,, - - - 7;, (W) = Z; this allows us to determine the smallest

integer M(c) such that Prolc\./[(c) (W) = Z for all #. We also exhibit infinitely many non-futuristic Coxeter groups,
including all irreducible affine Coxeter groups that are not of type A, C, or G5.
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1. Introduction
1.1. Linear extensions and noninvertible Bender—Knuth toggles

Let P = ([n+ 1], <p) be a poset whose underlying setis [n+ 1] = {1,...,n+ 1}. Let S,4; denote the
symmetric group whose elements are the permutations of [+ 1] (i.e., bijections from [n + 1] to itself).
We can think of a permutation w € S,,;; as a labeling of P in which the element i receives the label
w(i). We say that the permutation w is a linear extension of P if i <p j implies w(i) < w(j). Let L(P)
denote the set of linear extensions of P.

For each i € [n], the Bender—Knuth involution BK; : L(P) — L(P) is defined by

u ifu (i) <pu”'(i+1);
(i i+ 1u otherwise,

BK;(u) = {

where we write (i j) for the transposition that swaps i and j. These involutions are fundamental in
algebraic combinatorics [1, 6, 7, 8, 13, 15, 23, 24, 27, 30, 32], largely due to the useful folklore fact
that one can reach any linear extension of P from any other linear extension of P via a sequence of
Bender—Knuth involutions. Haiman [15] and Malvenuto—Reutenauer [23] found that Schiitzenberger’s
famous promotion and evacuation operators Pro and Ev can be written as

Pro=BK,---BK, and BEv = (BK;)(BK,BK,)(BK3BK:BK;):--(BK, - --BK,BK)).

For i € [n], define the noninvertible Bender—Knuth toggle t;: S,11 — Sp41 by

() = {u ifu (i) <p u'(i+1); (D)

(i i+ 1)u otherwise.
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Of course, 1; is an extension of BK; from the set of linear extensions of P to the set of all permutations
of [n + 1]; it is noninvertible (unless L(P) = S,,4; — that is, P is an antichain) because 7; ((i i + 1)u) =
7;(u) = u whenever u~ (i) <p u™'(i + 1). Defant and Kravitz introduced noninvertible Bender—Knuth
toggles in [9] in order to define the extended promotion operator Pro: S, — S,41, which is the
composition

Pro=1,---1.

Hodges further investigated extended promotion in [18]. Restricting extended promotion to L(P) re-
covers Schiitzenberger’s (invertible) promotion operator; hence, we slightly abuse notation by using the
same symbol Pro to denote both of these operators. In a similar vein, we define the extended evacuation
operator Ev: S, — S, by

Ev = (1) (1211)(137271) - -+ (T -+ - T271).
One of the main results of [9] is that
Pro" (S,4+1) = L(P). (1.2)

In other words, if we start with a permutation in S, and iteratively apply extended promotion n times,
then we will ‘sort’ the permutation to a linear extension (and every element of L(P) is in the image of
Pro” since Pro permutes the elements of £(P)). In fact, the same argument shows that

Ev(Gpui1) = L(P). (1.3)

It is natural to consider other compositions of noninvertible Bender—Knuth toggles. For example,
gyration [32, 36] is the operator Gyr = BKeyen BKoddq, Wwhere BKoqq (respectively, BKeyen) denotes the
product of the Bender—Knuth involutions with odd (respectively, even) indices. By replacing Bender—
Knuth involutions with noninvertible Bender—Knuth toggles in the definition of gyration, we obtain the
extended gyration operator Gyr: S, — S,41. One could ask for an analogue of (1.2) for extended
gyration. As a special case of Theorem 1.24 below, we will find that

Gyr"D21(G,,1) = L(P) (1.4)

and that the quantity [(n + 1)/2] in this statement cannot be decreased. In fact, one of our results will
generalize (1.2) and (1.4) to operators obtained by composing 7y, ..., T, in an arbitrary order. We will
also generalize (1.3) to any operator obtained by starting with a reduced word for the long element
of S, and replacing each simple reflection by its corresponding noninvertible Bender—Knuth toggle.
Moreover, we will state and prove these theorems in the more general setting where the symmetric
group S,,4 is replaced by any finite Coxeter group. Before stating these results, we need to discuss how
to define noninvertible Bender—Knuth toggles for general Coxeter groups.

1.2. Noninvertible Bender—Knuth toggles for Coxeter groups

Let (W, S) be a Coxeter system, and write S = {s; : i € I}, where [ is a finite index set. This means that
W is a group with a presentation of the form

W =(S: (sisy)" @) = 1 foralli,i’ € 1), (1.5)
where m(i,i) = 1 and m(i,i") = m(i’,i) € {2,3,...} U {oo} for all distinct i,i" € I. The rank of (W, S)

is |S| = |I|. We often refer to just the Coxeter group W, tacitly assuming that this refers to the Coxeter
system (W, S).
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The Coxeter graph of W is the undirected edge-labeled graph I'yy with vertex set I in which distinct
vertices i and i’ are joined by an edge labeled m(i,i") whenever m(i,i") > 3. It is typical to omit the
label ‘3’ in drawings of Coxeter graphs. For J C I, the corresponding (standard) parabolic subgroup is
the subgroup W; of W generated by {s; : i € J}. The pair (W, {s; : i € J}) is a Coxeter system, and
I'w, is the subgraph of I'y induced by J.

The root space of W is the vector space V = R!. Let {a; : i € I} be the standard basis of V; we call
the elements of this basis the simple roots. For each pair {i,i’} of indices in I such that m(i,i") = oo,
choose a real number p¢; -y > 1. Define a symmetric bilinear form B: V x V — R by setting

—cos(n/m(i,i’)) ifm(i,i’) < oo;
B(ai, ai) = 1.6
(a'z ; ) {—ﬂ{i,ir} lfm(l, l,) - o ( )

for all i,i” € I and extending bilinearly; we say B is induced by W.! The standard geometric representa-
tion of W is the faithful representation p: W — GL(V) defined by p(s;)8 = B — 2B(8, a;)@;. We often
write w3 to mean p(w)B. The set ® = {wa; : w € W, i € I} is called the root system of W; its ele-
ments are called roots. We say B € @ is positive if it is a nonnegative linear combination of the simple
roots. We say B is negative if — is positive. Let ®* and @~ denote the set of positive roots and the set
of negative roots, respectively. We have ®~ = —®* and ® = ®* LI ®~. We say that a subset R C @ is
closed if whenever 8,8’ € R and a,a’ > 0 satisfy a8 + a’3’ € ®, we have a3 + a’8’ € R. We say that
R C @ is antisymmetric if RN (—R) = @.
Let V* be the dual space of V. For 8 € ®, consider the hyperplane

Hg ={f eV": f(B) =0}

in V*. The Coxeter arrangement of W is the collection Hw = {Hp : B € ®}. A region of Hy is the
closure of a connected component of V* \ Ugeq Hp. Consider the region

B={feV": f(a;) >0foralli € I};

the set of bounding walls of B is {H,, : i € I}. There is a right action of W on V* determined by the
condition that (fw)(B8) = f(wpB) forallw € W, 8 € V, and f € V*; this induces an action of W on
the set of regions of Hw . The set BW C V* is called the Tits cone. The elements of W are in bijection
with the regions of Hy that are contained in the Tits cone via the bijection u + Bu. The positive
projectivization of the Tits cone is the quotient

P(BW) = (BW \ {0})/R>o.

We may view each Hg as a hyperplane in P(BW) and view Hw as a hyperplane arrangement in P(BW).

Two distinct hyperplanes Hg and Hg: intersect in P(BW) if and only if |B(8, 8’)| < 1. It is possible

to equip P(BW) with a (not necessarily Riemannian) metric such that for all distinct 8, 8’ € ® with

|B(B,8’)| < 1, the hyperplanes Hg and Hp intersect at an angle 6 that satisfies |cos(6)| = |B(S, 8')I.
For B € ®, define the corresponding half-spaces

HEZ{WGW:W,BGCD+} and H/;:{WGW:WBEQY}.

Observe that these two sets are complements of one another in W and that H; = H* ,. Note that BH,
is the part of the Tits cone that lies on one side of Hg, while BH; is the part of the Tits cone that lies
on the other side.

'With this definition, B is not uniquely determined by W since we can freely choose the number uy; ;s > 1 whenever
m(i,i’") = co. However, all of our results and arguments outside of Section 3.5 are independent of these choices. Thus, unless
explicitly stated otherwise, we will assume p; ;4 = 1 whenever m(i, i) = co so that we may refer to B as ‘the’ bilinear form
induced by W.
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For nonempty & C W, define
R(Q):{ﬂeCD:gQHE}.
Note that R(Z) is closed and antisymmetric. The convex hull of & is the intersection

.
Hg
BER(Z)

of all of the half-spaces that contain & (if R(£) = @, this intersection is interpreted as all of W). We
say & is convex if it is equal to its own convex hull. In other words, a set is convex if it is an intersection
of half-spaces.

Remark 1.1. Let Cay(W, S) be the left Cayley graph of W generated by S. It is known (see [35, Theorem
2.19]) that a set & C W is convex if and only if every minimum-length path in Cay(W, S) between two
elements of Z has all of its vertices in . This implies that the convex hull of a finite set is finite.

Definition 1.2. Fix a nonempty convex subset & of W. For each i € I, define the noninvertible Bender—
Knuth toggle 7;: W — W by

u ifula; e R(Z);
7i(u) = .
siu  ifu~le; ¢ R(Z).

The preceding definition does not rely on the geometry of the Coxeter arrangement, but it has the
following geometric interpretation. If we identify each element w € W with the region Bw of the Coxeter
arrangement, then H,,-1, is the unique hyperplane separating u from s;u. The toggle 7; is defined so
that 7;(«) = u if and only if & U {u} lies entirely on one side of H,,-1,,. Equivalently, 7;(u) = s;u if

and only if there is an element of & on the same side of H,,-1,, as s;u. Thus, moving from u to 7; (u)
cannot take us ‘strictly away from’ the convex set £ .>

Example 1.3. Let W = S,,41, and let S = {s; : i € [n]}, where s; = (i i + 1). Then (&,,41, S) is the
Coxeter system of type A,. We can identify V with the vector space

{(x1,.. . x041) € R™! TXp+ -+ X4 =0}

via the isomorphism that sends the simple root a; to e; — e;41, where e; denotes the j-th standard basis
vector of R"*!. We have

O ={e;—e;:1<i<j<n+1} and ® ={e;-e;:1<i<j<n+l}
The action of W on @ is given by w(e; —e;) = ey, (;) — ey (). Hence, for any root e; — e; € ®, we have

Hy o, = {w € Gt s w() < w()}.

Let & C &,4) be a nonempty set. We may define a relation <o on [n+ 1] by declaring thati < j if
and only if either i = j or e; — e; € R(Z). Since R(Z) is closed and antisymmetric, the relation < is
a partial order. By the above discussion, the convex hull of Z is precisely the set of linear extensions of
([n+1], £%). In this way, nonempty convex subsets of S, correspond bijectively to partial orders on
[ + 1], and the root-theoretic definition of 7; in Theorem 1.2 agrees with the poset-theoretic definition
in (1.1).

20ne can also define the noninvertible Bender—Knuth toggles using the set of reflections rather than the root system (using (2.4)
below). Although this perspective would make many of our proofs more complicated, it will be somewhat helpful in Section 10.
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Figure 1. The Coxeter arrangement of A, forms a triangular grid whose unit triangles correspond to
the elements of Ay. The black convex set & turns each hyperplane in the Coxeter arrangement into
either a transparent window (indicated by a thin gray line) or a one-way mirror (indicated by a line
colored yellow and red). Starting at the initial unit triangle marked with the brown dot, we apply the
noninvertible Bender—Knuth toggles 1y, 71, 72, 70, T1, T2, . . .. This has the effect of following a thin cyan
beam of light that eventually gets trapped in £ .

1.3. Bender—Knuth billiards

Fix a nonempty convex subset £ of a Coxeter group W, and use this convex set to define the noninvertible
Bender—Knuth toggles 7; for i € I, as in Theorem 1.2.

Letiy,...,i, be an ordering of the elements of /. It is convenient to take iz, = i} for every positive
integer k, thereby obtaining an infinite periodic sequence i1, i2, i3, . . .. If we start with an element ug € W
and apply the noninvertible Bender-Knuth toggles in the order 7;,, 7;,, 75, . . ., We obtain a sequence
ug, U1, us, . .., where u; = Tij(uj,l) for each j > 1. We call this sequence a (Bender—Knuth) billiards
trajectory. We can draw the billiards trajectory in P(BW). In each of Figures | to 4, we have drawn a
billiards trajectory using a sequence of arrows, where each arrow points from Bu ;_; to Bu; for some j.

We say a hyperplane Hg is a one-way mirror if § € (R(Z) U (-R(&Z)); otherwise, we say that Hg
is a window. Somewhat informally, we imagine the billiards trajectory is the trajectory of a beam of
light that starts at ug. Each window allows the light to pass through it in either direction. By contrast, if
B € R(Z), then Hg is a one-way mirror that allows the light to pass from Hl; to H;; but reflects light
that tries to pass in the other direction.

Example 1.4. Let W = &4, and consider the convex set
< ={1,s1,s3,85183, 528183+ = {(1,2,3,4),(2,1,3,4),(1,2,4,3),(2,1,4,3), (3,1,4,2) },

where in the last expression for &, we have represented each permutation w € & in its one-line notation
(w(1),w(2),w(3), w(4)). Preserve the notation from Theorem 1.3. The Hasse diagram of ([4], <) is

@
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Figure 2. A stereographic projection of the Tits cone and Coxeter arrangement of S4. The black convex
set & turns each hyperplane in the Coxeter arrangement into either a transparent window (indicated
by a thin gray circle) or a one-way mirror (indicated by a circle colored yellow and red). Regions
correspond to permutations in S4, which are represented as labelings of a 4-element (N-shaped) poset.
Arrows indicate the billiards trajectory determined by the starting permutation uy = 2413 (marked with
a brown dot) and the ordering 1,2, 3 of I. This billiards trajectory follows a (thin cyan) light beam. (The
diagram is not to scale, so angles have been distorted.)

The Tits cone BW is the entire 3-dimensional space V*, so P(BW) = (BW \ {0})/R.¢ is a sphere.
Figure 2 depicts a stereographic projection of this sphere to a plane. Each of the 6 hyperplanes in the
Coxeter arrangement Hg, = {He,—¢, : 1 < i < j < 4} is drawn as a circle. Each of the 24 regions of
‘Hg, is represented by a connected component of the space formed by removing the 6 projected circles
from the plane. Each region corresponds to a permutation w € S,, which we represent by the labeling
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Figure 3. If we choose our convex set & to be an infinite strip (shown in black) in A, then the billiards
trajectory can ‘escape to infinity’ without ever reflecting off of a mirror.

7

S\ sz

==

oS
&y

‘ﬂl’w\ e .
XN

KX

= =

S

Lav7

U

SSAPN

25

S

NVaN

N7

P g

i
R

1%

J
/A

Figure 4. The Tits cone and Coxeter arrangement of the Coxeter group with Coxeter graph
—"-@. We have passed to the positive projectivization P(BW), which is a hyperbolic plane,
and then drawn the hyperbolic plane using the Poincaré disk model. The black convex set & turns each
hyperplane in the Coxeter arrangement into either a transparent window (indicated by a thin gray line)
or a one-way mirror (indicated by a line colored yellow and red). Arrows indicate a billiards trajectory
that starts at the region marked with the brown dot. The billiards trajectory follows the (thin cyan) light
beam.

of the poset ([4], <g) (for elements of £, the numbers are drawn in cyan). The regions labeled by
elements of Z are shaded black. The windows — represented by thin gray circles — are He,—¢,, He;—e,
and H, _,, while the one-way mirrors — represented by circles colored yellow and red — are H,_,,
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He,-e,, and He,—.,. The windows and one-way mirrors correspond (respectively) to incomparable and
comparable pairs of elements of the poset ([4], <&). Fix the ordering 1,2, 3 of the index set I. The
arrows in Figure 2 indicate the billiards trajectory ug, u1, us, . . . that starts at the permutation ug = 2413
(marked with a brown dot).

Remark 1.5. In each of Figures 1 to 4, we have drawn a thin, cyan, piecewise linear path that reflects
off of the one-way mirrors according to the usual billiards rule (i.e., that the angle of incidence equals
the angle of reflection), which has been studied vigorously and fruitfully in dynamics [16, 20, 25, 34].
We call this cyan path a light beam. Our Bender—Knuth billiards trajectory appears to follow alongside
the light beam, so it can be seen as a discretization of the light beam. It is natural to ask under what
conditions a Bender—Knuth billiards trajectory will discretize a light beam (and how to even rigorously
formalize this idea). We will discuss this in Section 11, where we will see that the Bender—Knuth billiards
trajectory discretizes a light beam whenever |I| < 3 or the Coxeter element ¢ = s;, - - - 5;, is bipartite.

Given a word w = i)y - - - i1 over the alphabet 7, it will be convenient to define the composition of
toggles

Tw :TiM "'Til-

A (standard) Coxeter element of W is an element obtained by multiplying the elements of S together in

some order so that each simple reflection appears exactly once in the product. Such an ordering iy, . . ., iy
of I gives rise to a reduced word ¢ = i,, - - - i; representing a Coxeter element ¢ = s;, - - - 5;,. Let

Proc =t =1, - 7.

Because ;7 = 1;,7; whenever m(i,i’) = 2, it follows from Matsumoto’s theorem (Theorem 2.1 below)
that Pro,. depends only on ¢ and not on the particular reduced word c. Each operator 7; restricts to a
bijection from Z to itself; thus, Pro. also restricts to a bijection from £ to itself. An element u € W is
called a periodic point of Pro. if there exists an integer K > 1 such that ProX (1) = u.

Because noninvertible Bender—Knuth toggles never cause the billiards trajectory to move ‘strictly
away from’ £, one might expect (as we did for a while) that every periodic billiards trajectory must
lie in &Z. As we will see, this is not always the case. Let us establish some terminology to describe the
various scenarios that can occur.

Definition 1.6. Let & C W be a nonempty convex set, and define the noninvertible Bender—Knuth
toggles with respect to Z. Let ¢ be a Coxeter element of W.

o We say Z is heavy with respect to c if every periodic point of Pro. lies in Z.
o We say Z is superheavy with respect to c if for every u € W, there exists a nonnegative integer K
such that ProX (u) e .3

Note that if & is superheavy with respect to c, then it is heavy with respect to c. The two definitions
are equivalent if W is finite.

Remark 1.7. One could rephrase Theorem 1.6 in the language of billiards trajectories instead of the
operators Pro.. A convex set & C W is heavy with respect to a Coxeter element s;, - - - 5;, if and only if
every periodic billiards trajectory (defined with respect to the convex set < and the ordering i1, . . ., i, of
I) lies in &. Similarly, & is superheavy with respect to s;,, - - - 5;, if and only if every billiards trajectory
eventually reaches Z.

As an illustration of the preceding definitions, Theorem 1.15 (below) will tell us that every nonempty
convex subset of A, is heavy with respect to the Coxeter element s3s159. This means that for every
nonempty convex set & C A, and every starting element uy € W \ &, the billiards trajectory

uo, 7o (uo), T170(u0), 727170 (1t0), T0T2T1 70 (40) - - -

3We imagine that £ is a black hole that always pulls light into it.
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is not periodic. This does not necessarily imply that the billiards trajectory eventually reaches the set
<. For example, Figure 3 depicts a billiards trajectory in A, that does not reach . Hence, the convex
set depicted in Figure 3 is heavy but not superheavy with respect to 5,51 59.

Proposition 1.8. Let W be a Coxeter group, and let ¢ be a Coxeter element of W. The following are
equivalent.

1. Every nonempty convex set & C W is heavy with respect to c.
2. Every nonempty finite convex set & C W is heavy with respect to c.
3. Every nonempty finite convex set & C W is superheavy with respect to c.

Note that by the paragraph preceding Theorem 1.8, the condition that every nonempty convex set
< C W is superheavy with respect to c is strictly stronger than the conditions (i), (2) and (3) of
Theorem 1.8.

The preceding proposition naturally motivates the following definitions, which are central to the
present work.

Definition 1.9.

o We say a Coxeter element ¢ € W is futuristic if every nonempty convex set & C W is heavy with
respect to ¢ (i.e., c satisfies the three equivalent conditions of Theorem 1.8).

o Wesay a Coxeter element ¢ € W is superfuturistic if every nonempty convex set & C W is superheavy
with respect to c.

o We say the Coxeter group W is futuristic if every Coxeter element of W is futuristic (equivalently, if
every nonempty convex subset of W is heavy with respect to every Coxeter element of W).#

o We say the Coxeter group W is superfuturistic if every Coxeter element of W is superfuturistic
(equivalently, if every nonempty convex subset of W is superheavy with respect to every Coxeter
element of W).

o We say the Coxeter group W is ancient if no Coxeter element of W is futuristic.

Example 1.10. Let W = S,,,; = A,, and let ¢ = s, ---5;. By Theorem 1.3, each nonempty convex
set & C W has an associated partial order P = ([n + 1], <g) such that & = L(P). Additionally,
the promotion operator Pro. is equal to the extended promotion operator Pro defined in Section 1.1.
By (1.2), the convex set &£ is superheavy with respect to c. As & was arbitrary, c is superfuturistic.
Likewise, (1.4) implies that the Coxeter element (sy5456---)(s15355 - --) is superfuturistic. We will
vastly generalize these observations in Theorem 1.14, which states that every Coxeter element of every
finite Coxeter group is superfuturistic.

Example 1.11. The Coxeter group D4 has Coxeter graph

1 4
Fix the ordering 0, 1,2, 3,4 of I, and let ¢ = 5453525150 be the corresponding Coxeter element. Let &
be the convex hull of {s,, 595250, S15251, 35253, S45254}. It turns out that the billiards trajectory starting

at up = 1 begins with

70 71 ) 3 T4
1— S0 —> 5150 — S150 —/ 35150 — 54535150

70 71 T~ 3 T4
— $483851 — 54853 — 5483 — S4 — 1.

4In the movie Back to the Future, Doc asks Marty, ‘Why are things so heavy in the future?’
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This shows that Pro2 (1) = 1, even though 1 ¢ Z. It follows that & is not heavy with respect to ¢, so ¢
is not futuristic. In fact, we will see later (Theorem 1.19) that Dy is ancient.

1.4. Main results
Our overarching goal is to understand which Coxeter groups are futuristic and which are ancient. We

begin with the following propositions, which state that the class of futuristic Coxeter groups and the
class of non-ancient Coxeter groups are in some sense hereditary.

Proposition 1.12. Let W; be a standard parabolic subgroup of a Coxeter group W.

1. If Wis futuristic, then Wy is futuristic.
2. If Wy is ancient, then W is ancient.

Let us say a Coxeter group is minimally non-futuristic if it is not futuristic and all of its proper standard
parabolic subgroups are futuristic. Likewise, say a Coxeter group is minimally ancient if it is ancient
and none of its proper standard parabolic subgroups are ancient. Theorem 1.12 reduces the problem of
characterizing futuristic Coxeter groups and ancient Coxeter groups to the problem of characterizing
minimally non-futuristic Coxeter groups and minimally ancient Coxeter groups.

Another tool that we can use to determine whether or not a Coxeter group is futuristic comes from
the technique of folding, defined in Section 3.5.

Proposition 1.13. Let W= be a folding of a Coxeter group W. If W is futuristic, then W= is futuristic.

Although we will not obtain a complete characterization of futuristic Coxeter groups, we will prove
that several notable Coxeter groups are futuristic.

Theorem 1.14. Every finite Coxeter group is superfuturistic.
Theorem 1.15. Every affine Coxeter group of type A, C, orGyis futuristic.
Theorem 1.16. Every right-angled Coxeter group is superfuturistic.
Theorem 1.17. Every Coxeter group with a complete Coxeter graph is futuristic.
Theorem 1.18. Every Coxeter group of rank at most 3 is futuristic.

The next theorem exhibits a vast (infinite) collection of ancient Coxeter groups.

Theorem 1.19. Fix integers a,a’,b, b’ > 3. If W is a Coxeter group whose Coxeter graph has one of
the following Coxeter graphs as an induced subgraph, then W is ancient:
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a b
a v
b
b/

—o — o' o o

(The number of vertices in the first graph in this list can be any integer that is at least 5, while the
number of vertices in the second graph can be any integer that is at least 4.)

Theorems 1.15 and 1.19 allow us to completely describe which affine Coxeter groups are futuristic
and which are ancient. By Theorem 2.2, it suffices to consider the irreducible affine Coxeter groups.
The irreducible affine Coxeter groups not listed in Theorem 1.15 are those of types B, D, E, E7, Eg
and Fy, and these all appear in the list in Theorem 1.19.

Corollary 1.20. The irreducible affine Coxeter groups of types A, C and G, are futuristic; all other
irreducible affine Coxeter groups are ancient.

A Coxeter graph is called simply laced if all of its edge labels are 3. It is worth noting that Theo-
rems 1.12, 1.14 and 1.19 allow us to determine the futuristicity/ancientness of all Coxeter groups whose
Coxeter graphs are simply laced trees.

Corollary 1.21. Let W be a Coxeter group whose Coxeter graph is a simply laced tree. If W is finite,
then it is futuristic, otherwise, it is ancient.

1.5. Finite Coxeter groups

Let us now assume that W is a finite Coxeter group. Theorem 1.14 tells us that W is superfuturistic;
this implies that for every Coxeter element ¢ of W, there exists a nonnegative integer K satisfying

https://doi.org/10.1017/fms.2024.159 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.159

Forum of Mathematics, Sigma 13

Pr0£< (W) = &£ for every nonempty convex subset & of W. Our proof of Theorem 1.14 will actually
determine the smallest such integer K (in terms of ¢).

Because W is finite, it has a unique element of maximum length; this element is called the long
element and is denoted by w,. The following result generalizes (1.3) and is new even in type A.

Theorem 1.22. If W is finite and iy - - - i1 is a reduced word for w., then
Tiy Ty (W) = Z.
Theorem 1.22 is tight in the sense that there exists a choice of & such that
Tin_y T (W) # Z.

For example, this is the case if & = {w.}, because then 7;,,_, - - 73, (1) = s;,,_, - - - 8, # Wo (in fact, the
noninvertible Bender—Knuth toggles generate the 0-Hecke monoid of W [17, 19] in this particular case).

Remark 1.23. If i,i’ € [ satisfy m(i,i’) = 2, then 7; and 7 commute. What makes Theorem 1.22
nontrivial is the fact that the noninvertible Bender—Knuth toggles do not (in general) satisfy the other
braid relations of W. For example, when W = S,,, and i € [n], the operators 7;7;17; and ;41 7;T;4+] are
generally not equal.

Let ¢ be a reduced word for a Coxeter element ¢ of W. For j > 1, let ¢/ denote the concatenation of j
copies of ¢. Let M(c) be the smallest positive integer k such that ¢* contains a reduced word for w,, as a
subword. (The number M(¢) depends only on ¢, not on the particular reduced word c.) In Section 4, we
will describe how to compute M(¢) explicitly using diagrams called combinatorial AR quivers. The next
result, which we obtain as a corollary of Theorem 1.22, generalizes (1.2); as discussed in Theorem 1.25,
it also implies the new result (1.4).

Corollary 1.24. If c is a Coxeter element of a finite Coxeter group W, then
Prod (W) = 2.

Theorem 1.24 is tight in the sense that there exists a choice of & such that ProIL\./I(C)_1 (W) # &. For
example, this is the case if &£ = {w,}.

Example 1.25. If W is a (not necessarily finite) Coxeter group whose Coxeter graph is bipartite, then
we can consider a bipartition / = Q U Q" and write cg = [[;cp i and cg' = [];¢or si- Then cgrcg is
called a bipartite Coxeter element of W.

Now, assume W is finite and irreducible. The Coxeter number of W is the quantity h = |®|/|S|. It is
known that 'y must be bipartite, so it has a bipartite Coxeter element ¢ = cgrcg. It is known [3, §V.6

Exercise 2] that M(cgrcg) = [h/2], so Theorem 1.24 tells us that Proig/,%]g W) =%<2.

When W = S,,41 and S = {s1,...,s,}, where s; = (i i + 1), the Coxeter graph I'yy is a path in
which i is adjacent to i + 1 for each i € [n — 1]. In this case, we can take Q (respectively, Q") to be the
set of odd-indexed (respectively, even-indexed) simple reflections. Then Pro.,, ., = Gyr. The Coxeter

number of S,,41 is n + 1, so we obtain the identity (1.4).

Remark 1.26. The proofs of (1.2) and (1.3) from [9] are quite specific to the extended promotion and
extended evacuation operators (they rely on the notion of a promotion chain), and they do not generalize
to other operators such as extended gyration. Thus, even in type A, our proofs of Theorems 1.22 and
1.24 are new. Our proofs are also type-uniform.

1.6. Futuristic directions

In Section 12, we will discuss several ideas for future research. Let us briefly highlight some of them
here.
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o We will define a Coxeter group to be contemporary if it is neither futuristic nor ancient, and we will
ask whether or not such Coxeter groups exist.

o We will pose the problem of determining the periodic points of Pro, when c is not futuristic.

o We will consider the algorithmic question of deciding whether a Coxeter element is futuristic.

o We will contemplate billiards trajectories arising from infinite sequences of elements of I that might
not be obtained by repeating some fixed ordering of 1.

o We will suggest a more general definition of noninvertible Bender—Knuth toggles in which the set
R(&Z) is replaced by an arbitrary closed set of roots R. When R = @7, this yields the 0-Hecke monoid
of W.

1.7. Outline

Section 2 provides additional necessary background on Coxeter groups and root systems. Section 3
establishes some general results about Bender—Knuth billiards, including Theorems 1.8, 1.12and 1.13.In
Section 4, we focus on finite Coxeter groups and prove Theorems 1.22 and 1.24; note that Theorem 1.24
implies Theorem 1.14. Section 5 establishes a general result about Bender—Knuth billiards in affine
Coxeter groups, which we then apply in order to prove Theorem 1.15. Our proofs of Theorems 1.16 to
1.18 use the theory of small roots developed by Brink and Howlett [4]; in Section 6, we discuss small
roots, introduce the small-root billiards graph and explain how this graph can be used to prove that certain
Coxeter groups are futuristic. In Section 7 to 9, we apply this method to prove Theorems 1.16 to 1.18.
Section 10 is about ancient Coxeter groups; it is in this section that we establish Theorem 1.19. Section 11
discusses how Bender-Knuth billiards relate to classical billiards from dynamics. In Section 12, we
come back to the future directions briefly mentioned above.

2. Preliminaries

This section discusses relevant background information about Coxeter groups, largely drawing from the
standard reference [2]. We assume that the reader is familiar with the classifications of finite Coxeter
groups and affine Coxeter groups and the standard notation used to refer to such groups ([2, Appendix
Al]).

Let (W, S) be a Coxeter system whose set of simple reflections S = {s; : i € I'} is indexed by a finite
set . A word is a sequence w = iy - - - i1 of elements of ; the integer M is called the length of w. We say
the word w = ips - - - iy represents the product w = s;,, - - - s;, of the corresponding simple reflections.
A reduced word for an element w € W is a word that represents w and has minimum possible length.
If ips - - - iy is a reduced word for w, then we call the expression s;,, - - - 5;, a reduced expression for w.
The length of w, denoted £(w), is defined to be the length of a reduced word for w. A reflection is an
element of W that is conjugate to a simple reflection. We write T = {wsw™! : w € W, s € S} for the
set of reflections of W. For w € W, the set of right inversions of wis Inv(w) = {t € T : £(wt) < £(w)}.
We have |[Inv(w)| = £(w).

Given a word w = ips - - - i1, We write Ty = T;,, - - - T;,. One can apply a commutation move to w by
swapping two consecutive letters i and i’ that satisfy m(i,i”) = 2. We say that two words x and y are
commutation equivalent, denoted x = vy, if y can be obtained from x via a sequence of commutation
moves. Note that two commutation equivalent words represent the same element of W. Moreover, if
x =y, then 74 = 7y.

Given symbols ¢ and ¢’ and a positive integer d, let us write

(& Na=---&¢¢ .1
— e
d

for the string of length d that alternates between & and &’ and ends with &’. For example, we have

[£1&"]a =&&766 and [£ | &']s = £76678¢".
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Fori,i’ € I, it follows from the defining presentation of W in (1.5) that the words

i1 iy and [ | il 2.2

represent the same element of W. If w is a word that contains one of the two alternating words in (2.2)
as a consecutive factor, then we can perform a braid move on w by replacing that consecutive factor
with the other alternating word in (2.2) (if m(i,i’) = 2, then this braid move is a commutation move).
If w contains two consecutive occurrences of the same letter, then we can perform a nil move on w by
deleting those two consecutive letters. If a word w can be obtained from a word v via a sequence of
braid moves and nil moves, then v and w represent the same element of W.

Theorem 2.1 (Matsumoto’s Theorem [2, Theorem 3.3.1]). Let v and w be words that represent the same
element of W. If w is reduced, then w can be obtained from v via a sequence of braid moves and nil moves.

Asin Section 1.2, let V denote the root space of W. Fori € I, let @; denote the simple root indexed by i.
Then V is a W-module under the standard geometric representation, and there is a W-invariant symmetric
bilinear form B: V XV — R induced by W. Let ® = {wa; : w € W, i € I} be the corresponding
root system; let ®* and ®~ denote the sets of positive roots and negative roots, respectively. We have
RB N ® = {£B} for each B € D.

To each root § = wa;, we associate a reflection rg = ws;w™! € T; this is well defined in the sense
that it depends only on $ and not on the particular choices of w and «;. The map 8 +— 7 is a bijection
from ®* to 7. We have rg = r_g for all 8 € ®.

The action of rg on V under the standard geometric representation is given by the formula

rgy =y —2B(y. B)B. (2.3)

For each reflection ¢ € T, let B; denote the unique positive root such that 7g, = . Then, forevery w € W,
we have

Inv(iw) ={t €T :wp, € ®}. 2.4)

Equivalently, the half-space HE, is equal to the set of all w € W that do not have ¢ as a right inversion.
If ips - - - i1 is reduced word for w, then

{@iys SiyQiys SiySiy iy -« -5 Sing *** SizSi, @iy } = {Br 1 1 € Inv(w)}. 2.5)

If W is a finite Coxeter group, then we denote the long element of W (the unique element of maximum
length) by w. It is known that w, is an involution and that w,®* = ®~.

Recall that for J C I, the (standard) parabolic subgroup Wy is the subgroup of W generated by
{s; 1 i € J}. Also recall that (W, {s; : i € J}) is a Coxeter system. Let V; = R/ C V denote the
root space of Wy, and let ®; = {wa; : w € Wy, i € J} C V; denote the root system of W;. By [11,
Theorem 3.3], we have ®; = d N Vj.

The irreducible factors of W are the parabolic subgroups Wy,,..., Wy, where Ji,...,Jx C I are
the vertex sets of the connected components of the Coxeter graph I'yy. We have the direct product
decomposition W = W, X --- x Wy, . We say that W is irreducible if I'y is connected.

Remark 2.2. It is straightforward to see that a Coxeter group is futuristic if and only if all of its
irreducible factors are futuristic.

Let 8, 8’ € ®. We say 8 dominates 8’, written 8 dom f’, if HE 2 H;;,,. We say 3 is small if B € ®*
and B does not dominate any other positive root.

Remark 2.3. Brink and Howlett [4] defined the dominance relation only for positive roots, but many of
our results become easier to state if the relation is extended to all roots as above. The use of the word
small comes from Bjorner and Brenti [2, Chapter 4.7].
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Note that if 8 dom ', then —8’ dom —§ and u8 dom uf’ forallu € W.

Proposition 2.4 [2, Theorem 4.7.6]. The set of small roots is the smallest set . C ®* that satisfies the
following properties:

1. All simple roots are in X.
2. Fori€landy € 2\ {«a;}, if0 > B(y,a;) > —1, then s;y € %.

Moreover, the set of small roots is finite.

Corollary 2.5. Let X denote the set of small roots of W. For J C I, the set of small roots of the parabolic
subgroup Wy is ZNVjy.

3. Basics of Bender—Knuth billiards

In this section, we establish more terminology and collect important facts concerning our general
Bender—Knuth billiards systems.

3.1. Separators

As before, (W, S) is a Coxeter system, and S = {s; : i € I'}, where I is a finite index set. Fix a nonempty
convex set & C W.

In Section 1.2, we stated that a noninvertible Bender—Knuth toggle 7; cannot move an element ‘strictly
away from’ the convex set & It is now time to formalize that observation. We define a separator for an
element u € W to be an element of the set

Sep(u) ={B € R(Z) : up € @} CR(Z).

(Note that Sep(u) depends on the convex set £.) The separators for u correspond to (oriented) hyper-
planes of the Coxeter arrangement that separate Bu from B.Z. Notice that since £ is convex, we have
u € & if and only if Sep(u) = @.

Lemma 3.1. Letu € W and i € I. Then Sep(t;(u)) C Sep(u). In fact,

siu  if Sep(s;u) € Sep(u);
7i(u) = .
u otherwise.

Proof. A root vy satisfies y € ®* and s;y € @~ if and only if y = S5, = @;. Also, by the definition of
separators,

Sep(s;u) \ Sep(u) = {8 € R(Z) : s;uf € ® and uf € ®*}.

This set is {u"'a;} if u='a; € R(Z) and is @ otherwise. The lemma now follows from the definition of
7; (Theorem 1.2). ]

One important consequence of Theorem 3.1 is that Sep(ug) = Sep(u;) = Sep(up) = --- for any
periodic billiards trajectory ug, uy, uz, . . ..

Example 3.2. This example is a continuation of Theorem 1.3. Let & C &,,4 be a convex set. As before,
there is an associated partial order <o on [n + 1]. For each u € S,,,1, we have ¢; — e¢; € Sep(u) if and
only ifi <o j and u(i) > u(j). In other words, if we think of u as a labeling of the poset ([n+ 1], <g),
then the separators for u correspond to the pairs of comparable elements whose labels are ‘in the wrong
order’. Theorem 3.1 says that applying a noninvertible Bender—Knuth toggle cannot create any new such
pairs.

Lemma 3.3. For every u € W, the set Sep(u) is finite.
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Proof. Fix some w € Z. For every B € Sep(u), we have w8 € ®* and uB € ®~. Writing
uB = (uw™)(wp) = (uw‘l)ﬂrwﬁ, we see that r, g is a right inversion of uw™!. It follows that
ISep(u)| < |Inv(uw™)| = £(uw™") < co. O

Recall that if w = ips - - - i1 is a word, then T, denotes the composition 7;,, - - - 75, .
Lemma 3.4. Let w € W, and let w be a reduced word for w. Then
Sep(tw (1)) C Sep(w™ 1 (1))
forallu e W.

Proof. We proceed by induction on M = £(w). The base case M = 0 is trivial, so assume that M > 0.
Write w =iy ---i1. Let W =ip;_1 - - - i1 be the word obtained by deleting the leftmost letter of w, and
let w’ = s;,,w € W be the element of W represented by the word w’. Then 7y (1) = 7;,, (Tw (1t)).

First, suppose that 7y, (1) = s;,, 7w (). Then (w") "7 (1) = w7y (u). Hence, by Theorem 3.1 and
the inductive hypothesis, we have

Sep(7w(u)) S Sep(tw (1)) € Sep((w') ™ 7w (1) = Sep(w™ ' 7w (u)),

as desired.
Next, suppose that 7, (u) = 7w (u). Let v = 1, (1) = 7 (). We wish to prove that

Sep(v) € Sep(w™lv).
Choose any 8 € Sep(v); we will show that 8 € Sep(w™'v) (i.e., that w™'v8 € ®7). Recall that
Sipg VB = VB — 2B(vB, @iy, )iy, - 3.1

We now consider two cases.

Case 1. Assume B(v, a;,,) > 0. Then applying (w’)~! to each side of (3.1) yields
wlvg = (W) B = 2B(vB, iy ) (W) iy,

By the inductive hypothesis, we have 8 € Sep((w’)"!v), so (w’)"lv8 € ®~. Moreover, s;,, is not a
right inversion of (w”)~!, so by (2.4), we have (w’)~'a;,, € ®*. It follows that w~'vf € ®~, as desired.

Case 2. Assume B(v, a;,,) < 0. We will prove that v='s;,, v8 € Sep((w’)~!v); this will imply that
wlvg = w) (v s, vB) € @7,
as desired. Our inductive hypothesis tells us that Sep(v) C Sep((w’)~'v), so it suffices to show that
v=ls;,,vB € Sep(v); that is, we want to show that v='s;,, v8 € R(Z) and v(v~!'s;,,v)B € .
Applying v=! to each side of (3.1) yields
vflsl-M vB=B-2B(vg, aiM)vfla/iM.
We know that 8 € R(Z). Since 7y (u) = 7w (1) = v, we also have v'e;,, € R(Z). Because R(Z) is

closed, this implies that v-'s;,v8 € R(Z). Since —8 ¢ R(Z), we also know that -8 # v'a;,,, so
vB # —a;,,. Since vB € ®~ \ {-a;,, }, we also conclude that v(v='s;,,v)B = s;,,vB € ®~. O
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Remark 3.5. Theorem 3.4 is equivalent to the statement that the function W — W given by u +—
w7, (1) is idempotent. It is unclear whether this formulation is useful.

3.2. Strata

It will be useful to classify the elements of W by their separators. We define the stratum corresponding
to a finite subset R C R(&Z) to be the set

Str(R) = {u € W : Sep(u) = R}.

Note that the nonempty strata form a partition of the set W. By Theorem 3.1, any periodic billiards
trajectory is contained in a single stratum. The stratum corresponding to the empty set is & itself; we
call the other nonempty strata the proper strata.

Strata have the following geometric interpretation. Recall that the hyperplanes Hg for 8 € R(Z)
are called one-way mirrors (see Figures | to 4, where one-way mirrors are drawn as yellow-and-red
lines or curves). These hyperplanes form a subarrangement 7—[% of the Coxeter arrangement Hy . The

nonempty strata correspond to the intersections of the regions of 7—[% with the Tits cone.
Lemma 3.6. If Z is finite, then |Str(R)| < 2!P\ROVEREDI for all R € R(Z).

Proof. Fix an arbitrary v € Str(R). Each element u € Str(R) is uniquely determined by the set of
hyperplanes in the Coxeter arrangement Hy that separate Bv from Bu. Each such hyperplane must be
of the form Hg for some root § in the finite set ® \ (R(Z) U (-R(Z))). O

Using strata, we may prove Theorem 1.8, which we now restate.

Proposition 3.7. Let W be a Coxeter group, and let ¢ be a Coxeter element of W. The following are
equivalent.

1. Every nonempty convex set & C W is heavy with respect to c.
2. Every nonempty finite convex set & C W is heavy with respect to c.
3. Every nonempty finite convex set & C W is superheavy with respect to c.

Proof. 1t is clear that (1) implies (2) and that (3) implies (2). Therefore, it is enough to show that (2)

implies both (1) and (3). Write ¢ = s;, - - - 54, where iy, ..., i, is an ordering of 1.
Assume (2); we will prove (1). Let & C W be a (possibly infinite) convex set, and let ug, uy, us, . ..
be a periodic billiards trajectory (defined with respect to the convex set & and the ordering iy, . . ., i, of

I). We wish to show that uy € <. Our strategy will be to construct a finite convex subset &’ C < such
that the billiards trajectory remains the same if the convex set & is replaced by &”’. It will then follow
from (2) that uy € &’ and, consequently, that ug € Z.

Choose a positive integer K such that the period of ug, u;, us, ... divides Kn. For each j € [Kn]
such that uj = s;,u;-1, we have u]‘f ,@i; € R(Z) by the definition of the noninvertible Bender—Knuth
toggles, so we may choose an element

+
wieZ\ Hu}llaij'
Let &’ be the convex hull of {w; : j € [Kn], uj = s;,u;j_1}. Then £’ is a finite convex subset of &
(see Theorem 1.1).

Fori € I, let 7/ denote the noninvertible Bender-Knuth toggle defined with respect to the convex set
2’ Letuy, = ug, and define a billiards trajectory u ), uj, u), . . . using the convex set £’ and the ordering
i1,...,iy of I. (That is, define this sequence via the recurrence relation u;. = Ti'j (”}—1)') We claim that
uj = u; for all nonnegative integers j. It suffices to prove that u; = u; for all j € [Kn]. To do so, we use
induction on j.
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Suppose first that u; = wuj;_i. Then u]_.lla/ij € R(&). Since &’ C £, this implies that
uj‘.llaij e R(Z’), so
u; = Ti,j (u}_1) = T,-;.(“j—l) =SUj-1=1Uuj.

Next, suppose that u; = s;;u;-1. Then

wje L' \H'.
’ ! uity ey’

SO u]_.llaij ¢ R(Z”’). Therefore,

wy =17 (u_y) =7 (ujo1) = siuj1 = uj.

This proves our claim that u; = u; for all nonnegative integers j. By (2), we have ug € &£’ C &, as

desired.
Now, still assuming (2), we will prove (3). Let & € W be a finite convex set, and letug, uy, uz,... € W
be a billiards trajectory (defined with respect to the convex set <& and the ordering iy, ..., i, of I). We

wish to show that the billiards trajectory eventually reaches &
By Theorem 3.1, we have

Sep(ug) 2 Sep(u;) 2 Sep(uz) 2 --- .

By Theorem 3.3, the sequence Sep(u), Sep(u;), Sep(uz), . . . is eventually constant; equivalently, there
exists a single stratum Str(R) that contains uy for all sufficiently large positive integers k. The stratum
Str(R) is finite by Theorem 3.6, so the billiards trajectory ug, uy, i, . . . is eventually periodic. According
to (2), we have uy € £ for all sufficiently large positive integers k. This proves (3). O

Let R C R(Z). A transmitting root of the stratum Str(R) is a root 8 € R(Z) that can be written in
the form —w~!a; for some w € Str(R) and i € 1. Any such root belongs to the set Sep(w) = R. The
transmitting roots of R correspond to the one-way mirrors that allow light to leave R.

Lemma 3.8. Every proper stratum has at least one transmitting root.

Proof. Let v € & be arbitrary. Choose some w € Str(R) that minimizes the length £(vw™!). Since
w # v, there exists i € I such that £(vw™ls;) = £(vw™) — 1. We claim that —w™'@; is a transmitting
root. To prove this, it is enough to show that —-w™'@; € R(Z).

By the minimality of £(vw™'), we have that s;w ¢ Str(R), so Sep(s;w) # Sep(w). That is, there
exists a root § € R(Z) such that s;wp and wp3 have different signs. It follows that 8 = +w~'a;. Since
L(vwls;) < £(vw™l), we see that s; is a right inversion of vw™!, so vw™la; € ®~. Since v € ®*, we
cannot have 8 = w™'a;, so 8 = —w™@;. Therefore, —-w™'a; € R(Z), as desired. O

Letu € Wandi € I, and let 8 be a transmitting root of Str(R), where R = Sep(u). Under certain
conditions on u, i and S, it is possible to prove that 7; (1) = s;u. We will prove our strongest lemma of
this form (Theorem 3.9) first and then deduce from it two weaker lemmas whose hypotheses are easier
to check (Theorems 3.10 and 3.11). We remind the reader that in this setting, we have 8 € R = Sep(u),
souf € ¢~

Lemma 3.9. Let u € W and i € I, and let B be a transmitting root of Str(R), where R = Sep(u).
Suppose that there exists a positive root vy such that y # —uf3 and
HyNH;NH, =0.

Then 7;(u) = s;u.
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Figure 5. An illustration of the proof of Theorem 3.9, drawn using the posmve projectivization of the
Tits cone and Coxeter arrangement of G», whose Coxeter graph is —o@ The assumption that
7;(u) = u implies that &£ C HE N H:—l o S Hu’ly’ which ends up contradicting the hypothesis that j is

a transmitting root of the stratum containing u.

Proof. Letus rephrase the hypotheses of the lemma as follows. We have thatu € H ;71 ) that 8 # —u~'y,
and that

HY , nH:NHY, =o0.
u-ly B ula;

See Figure 5 for an illustration of this scenario.
Assume for the sake of contradiction that 7;(u) = u. By the definition of a transmitting root, there
exist w € Str(R) and i” € I such that —wf = @;,. We will show that

Spw € H;,ly N Hg N H::,la_,

which will contradict the fact that H* | N HENHY |, =@.
uly B ula;

First, we will show that s;w € H:}W- Since 7; (1) = u, we have B, u"'a; € R(Z), so

Y CH;NnH', CH'

B uta; —uly”®

Thus, —u~'y € R(Z). We also have u(-u~'y) = —y € ®, so —u~'y € Sep(u) = R = Sep(w).
Therefore, w(—u~'y) € ®, or equivalently, wu~'y € ®*. Since y # —uf, we have wuly # a;. It
follows that s, wu~'y € ®* as well. Hence, s;w € H:—ly'
Second, we have s;w € H;g, since spywpB = sy (—ayp) = ap € O
Finally, we will show that s;w € H::*laf We have u~'a; € R(Z) (since 7; (1) = u) and u(u'a;) =
a; € ®*, sou"'a; ¢ Sep(u) = R = Sep(w). Therefore, wu~'a; € ®*. Since w™lay = - ¢ R(Z), we
have w ey # u™'a;, so wula; # ap. It follows that sy wu™'e; € ®*, so syw € H', . o

Lemma 3.10. Ler u € W and i € I, and let B be a transmitting root of Str(R), where R = Sep(u).
Suppose that there exist real numbers a,a’ > 0 such that auf3 + a’«; € ®@. Then 7;(u) = s;u.

Proof. First, suppose that uf8 and «; are linearly dependent. Since 8 € Sep(u), this implies that
—uf = a;. Since B € R(Z), we have u'a; = =8 ¢ R(Z), so 7;(u) = s;u by the definition of ;.
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Next, suppose that uf and «; are linearly independent. Let y = —(auB + a’a;) € ®. We have
—uf3 € ®F, so when v is written in the basis of simple roots, all the coefficients are nonnegative except
possibly the coefficient of ;. But y # —a;, so y € ®*. Moreover, y # —uf3, and

Hy,NH s NH, ={weW:{-awup - a'wa;, wup, wa;} C '} = 2.
By Theorem 3.9, we have 7;(u) = s;u. O

Informally, the following lemma says that a billiards trajectory cannot reflect off of any one-way
mirror that forms an obtuse angle with the one-way mirror corresponding to a transmitting root. (Recall
that, since the bilinear form B is W-equivariant, we have B(ug, a;) = B(8,u"'a;).)

Lemma 3.11. Let u € W and i € I, and let 8 be a transmitting root of Str(R), where R = Sep(u). If
B(uB, @;) <0, then t;(u) = s;u.

Proof. Wehave s;uf3 = uB—2B(up, a;)a; € ®.Nowtakea = 1 and a’ = —2B(uf3, ;) in Theorem 3.10.
[m]

The following lemma will be useful in the proofs of Theorems 1.16 to 1.18, where we will compute
the set of small roots and use it to determine the structure of the strata.

Lemma 3.12. Let Str(R) be a stratum, and let 8 be a transmitting root of Str(R). For every u € Str(R),
the root —uf is small.

Proof. We have —uf3 € ®* because 8 € R = Sep(u). Now, let y € ®*, and suppose that
—uf3 dom y. 3.2)

We must show that y = —ug.

We know by (3.2) that —y dom uf. Applying u~! to each side yields —u~'y dom . Then
Zc H;; - H:rly’ so —u~'y € R(Z). Moreover, u(—u~'y) = —y € ®, so —u~'y € Sep(u) = R.

By the definition of a transmitting root, there exists w € Str(R) such that —wp is a simple root.
Since —u~'y € R = Sep(w), we have that wu~'y € ®*. Applying wu~! to each side of (3.2) yields
—wpB dom wu~ly. Since —wg is simple, it is small, so wu~'y = —wp. Therefore, y = —up, as
desired. O

3.3. Conjugate Coxeter elements

Consider the Coxeter graph I'yy of W. An acyclic orientation of I'y is a directed graph with no
directed cycles that is obtained by orienting each edge of I'y, . A sink (respectively, source) of an acyclic
orientation is a vertex with out-degree (respectively, in-degree) 0. If i is a source or a sink of I'y, then
we can flip i by reversing the orientations of all edges incident to 7; the result is a new acyclic orientation
of I'yy . We say two acyclic orientations of 'y, are flip equivalent if one can be obtained from the other
via a sequence of flips.

Let ¢ be a Coxeter element of W. Let us direct the edge between two adjacent vertices i and i’ in 'y
from i to i’ if i appears to the right of i’ in some (equivalently, every) reduced word for ¢. Doing this for
all edges in I'y yields an acyclic orientation ao(c) of 'y, .

The map ao is a bijection from the set of Coxeter elements of W to the set of acyclic orientations of
I'y . Moreover, it is known [10, Theorem 1.15] that two Coxeter elements ¢ and ¢’ are conjugate in W
if and only if ao(c¢) and ao(c¢’) are flip equivalent.

Proposition 3.13. Let ¢ and ¢’ be Coxeter elements of W that are conjugate to each other. Then c is
futuristic if and only if ¢’ is futuristic.
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Proof. According to [10, Theorem 1.15], the acyclic orientations ao(c¢) and ao(c’) are flip equivalent.
Hence, we may assume that ao(c¢’) is obtained from ao(c) via a single flip from a source to a sink. That
is, there is a reduced word i,i,_; - - - i1 for ¢ such that i,,_y - - - i1i, is a reduced word for ¢’.

Fix an arbitrary nonempty convex set & C W. Suppose c is futuristic. Let u € W be a periodic point
of Pro.,. We have that Pro. o 7;, = 1;, o Pro., so 7;, (#) must be a periodic point of Pro,. Since c is
futuristic, this implies that 7;, (1) € &. Because u is a periodic point of Pro., it can be obtained by
applying a sequence of noninvertible Bender—Knuth toggles to 7;, (1). Hence, u € &. This proves that
¢’ is futuristic.

We have shown that if ¢ is futuristic, then ¢’ is futuristic. A similar argument proves the other
direction. O

It is well known that all acyclic orientations of a forest are flip equivalent, so we immediately obtain
the following corollary.

Corollary 3.14. If the Coxeter graph of a Coxeter group W is a forest, then W is either futuristic or
ancient.

3.4. Futuristicity is hereditary

We now prove Theorem 1.12, which states that the class of futuristic Coxeter groups and the class of non-
ancient Coxeter groups are hereditary in the sense that they are closed under taking standard parabolic
subgroups. In fact, these results are immediate corollaries of the following stronger proposition.

Proposition 3.15. Let J C 1. Let ¢ be a Coxeter element of W, and let ¢’ be a Coxeter element of the
standard parabolic subgroup Wy such that there exists a reduced word for c that contains a reduced
word for ¢’ as a subword. If c is futuristic, then ¢’ is also futuristic.

Proof. Assume that c is futuristic; we will show that ¢’ is futuristic. Let & C W; be a nonempty convex
set; we will show that every periodic point of Pro, lies in &.

Note that W is precisely the set of elements of W with no right inversions in W \ W, so W; is a
convex subset of W, with R(W;) = ®* \ ®;. Now, write R;(£L) ={f e, : £ C Hg,}. We have

R(Z)Nd; =R, (2),

and the inclusion & C W, gives @+ \ ®; C R(Z). At the same time, we have w8 € @~ forallw € &
and B8 € @~ \ &y, so R(Y) is disjoint from @~ \ ®;. Putting this all together yields

R(Z) =Ry (Z) U (®"\ D). (3.3)

Moreover, Z is the intersection of the half-spaces H;; for B € Rj (&) U (D \ ®y), so £ is convex as
a subset of W.

Fori € I, let ,: W — W denote the noninvertible Bender—Knuth toggle on W that is defined with
respect to <. For i € J, let Tl?, : Wy — W;j denote the noninvertible Bender—Knuth toggle on W that
is defined with respect to Z.

We claim that for all i € J, the restriction of 7; to Wy is Tlfl . Moreover, we claim that for all i € I\ J, the
restriction of 7; to Wy is the identity function on W;. Leti € I and u € W;. Then 7;(u) = u if and only
if u”'a; € R(Z). By (3.3), this holds if and only if u~'a; € Ry (Z) ori ¢ J; this proves both claims.

It follows that the restriction of Pro. to W is Pro.. Since c is futuristic, every periodic point of Pro.
lies in Z. Hence, every periodic point of Pro.- lies in &, as desired. O

3.5. Folding

There is a common technique known as folding that can be used to obtain new Coxeter groups from
old ones [31]. In this subsection, we discuss this technique and its relation to Bender—Knuth billiards.
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We were not able to find a discussion of folding root systems in the literature at the level of generality
that we present here, so we will prove all of the relevant statements. However, on the level of Coxeter
groups, these foldings are discussed in [12, 26].

Let (W, S) be a Coxeter system whose simple reflections are indexed by a finite index set 7, and let
o: I — I be an automorphism of the Coxeter graph Iy such that each orbit (i.e., cycle) of o is an
independent set (i.e., a set of pairwise nonadjacent vertices). Let I be the set of orbits of o-.5 Consider
a symbol s, for each orbit o € I=. Let S~ = {s, : 0 € 7}, and let (W=, §7) be the Coxeter system such
that for all o, 0" € I=, the order m(o,0’) of 5,5, in W= is equal to the order of [];¢, si [1i7cy S in W.
Observe that there is a group homomorphism ¢: W= — W determined by ¢(s,) = [1;¢, 5i- (The map
¢ is actually injective [26], but we will not need this.) We call W= a folding of W. We also say W= is
obtained from W by folding along o .

Example 3.16. The Coxeter graph of the affine Coxeter group Eg is

—

We have shaded in red the orbits of a Coxeter graph automorphism of order 2. By folding along this
automorphism, we obtain the affine Coxeter group Fs, whose Coxeter graph is

—o— o o o

The Coxeter graph of the affine Coxeter group E7 is

| 1

As in the case of Eg, we have shaded in red the orbits of a Coxeter graph automorphism of order 2. By
folding along this automorphism, we again obtain Fj.

For each orbit o € I, let us fix a particular index i, € 0. For o,0” € I7, let deg, (o) denote the
number of edges in Ty of the form {i,,i’} for i’ € o’. Let laby (0) be the multiset of labels of the
form m(i,,i") with i’ € o’ and m(iy,i") > 3, where the multiplicity of a label a in lab, () is equal
to [{i’ € 0" : m(iy,i") = a}|. (Because o is a Coxeter graph automorphism, neither @ (o) nor lab, (0)
depends on the choice of i,.) Thus, @ () is the cardinality of laby (p), counted with multiplicity. In
particular, if @, (p) = 0 (i.e., o U 0’ is an independent set in 'y ), then o U o’ is an independent set
in Ty ), then laby (o) is empty. The following lemma allows us to determine the label m (o, 0") of the
m(o,0") of the edge between o and o’ in I'y,= from the tuples lab, (o) and lab, (o).

Lemma 3.17. Let 0, 0" be distinct orbits in I", and assume that deg,, (0) < deg, (o).

Ifdeg,, (o) =0, then m(o,0’) = 2.

If deg, (0) = deg,(0") = 1, then laby (0) = lab,(0”) = {m(0,0")}.

If deg, (o) = 1 and lab,(0") = {3,3}, then m(o,0’) = 4.

If deg, (o) = 1 and lab,(0") = {3, 3, 3}, then m(o,0’) = 6.

If deg, (o) =1 < deg,(0’) and lab,(o’) is not {3, 3} or {3, 3,3}, then m(o,0’) = co.
Ifdeg,, (0) > 2, then m(p,0’) = oo.

O O O O o o

Proof. By passing to the parabolic subgroup W,y , we may assume that o U o’ = [.
It is immediate from the definitions that m (o, 0’) = 2 if deg,, (0) = 0.

5The symbol = is pronounced “fold”.
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Suppose that deg,, (0) = 1. The irreducible factors of W are pairwise isomorphic Coxeter groups,
and the Coxeter graph of each irreducible factor is a star graph whose edges all have the same label. To
compute the order of [];¢,8:[1;7 ey siv in W, we compute the order after projecting to each irreducible
factor, and we then take the least common multiple of the orders obtained this way (which will all
be equal because the irreducible factors are isomorphic). We can check directly that this order is a if
lab,(0”) = {a}, is 4 if lab,(0”) = {3, 3}, is 6 if lab,(0”) = {3, 3, 3}, and is oo otherwise.

Finally, suppose that deg, (0)>2. Let 0 = {i,...,ix} and 0’ = {ii, o z,’(} and let b>1 be an
integer. Upon inspection, we find that it is is impossible to apply a sequence of commutation moves
to the word (7y - -ixi} -~ i;(,)b to obtain a word to which we can apply a nil move or a braid move

that is not a commutation move. By Matsumoto’s (Theorem 2.1), this implies that (i - - - igi] - - - il’(,)b
is a reduced word. Hence, [[;c,5:[[;7cy 7 does not have order b. As b was arbitrary, we conclude that
m(p,0’) = oo. m]

Let us now discuss how root systems interact with folding. Recall that when defining the bilinear
form in (1.6), we had to choose a number p(; 7} > 1 whenever m(i, ") = co; we now stress that, in this
subsection, we will sometimes need to choose a value for p; ;) that is strictly greater than 1.

Let V be the root space of W, and let B be a bilinear form on V induced by W. Let V= be the root
space of W=. Define a bilinear form B~ : V= X V= — R by setting

B (ap, ay) = — (Z B(a;,,a;)

i’en’

(Z B(aiu,,ai)). (34)

i€o

Because o is a Coxeter graph automorphism, we can equivalently write

= _ dego(o/) . N — dego’(o) . )
B (a0, aw) = \/m I;Bmlo,al') = \/—degn o) Z B(aiy, i) (3.5)

It will be useful to keep in mind that
degy (o) _ [lo] 3.6)
degy (o) o]

(this is also a consequence of the fact that o is a Coxeter graph automorphism).

Lemma 3.18. The bilinear form B= is induced by W=,

Proof. Fixo,0’ € I, and assume without loss of generality that deg,, (0) < deg, (0’). The proof follows
from Theorem 3.17 and (3.5). For example, if deg,, (o) = 1 and lab,(0’) = {3, 3, 3}, then

B (ap, ay) = ((1122—,(8 l;,B(aiu,ai') = \/g(—COS(ﬂB)) = —cos(7/6),

and m (o, 0’) = 6 by Theorem 3.17. If deg,, (o) > 2, then

= deg, (0")
B (ay, y) = 4| ——= B(a;,,a;) < B(a;,,a;i) <2(—cos(n/3)) = -1,
" deg[’/(o) IZ[;’ IZ[;’
and m(p, 0’) = oo by Theorem 3.17. Similar arguments handle the other cases. ]
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Theorem 3.18 allows us to consider the standard geometric representation of W= defined with respect

to B™. Define the linear transformation w: V — V= by taking w(a;) = —=a, for all o € I~ and all

Vol

i € 0. We claim that

w((v)B) =vw(p) (3.7

for all v € W= and B € V. It suffices to prove this when 8 = «; is a simple root and v = s, is a simple
reflection. Let o € I~ be the orbit containing i. Then

i’ev’

w(t(sy)a;) = w(a'i - Z B(ai, (li')a/i')
1 1
= @y — B(a'i,ai’)_a'o’
Vol Z Vio']

Bg(ao,a’o’)an',

1 1
= —Qy — ——
Viol el

where the last equality follows from (3.5) and (3.6). Because

Bg(aos )@y,

() 1 1 1
spw(a;) = Sy = @y —
o] Vol ol
this completes the proof of (3.7).
In what follows, we will write ® and ®= for the root system of W (defined with respect to B) and

the root system of W= (defined with respect to B™), respectively. A version of this lemma (without root
systems) also appears as [12, Theorem 6.1(c)].

Lemma 3.19. Let o € I7, and leti € 0. For v € W=, we have va,, € (®7)" if and only if 1(v)a; € O

Proof. According to (3.7), we have va, = +/|o|w(t(v)a;), so the proof follows from the fact that «w maps
each simple root of W to a positive scalar multiple of a simple root of W=. m

Let #= be a nonempty convex subset of W=, and let & be the convex hull of ((#%) in W. Fori € I,
let 7; be the noninvertible Bender—Knuth toggle on W defined with respect to &. For o € I7, let 7, be
the noninvertible Bender—-Knuth toggle on W= defined with respect to &=, and let 7, = [];¢, 7i, Where
[T denotes composition. The order of the composition does not matter because o is an independent set
of FW .

Lemma 3.20. For everyo € I=, we have 1o 1, = Ty o L.

Proof. Fix o € I” and x € W=. We wish to prove that ¢(7,(x)) = T,(¢(x)). To do so, it suffices to show
that for each i € o, we have 7,(x) = x if and only if 7;(¢(x)) = ¢(x).

Fix i € 0. We have 7,(x) = x if and only if wx~'a, € (®%)* for all w € Z=. According to
Theorem 3.19, this holds if and only if (w)(¢(x)"'e;) € ®* for all w € Z#~. Because .Z is the convex
hull of «(£%), it follows that 7,(x) = x if and only if z(¢(x)'e;) € @ for all z € Z. This, in turn,
holds if and only if 7;(¢(x)) = ¢(x). O

We are now prepared to prove Theorem 1.13, which states that a folding of a futuristic Coxeter group
is futuristic. This result is immediate from the following stronger proposition. Note that if ¢ is a Coxeter
element of W=, then «(c) is a Coxeter element of W.

Proposition 3.21. Let W= be a folding of W, and let ¢ be a Coxeter element of W=. If 1(c) is futuristic,
then c is futuristic.
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Proof. Preserve the notation from above. We prove the contrapositive. Suppose that c is not futuristic.
Then there exist a nonempty convex set = C W= and an element u € W=\ &= such that ProX (1) = u
for some integer K > 1. Let & be the convex hull in W of «(&7). It follows from Theorem 3.20 that
t o Pro; = Pro, () o t. Hence, Prof(c)(t(u)) = ((ProX (1)) = «(u).

We need to show that «(u) ¢ Z. Because u ¢ &=, there exists 8 € ®= such that uf € (®=)~ and
wpB € (®%)* for all w € &=. We can write 8 = ya, for some y € W= and o € I=. Choose i € o. For
each v € W=, we can use Theorem 3.19 to see that v8 € (®7)* if and only if «(v)(¢c(y)a;) € @*. Tt
follows that ¢(u) (¢«(y)a;) € ®~ and that «(w) («(y)a;) € @ for all w € &L=, Since Z is the convex hull
of «(Z£7), we deduce that 1(u) ¢ Z. m|

4. Finite Coxeter groups

Throughout this section, we assume that the Coxeter group W is finite.
The machinery developed in Section 3.1 allows us to painlessly finish the proofs of Theorems 1.22
and 1.24.

Proof of Theorem 1.22. Let w, be a reduced word for w,. Let u € W, and assume for the sake of
contradiction that 7, (1) ¢ £. Then there is some 8 € Sep(7y, (#)). According to Theorem 3.4, we have
B € Sep(w' 7y, (u)). But then the roots 7y, (u)8 and w1, (1) are both negative, which contradicts
the fact that w,®* = @~ (recall that w3! = w,). o

In the following proof, recall the commutation equivalence relation = defined in Section 2.

Proof of Theorem 1.24. Letc be areduced word for the Coxeter element c. It follows from [29, Corollary
4.1] that there is a reduced word w, for w, such that cM(©) = yw, for some word y. Appealing to
Theorem 1.22, we find that

Pro (W) = 1 (tw, (W) = 7,(Z) = Z.

O

In the remainder of this section, we provide a (slightly informal) discussion of how one can compute
M(c¢) explicitly.

Let x be aword. Leti € I, and let p;(x) be the number of occurrences of i in x. For 1 < k < p;(x), let
(%) be the k-th occurrence of i in X (counted from the right). It will be convenient to view i W i)
as distinct entities. The heap of x is a certain poset whose elements are the letters in x (which are seen
as distinct from one another, even if they are equal as elements of /). The order relation is defined so
that if i ik') and iékz) are two letters, then i }k’) < iékz) if and only if i gk‘) appears to the right of igk” in
every word that is commutation equivalent to x. Two words are commutation equivalent if and only if
they have the same heap. The Hasse diagram of the heap of x, which we denote by Heap(x), is called a
combinatorial AR quiver [33]. We will draw Heap(x) sideways so that larger letters appear to the left of
smaller letters.®

There is an involution  : I — [ given by s,(;) = wos;w.. We can extend ¢ to an involution on the
set of words over I by letting ¥ (ipg - - -11) = ¥ (ipg) - - - ¥ (i1)-

Recall that the Coxeter number of W is the quantity 4 = |®|/|S|. Let ¢ be a reduced word for a
Coxeter element c. It is known that M(c) < h. In fact, it follows from [33, Lemma 2.6.5] that

¢ = y(sorte (wo))sorte (ws),

where sort; (w,) is a special reduced word called the c-sorting word for w, (see [28]). One can compute
sort;(w,) by drawing the combinatorial AR quiver Heap(c") and then ‘cutting’ the diagram in half so

ot is typical to draw Heap(x) with larger letters to the right of smaller letters, but we have adopted the opposite convention in
order to match our equally unorthodox convention for writing words.
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6(7)

Figure 6. An illustration of Theorem 4. 1. The black-and-blue piecewise linear curve cuts Heap(c’) into
two pieces; the right piece is Heap(sorts(w,)), while the left piece is Heap (¥ (sortc(ws))).

that the left side can be obtained by applying i to the right side. Then M(c) is the smallest positive
integer k such that the right side fits inside of Heap(c¥).

Example 4.1. Suppose that W = Sy, and let s; = (i i+ 1). The Coxeter number of S is 4 = 7. Consider
the word ¢ = 213456, and let ¢ = 525153545556 be the Coxeter element represented by c. Figure 6 shows
the combinatorial AR quiver of ¢’; it is formed by placing 7 copies of Heap(c) (indicated by bands
shaded in yellow) in a row and adding (black) edges as appropriate.

The involution ¢ : I — [ is given by (i) = 7 — i. The thick black-and-blue piecewise linear curve
in Figure 6 cuts the diagram into two pieces such that the piece on the left side of the cut can be
obtained by applying i to the piece on the right side of the cut. Thus, the piece on the right side of the
cut is Heap(sort;(w,)). The piece on the right of the cut uses letters from 5 different yellow bands, so
M(c) = 5.

5. Affine Coxeter groups

This section discusses general results about Bender-Knuth billiards in affine Coxeter groups. We will
use these results to prove Theorem 1.15, which states that the affine Coxeter groups of types A, C, and
G, are futuristic.

5.1. Affine Coxeter groups

Preserve the notation from Section 2, and assume in addition that the Coxeter system (W, S) is affine.
This means that the associated bilinear form B: V X V — R is positive semidefinite but not positive
definite. We will also assume that W is irreducible. Let

VW ={yeV:uy=yforallu e W}

be the space of W-invariant vectors in V. Equivalently, V% is the kernel of B. The space VW is 1-
dimensional, and there exists 6 € V" whose coefficients in the basis of simple roots are all positive.
We call 6 the imaginary root, though the reader should keep in mind that it is not a root of W.

LetV = v/ VW andlet n: V — V be the quotient map. Then V is a W-module, and the form B
descends to a W-invariant real inner product B: V xV — R. Unlike V, the W-module V is not faithful;
that is, the homomorphism p3-: W — GL(V) is not injective. Let W be the quotient group W /ker( ov)s
and let 7: W — W be the quotient map. (It is a slight abuse of notation to use the letter 7 to refer to
two different quotient maps, but it will always be clear from context which is meant.) It is well known
that W is a finite Coxeter group.
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We will make use of the following result due to Speyer. (As noted in Speyer’s article, this result was
already proved for affine Coxeter groups in [14, 21].)

Theorem 5.1 [29, Theorem 1]. Let W be an infinite irreducible Coxeter group, and let i1, . .., i, be an
ordering of the index set I. For every K > 1, the word (i, - - - i) is reduced.

To prove that the affine Coxeter groups of type A are futuristic, we will use the following theorem,
whose proof is type-uniform.

Theorem 5.2. Let W be an irreducible affine Coxeter group. Let & C W be a nonempty convex set, let
i1,...,in be an ordering of the index set I, and let ug, u1,us, . .. be a corresponding periodic billiards
trajectory that is contained within a single proper stratum Str(R). Let 8 be a transmitting root of Str(R).
If j is a positive integer such that u; = u;_y, then B(u;-1f3, a;;) = 0.

Proof. Tt may help to keep the following geometric intuition in mind. As in Figure 1, we can think of the
Bender—Knuth billiards process as taking place within the Tits cone BW, or, equivalently, in the positive
projectivization P(BW) = (BW \ {0})/R.o, which has the structure of an affine Euclidean space. By
Theorem 3.11, the billiards trajectory can never reflect off of a one-way mirror that forms an obtuse
angle with the hyperplane Hg. Thus, if the billiards trajectory is ever moving toward the hyperplane
Hg, it can never be redirected to move away from Hg. Since the billiards trajectory is periodic, the only
possibility is that it always moves parallel to Hg and hits only one-way mirrors that are orthogonal to
Hp. In other words, if u; = u;_1, then B(u;-18, a;;) = 0.

Of course, the billiards trajectory ug, u1, us, . . . is really a sequence of elements of W rather than an
actual piecewise linear path inside P(BW). (But see Section 11 and Theorem 12.4.) So, in order to turn
our geometric intuition into a rigorous proof, we must formalize the notions of ‘moving toward’ and
‘moving away from’ Hg. We can do so as follows.

Consider the Coxeter element ¢ = s;,_ - - - 5;,. There is an integer K > 1 such that ProX (u¢) = ug and
7(c)® = 1.For j > 1, define

1= 2B(uj1B, ai;) ifu; =ujg;
J 0 ifujzsijuj_l.

By Theorem 3.11, we have A; > 0 for all j, and we wish to prove that A; = 0 for all j. Observe that we
have defined A; in such a way that

Mj,BZS[thj_],B+/lj(lij. 5.1
For j > 0, define
K
Cj = Sijun SijnSizy €W and  y;=cjujB-uijBeV.
One may think of ci.( Uj = Sijpn " SiznSi;, Uy as the location that the billiards trajectory would reach
if it were to start at u; and then progress Kn steps, in the absence of any one-way mirrors. Roughly, y;

measures the angle between the hyperplane Hg and the ‘limiting direction’ of the billiards trajectory.
Note that for all integers j > 0 and all vectors € € V, we have

7T(C§(E —€) = 71'(6‘5()7((6) —n(e).

Since c; is conjugate to ¢ and we have 7(c)® = 1, we must also have n(cf) = 1. It follows that
n(cfe—€) =0,50cKe~eeVW. Taking € = u;3, we find that y; € V¥ for all j. Taking € = a;;

yields that cf a;; —aj; € VW for all j.
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Next, we will use (5.1) to relate y; and y;_;. We have

K
v =y (siujB+A;ai;) — (siuj1 B+ 4;ai;)
K K
=si; (c;_yuj1B—uj1B) +4;(c ai; — i)

=85 Yj-1+4; (Cfai.f - @)

= yj-1+4;(cf @i, = ay): (5.2)

in the second equality, we used the fact that c; Si; = 8i;Cj-1, and in the fourth equality, we used the fact
thaty; | € 1A

By Theorem 5.1, the word (i j4p - - - i;41)% i} is reduced. Hence, cfa/ij e ®*, and cfaij # a;; (by
(2.5)). It follows that when cf @;; — a;; is written in the basis of simple roots, at least one of the
coefficients is positive. Since ¢ @;; — a;; € VY, we find that ¢X @i, — @, is a positive real multiple of
the imaginary root ¢.

Using (5.2) together with the fact that A; > 0, we find that y; —y;_; is a nonnegative real multiple of
¢ for all j. Since the sequence vy, y1, ¥2, - . . is periodic, it must actually be constant. This implies that
A; =0 for all j, as desired. |

For 8 € ®, let WA be the subgroup of W generated by the set
{rg: B’ € ®and B(B,B’) = 0}.

Corollary 5.3. Let W be an irreducible affine Coxeter group, and let ¢ be a Coxeter element of W. If ¢
is not futuristic, then there exist an integer K > 1 and a root y € ® such that cX € W.

Proof. Let us write ¢ = s;, ---s;, where ij,...,i, is a fixed ordering of I. Suppose that c is not
futuristic. That is, there exist a nonempty convex set & € W and an element ug € W \ & such that the
corresponding billiards trajectory ug, u, us, . .. is periodic. By Theorem 3.1, the billiards trajectory is

contained in a single proper stratum Str(R).

Choose a positive integer K such that ProX (ug) = ugand 7(c)X = 1.Let 8be an arbitrary transmitting
root of Str(R), which exists by Theorem 3.8. We will prove that K e wHuB, Clearly, WP = WP u, L
so it suffices to prove that

uy'c®ug e Wh. (5.3)
For each j > 1, define
Tyl g ifuj=uj_g;
tp=ujtsiugoy =4 o
J J j] 1 f R .
mu; = slju]_l.

In other words, if the billiards trajectory ug, u1, us, ... hits a one-way mirror at step j, then ¢; is the
reflection corresponding to that one-way mirror; otherwise, ¢ is the identity. It follows from Theorem 5.2
thatt; € WP for all j > 1. We have
-1 -1 -1 -1
tkntkn-1"taty = (Ug,Six, UK n—1) (Ugp_ 1 Sicny UK n-2) -+ - (U siyu1) Uy si o)

-1
=g, (Sig, "+ Siy)Uo
= uachuo,
which implies (5.3). m]

In the remainder of this section, we address the affine Coxeter groups of types A, C, and G,.
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5.2. Type A

Fix an integer n > 3. An affine permutation of size n is a bijection u: Z — Z such thatu(j+n) = u(j)+n
for all j € Z and Z;le u(j) =n(n+1)/2. Let A,_; be the group of affine permutations of size n under
composition. For a, b € Z with a # b (mod n), define

tap = n(a +rn b+rn) € Xn_l. 5.4)
rez
Note that t,p = th,a = ta+kn.b+kn for all k € Z. Let s; = t; ;41, and let S = {so,...,su—1}. Then

(X,,_ 1,5) is a Coxeter system [2, Section 8.3]. The reflections of A,_; are precisely the elements 7, 5
defined in (5.4). The Coxeter graph of A,,_; is

1 2 n—2 n—1. (5.5)

Let U be the real vector space freely generated by ey, ..., e,, 6. We can define e; for all j € Z

by taking e;+, = e; — 6. The root space of A,_; is isomorphic to the subspace of U spanned by
{e; — ei41 : i € Z}. Under this isomorphism, the root system is

O={e,—ep:a,beZ, a£b (modn)},

and the reflection corresponding to the root e, — ep, is re,—¢, = tq,». We easily obtain the following
lemma.

Lemma 54. Let e, — ep, and ey — ep be two roots in the root system of type Xn_l. We have
B(ey, —ep,eqr —ep) =0ifand only if a, b, a’, b’ belong to distinct residue classes modulo n.

Proposition 5.5. For n > 3, the Coxeter group Ay is futuristic.

Proof. Let us consider acyclic orientations of the n-vertex cycle graph Iz - as in Section 3.3. For
1 <d < n-1,let ¢ be the Coxeter element $485q4+1 * - * Sn—15d-154-2 * - * So. If we draw F],l in the
plane as in (5.5), then the acyclic orientation ao(c(4)) has exactly d counterclockwise edges. It is a
simple exercise to show that two acyclic orientations of I';  are flip equivalent if and only if they have

the same number of edges oriented counterclockwise. It follows that each Coxeter element of Ay is
conjugate to exactly one of €(1)»€(2)» - - -» C(n-1); hence, according to Theorem 3.13, we just need to
show that each of the n — 1 Coxeter elements in this list is futuristic. Fix 1 < d < n -1, and view ¢ (y4)
as an affine permutation of size n. By Theorem 5.3, it suffices to prove that cf 0 & W7 for every integer
K > 1 and every root y € ®. Fix such K and vy, and write y = e, — e; for some integers a and b with
a # b (mod n). According to Theorem 5.4, the subgroup W7 is generated by reflections ¢ that satisfy
t(a) = a and t(b) = b. Consequently, we just need to show that cfd) (a) # a.
For j € Z, it is straightforward to compute that

j—n+d-1 ifj=1 (mod n);

. j-1 if j=2,3,...,d (mod n);
cay()=1", e
j+1 ifj=d+1,d+2,...,n—1 (mod n);
n+d+1 ifj=n (mod n).

From this, one can readily deduce that cfd) (j)y < jifj=1,2,...,d (mod n) and that cfd) (j) > jif
j=d+1,d+2,...,n(mod n).In particular, c{(d)(a) #a. O
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Remark 5.6. The only affine Coxeter group of type A that Theorem 5.5 fails to address is A, which
has the Coxeter graph

*—Q

However, because A; is right-angled, its futuristicity follows from Theorem 1.16. Alternatively, we
could use Theorem 1.13 and the fact that A; is a folding of C,, which we will prove is futuristic in the
next subsection.

5.3. Type Cc

For n > 3, the Coxeter graph of the affine Coxeter group Cp_1 is

s

where there are n vertices in total. We can draw the Coxeter graph of Xgn_3 as
where we have shaded in red the orbits of a Coxeter graph automorphism o of order 2. Since Cp_1 is
obtained from A,,_; by folding along o, it follows from Theorem 1.13 that C,,_; is futuristic.

5.4. Type G»
The affine Coxeter group G> has Coxeter graph

—o o
1 2 3

The fact that G, is futuristic is a special case of Theorem 1.18, which will be proved in Section 9.
Combining this fact with Theorem 5.5, Theorem 5.6 and the folding argument in Section 5.3 proves
Theorem 1.15.

6. The small-root billiards graph

We now proceed to the proofs of Theorems 1.16 to 1.18. In each proof, our strategy will be as follows.
Let W be a Coxeter group that we wish to prove is futuristic. Let & C W be a nonempty convex set,
letiy,...,i, be an ordering of I, and let ug, u1, us, . .. be a corresponding periodic billiards trajectory.
Assume for the sake of contradiction that the billiards trajectory is not contained in <. Then by
Theorem 3.1, it is contained within a single proper stratum Str(R). By Theorem 3.8, there exists a
transmitting root S of Str(R). By Theorem 3.12, each root —u ;8 is small. Let y; = —u ;3. The sequence
Y0, Y1, Y2, - - - of small roots is highly constrained. First, foreach j > 1, we have u; € {u;-1, s;,uj-1},so
v €{vj-1, Si;Yj-1 }. Moreover, if there exists a positive root y” # y;_1 such that H;, OH;H ﬂHgij =g,
then Theorem 3.9 implies that u; = SiUj-1 and (consequently) y; = Si;Yj-1-

These considerations show that the distinct y;’s form a walk on a particular directed graph, which we
now define. This graph is similar to the minimal root reflection table of Casselman [5], but it contains
some additional information.

Definition 6.1. The small-root billiards graph of W, denoted Gy, is the following directed graph in
which each edge is labeled by an element of I and is either solid or dotted. The vertex set of the small-root
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1

A

V3ai + 2v3as + 203

A

2| i2

V3aq + V3as + 203

3

A

a1+ as +V3ag 209 + V33

w

Figure 7. The small-root billiards graph of G», whose Coxeter graph is 1 2

billiards graph is £ U {6}, where X is the set of small roots and & is a special symbol that represents
negative roots. For each y € ¥ and i € I such that s;y € X, there is an edge labeled i from 7 to s;y (this
edge is a loop if s;7 = y). The edge from y to s;7y is solid if there exists a positive root y’ # 7y such that
H;, N H; N H;i = @; otherwise, it is dotted. Additionally, for each i € I, there is a solid edge labeled i
from a; to ©. Let A(e) € I denote the label of an edge e of Gy .

Figure 7 shows the small-root billiards graph of G>.

We will always draw the small-root billiards graph with the higher roots nearer the top of the diagram.
That is, if i € I and y € X satisfy s;7 =y — 2B(y, a;)a; € Z, then we will draw the vertex s;y above
(respectively, below) the vertex vy if B(y, @;) < 0 (respectively, B(y, @;) > 0). If y is drawn above s;y,
then the edge from vy to s;y is solid because we may take y’ = s;7. Thus, every edge in Gy that points
downward is solid. However, it is also possible for a solid edge to point upward.

The following lemma summarizes the discussion thus far. The fact that the sequence yg, y1, 72, - .
is eventually periodic follows from the fact that X is finite.

Lemma 6.2. Let iy,...,i, be an ordering of I, and let ug,ui,uy,... be a corresponding billiards
trajectory that is contained in a single proper stratum. Then there is an eventually periodic sequence
Y0, Y1, Y2, - - - Of small roots such that the following hold for all j > 1.
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1. Ifuj =uj_, theny; =y;_1, and there is no solid edge of Gw labeled i; with source y;_.
2. If uj = si;uj_y, then there is an edge of Gw labeled ij from y;_; to y;. (This edge may be either
solid or dotted.)

Moreover, if the sequence ug,ui,us, ... is periodic, then so is yo,Y1,¥2,-.. and the period of
Y0, Y1, Y2, - - - divides the period of ugp, ui, us, . . ..

Our next goal is to reformulate Theorem 6.2 in a way that is easier to visualize. The idea of
the reformulation is as follows. If yo,y1,72,... is a sequence of roots satisfying the conditions of
Theorem 6.2, then we may remove the consecutive duplicates from the sequence o, v1, 2, . . . to obtain
a walk in the graph Gy . This walk satisfies certain conditions, which we will describe in Theorem 6.3
below. First, we must introduce some additional terminology.

Fix an ordering iy, . .., i, of I. As usual, we may define an infinite periodic sequence iy, i2, i3, . . . by
setting i ., = i; for all j > 1. For any indices i,i’,i"” € I, let us say that i’ is betwixt i and i”’ if for all
positive integers j < j” withi; =iandi;» = i"”, there exists an integer j’ with j < j" < j” andi; =i’
Note that this definition is not symmetric in i and i”’. For j, j’, j”’ € [n], we have that i s is betwixt i;
andi;» ifand only if j < j" < j”, j' < j” < j,orj" < j < j'.

A closed walk in a directed graph G is a pair C = ((vi,...,vq),(€1,...,eq)), where d > 0 is an
integer, v1, ..., vq are vertices of G, and for each j € [d], e; is an edge of G from v; to v, ; here we
use the convention vg,1 = vy.

Definition 6.3. Let C = ((vy,...,v4), (e1,...,eq)) be a closed walk in the small-root billiards graph
Gyw . We say that C is billiards-plausible (with respect to the ordering iy, . .., i, of I) if it satisfies the
following two properties.

1. For each j € [d], there is no solid edge with source v; whose label is betwixt A(e;_1) and A(e;).
Here, we use the convention ep = eg4.
2. We have s3(¢,) =+ Sacey) = 1.

Lemma 6.4. If there does not exist a closed walk in Gw that is billiards-plausible with respect to the
ordering iy, . .., iy, then the Coxeter element ¢ = s;, ---s;, Is futuristic.

Proof. We prove the contrapositive. Assume that ¢ is not futuristic. Then there exist a nonempty convex
subset & C W and a periodic billiards trajectory ug, u1, us, . . . that is not contained in &. Let K > 0 be
an integer such that ug = ug,,.

Let ji, ..., ja be the elements of the set {j € [Kn] : u; = s;;u;-1} in increasing order. We have

1 = ugug, = (uouy" ) (uruy") -+ (g noug, ) (Ukn-1ug,). (6.1)

For each j € [Kn], the factor uj_lu]’.l equals 1 if u; = u;_ and equals s;; if u; = s;;u;-1. Removing
the identity terms from the product in (6.1) thus yields

sijl . "S,'jd =1. (62)

Now, let yg, ¥1, Y2, - - - be the sequence from Theorem 6.2. For each k € [d], let ex be the edge of Gy
labeled i j, from y;,_1 to y, . By Theorem 6.2(1), the edges ey, . .., eq form a closed walk C satisfying
Theorem 6.3(1). It follows from (6.2) that C also satisfies Theorem 6.3(2), so C is billiards-plausible. O

For an example of how Theorem 6.4 can be used to prove that several Coxeter groups are futuristic,
see the proof of Theorem 1.18 in Section 9.

The proof of Theorem 6.4 gives a procedure for constructing a billiards-plausible closed walk C from
a periodic billiards trajectory ug, u1, Uz, . . . in a proper stratum. We say that the trajectory ug, uy, us, . . .
is a lift of C.

It is natural to ask if the converse of Theorem 6.4 holds.
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Question 6.5. Suppose Gw has a closed walk that is billiards-plausible with respect to the ordering
i1,...,in.Is the Coxeter element ¢ = s;, - - - 5;, necessarily not futuristic?

Lemma 6.6. If there does not exist a closed walk in Gy that satisfies Theorem 6.3(1) with respect to
the ordering iy, ..., iy, then the Coxeter element c = s;, - - - §;, is superfuturistic.

Proof. We prove the contrapositive. Assume that ¢ is not superfuturistic. Then there exist a nonempty
convex subset & C W and a billiards trajectory ug, u1, uo, ... that does not eventually reach <. By
Theorem 3.1, we have

Sep(ug) 2 Sep(u;) 2 Sep(uz) 2 --- .

By Theorem 3.3, the sequence Sep(ug), Sep(u1), Sep(uz), . . . is eventually constant. We may assume
that this sequence is constant and the billiards trajectory ug, uj, us, ... is contained within a single
stratum Str(R).

Let y0,7%1, 72, - . . be the sequence from Theorem 6.2, and let K > 0 be an integer such that Kn is
divisible by the period of the sequence yy, v1, 2, . . .. As in the proof of Theorem 6.4, let ji,..., jq be
the elements of the set {j € [Kn] : u; = s;,u;—1} in increasing order. For each k € [d], let e) be the
edge of Gyw labeled ji from y;, _i to y;, . By Theorem 6.2(1), the edges e, . .., eq form a closed walk
C satisfying Theorem 6.3(1). m]

‘We now prove some lemmas that will help us determine whether the edges of Gy are solid or dotted.

Lemma 6.7. Let y € X and i € I. Suppose that when 7y is written in the basis of the simple roots, the
coefficient of a; is zero. If there is an edge labeled i from vy to s;y in Gw, then it is dotted.

Proof. Assume for the sake of contradiction that there is a solid edge from 7 to s;7. Then there is a root
v’ € ®* \ {y} such that H;, NH,NH, =@.

Lett =ry and ¢’ = r) be the reflections corresponding to y and y’, respectively. We have 7 € H_.
Also, 1 lies in the parabolic subgroup Wi\ ;3. In particular, ¢ does not have s; as a right inversion, so
t e H:‘,l_. Since H;, NH, N Hj;l_ = @, we have t ¢ H;,. Hence, t must have ¢’ as a right inversion. It
follows that ¢’ also lies in the parabolic subgroup Wy (;}, so y’ is a root of Wy ;3.

The fact that H}, N H), N H, = @ tells us that H}, N Hy, © Hj. Because Wiy € Hp,, we have

H;, NWny € H; NWn (i)

But H;, NWp iy and H; N Wp\ i) are the half-spaces of Wi\ (; corresponding to y” and 7, respectively.
Hence, v is not a small root of Wy, ;}. This contradicts Theorem 2.5. m|

Lemma 6.8. Lety € Landi € I. Suppose that there exist real numbers a,a’ > 0 suchthatay—a’a; € ®.
If there is an edge from vy to s;y in Gw, then it is solid.

Proof. Lety’ = ay —a’a;. Then H;, NH, NH;, =@, so the edge from y to s;y is solid. m|

6.1. Small roots of rank-2 parabolic subgroups

The proofs of Theorems 1.16 to 1.18 will involve explicitly computing Gy for various Coxeter groups
W and applying Theorem 6.2 or Theorem 6.4. In this subsection, we will show that Gy, always has a
certain easily described induced subgraph.

Leti,i’ € I be distinct indices such that m(i,i’) < oo, and let m = m(i,i’). It follows from a routine
computation that the roots of the standard rank-2 parabolic subgroup Wy; ;»y are the vectors

sin((k + 1)m/m) . sin(km/m)
sin(7r/m) it sin(7r/m) v

a,-,,v(k) = eV,

https://doi.org/10.1017/fms.2024.159 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.159

Forum of Mathematics, Sigma 35

where k ranges over the integers. The vector a; (k) depends only on the residue class of k modulo
2m, and distinct residue classes yield distinct vectors «; ;s (k), so the number of roots of Wi iy is 2m.
Geometrically, the restriction of B to the 2-dimensional space Vy; iy = span{a;, @i} C V is areal inner
product, and ; ;7 (0), @; 7(1), ..., @i (2m — 1) are 2m equally spaced vectors (in that order) on the unit
circle of Vy; ;1. The simple roots of Wy; ;- are @; ;#(0) = a; and a; »(m — 1) = a;. The action of Wy; ;,
on the roots is given by s;a; i/ (k) = a; i(m — k) and sy ; (k) = a; i (m =2 — k).

Let £, denote the set

{a; i eI} U{a; (k) :i,i’ €I are distinct, m(i,i") < co, 0 < k <m(i,i’) — 1}. (6.3)

Note that since a; ;7 (k) = a;,;(m(i,i") — 1 — k), we have listed each element of X, \ {; : i € I} twice
in (6.3). Let Gy <> denote the induced subgraph of Gy on the vertex set £, U {6}.

Lemma 6.9. The set X<, consists of all small roots that can be written as linear combinations of at
most two simple roots. Moreover, the edges of Gw <2 are as follows.

1. For each pair i,i" € I of distinct indices with m(i,i") < co and for each integer k satisfying
0 <k <m(i,i") — 1, there is a solid edge labeled i from a; ;»(k) to a; i (m(i,i’") — k).

2. For each pair i,i’ € I of distinct indices with m(i,i’) < oo, there is a dotted edge labeled i from a;
to a; i#(1). (If m(i,i") = 2, then this edge is a loop.)

3. For each triple i,i’,i” € I of distinct indices with 2 = m(i,i") = m(i,i"”) < m(i’,i"") < oo and for
each integer k satisfying 0 < k < m(i’,i"") — 1, there is a dotted edge labeled i from ay ;» (k) to itself.

4. Foreachi € I, there is a solid edge labeled i from a; to ©.

Proof. The first statement in the lemma follows from Theorem 2.5.
Lety € Z<; and i € I. Upon inspection, we find that s5;¥ € X <5 if and only if one of the following
conditions holds:

1. We have y = a; (k), where i’ € [ satisfies m(i,i’) < oo and k is an integer such that 0 < k <
m(i,i’) — 1. In this case, s;y = a; s (m(i,i") — k).

2. We have y = @y, where i’ € [ satisfies m(7,i’) < oo. In this case, s;¥ = @; ;7(1).

3. We have y = ap;»(k), where i’,i” € I satisfy 2 = m(i,i") = m(i,i”) < m(i’,i”’) < oo and k is an
integer such that 0 < k < m(i’,i"”’) — 1. In this case, s;¥ = y.

Together with the edge from «; to © for each i, this completes the description of the set of edges of
Gw  <2. Weuse Theorems 6.7 and 6.8 to determine which edges are solid and which edges are dotted. O

Let us use Theorem 6.9 to briefly discuss the graph structure of Gw <, ignoring for now whether
edges are solid or dotted. As mentioned above, a; i/ (k) = @ ;(m(i,i") — 1 — k). Leti,i’ € I be distinct
indices. If m = m(i,i’) is an odd integer, then Gw <> has a bidirectional path

@ = (0) e aj,y(m=-2) e ;¢ (2) — - e a; (1) e a;,y(m-1) = ay
2 i 2 i i

with m vertices and m — 1 edges in each direction. If instead m = m(i,i’) is an even integer, then we
obtain the two disjoint bidirectional paths

@ = (0) > a;y(m-2) e« @;7(2) — - e a; 7(2lm/4]) and

i =ajy(m-1) e (1) > air(m=-3) e - e a; 7 (2L(m - 2)/4] + 1),
each of which has m /2 vertices and m /2 — 1 edges in each direction; there are also loops at the vertices
@ i7(2lm/4]) and @; i (2| (m —2) /4] +1). (The labels of these loops and of the rightmost edges in these

bidirectional paths depend on the parity of m/2.) Regardless of the parity of m, each vertex in one of
these paths also has a loop labeled i”” for each index i”” € [ such that m(i,i"”’) = m(i’,i"”") = 2.
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Figure 8. The small-root billiards graph of the right-angled Coxeter group whose Coxeter graph is
[08]

@ —0— 0
1 2 3 :

7. Right-angled Coxeter groups

The Coxeter group W is called right-angled if m(i,i") € {2, oo} for all distinct i,i’ € I. We now prove
Theorem 1.16, which states that every right-angled Coxeter group is superfuturistic.

Proof of Theorem 1.16. Let W be a right-angled Coxeter group. By Theorem 2.4, the set X of small
roots of W is equal to the set {a; : i € I} of simple roots. In the small-root billiards graph Gy , there
is a dotted edge labeled i from «; to itself for all i,i” € I with m(i,i") = 2. There is also a solid edge
labeled i from «; to © for all i € I. There are no other edges. See Figure 8 for an example.

The fact that W is superfuturistic now follows directly from Theorem 6.6. O

8. Coxeter groups with complete Coxeter graphs

Theorem 1.17 states that if the Coxeter graph of a Coxeter group W is complete, then W is futuristic.
To prove this, we will show that the small-root billiards graph Gy is actually equal to the graph Gw <2
that we described in Theorem 6.9 and the subsequent paragraphs. See Figure 9 for an example.

Lemma 8.1. If the Coxeter graph of W is complete, then £, = Z.

Proof. By Theorem 2.4, it suffices to prove that for all i € I and all v € £, \ {e;}, we have either
s;y € X< or B(y,a;) < —1. For this, there are two inequalities to check. First, we must show that
for all i,i’ € I with m(i,i’) = co, we have B(w;,a;) < —1. Second, we must show that for all distinct
i,i’,i"” € I withm(i,i") < oo and for all k with0 < k < m(i,i") — 1, we have B(«a; ;(k),@;») < —1.The
first inequality follows from the definition of the bilinear form B. For the second, we have

sin((k + D)w/m(i,i")) sin(km/m(i,i"))

B s ,Qr) = — " VY — -/’ .7/
(a0 (), ) = = o RIS cos(efm(i, i) = <o S cos(fm )
< —cos(w/m(i,i”)) — cos(n/m(i’,i"))
< -1,
where we have used the inequalities 0 < k < m(i,i’) — 1 and m(i,i”), m(i’,i") > 3. O

To prove Theorem 1.17, all that remains is to carefully apply Theorem 6.4.
Proof of Theorem 1.17. Let W be a Coxeter group with a complete Coxeter graph. Let iy,...,i, be

an ordering of /, and assume for the sake of contradiction that ¢ = s;, ---s; is not futuristic. By
Theorem 6.4, there is a billiards-plausible closed walk C = ((v1,...,vq),(e1,...,eq)) in Gy.

https://doi.org/10.1017/fms.2024.159 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.159

Forum of Mathematics, Sigma 37

Figure 9. The small-root billiards graph of the Coxeter group whose Coxeter graph is 1 2 3

By Theorem 6.3(2), we have s3(¢,) - - * Sa(e,) = 1. Therefore, by Matsumoto’s theorem (Theorem 2.1),
it is possible to apply a nil move or a braid move to the word A(e) - - - A(eg).

Suppose first that it is possible to apply a nil move to the word A(e;) - - - A(e4). Then there are two
consecutive edges e;_i, ¢; of the walk C such that A(e;_1) = A(e;). Every element of I \ {A(e;)} is
betwixt A(e;_1) and A(e;). Therefore, by Theorem 6.3(1), there are no solid edges in Gy with source
v, except possibly e;.

By Theorem 8.1, either v; = a; for some i € I, or v; = @; ;(k), where i, i’ € I satisty m(i,i’) < oo
and k is an integer such that 0 < k < m(i,i’) — 1. If v; = a; for some i € I, then there is a solid edge
from v; to ©. If instead v; = a;,i7(k), then by Theorem 6.9, there are two solid edges with source v it
one labeled i and one labeled i’. In either case, we obtain a contradiction with the fact that e; is the only
possible solid edge in Gy with source v;.

Now suppose that it is possible to apply a braid move to the word A(ej) - - - A(e4). Then there exist
indices #,i’ € I such that the closed walk C has m(i,i") consecutive edges whose labels alternate
between i and i’. However, by Theorems 6.9 and 8.1, any walk in Gy that does not use the vertex ©
and whose edge labels alternate between i and i’ must have at most m(i,i’) — 1 edges. Again, we obtain
a contradiction. O
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9. Coxeter groups of rank at most 3

We now have all the tools we need to prove Theorem 1.18, which states that all Coxeter groups of rank
at most 3 are futuristic.

Proof of Theorem 1.18. All Coxeter groups of rank at most 2 are futuristic by Theorems 1.14 and 1.16.
Let W be a Coxeter group of rank 3. We wish to show that W is futuristic. Without loss of generality, we
may assume that the index set I is {1,2,3}. Let p = m(1,3), g = m(1,2), and r = m(2, 3), and assume
without loss of generality that p < g < r. We now consider several cases depending on the values of p,
q,and r.

Casel.(p=g=2)
In this case, W is reducible, and its irreducible factors are futuristic because they each have rank at
most 2. Therefore, W is futuristic (see Theorem 2.2).

Case2.(p=2,g=3,andr <5)
In this case, it follows from the classification of finite Coxeter groups [2, Appendix Al] that W is
finite, so it is futuristic by Theorem 1.14.

Case3.(p=2,9g=3,andr =6) _

In this case, W is the affine Coxeter group G». The small-root billiards graph Gw is depicted in
Theorem 7. We will now show that ¢ = s;,s;,5;, is futuristic, where iy = 1, i = 2, and i3 = 3. By
inspection, every closed walk in Gy that satisfies Theorem 6.3(1) uses the sequence of vertices

\/§a2 + a3, \/§a1 + \/§a2 + a3, \/5(11 + \/galg + a3, \/§a1 + \/§a2 + 23, \/gag + 2a3, \/§a2 + 23,

cyclically shifted and repeated K times for some K > 0. Such a walk cannot satisfy Theorem 6.3(2).
Indeed, using Matsumoto’s theorem (Theorem 2.1), one can check that the word (123 123)K is reduced,
SO

(S1S2S351S2S3)K # 1.

By Theorem 6.4, s3s,57 is futuristic. By Theorem 3.14, W is futuristic.

Cased. (p=2,g=3,and7 <r < )
We claim that

=2 U{a1 +a23(r—2), 2cos(n/r)a; + a23(1), 2cos(n/r)a; +a23(r —3)}.

Moreover, we claim that Gy has 11 edges aside from the ones in Gy <:

o asolid edge labeled 3 from a; + a2 3(r — 2) to @) + @2 = @1 2(1) and a dotted edge labeled 3 in the
other direction;

o asolid edge labeled 1 from @ + @2 3(r — 2) to a2 3(r — 2) and a dotted edge labeled 1 in the other
direction;

o asolid edge labeled 1 from 2 cos(7/r)a; + a2.3(1) to a» 3(1) and a dotted edge labeled 1 in the other
direction;

o asolid edge labeled 1 from 2 cos(x/r)a; + a2 3(r — 3) to @2 3(r — 3) and a dotted edge labeled 1 in
the other direction;

o asolid edge labeled 3 from 2 cos(n/r)a + a23(r — 3) to 2cos(n/r)a; + @23(1) and another solid
edge labeled 3 in the other direction;

o asolid loop labeled 2 from 2 cos(x/r)a; + a3 3(1) to itself.
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2cos(m/T)a1 + a2 3(4)

307 (0% ag i

©

—0——0
Figure 10. The small-root billiards graph of the Coxeter group whose Coxeter graph is 1 2 3

See Figures 10 and 11 for examples. By the discussion after the proof of Theorem 6.9, the graph will
look substantially different depending on the parity of 7.
To verify our claim, we use Theorem 2.4. We have

1
(o7 +a’2,3(7' - 2) = s1a2,3(r - 2) with 3(02,3(1’ - 2),&1) = —5 > -1,

2cos(m/r)a; + az3(1) = sjaz3(1) with B(az.3(1), a1) = —cos(x/r) > -1,
2cos(m/r)ay + az3(r —3) = s1a23(r —3) with B(ap3(r = 3),a1) = —cos(n/r) > -1,

so @) +a23(r —2),2cos(m/r)a; + a23(1), and 2 cos(r/r)a| + a2 3(r — 3) are small roots. To find the
edges of Gy incident to these three vertices, we apply each of the simple reflections s, 52 and s3 to
each of the roots a1 + a2 3(r —2), 2cos(n/r)a; + a23(1) and 2 cos(n/r)a; + a2 3(r — 3). We omit the
details; the only nontrivial verification is that the edge labeled 2 from 2 cos(n/r)a; + a2,3(1) to itself is
solid, which follows from the fact that

H}, NH,

2cos(m/r)ar+as3(1)

+ - - _
n Hdz - HS]SzSI @ n HS]SzS] @3 N Hslszsl aq

= (I‘I;[2 N H;z N H;I)S1S2S1
=Q.
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2 C 042’3(4) :;C 042,3(3) 2 COS(7T/8)O£1 + 042,3(5)

1 2 3
©
8
Figure 11. The small-root billiards graph of the Coxeter group whose Coxeter graph is 1 2 3

We must show that these are the only small roots. That is, we must show that £ = ¥/, where
¥ =% U{ar+aas(r—2), 2cos(n/r)a; + az3(1l), 2cos(n/r)a; +ars(r —3)}.

It suffices to prove that foreach i € I and y € X"\ {a;}, we have either s;¥ € £’ or B(y, @;) < —1. This
reduces to proving three inequalities:

B(al +az,3(r - 2),0’2) < -1;
B(2cos(n/r)a; + az3(r —3),a2) < —1;
B(az3(k), 1) < -1 for2 <k <r-4.

Each of these inequalities is easy to verify from the definition of the bilinear form B.

We will now show that ¢ = s;,s;,s;, is futuristic, where i; = 1, i» = 2, and i3 = 3. By Theorem 6.4, it
suffices to show that Gy has no billiards-plausible closed walk.

On one hand, we claim that if r is odd, then no closed walk in Gy can even satisfy Theorem 6.3(1).
Indeed, if a walk satisfying Theorem 6.3(1) enters one end of the bidirectional path between a3 (r — 2)
and a 3(r — 3), then it must traverse the entire path and come out the other end because of all the solid
edges labeled 2 and 3. It follows that the length of this path does not affect whether or not there exists a
closed walk in Gy satisfying Theorem 6.3(1). Verifying the claim is now a matter of checking finitely
many possibilities. It follows that if r is odd, then 535,57 is futuristic.
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2 cos(m/4)a1 + ag + 2 cos(m/5)ag az3(2)

S

*——ao—0
Figure 12. The small-root billiards graph of the Coxeter group whose Coxeter graph is 1 2 3

On the other hand, if r is even, then a similar argument (to reduce to checking finitely many
possibilities) implies that every closed walk in Gy satisfying Theorem 6.3(1) must use the sequence of
vertices

a23(1), 2cos(m/r)ar + ax3(1), 2cos(m/r)a; + az3(1), 2cos(m/r)a; + az3(r —3),
@3(r =3),23(3),a23(r = 5),2,3(5), ..., 23(5), a2,3(r = 95),@2,3(3), a2 3(r = 3),

cyclically shifted and repeated K times for some K > 1. Such a walk cannot satisfy Theorem 6.3(2).
Indeed, using Matsumoto’s theorem (Theorem 2.1), one can check that the word (1231(23)"/272)K s
reduced, so

(51525351 (5253) K # 1.

It follows that if r is even, then 53525 is futuristic. By Theorem 3.14, W is futuristic.

CaseS.(p=2and4 < g <r < o)
We claim that ¥ = X, U {2cos(n/q)a; + @y + 2 cos(n/r)as}. Moreover, we claim that Gy has 4
edges aside from the ones in Gw  <2:

o asolid edge labeled 1 from 2 cos(7/q)a; +az+2 cos(m/r)as to @z 3(r —2) and a dotted edge labeled
1 in the other direction;

o asolid edge labeled 3 from 2 cos(n/g)a1 + a2 + 2 cos(m/r)as3 to a; 2(1) and a dotted edge labeled 3
in the other direction.

See Figure 12 for an example. To verify our claim, we use Theorem 2.4. We have
2cos(m/q)a) + ap +2cos(n/r)as = s3a1.2(1)

with B(a12(1),@3) = —cos(n/q) > —1, so 2cos(m/q)a1 + a2 + 2cos(m/r)as is a small root. To
find the edges of Gy incident to this vertex, we apply each of the simple reflections s, s, and s3 to
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2 cos(m/q)ay + ap +2 cos(m/r)as. We omit the details; it is possible to determine whether each edge is
solid or dotted using Theorems 6.7 and 6.8.
We must show that these are the only small roots. That is, we must show that ¥ = X', where

=% ,,U{2cos(n/q)ay + az +2cos(n/r)az}.

It suffices to prove that for all i € I and all y € ¥’ \ {a;}, we have either s, € ¥’ or B(y, a;) < —1.
This reduces to proving three inequalities:

B(2cos(n/q)a1 + az +2cos(n/r)as, az) < —1;
B(aiz(k),a3) < -1 for2<k<qg-2
B(as3(k),ar) < -1 forl <k <r—3.

Each of these inequalities is easy to verify from the definition of the bilinear form B.

We will now show that ¢ = s;,5;,s;, is futuristic, where i} = 1,i, =2 and i3 = 3. If g is odd or r is odd,
then (along the lines of the argument from Case 4) no closed walk in Gy can satisfy Theorem 6.3(1).
If g and r are both even, then every closed walk in Gy that satisfies Theorem 6.3(1) uses the sequence
of vertices

ar, a1 2(1),@12(q = 3),@12(3), ..., a12(3), a12(q = 3), a12(1),
2cos(m/q)ay + az +2cos(n/r)as,
@ 3(r=2),a023(2),a03(r —4),...,a03(r —4),23(2), a2,3(r - 2),

cyclically shifted and repeated K times for some K > 1. Such a walk cannot satisfy Theorem 6.3(2). In-
deed, using Matsumoto’s theorem (Theorem 2.1), one can check that the word ((12)4/27131(23)/2-1)K
is reduced, so

((s152)72 V5381 (52853) > HK # 1.

By Theorem 6.4, s3s75 is futuristic. By Theorem 3.14, W is futuristic.

Case 6. (p =2 and g < r = o)

We claim that ¥ = X,. For this, it suffices to prove that for each i € [ and all y € £, \ {«;},
we have either s;7 € X<, or B(y,a;) < —1. This reduces to proving that B(as, ;) < —1 and that
B(a12(k),a3) < —1for 1 < k < g — 1; both inequalities are are easy to verify from the definition of
the bilinear form B. It is straightforward to check that no closed walk in Gy can satisfy Theorem 6.3(1)
(for any ordering i1, i», i3 of the indices 1, 2, 3), so W is futuristic by Theorem 6.4.

Case7.(p=2and g =r = )
In this case, W is futuristic because it is right-angled (Theorem 1.16).

Case 8. (p = 3)
In this case, W is futuristic because its Coxeter graph is complete (Theorem 1.17). O

10. Ancient Coxeter groups

We now shift gears and construct examples of ancient Coxeter groups.

Let us outline the strategy that led us to the arguments presented below. The Coxeter graph of each
Coxeter group W considered in this section is a tree, so in order to prove that W is ancient, it suffices
(by Theorem 3.14) to prove that a single fixed Coxeter element of W is not futuristic. To do so, we
first construct a candidate periodic sequence ug, u1, 4, . . .. Next, we attempt to find a nonempty convex
subset & C W, not containing ug, such that ug, uy, us, . .. is a periodic billiards trajectory with respect
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to &Z. The machinery of Section 6 tells us that we should take ug, u1, u7, . . . to be a lift of a billiards-
plausible closed walk in the corresponding small-root billiards graph.

It will be helpful to keep in mind an alternative definition of noninvertible Bender—Knuth toggles
that uses reflections rather than roots. Let & C W be a nonempty convex set, and leti € / andu € W.
Then 7;(u) = u if either every element of Z U {u} has u~'s;u as a right inversion or no element of
Z U {u} has u~'s;u as a right inversion. Otherwise, ;(u) = s;u. For each reflection ¢, the hyperplane
Hg, is a one-way mirror if and only if either every element of & has f as a right inversion or no element
of & has t as a right inversion.

If J C I is such that the standard parabolic subgroup W is finite, then we write w,(J) for the long
element of W;.

Proposition 10.1. Fix n > 3, and let b, b’ > 3 be integers. The Coxeter group W with Coxeter graph

is ancient.

Proof. The Coxeter graph of W is a tree, so by Theorem 3.14, it suffices to prove that the Coxeter
element ¢ = sgs7 - - - $,-15, is not futuristic.
Let J = {1,...,n —2}. We can view the standard parabolic subgroup W; of W as the symmetric
group S,,_1 (where s; is the transposition (i i + 1)). For0 < j < n - 3, let
zj = (sjsj41)(sj-157) -~ (s253) (s152) € Wy
Note that zp = 1. Using commutation moves, we can also write
2 =(8j - 5251) (841 -+ 5352). (10.1)
The one-line notation of the permutation z,-3sy is (n — 1,n —2,1,2,3,...,n — 3). Consequently, the

right inversions of z,_3s; are s and the transpositions of the form (i j)with1 <i<2<j<n-1.
Consider the reflection * = s¢s159. Let

K ={s1, zn-351, wo({n = 2,n — 1} z-3, wo({n — 2,n})zs-3},
and write Zt* = {vt* : v € H'}. Let us fix our convex set £ to be the convex hull of & U FHt*.
If we write £t* = {vt* : v € £}, then & = Zr*. Note that if t+ # s; is a right inversion of some
w € X UZXt", then Hg, is a window because w € H[;t and s € H;;t. For each v € &, one can check
that £(vt*) = €(v) + £(¢t*); this implies that

Inv(ve™) = Inv(e") U {t*tt" : 1t € Inv(v)} = {s0,1", 515051} U {"t¢" : ¢t € Inv(v)}. (10.2)

Recall the notation [¢ | ¢’]4 from (2.1). It will be helpful to keep in mind that we have the reduced
expressions

wo({n —2,n = 1})zy-3 = [sn=1 | Sn—2lp—2(Sn-35n—4 1) (Sn=18n—2 - -+ 51) (10.3)
= [sn2 | Sn—1]p—2(Sn-28n—3 -+ 51)(Sn=1Sp—2 - - - 52) (10.4)
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and
Wo({n—2,n})zn-3 = [$n | Sn—2lr—2(Sn-38n-4 - 51)(SpSp-2 - 51) (10.5)

= [$p—2 | Sulpr—2(Sn—28n-3 -+ 51)(SnSn—2 - - 52) (10.6)

(with parentheses added for clarity). This can be seen by applying braid moves. For example, if n = 6
and b =5, then (10.3) follows from the computation

Wo({n —2,n— 1})2,-3 = $455545554535452535152
= 54555455835453525351952
= 548555455583545253525152
= 548555455538482535185281
= 548555455835452515385281
= 5455545553525154535281

= §45554835285155548352581,
while (10.4) follows from the computation

Wo({n = 2,n = 1})z,-3 = 5554555455535452535152
= 5554555485535452518382
= 8§5554555455535251548382

= 855545554535251555483582.

The reflection s; is a right inversion of both s; and z,_3s;. It follows from (10.3) and (10.5) that
s1 is also a right inversion of w,({n —2,n — 1})z,-3 and of wo({n — 2,n})z,-3. For each v € H#, we
have just shown that s; € Inv(v), so it follows from (10.2) that s; = t*s1¢* € Inv(vt*). We deduce that
H Ut C H and hence & C H,, . Note that 1 belongs to a proper stratum since 1 € Hj, . We will
show that Pro2"=2(1) = 1, which will prove that c is not futuristic. Because & = Zr*, it follows from
the definition of the noninvertible Bender—Knuth toggles (Theorem 1.2) that 7;(ut*) = 7;(u)t* for all
u € Wandi € [. This implies that Pro’é(u)u‘1 = Prolg(ut”‘)(ut*)_l for all u € W and k > 0. Setting
u=1andk =n— 1, we find that Pro” ! (1)¢* = Pro”~! (+*). We will actually prove that

Proc(zj) = zj41 forall0 < j <n-4, (10.7)
Proc(z4-3) = SnSn—1 " $35250, (10.8)
Proc(s,8n-1 -+ - 535280) =173 (10.9)

since 1 = zo, this will immediately imply that Pro?~! (1) = #*, from which it will follow that
Pro?"~2(1) = Pro? ™ (t*) = Pro! ' (1)t = (+")* = 1,

as desired. (The reader may find it helpful to consult Theorem 10.2 while reading the remainder of the
proof.)
We begin by proving (10.8) and (10.9). Let

-1
Y1 =2,35nSn-1Cn-2-

Because s,5,_1a,_» € ®*\ ®; and z;l3 € W,, we know that y; € ®*. Note that each element of
H U Ht* belongs to either W\ (,_1} or Wy\(,); since the reflection r,, = z;£3snsn_1sn_2sn_1snzn_3
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does not belong to either of these parabolic subgroups, it is not a right inversion of any element of
K U Ft*. This shows that Z U FH't* C H;l , SO

ZCH,. (10.10)

Using (10.1), we find that z;l3an = §283 - Sy—2ay. This implies that when we apply 7, to
Zn-3, we cross through Hy,,...s, ,a,, Which is a window because it corresponds to a right inver-
sion of the element w,({n —2,n})z,-3 (by (10.6)). Likewise, when we apply 7,-1 to $,2,-3, we
cross through Hy,y,...5,, ,a,_,» Which is a window because it corresponds to a right inversion of the
element wo({n —2,n — 1})z,-3 (by (10.4)). When we apply 7,-2 t0 $,-15,2,4-3, We hit the mirror
H,,. When we next apply 7,-3,7,y—4,..., 71 (this sequence is empty if n = 3), we cross through
Hy, 5553 a2 Hsis2---5ng@n3s - - - » Hs, an» Which are windows because they correspond to the right in-
versions (1 n—1),(1 n—=2),...,(1 3) of z,,_351. Thus,

T2 Tu(2n=3) = 5182+ * Sp=35n—15n2n-3 = SpSn—1 " " - §352.

When we apply 79 to 5,5,-1 - - - §352, we cross through H,,, which is a window because it corresponds
to the right inversion sg of s1¢*. This proves (10.8).

When we apply 7, to $,,5,-1 - - - $35250, We cross through Hy,s, ..., ,a, . Which is a window because
it corresponds to a right inversion of w,({n —2,n})z,-3 (by (10.6)). When we then apply 7, to
Sp—1 - - $35280, we cross through Hy,;...5, »a,_,» Which is a window because it corresponds to a right

inversion of wo({n —2,n — 1})z,-3 (by (10.4)). When we next apply 7,,—2, Tn-3, - . . , T2 (this sequence
is empty if n = 3), we cross through Hy, s, ..5,, 3 @,-2» Hsys3---sp_a@n_3s - - - » Hsya3> Ha, Which are windows
because they correspond to the right inversions (2 n — 1), (2 n —2), ..., (2 3) of z,,-351. Thus,

273+ Tu(SpSp-1 - - - $35250) = So.

When we apply 11 to sg, we cross through Hy,,,, which is a window because it corresponds to the
right inversion sos159 of s1¢*. When we apply 19 to 5150, we cross through Hys, o,, Which is a window
because it corresponds to the right inversion s;sgs; of s;¢*. This proves (10.9).

It remains to prove (10.7). Because (10.7) is vacuously true if n = 3, we may assume in what follows
that n > 4. Let y, = sps1a9 € @, and for 3 < i < n, lety; = @; € ®*. We will prove that

KUK CH, NH, N---NH, . (10.11)

Suppose 2 < i < nand v € J; we wish to show that r,, ¢ Inv(v) U Inv(vt*). One may readily check
that *r,,t* = r,, and that r,, ¢ Inv(¢*). Appealing to (10.2), we find that r,, is in Inv(v) if and only if
it is in Inv(v¢*). Hence, it suffices to show that r,,, ¢ Inv(v). We may verify this directly if 3 < i < n; if
i = 2, then we simply need to observe that v € Wy (o} and r,, ¢ Wy (0}. This proves (10.11). Because
Z is the convex hull of & U F't*, it follows that

+ + +
L CH,NH, N NH .

Suppose 0 < j < n—4. Letus compute Pro.(z;) by starting at z; and applying 7y, T—1, . . ., To in that
order. When we apply 7, Tu—1, . . ., Tj+3, we hit the mirrors H,,,H,, ,..., H7j+3’ respectively. When
we apply 742 to zj, we cross through the hyperplane Hzflal_ , = Hgs, which is a window

. 3
because it corresponds to the right inversion (2 j +3) of z,_351. When we next apply 7,41 to 5,22, we
cross through the hyperplane HZ}ISM a1 = Hsis- which is a window because it corresponds

to the right inversion (1 j + 3) of z,,_3s;. This shows that

Sl A2

S+l Xja2

Tin1Tja2  Tu(2j) = 8j418j422) = Zj41-
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If we now apply 7;,7;_1,...,7o t0 zj41, we hit the mirrors Hym,HyjH, ..., H,,, respectively. This
establishes (10.7) and completes the proof that W is ancient. O

Example 10.2. Let us illustrate the proof of Theorem 10.1 when n = 5 (for arbitrary integers b, b’ > 3).
In this case, we have

‘% = {Sl, 22851, s WYO({375})ZZ}
and
Kt = {5117, za818", wo({3,4}) 221", wo({3,5}) 221},

where 7z, = s3s45253 and ¥ = s¢s;50. Then £ is the convex hull of & U Z't*. Fix the ordering
5,4,3,2,1,0 of I. The beginning of the billiards trajectory starting at 1 is

70

T

T5 T T: T
1= 1 = 1 =2 1 — S9 KEN S§152 — 51892

75 T4 73 2 71 70

— S§152 — S152 — 835152 —> 89835182 — S89S53S51S9 — S2S351S52

s 73 T2 ! 70

—7 8552835152 555482535152 == 555452535152 — 7 8554835152 — 7 S5548352 —7 S554535250

T5 T- T2 T T

— 84835250 535250 4 S$280 %) S0 *]> 5150 i> 505150

We have underlined each arrow associated to a toggle that hits a mirror (this is meant to resemble an
equals sign). We have colored each arrow that passes through a window Hg, with the same color as one
of the elements w € % U Zt* such that ¢ € Inv(w). For example, the arrow corresponding to 73 in the
second row is colored green because it passes through the window Hg,, where ¢ = 575357 € Inv(z251).

Proposition 10.3. Fix n > 3, and let a,a’,b, b’ > 3 be integers. The Coxeter group W with Coxeter
graph

is ancient.
Proof. The proof is similar to that of Theorem 10.1, so we will omit some details. The Coxeter graph

of W is a tree, so it suffices (by Theorem 3.14) to prove that the Coxeter element ¢ = s;,5,—1 - - - S1S0S¢r

is not futuristic.
ForO0<j<mn-3,let

7j = (s58541) -+ (5253)(5152).
Let us fix our convex set Z to be the convex hull of the set
H ={s1, zn-351, wo({n = 2,n — 1})zp-3, wo({n — 2,n})zn-3, wo({0,1}), wo ({0, 1})}.

If t # s1 is a right inversion of some w € #, then Hg, is a window because w € H’t and 51 € H+,'
For example, Hy, and H,, are windows because sy and s are right inversions of w,({0,1}) and

wo ({07, 1}), respectively.
We can readily check that & C H, . Because 1 € H}, , we know that 1 belongs to a proper stratum.

We will show that Pro'cH (1) = 1, which will prove that ¢ is not futuristic. To do so, we will actually
prove that
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Pro.(z;) =zj.1 forall0 < j <n-4, (10.12)
Proc(z4-3) = SnSn—1" "+ $3525050', (10.13)
Proc(spSn-1 - s3525050) = 1. (10.14)

An argument very similar to the one used to prove (10.8) in the proof of Theorem 10.1 yields the
identity 107) -+ - Ty—1Tn (2n=3) = SpSn—1 - - - $35250. Moreover, if we apply 7y to s,5,-1 - - - $35250, then
we cross through the window Hy,, to reach ;5,1 - - - s352505¢/. This proves (10.13).

Let us now prove (10.14). Note that we still have the reduced expressions (10.4) and (10.6)
for wo({n —2,n—1})z,-3 and wo({n — 2,n})z,-3, respectively. When we apply 7, to the element
SpSp—1 - 83828508, we cross through Hy,,...5, ,a,, Which is a window because it corresponds to
a right inversion of wo({n —2,n})z,-3 (by (10.6)). When we then apply 7,-1 to s,_1 - - - 35250505
we cross through Hg,s;,...5, »a,_,» Which is a window because it corresponds to a right inversion of
wo({n—2,n—1})z,-3 (by (10.4)). When we next apply 7,-2, T,-3, . . . , 2 (this sequence is empty if
n = 3), we cross through Hy,,...s, 30,2 Hsys3---50 4035 - - - » Hsyaz» Hay» Which are windows because
they correspond to the right inversions (2 n — 1), (2 n —2),...,(2 3) of z,,-351 (We are again viewing
Wi....n-2y as Syp-1). Thus,

273+ T ($pSp1 -+ - $3525050) = S0S0-

Notice that & C Hy  ,, since each element of ¥ is in either Wy, (o} or Wi\ (¢}. Moreover, sos¢ €
H;’O/ soa; SINCE Sors0S1S0Sp is not a right inversion of soso-. Hence, when we apply 71 to soso, we hit
Hyy 59 » which is a mirror. When we apply 7¢ to soso, we cross through the window Hy, to reach se .
Finally, when we apply 7 to s¢/, we cross through the window H,,, to reach 1. This proves (10.14).

It remains to prove (10.12). Because (10.12) is vacuously true if n = 3, we may assume in what

follows that n > 4. Consider the positive roots
y2 =sas1ap  and Y5 = sasiaq,

and for 3 <i < n, let y; = @;. An argument very similar to the one used in the proof of Theorem 10.1
shows that

+ + + +

Z CH), ﬁHyéﬁHy3 N---NH, .
By employing an argument very similar to the one used to establish (10.7) in the proof of Theorem 10.1,
we find that 797y - - - 7,17, (2;) = zj41 forall 0 < j < n — 4. Moreover, if we apply 7 to z;.1, we hit

the mirror Hyé. This establishes (10.12) and completes the proof that W is ancient. ]

Example 10.4. Let us illustrate the proof of Theorem 10.3 when n = 5 (for arbitrary integers
a,a’,b,b’ > 3). In this case, Z is the convex hull of the set

’
F ={s1, 251, » wo({3,5}) 22, » wo({0%,1H)},

where z; = s3545253. Fix the ordering 5,4, 3,2, 1,0, 0’ of 1. The billiards trajectory starting at 1 begins
with
15 1 RETN 1 -, 1 REN $9 I 518 5182 Tor 5159

T5 T4 T3 T2, T T0 7'0!

e 5152 = 5182 — 535152 — 852835152 — $25351S2 — 52535152 — 52535152

. T T2 T T

— 5552535152 555452535152 ﬁ 555452535152 — 7 8554535152 *l? 55848352 5584835250 L/> 558483525050/

l> 5483825050/ 53525080/ ;> 525050/ % 5050/ ;1—> S0So/ So/ l} 1
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and then continues to repeat periodically. We have underlined each arrow associated to a toggle that hits
a mirror. We have colored each arrow that passes through a window Hg, with the same color as one of
the elements w € & such that ¢ € Inv(w).

Proposition 10.5. The Coxeter group with Coxeter graph

is ancient.

Proof. By Theorem 3.14, it suffices to show that the Coxeter element ¢ = sgs15253 is not futuristic.
Consider the reflection * = s¢s159. Let

K = {Sl, Wo({o’ 1’2})v Wo({()’ 173})}s

and write 't* = {vt* : v € H'}. Let us fix our convex set Z to be the convex hull of % U F't*. One can
check directly (by hand or by computer) that 1 ¢ < and that Proﬁ(ﬂ) = 1. Hence, c is not futuristic. O

In the following proposition, we consider the affine Coxeter groups 56, 57, Eg, F4, whose Coxeter

graphs are
—0o—o—1 o —20
respectively.

Proposition 10.6. The Coxeter groups 56, 57, Eg, fa are ancient.

Proof. According to Theorem 3.14, we need only show that these Coxeter groups are not futuristic. We
saw in Theorem 3.16 that Fy is a folding of Eg and is also a folding of E7. Therefore, by Theorem 1.13,
it suffices to show tk@t Eg and f4 are not futuristic. _

Let us start with F4. Let 0, 1,2, 3,4 be the vertices of the Coxeter graph of Fy, listed from left to right
(in the figure drawn above), and let ¢ = s¢s1525354. Consider the positive roots

,3 = 82a3, Y1 =S8051d2, Y2 =S81853Q2, Y3 = §4853Q2,
and let

_ - + + +
% =Hz O H, NHS, 0 H;,.
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Evidently, 1 is notin & since 1 is not in H,;. One can check (by hand or by computer) that Proi (1) =1.
Hence, c is not futuristic.

We now prove that Eg is not futuristic. Let us identify the vertices of the Coxeter graph with O, 1,...,8
as follows:
2
0 8 7 6 5 4
3 1

Let ¢’ = s95152535455565753. Consider the positive roots
B = 5756545382854, Y1 =0, Y2 =Q2, Y3 =S183Q4, Y4 = S556%7
Y5 = §3840Qs5, Y6 = 865708, Y7 = S$485Q6, Y8 = S708,
and let
& =HzNH, NHy, NH, NH, NH, NH, NH), NH,.

Evidently, 1 is notin & since 1 is not in H[;. One can check (by hand or by computer) that Proi, (1) =1.
Hence, ¢’ is not futuristic. m]

11. Classical billiards (light beams)

We now briefly discuss how our Bender—Knuth billiards systems relate to more classical billiards systems
studied in dynamics (as in [16, 20, 25, 34]).

As before, let (W, S) be a Coxeter system whose simple reflections are indexed by a finite set /;
we will assume that |I| > 2. Recall that BW is the Tits cone of W. A ray is a continuous function
t: Ry9 — BW such that t(¢) # O for all t € Ry, the positive projectivization T: Rsg — P(BW) is
locally injective, and the image of r is contained in a 2-dimensional subspace of V".

Example 11.1. If W is finite, then BW = V*. In this case, for any two linearly independent vectors
v,y’ € V¥, thereis aray r: Rso — BW defined by

t(t) = cos(z)y +sin(t)y’.

Definition 11.2. Let us say that a continuous, piecewise linear curve q: Ryg — BW is cordial if it
satisfies the following conditions:

1. There are infinitely many real numbers ¢ € R such that q(¢) € Uyey,, H.
2. For any fixed real number b, there are only finitely many real numbers ¢ with 0 < ¢ < b such that

Q(t) € UHEHW H.
3. Forall 8, 8" € @ such that B(8, ') # 0, the image of q does not intersect Hg N Hg'.

Letr: Ryp — BW be a cordial ray such that £(0) ¢ (g, H. Consider the open regions of the
Coxeter arrangement through which the curve r passes. We obtain a sequence vg, vi, V7, . . . of elements
of W and a sequence 0 = 7y < t] <t < --- of real numbers with the property that for all nonnegative
integers k and all real numbers ¢ with #; <t < x4, we have q(f) € B°v, where B° denotes the interior
of B. Although r is a continuous curve, the regions Bvi_; and Bv, can be nonadjacent in the Coxeter
arrangement since r(#x) can lie on multiple hyperplanes of 7w . Put differently, it is possible that v VZL
is not a simple reflection. However, (3) guarantees that for each integer k > 1, the hyperplanes in Hw
that contain r(f;) are pairwise orthogonal. Since q(7x) lies in both Bvy_; and Bvy, we conclude that
Vi v;ll is a product of distinct simple reflections that commute pairwise. Let Ji (r) denote the set of the
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indices of these simple reflections. Then J (t) is an independent set (i.e., a set of pairwise nonadjacent
vertices) of the Coxeter graph 'y .

Definition 11.3. Let iy, ..., i, be an ordering of the elements of 7, and let i, i, 3, ... be the infinite
sequence satisfying i j,,, = i; for every positive integer j. We say that the ordering iy, . . ., i, is luminous
if there exists a cordial ray r: R>9 — BW such that the sequence iy, iy, i3, . . . consists of the elements
of Ji(r) in some order, followed by the elements of J,(r) in some order, followed by the elements of

J3(x) in some order, and so on. In this case, we say that v certifies thatiy, ..., i, is luminous.
Letiy,...,i, be aluminous ordering of the elements of /, and let i1, i», i3, . . . be the infinite sequence
satisfying i;,, = i; for every positive integer j. Let r be a cordial ray that certifies that iy, ...,i, is

luminous, and let J; = Ji(r). That is, for every k > 1, we have

Je ={ijsts - sijen b

where j = |J1| + -+ |Jg-1]- Let & € W be a convex set, and let ug, uy, us, . . . be a billiards trajectory
defined with respect to the ordering iy, . . ., i,,. We will now describe how to ‘fold’ the ray r into a cordial
curve p: Ryg — BW, which we call a light beam. The light beam p will reflect off of the one-way
mirrors of the convex set & as in classical billiards, and we can think of the Bender—Knuth billiards
trajectory ug, Uy, U, . . . as a discretization of p.

For each independent set J = {1, ..., jq} C I of the Coxeter graph 'y, define

S =858y and T]=Tj1"-Tjd;

since J is independent, the order of the multiplication used to define s; does not matter, nor does the
order of the composition used to define 7.

After multiplying v on the right by a suitable element of W, we may assume that t(0) lies in
the region B°ug. Recall that there exist a sequence vo, vy, V2, ... of elements of W and a sequence
0=1y <t <ty <--- of positive real numbers such that q(z) € B°vy for all nonnegative integers k and
all real numbers 7 with 1, <t < tr,1. We have

Vie = S5 STy - S Uo-
Therefore, the ray r passes consecutively through the open regions
B°ug, B®sj,uo, B°sy,s7,u0, B S1,87,575,u0, - . -

of the Coxeter arrangement. The light beam p will be constructed so that it instead passes consecutively
through the open regions

B°uo, B 7y, (uo), B°15,7, (uo), B°15,75,77 (1), . ...

Note that the elements ug, 75, (10), 77,7, (40), T3 71,7y, (10), - . . form a subsequence of the billiards
trajectory ug, U1, U2, . . ..
Define the function p: R5o — BW via

p(t) =x(t)(sg - spu0)~ (Tg -+ T, (o))

for all integers k > 0 and all real numbers ¢ with 7z < ¢ < 4. It is not difficult to check that p is
a continuous, piecewise linear and cordial curve. The positive projectivization p: Rsg — P(BW) is a
curve that travels along a linear path unless it hits the reflective side of a one-way mirror of &, at which
point it reflects off of that one-way mirror. It is possible to equip P(BW) with a metric [25, Section 2] in
such a way that when the light beam p reflects off of a one-way mirror, the angle of incidence equals the
angle of reflection. With this metric, P(BW) is isometric to a sphere if W is finite, to a Euclidean space

https://doi.org/10.1017/fms.2024.159 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.159

Forum of Mathematics, Sigma 51

if W is affine, and to a hyperbolic space H"~! if W is hyperbolic (i.e., if the bilinear form B: VxV — R
has signature (n — 1, 1), where n = |I| is the rank of W). For examples of light beams reflecting in this
manner, see the thin cyan curves in Figures | and 4.7

Let us highlight two settings where it is known that an ordering is luminous. Both of these settings
are discussed in [25].

The first setting is that in which I'y is bipartite. Let I = Q LI Q’ be a bipartition of 'y ; we may
assume that Q and Q' are both nonempty. Let iy, . . .,i; be an ordering of O, and let ig41,...,i, be an
ordering of Q’. The base region B is a cone whose facets correspond to the elements of 1. Fori € I, let
F; be the facet of B that separates B from Bs;. Let Fg = ;o Fi and For = ;e Fi. We can choose
7z € P(Fp) and 7’ € P(F) so that the line I passing through z and z’ is orthogonal to both ¢ and
For (here, orthogonality is defined with respect to the Hilbert metric on P(BW), as defined in [25]). Let
X0 be a point on the line [ that lies in the interior of P(B). Let v: Ryo — BW be a ray whose positive
projectivization T satisfies ¥(0) = xg, ¥(1) = z, and ¥(¢) € P(B) for all 0 < € < 1. Then t certifies that
i1s...,Iy is a luminous ordering of I.

The second setting is that in which W has rank 3. In this case, we will show that each ordering of /
is a cyclic shift of a luminous ordering, which will justify why we were able to draw the thin cyan light
beams in Figures 1 to 4. If m(i,i") = 2 for some i,i’ € I, then every ordering of [ is a cyclic shift of an
ordering coming from a bipartition of I'yy, so the desired result follows from the preceding paragraph.

Figure 13. The Tits cone and Coxeter arrangement of the Coxeter group with Coxeter graph

@. We have passed to the positive projectivization P(BW), which is a hyperbolic plane,
and then drawn the hyperbolic plane using the Poincaré disk model. We have shaded P(B) in light gray
and drawn the pedal triangle of P(B) in purple. We have used the pedal triangle to construct a ray t;
the image of  is drawn in cyan.

"When the thin cyan curve in Figure 2 reflects off the hyperplane He, -5, the angle of incidence does not appear to be equal
to the angle of reflection. This is because Figure 2 is drawn not-to-scale and angles are distorted.
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Therefore, we may assume that m(i,i") > 3 for all distinct ,i” € I. The positive projectivization P(B)
of the base region B is a hyperbolic triangle with (acute) angles w/m (i1, i7), n/m(iy,i3), n/m(iz, i3).
For eachi € I, let F; be the side of P(B) that separates P(B) from P(Bs;). The pedal triangle of P(B) is
the triangle whose vertices are the feet of the altitudes of P(B). Let v; be the vertex of the pedal triangle
of P(B) that lies in F;. It is known [25] that the pedal triangle is a closed billiards path (in the classical
sense) inside of P(B). This means that we can extend one of the sides of the pedal triangle of P(B) into
aray that induces the sequence i1, i3, i3, . . .. To be more precise, let [ be the line passing through v;, and
v;,. Let xg be a point on [ that lies in the interior of P(B). Let r: Ryg — BW be a ray whose positive
projectivization T satisfies T(0) = xp, r(1) = v;, and r(a) € P(B) forall 0 < a < 1. Then r certifies that
i1,12,13 is a luminous ordering of /. See Figure 13.

12. Futuristic directions
12.1. Characterizations

The most outstanding open problem arising from this paper is that of characterizing futuristic Coxeter

groups and ancient Coxeter groups. Let us mention some smaller questions that might be more tractable.
Say a Coxeter group W is contemporary if it is neither futuristic nor ancient. In other words, W is

contemporary if there exist Coxeter elements ¢ and ¢’ of W such that c is futuristic while ¢’ is not.

Question 12.1. Do contemporary Coxeter groups exist?

Note that Theorem 3.14 tells us that a Coxeter group whose Coxeter graph is a forest cannot be
contemporary.

Every minimally non-futuristic Coxeter group that we have found is also minimally ancient. Moreover,
every minimally ancient Coxeter group that we have found has only finite edge labels in its Coxeter
graph. This leads us naturally to the following questions.

Question 12.2. Does there exist a minimally ancient Coxeter group W such that at least one edge of I'y
is labeled co?

Question 12.3. Does there exist a minimally non-futuristic Coxeter group W such that at least one edge
of I'y is labeled co?

12.2. Periodic points

Let ¢ be a Coxeter element of W, and let & C W be a convex set that is not heavy with respect to c. By
definition, Pro, has a periodic point outside of & . It would be interesting to gain a better understanding
of these periodic points.

12.3. Billiards-plausible closed walks

In Theorem 6.5, we asked whether the converse to Theorem 6.4 holds. In other words, if there exists a
closed walk in Gy that is billiards-plausible with respect to an ordering i1, . . . , i, of I, does it follow that
the Coxeter element ¢ = s;, - - - 5, is not futuristic? (The stronger statement that every billiards-plausible
closed walk in G lifts to a billiards trajectory is false; there is a counterexample with W = Eg.)

12.4. Decidability

Is there an algorithm for deciding whether or not a Coxeter element is futuristic? Such an algorithm
could conceivably be based on the results of Section 6, which imply that a Coxeter element fails to be
futuristic if and only if there is some billiards-plausible closed walk that lifts to a billiards trajectory.
Given a billiards-plausible closed walk, one can algorithmically determine whether it lifts to a billiards
trajectory. One can also iterate over the billiards-plausible closed walks of a bounded length. So one route
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to showing that futuristicity is decidable is to find an upper bound for the minimal length of a periodic
billiards trajectory or, equivalently, for the minimal length of a billiards-plausible closed walk that lifts.
We remark that there is an algorithm for determining whether or not a given finite convex set £ is
heavy with respect to a given Coxeter element c. In order to describe this algorithm, we require a bit
of terminology. For O C W, let D(Q) denote the directed labeled graph with vertex set Q U {7;(u) :
u € Q, i € I} that has a directed edge labeled i from u to 7;(u) for all u € Q and all i € I. We say that
Q,Q’ C W are t-equivalent if D(Q) and D(Q’) are isomorphic as labeled directed graphs (that is, there
exists a graph isomorphism from D(Q) to D(Q’) that preserves the direction and label of each edge).
Let & be a finite convex set, and let ¢ be a Coxeter element. Recall from Theorem 3.6 that the sizes of
the strata are bounded above by 2/P\(R(ZLIVERZ)I Tt follows that there are only finitely many distinct
proper strata up to T-equivalence. It is possible to algorithmically find one representative from each
T-equivalence class of proper strata. It then suffices to search for periodic billiards trajectories in these
representatives. Since each stratum is finite, this search can be completed in a finite amount of time.

12.5. Operators from long elements

Let w, be a reduced word for the long element of a finite Coxeter group W. Fix a nonempty convex
subset Z of W as before. We proved (Theorem 1.22) that 7, (W) = Z. It could be interesting to study
the fibers of 7, even in the special case where W = &, and 1y, is the extended evacuation operator Ev.

One could also study the dynamics of the restriction of 7, to & (which is a bijection). When W = &,
and 7, = Ev, the restriction of 7, to £ is Schiitzenberger’s evacuation map, which is well known to
be an involution. In general, however, the restriction of 7, to & need not be an involution.

12.6. Sorting times

Let ¢ be a Coxeter element of W, and let & be a nonempty finite convex set that is heavy with respect
to c¢. By multiplying & on the right by an element of W if necessary, we may assume without loss of
generality that 1 € . Foru € W, let T(u) be the smallest nonnegative integer K such that ProX (u) € Z.
We call T(u) the sorting time of u. It is natural to ask about the asymptotic growth rate of T(u) as €(u)
grows. (Recall from Section 2 that £(u) denotes the length of u.)

Since each noninvertible Bender—Knuth toggle can decrease the length of an element by at most 1,
it is clear that T(u) > €(u)/|I| — O(1). The finiteness of & ensures that all strata are finite and that
there are only finitely many 7-equivalence classes of strata (see Section 12.4). Since & is heavy with
respect to c, there exists an integer k > 1 such that Sep(ProX (v)) ¢ Sep(v) forall v € W \ Z. So,
T(u) < k|Sep(u)| < k€(u). This shows that T («) grows linearly with £(u).

Even for specific choices of W, ¢ and Z, it could be interesting to compute or estimate the quantity

Co(c, &) =limsup T(u)/{(u).

£(u)—o0
Is there an upper bound on Cy(c, &) that depends only on W? One could also study the quantity

lim sup T(u)/|Sep(u)|,

£(u)—o0
which is closely related to Cy(c, &).
12.7. Luminous orderings
In Section 11, we discussed two settings where we know that an ordering iy, . . ., i, of I is luminous.

Question 12.4. For which Coxeter groups is it the case that every ordering of I is a cyclic shift of a
luminous ordering?
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12.8. Closed and antisymmetric sets of roots

One can generalize the definition of the noninvertible Bender—Knuth toggles in Theorem 1.2 by replacing
the set R(Z) with an arbitrary closed and antisymmetric set R € ®. Analogues of Theorems 3.10, 3.11
and 5.2 and remain true in this more general setting, but Theorems 3.9 and 3.12 become false.

One special case of this more general setting is that in which R = ®@~. In this case, the resulting
noninvertible Bender—Knuth toggles generate Hyy (0), the 0-Hecke monoid of W, and their action on
W defines the standard action of Hy, (0) on W (see [17, 19]). Said differently, 7, (1) is the Demazure
product of a word w.

12.9. Other toggle sequences

Let & be a nonempty convex subset of W. Given any infinite sequence i = (i1, i7, . . .) of elements of /
and any starting point uy € W, we can construct the sequence ug, u1, i, . . . by the recurrence relation
uj =1;;(uj-1) forall j > 1. In this article, we have been primarily concerned with the setting in which i
arises by repeating some ordering of 1. However, it could be fruitful to consider other sequences, such as
sequences induced by light beams. We could, for instance, say that i is futuristic if for every nonempty
finite convex set & and every starting point ug, the resulting sequence ug, u, u2, . . . eventually reaches
Z . Ifiis formed by repeating some ordering iy, . . ., i, of 1, then i is futuristic if and only if the Coxeter
element ¢ = s;, - - - 5;, is futuristic (by Theorem 1.8).

It could also be interesting to consider the setting in which the noninvertible Bender—Knuth toggles
are applied in a random order. This produces a Markov chain with state space W in which each transition
is given by applying 7;, where i € I is chosen randomly (according to some probability distribution on
I). This random process was studied by Lam [22] in the case where W is an affine Weyl group and the
noninvertible Bender—Knuth toggles are defined via the set R = @~ (as discussed in Section 12.8).
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