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ARE CHAOTIC FUNCTIONS REALLY CHAOTIC

Bau-SEN Du

We give a class C of continuous functions from [0, 1] onto
itself which are chaotic in the sense of Li and Yorke, but with
the property that almost all (in the sense of Lebesgue) points of
[0, 1] are eventually fixed. For some continuous functions from
[0, 1] onto itself which are not in C , we also show that their

non-wandering sets are all equal to the interval [0, 1] .

1. Introduction
Let f(x) %be a continuous function from the interval [0, 1] into
itself. For any &, in [0, 1] and any natural number m , let fm(xo]

denote the mth iterate of z, under f . x, is called a fixed point of

flz) irf f(:x:o) =z, - X, is called a periodic point of f(x) with
minimal period n if fn(xO) = x, and fk(xo] # zy s k=1, ..., n-1 .

xo is called an eventually periodic point of f(x) if, for some natural

number m , fm(xo) is a periodic point of flz) . 5 is called an

eventually fixed point of f(x) if, for some natural number m , fm[xo)
is a fixed point of f(x) . z, is called an asymptotically periodic point

of f(x) if there is a periodic point y of f(x) such that

jk(y)-fk(:co)l tends to zero as k tends to infinity.
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In [10], it is shown that if f(x) is a continuous function from the
interval [0, 1] into itself-.and if f(x) has a periodic point with
minimal period 3 , then there is an uncountable set S (a scrambled set)

such that

(1) f(x) has infinitely many periodic points of different

periods, and

(2) every x« in S is not asymptotically periodic and for each

z, Yy in S, xT#y , we have
0 = lim inf ]fk(x)-fk(y)| < lim sup |fk(x)-fk(y)| .
koo K->o0

This result has been extended to include those continuous functions from
[0, 1] into itself with a periodic point whose period is not an integral
power of 2 ([33, [&], [171]1). Such functions have been called chaotic by
several people ([31, [83, {91, [10]1, [11]). It is shown in [3] (see [9]
also) that the set of all chaotic functions from [0, 1] into itself
contains an open dense subset of the space of all continuous functions from

[0, 1] into itself with the max norm.

But as indicated in [4, pp. 21-22] and [12], such scrambled sets S
for any chaotic function may have (Lebesgue) measure zero. Therefore, the

chaotic behavior may be essentially unobservable. 1In [4, p. 18], the

function f(x) =1 - 1.401155 ... 2 is given. For this function f(x) ,
it is said that almost all (in the sense of Lebesgue) initial points are
attracted to the same stable, but nonperiodic orbit. However, the
dynamical behavior on this stable, nonperiodic orbit appears to be chaotic

even though this orbit has {Lebesgue) measure zero.

In this paper we give a class C of continuous functions from [0, 1]
onto itself which are chaotic in the sense of Li and Yorke, but are very
well behaved from a physical point of view. To be specific, all functions
in € are piecewise linear and have "flat bottoms". For all these
functions, we show that almost all points of [0, 1] are mapped onto the
same, but unstable fixed point =1 . That is, almost all points of
[0, 1] are eventually fixed. Therefore, from a physical point of view,
every function in € 1is not chaotic after all. This seems to suggest that

chaotic functions should be further classified (see [9] also).
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Now let f(x) be a continuous function from [0, 1] into itself and

let x, be an element of [0, 1] . We shall call x, recurrent if, for

every & > 0 , there exists a natural number m such that
fm (xo) _xo

there exists y in [0, 1] with |xo—y| < 8§ and lfm(y)—xo

< § . We shall call z non-wandering if, for every 6 > 0 ,

< § for

some natural number m . Let Pf be the set of all periodic points of

flx) , Rf the set of all recurrent points of f(x) , and Qf the set of

all non-wandering points of f(x) . Then it is obvious that
P.,cR,c Q.. In [6], it is shown that P, = R, . But in general
F="F="f o & :

Rf # Qf . In this note, we also show that, for every f(x) in a class C'

containing the above-mentioned class C (see Section 2),
Ff = Ef = Qf = C1([0, 1]\K) , where Cl denotes the closure and K is the
. .

set of all x in {0, 1] such that fm(x) =1 ffo;fsqme'natural number
m . 1In particular, if f(xz) : [0, 1] > [0, 1] is defined by f(x) = 2
if 0sx=<%,and flx) =2-2¢ if % =a =1 theén we show that the

non-wandering set of this f(x) is the whole intérval*‘[05 1] .

In {1, 2], one-parameter families of "flat top"lfgﬂgtfoﬁs,are studied
and discussed. In particular, they.proved the "supergeémétric" convergence
of the period doubling sequence which are péculiar f&)tﬁe trapezoid
functions. The results are in contyast to those found by Feigenbaum for
mappings which are quadratic in a neighborhood of the critical point.

Since all our functions in the above-mentioned class C are "bottom flat",
they are conjugate to "flat top" functions through the function
g(x) =1 - x . Therefore, all results obtained in [1, 2] for top flat

functions also hold for all functions in the class C .

In Section 2, we state our main results (Theorems 1 and 2). In
Section 3 we give a proof of Theorem 1. The proof of Theorem 2 is similar

and shall be omitted. In the last section we pose an open question.

2. Statement of main results

Given any two real numbers ml < 0 and My > 0 . For positive
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. . . m . .
integers m and 7 with 1 =12 =22 , we define nm i recursively as

follows:
Mai~-M™Mm Mo
and
' .
. 3 i . L4
[ﬁm,(i+l)/2 m2 , if 2 1is odd and nm,(z+l)/2 0,
. . ir 4 i . >0
_ [hm,(t+l)/2] ml , if 72 1is odd and nm,(¢+l)/2 N
Tl,i )
> ) . i 3 i . <
[nm,,b/z ml R if 12 1is even and \nm,z/2 0o,
. : .. . >
\[nm,i/2 LOW if + is even and nm,‘l‘/2 0

These numbers nm ; can also be obtained by way of binary trees as follows
3

(see Figure 1).

122 121 111 112 212

1221 1211 ,1212

1222

FIGURE 1

In Figure 1, on each level m , there are 2" nodes. Each node is
represented by a string of 1's or 2's . To get the explicit
representation of these nodes, we start with 1 and 2 on the first
level. Then from each node on the mth level, we attach 1 or 2 to
obtain 2 nodes on the (m+l)th level. The rule of attachment, from left

to right, is as follows:

(1) from the first node on the mth 1level, we attach 2 first
and then 1 to get the first and second nodes on the
(ml)th 1level;

(2) from the second node on the mth level, we attach 1 first
and then 2 to get the third and fourth nodes on the
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(mH1l)th 1level;

(3) repeat the above procedures; but note that we attach, from
left to right on the mth level, the numbers 2, 1, 1, 2
repeatedly to obtain representations of nodes on the

(m+*1)th level as shown in Figure 1.

Now let the <Zth node on the mth level be represented by
aa, . a vwhere a =1 or 2, k=1, ..., m . Then it can be

easily shown that n_ . =m m cee m . Note that
m,7 a, a, a,

2m
z vl 5l = (- (2/m )+ (@/m,))"

for all natural numbers m (recall that m. <0 and m, > 0 ). This fact

1 2
will be used later.
Given any two real numbers O <a <b <1 . With the above definition
of n_ . , we now define a and b recursively for all natural
m,% m,k m,k

numbers m and k with 1 <k < 2"-1 as follows:

a =@, by y=b, a,, = 0®-0/m 0, b= eD/m

_ _ . ml
an&l,k = am’k/2 and bm+l,k = am,k/2 if 1<k <2 7-1 and k even,
a =b + a/n and
m+l,k m,(k-1)/2 m,(k+1)/2

_ , m+1
bm+l,k = bm,(k-l)/2 + b/nm,(k+l)/2 if L<k=2""-1, k odd,

and (k+1)/2 even,

Dor1 k= Om(ke1) /2 P (k) 2 200

_ ) m+l
bm+1,k = am,(k+1)/2 + a/nm,(k+1)/2 if 1 <k=2"""-1, k oad,

and (k+1)/2 odd.

m+1

Note that b = (b-a)/|n for all 1 <k <2™1_;

m1 kT Tk m,(k+l)/2|
and k odd. This fact will be used later.

Let g(x) be a continuous function from [0, 1] onto itself and let
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0<a=b<1. 1If g(z) is linear on [a, b] and g(la, b]) = [0, 1],
then we say g(x) is fully linear on [a, b] . If g(z) is fully linear
on [a, b] and gla) =1, g(b) =0 , then we say g(x) is n.f. linear
(fully linear with negative slope) on [a, b] . If g{(z) is fully linear
on [a, P] and g(a) =0, g(b) =1 , then we say g(x) is p.f. linear
(fully linear with positive slope) on [a, b] .

Now we can state our main theorems.

THEOREM 1. Let 0 <a =b <1 and let f(x) be a continuous
function from [0, 1] onto itself with the following three properties:

(1) f(x)

0 forall a<zxz<b;

(iz) f(0) = f(1) =1 ;

(iit) f is n.f. linear on [0, al and p.f. linear on [b, 1] .

Assume that the slopes of f(z) on [0, al and on [P, 1] are m

and m2 respectively. For these values of ml,

a , and b be defined as above. Also let P, R, and ! be
m,k m,k

m2, a ,and b, let

nm,i’
defined as in the introduction with respect to the above f(x) (we
suppress the subscript f ). The the following hold.
(1) For each natural number m ,
. m .
(a) the graph of fm(x) contains exactly 2 1line
segments whose slopes are not zero. These nonzero
slopes, from left to right, are n_ . ,

m,t

. m .
=1, 2, ..., 2 , respectively.

m
<k =2
0 on Bl’k, b X for all 1 <k =<2

and k odd,
) Mx) =

m
< < -
1 on [am,k’ bm,k] for all 1 <k <2-1

L and k even.

m
(c) the equation fm(x) = £ has exactly 2 distinct

solutions. These solutions are (am,l)/(l+am,1) 5

(a, )/ sa, b g y) > k=35, ..., 2",
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m
B i) /1y 3 ) » K =123, 5, ..., 203, end

1l . In particular,

= = /1Y = 6™/ fa010)" ]

is a periodic point of f(x) with minimal period m .
(2) If a <b , then the following hold.
(a) For almost all (in the sense of Lebesgue) points x in

[0, 11 , fm(x) = 1 for some natural number m .
(Note that £ =1 is a fixed point of f(z) . So
almost all points of [0, 1] are eventually fixedJ

L w 2"
() P=R=0=1[0,1]\ U U f(a ,b }=cillo, 1]\k),
m=1 n=1 s ™

where K is the set of all &« in [0, 1] such that

fm(x) = 1 for some natural number m . (So £ is a

Cantor-like set with Lebesgue measure zero.)

(3) If a=b , then P=R=0= [0, 1] = C1(X) , where K is
the set of all x in [0, 1] such that fm(x) =1 for some natural
number m .

REMARK. If a =1/3 and b = 2/3 , then the non-wandering set of
this f(x) is the usual Cantor ternary set. See [7] for details and other
related results.

The following theorem is a generalization of Theorem 1. Since the
proof is similar to that of Theorem 1, we shall omit it.

THEOREM 2. Let n > 1 be any integer and let

< < .,
o<alsbl<clsdl<a2sb2<c2_d2

<a ) = bﬂ_l <e = dn_l <a = bn <1
Let f(x) be a continuous function from [0, 1] onto itself with the
following four properties:

(i) f(lx) =0 for all a; sz < bi , T =11,2, ...,n;
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(i) fla)

1]
-
?
3
Q
™~
o~
)
1A
8
A
[a
-
Lo
[}
=
o
3
1
’_J
-,

(iii) flo) = £f(1) =1 ;

(iv) flx) is fully linear on each of the following intervals:
[O, al:], [di’ ai+l]’ [bi’ ci] , 1 =1,2, ..., n-1, and

B, 1] .

n
Then the following hold.

(1) For every natural number m ,

(a) the graph of fMx) contains exactly (2n)" line
segments whose slopes are not zero. These nonzero
slopes can be obtained by a recursive formula similar
to that in Theorem 1. (It would be easier to use the
k-ary tree method. Start from the first level with n
nodes labelled 1, 2, ..., n , the rule of attachment
now, from left to right, is

n,n-1, ..., 2,1,1,2, ..., n-1l,n.)

(b) the equation f’"(ac) = x has exactly (en)™  distinet
solutions. These solutions can be easily computed by a
recursive formula similar to that in Theorem 1.
(’I%epefore, the coordinates of all periodic points of

flx) can be explicitly expressed.) In particular,
z=a li(l—bn}m-{I/Ezl (l—bn)m_lﬂ:l is a periodic point
of flx) with minimal period m .

-1

n n
(2) 1f Y (-bi_ai)z + Y (di-ci)2 # 0 , then the following
1=1 2

hold:

(a) for almost all x in [0, 1], fm(:c) =1 for some
natural number m (so almost all points of [0, 1]

are eventually fixed);
(b) P=FR= =ci([o, 1]1\K) , where K is the set of all

x in [0, 1] such that fm(x) =1 for some natural
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number m .

n 5 n-1 2
(3) 1If Y (b,-a. )"+ ¥ {(d.-c.)° =0, then
= R 2

P=R=Q = [0, 1] = CL{X) , where K is the set of all x in [0, 1]
such that fm(x) =1 for some natural number m .

REMARK. The classes C' and C we mentioned in the introduction are
defined as follows: C' 1is the set of all continuous functions from
[0, 1] onto itself satisfying the hypotheses of Theorem 2. C is the set
of all continuous functions from [0, 1] onto itself satisfying the

hypotheses of Theorem 2 and the additional condition that
n n-1
2
Y fb.—a.)2 + Y (d-c.)"#0.
. 11 R 7 1
1=1 1=1
Obviously, € is a proper subset of ('

3. Proof of Theorem 1
Assume that fm(x) is n.f. (p.f. respectively) linear on [e, d]
with slope 8 . Since the composition of two linear functions is also
linear, fM+l(x) divides the interval [e, d] into three subintervals

e, o], {a, B] , and (B, d] such that

(om

(a) fm*l(x) is n.f. linear on [ec, @] with slope sm 5

2

respectively],
(v) fM+l(x) is identically zero on [a, B] , and

(c) fm+l(x) is p.f. linear on [B, d] with slope smy {_sm2
respectively).

Also, o =d + b/s (c + al/s respectively), B =d +alfs (¢ + b/s
respectively), and B - a = (b-a)/|s| . Therefore (1) (a) follows easily

by induction on m .
To show (1) (b), we note that = = 1 is a fixed point of f{z) . So

if fm[xo) = 1 for some natural number m , then fn(xo) =1 for all
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. - . -
integers n Z m . Since fm(x) 0 or 1 on [am,k’ bm,k] s

k

1, 2, ..., 2™ . fmﬂ'(x) =1 on [amk’ bm k] ,

m
kK=1,2, ..., 2"-1 . Hence f""}x) = 1 , by definition, on

m . 1
[am+l ok> Py ot 2 K =1, 2, ..., 2-1 . That is, FHx) =1 on
9 b

l--l and kK even. Now let e =5

b 1, 1<k<2 m

[am+1,k’ m+l ,k

b

m

d= ,where 1=k =<2™1 and k odd (vhen k = 2" - 1 , we let

% Lk+1

1). Then fm(x) is p.f. linear on [e, d] with slope =

am,k+1 - m,k+1 °

So, from above,

@=bxt U i T Y12k

and

b

B=b, & * P/ ka1 = Pt okan

m,k
This proves most of (1) (b). The rest of (1) (b) can be proved similarly.

To prove (1) (c), we note that fm(x) is n.f. linear on

= m .
[bm,k-l’ am,k] , k=3,5,...,2-1 . Their slopes are

m
- - k = e - i . i i
1/ (am,k bm,k—l) ’ 3, 5, , 2 =1 , respectively. So their equations

= - - - k = “ e m— i .
are Yy (x am,k)/(am,k bm,k-l) s 3, 5, , 2-1 , respectively. By
i = i = _b
letting y = x , we obtain that x am,k/ (1+am’k m,k—l) s
k=3,5, ..., 2'-1 . This gives part of (1) (c). The other part of (1)
(¢) follows similarly.

For the proof of (2) (a) it suffices to show that

S )
lim y (b ,-a =1.
k=1 m,k “m,k
By definition of am k and bm k> we have, for every natural number m ,
kd 3
_ _ m+l
bml,k S Gk T (b—a)/|nm’(k+l)/2| , k=1,3,5, ..., 2 -1,
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So
o™l
kgl (-bm+1 ,k'am+1 ,k)
m 2k
=(-a)j1+ ¥ ¥ 1/l ]
k=1 i=1 ?

i k
(b-a) kgo (- (@/m )+ {/m))

(b-a) 1 (- (/m )+ (/)™ (0 /)= 2/my))

= -1/a and m, = 1/(1-b))

(b-a) [1-(a+1-b)™*]/[1-a-(1-b)] (since A

m
1 - (a+1-b)™1

+ 1 as m tends to infinity.

This proves (2) {(a).

To show (2) (b), let Km , for each natural number m , be the set of

all z in (0, 1] such that f(z) =0 or 1 . Then K Ky K C .

and lim u(Km] =1 , vhere U 1is the Lebesgue measure. Let

m—"m
o 2™y
A > P 10

Then it is clear that 2 < [0, 1]W . Now let %, be any element of

1 >
{o, 11\W with z, tam,k or bmk for all m=1 and

b

k=1,2, ...,2"1 . so zy kK, forall mz1. Foray 6>0,

there exist, since 1lim U(Kn] =1 , a natural number m and two elements
700

Y, 3 in Km such that ¥y < :L‘O < 2 and Iy-zl < 6 . Hence there exists

m
. <k < oM . .
k with 1 <k <2 -1 such that fm(:x:) is fully linear on [bm,k’ am,k+l]

] € [y, 2] . Since the intersection points of the curves

and [bm,k > am,k+l

y = fm(x) and y = x are period m (need not be minimal) points of
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f(x) , this shows that z, is in P . Therefore P=R=0= [0, 1]\W .
This completes the proof of (2) (b).

To prove (3), let Km , for every natural number m , be the set of
all « in [0, 1] such that fm(x) =0 or 1 . Then Km consists of

exactly 2™+ 1 aistinct points and Kl c K2 c K3 c ... . Also fm(x) is

fully linear on any interval whose endpoints are two consecutive elements

in Km (that is, no other elements of Km lie strictly in between] . Let
G[Km) = max{lc-d| | e, d are any two consecutive elements in Krn} . Then it

is clear that &(K ) < max{a, 1-a}6(K ) . Therefore 1im §(X) =0 and
m+1- m oo m

the set K= U Km is dense in [0, 1] . The rest is easy.
m=1

4. An open question

Let A(x) be a continuous function from [0, 1] into itself. For

every « in [0, 1] , let

e o)
Lh(x) = N Cl{hm(x) | m is any integer greater than or equal to n} .
n=1

It is obvious that Lh(x) is compact and nonempty for every £ in

fo, 11 .

Fix any two real numbers a and b with 0 <a <b <1 . Let
f : [0, 1] > [0, 1] ve defined by flx) = ~(x-a)/a if 0 =<x<a ,
flx) =0 if a<x=b , and f(z) = (=-b)/(1-b) if b <z =<1 . For

0o =<1, let fa(a:) = af(x) and consider fa(x) as a one~parameter

family of continuous functions from [0, 1] into itself with o as the

parameter. To simplify notations, we denote, from now on, Lf (x) as
a

La(x)

When 0 <q <a , it follows from [5] that the unique fixed point
z = oa/{a+a) of fa(x) is globally stable. So for all x in [0, 1] ,

La(a:) = Lu(aa/(owa)] = {aa/(o+a)} . In particular, La(x) = La(a) for all
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x in [0, 1] .

When a =a , every & with 0 <z <af2 or af/f2<x=<a is a

periodic point of f&(x) with minimal period 2 . But none is stable. 1In
this case La((l+b)/2) = L (a/2) = {a/2} and all other points are
eventually periodic (with minimal period 2 ).

When a <a=<b , x=0 is a periodic point of f&(x) with minimal
period. 2 . 1In this case La((a+ab)/(a+a)) = La[aa/(a+a)) = {oa/(o+a)}
and La(x) = La(a) = {0, a} for all =z # (a+ob)/(a+a) , oa/(o+a) .

So far, we have shown that, for almost all o (in fact, with only one
exception at o =a ) in [0, b] , La(x) = La(d) for almost all =z (in

fact, with only two exceptions at =z = (a+ab)/(a+a) and x = aa/(ot+a)
when a <a<=b ) in [0, 1].

Now let o = [b+V b°+ha(1-p)]/2 end a, = b+ b2+Ub(1-)]/2 . Then

period 3 points bifurcate spontaneously at a = al and exist for all

< < <
al =a=1. For al fa =

O, , z=a is a period 3 point of fa(x)
and it seems that La(x) = La(a) for almost all =z in [0, 1] .

When o = 1 , Theorem 1 implies that La(x) = La(a) = Ll(l) = {1} for
almost all « in [0, 1] .

Based on the above observation, we make the following conjecture.
Note that L (0) = L (1) =L (a) for all a in [o, 1] .

CONJECTURE. Let f(zx), fa(x) , and La(x) be defined as above. Then

for almost all o in the parameter space ([0, 1] , La(x) = La(a) for

almost all zx in [0, 1] .
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