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1. Introduction. This paper results from the design and development of computer
software for lengthy computations with Cayley’s algebra C over the field of reals. The
algebra C is 8-dimensional over the reals and is not associative. Integer elements of C are
defined and can be stored as integer arrays. The problem of solving linear equations
af =B in C is implemented by using the equation £ = @B/N(a) where & is the conjugate
and N(a) is the non-zero norm of a. Programming multiplication of Cayley numbers is
comparable in difficulty to programming matrix multiplication for matrices with eight rows
and eight columns.

In an associative ring with inverses, such as the quaternions over the reals, the

mapping
[o]: ¢ —> oo™ 1)

is an automorphism for any invertible o in the ring. The mapping [o] is called inner and
the element o is said to induce the automorphism [¢]. As is shown by the following
theorem, which is proved in [3], some but not all of the elements of C of non-zero norm
induce automorphisms. Let R(o) denote the real part of o.

THeoREM 1.2. An element o of C satisfying
4R*a)=N(0)#0 : ()
induces an automorphism [o] of C.
Products of automorphisms [o], with o satisfying (2), are called natural inner
automorphisms of C.

2. Development. The images of the standard basis {i.}j under [o] as in (2) can be
obtained for suitable choices of a. Records were kept of the images of the basis elements
for choices of o as a unit element of an integral subsystem of C. For example,
o=31+i,+i,+i;) gives

ig—>ip=1,

iy = i3,

i2 - ils

3= —la,

. l ) - . .
iy 3(—istis+ig—iy),
is = 3(—ia=is+ig+ip),
i = 3(—ia—is—ig—iy),

17'_>%(+l4—l5+ lG" l7)
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Further non-trivial automorphisms were obtained for other choices of o from the orders
of C. For the definition of order see [4].

An automorphism 6 is called a reflection if §>=1 where 8# 1. Moreover, a reflection
# of C is 1 on some quaternion subalgebra Q of C and —1 on the orthogonal complement
of Q. The mapping 8 is then called the reflection in Q. Every automorphism of C is a
product of reflections. This result is detailed in Jacobson [2], a paper in which another
definition of inner automorphisms of C is employed. It was natural to enquire whether
reflections can be generated as natural inner automorphisms. Linked lists of possible
mutiplicands were implemented along with the on-line files to discover the following
theorem.

THEOREM 2.1. Let H be a quaternion subalgebra of C. Let H have basis {i.}5. Let
o=%1+i,+i,+is) and p = iyo. Then [(op) "o ]p] and (o [p>]¢? both represent the reflec-
tion in H.

Because of the sparse nature of the arrays produced as images, many techniques
described in [1] could be employed. The theorem is proved using the Dickson multiplica-

tion
f”f?=foﬂo—ﬁ1§1+(nlfo+fnﬁo)i4 (3)

where £ =§,+¢£,iy, 1 ="n9+mis, and &, &;, Mo, m € H and iye H*.

3. Conclusion. We can now prove the following result.
Tueorem 3.1. Every automorphism of C is a natural inner automorphism.

Proof. Let v be any automorphism of C. Then =[] 6, where 6,(1<r=n) are

r=1
reflections in quaternion subalgebras H,. Choose an orthonormal basis, including 1, in H..
Label this basis 1, i, j, k and arrange the basis so that i(jk)=-1. Let

o, =3(1+i+j+k)and p, = ko,
The result follows from Theorem 2.1.
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