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Abstract

For a Markov renewal process where the time parameter is discrete, we present a novel
method for calculating the asymptotic variance. Our approach is based on the key renewal
theorem and is applicable even when the state space of the Markov chain is countably
infinite.
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1. Introduction

Let{(J, Yn, Ty)); n € ZU{—1}}, where Z, is the set of nonnegative integers, be a sequence
of random variables defined on a probability space (€2, ¥, P) such that

(i) J, takes values in a countable set E,
(i1) Y, is real valued,
i) T-1 <0<To<Ty < ---,
(iv) T, is integer valued.

Let &, = o ((J, Y, T,); m < n) and assume that

Pl =k, Yor1 € B, Typ1 — Ty <t | Fu} = ui(B)Q Uy, {k} x [0, £]).
Here, for each k € E, ug(-) is a probability measure on B, the Borel subsets of the real line,
B € B, and Q(k, -) is a probability measure on P(E) ® B, where P(E) is the collection of
all subsets of E and t € Z.. We note that, given J,,, Y, is independent of {(J,,, T;,); n € Z4}
and that, for ny # ny, Y, and Y, are conditionally independent given {(J,, T,); n € Z4}.
Moreover, the process {J,; n € Z,} is a Markov chain which we assume is aperiodic,
irreducible nonnull recurrent with stationary vector v. In addition, we assume that, for each
J € E, the distribution function Q(j, E x (0, ¢]) has period one. We specify the distribution
of (Jo, Yo, To) later. In this setting, {(J,,, T,); n € Z} is a Markov renewal process.
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We motivate the main result of this paper with the following example from queueing theory.

Example 1. Suppose that 7}, is the time of the nth arrival to a single server queue, J, is the
customer’s type, and Y, the amount of work the customer brings. Let W; be the amount of
work that arrives by time 7. To apply heavy traffic approximations for the virtual waiting time
process it is necessary to have a functional central limit theorem (FCLT) for W.. One approach
is to first develop an FCLT for {Y, } and use a random change of time to obtain an FCLT for W..
See [10, Chapter 13] for details on random time changes. When {Y,,} is stationary, which is the
case when {J,} is stationary, we may apply an FCLT for stationary sequences. The asymptotic
variance term in the FCLT is given by

o
o’ = var(Yp) + 2 ZCOV(Y(), Y,)
n=0

(see, for example, [3], [7], or [5]). Using the Poisson equation (see [11, Chapter 2]), we can
develop an expression for o2 using solutions, x, to x (I — P) = y for the appropriate vector y,
where I is an identity matrix and P is the one-step transition matrix for {J,}. In [4], o2 was
calculated using spectral theory.

Our concern in this paper is to develop an FCLT for W. and a method for finding its asymptotic
variance. The method presented here for calculating the asymptotic variance is based on the
key renewal theorem and is applicable even when the state space of the Markov chain is
countably infinite. The FCLT is stated as Theorem 1 and the expression for 0% is given in
Theorem 5. Assumptions (iii) and (iv) in the statement of Theorem 1 are not given in terms of
the Markov renewal process but rather in terms of a related Markov chain defined in Section 2.
In Section 3, we provide conditions on the Markov renewal process for assumptions (iii) and
(iv) to hold. In particular, we show that (iii) is implied by appropriate rates of convergence to
the stationary distribution of the Markov chain {J,;; n € Z,} and bounds on the 7,41 — Tjs.
This is accomplished by applying rate of convergence results for Markov chains given in [§]
and [6].

2. Preliminaries

Fort € Z4 U {—1}, define

Jo0, Y, 0 ift =1,,
(Xp Zeo Ly = | S 0 O i =T
(Jn,0,t —Ty) ifT, <t < Tyy1,

and
Si =00, ---» Xe)s

where we have set x;, = (X;, Z;, L;). To see that the process {(X;, Z;, L;); t € Z1}is a
Markov chain, note that on {X; = j, L; = [},

{(Xim1=Jj,Lim1=0,...,X;, =j, L =1}.
So, for some nonnegative integer 7,

Twy1 — Ty >1 and J, =j.
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It follows that

P{X;v1 =k, Ziy1 € B, Lis1 =u | G}
Pl — T, >1+11]X,=j}
P{Thi1 =T > 1| Xp = Jj}
PJys1 =k Yor1 € B, Tyst =T =1+ 1| X, = j)
P{Th=1 —Th > 1| X = j}
Q(j, {k} x (1 + 1, 00))
0@, Ex[l+1,00))
0@, {k} x{l + 1D (B)
O, Ex[l+1,00))

ifk=j, u=1+1, 0¢ B,

ifu=0,

ifk=j,u=1+10¢B,

ifu=0.

In addition, {(X;, L;); t € Z4+}is a Markov chain whose one-step transition matrix is given by
the above equation with B = R. We denote the [(j, ), (k, u)]th element of the ¢th power of
this transition matrix by pé i) The probability measure y denotes the initial distribution
of {xn; n € Z4}, with

y{j} x B x{l}) =P{Xo=j,Zo € B, Lo =1},

and
vi1 =P{Xo=j, Lo =1}.

The notation y pék) ) denotes the probability that, at 7, X; = k and L; = u, given that the initial
distribution is y.

The assumptions on {(J,, Y, T,); n € Z4} imply that {(X;, Z;, L;); t € Z} is ergodic
and, hence, has an invariant measure that is also a limiting distribution which is denoted by .
The measure 7 on (P(E) ® B ® P(Z)) is given by

i (B)vg
vV-m

LioeByvk Q(k, E x (s, 00))
V-m

if s =0,
r({k} x B x {s}) =
ifs > 0,

where 1{4; denotes the indicator function of an event A, vy is the kth component of the vector
v, E={1,...,k,...},andm = (my, ..., mg,...) with

my = Ei[T1] < o0.

Fork € E ands € Zy set i s = w({k} x R x {s}). The Markov chain {(X;, Z;, L;); t € Z4}
is stationary when the initial distribution is given by . In this case, the process {Z;; ¢t € Z4}
is also stationary.

To see that 7 is the stationary distribution, we observe that {(X;, Z;, L;); t € Z4} is
regenerative with regeneration times being the times at which X = 1 and L = 0. Thus,
by Smith’s theorem (see, for example, [9, p. 265]), we obtain

2k} x B x {s]) = E[amount of time spent in {k} x B x {s} during a cycle]‘

E[cycle time] M
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For some ¢ > 0 independent of k, cyy is the expected number of visits to k during a cycle and
my, is the expected time spent in k during each visit. Thus, the denominator of (1) is equal to
cv -m. The expected time spent in {k} x B x {s} during a cycle is the expected number of visits
to k, multiplied by the probability that a visit lasts at least s, multiplied by either the probability
that the mark is in B if s = 0,or 1if 0 € B (if s > 0), or 0if 0 € B¢ (if s > 0), where B¢
denotes ¢ ¢ B. That is,

E[amount of time spent in {k} x B x {s} during a cycle]

) euw(B)vk if s =0,
| 10enyem Ok, E x (5, 00)) if s > 0.

The initial distribution for (Jo, Yo, Tp) is given as the forward recurrence time when L, = 0
given that the initial distribution on (Xo, Zo, Lo) is y. Thus,

y ({7} x {B} x {0}) ifr =0,

S OG Y x {L+1) ‘
;;VLI 0, E x (I, )) wj(B) ifr>0.

Pllo=j,Yoe B, Th =t} =

Notice that if the initial distribution for (Xo, Zg, L) is 7 then
. Vi Lo
Pllo=jYoe B To=1}=)_ M—;nQu, {7} x (£, 00) 1 (B),
ieE

which agrees, realizing that we are working with a discrete time process, with stationary forward
recurrence time given in [2, Example 6.18 of Chapter 10].

In what follows, E[-] will denote expectation under the assumption that the initial distribution
is y, Ex[-] will denote expectation when the process is stationary, and E;[-] will denote
conditional expectation given that Jo = j and Tp = 0.

For n € Z and a positive integer N, define

1
n=—=(Zy —Ez[Z
¢n, «/ﬁ( [Zo])

and, for all real numbers T > 0, define

SV = Y ey

n<Nt

The process ™ has sample paths in the space D, of real-valued functions on [0, co) that are
right-continuous with left-hand limits. We let dZ, be the metric on D, givenin [1, p. 168]. We
use the notation ‘= to denote convergence in distribution of stochastic processes with sample
paths in Dy.

Theorem 1. Suppose that the following conditions hold:
() K1 =supjcg [p Ixlu;(dx) < oo,
(i) K2 =supjcr [p x2pj(dx) < oo,

(iii) Z(j,l)eExZ+ ”jJ”I’éj,z),. — 71.||,2U = 0(t7%7%), for some § > 0,
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(iv) forafixedi* € E and with tj» = inf{t = 1,2, ...: (X;, L;) = (i*, 0)}, we have
E(ix 0)[Tix] < 00.
Then, provided that o7 > 0, we have
S,(N) LY ozB.,

where B. is a standard Brownian motion and

o0
o = vary(Zo) +2 Y _ covx(Zo. Zy). )

t=1

The proof of Theorem 1 is carried out in two steps. The resultis first proved in the special case
where the process {(X;, Z;, L;); t = 0, 1, ...} is stationary. The result stated in Theorem 1
will follow as a special case using a coupling argument. As stated, Theorem 1 may appear
unappealing in that conditions (iii) and (iv) are not given in terms of the semi-Markov kernel
of the Markov renewal process {(J,, Y, T,); n = —1,0, 1, ...}. However, in Section 3, we
develop conditions for the semi-Markov kernel that imply conditions (iii) and (iv) of Theorem 1.

Proof of Theorem 1. First assume that the initial distribution is 7. In this case the process
{(X:,Z:, Ly); t =0,1,...}is stationary. By [3, Theorem 7.6, Chapter 7], it suffices to show
that

Y [Ex[ExlZ; —c | Xo, Lol*I"/? < o0,

n=1

where

c= Z /Rﬂj’,oxlij’(dx),

J'€E

or, equivalently, it suffices to show that
Ex[Ex[Z: — ¢ | Xo, Lol’] = 0(t™>7%).
This follows since the left-hand side of the above equation is equal to

2
Z |: Z A(péj'l)’(j/’l/) - ﬂj’,l’l{O}(j/)x)l/«j’(dx)}

(.EEXZy “(j' )€ EX T

2 t 2
sKi Y mulpg. -7l
(DeEXTZ:

=o(1727Y),

by assumptions (i) and (iii). o
Let {(X;, Z;, L;); t € Z} have initial distribution y and let {(X,, Z;, L;); t € Z+} be an
independent copy of {(X;, Z;, L;); t € Z.}, but having initial distribution 7. Let

T =inf{t € Zy: (X;, L)) = (X,, Ly) = (i*, 0)}.
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From [6, Theorem 3.1, Chapter Il], assumption (iv) implies that 7 < oo with probability one.
Define {(X;, Z;, Ly); t € Zy} by

(X1, Zi, Ly) ift <1,

X, Z. Ly=1""%""
K 2o LD =V}, 2, 1) ifr =+

‘We show, with theA obvjous notation, that dgo(SN , S Ny > 0in probability for which it suffices
to show that d?, (S N SNy — 0 for each positive integer m. To this end, note that, for each

t=0,1,...,
- - 1 Nt . R
15V =51 < ﬁ’;m—m
min(Nt,1)
= Z |Zn _2n|
n=1

T
=< Z|Zn - Zn|~

n=1

Since the right-hand side of the above equation does not depend on ¢ and
0(ON TN QN _ N
d,(S7,87) = omax, 1S — S 1
we have, for ¢ > 0,
AV 1 &~ 4
P{d° (SN, SV) > ¢} < P{— | Zy — Zn| > g}
: 7w
-0

since Z;:l | Z, — 2n| is a finite valued random variable. .
By the first part of the proof, SN — o B.. By [1, Theorem 3.1], SN — ¢ B.. Since SV
and SV have the same distribution, we have SV — o B., and the proof is complete.

In Section 3, we give sufficient conditions for Theorem 1(iii) and (iv) to hold in terms of the
Markov renewal process {(J,, Yy, T); n € Z4}.

To motivate the calculation of cr%, consider the special case where E consists of a single
point and Y;,, = 1 for all n. In this case, W. is the counting process for a stationary renewal
process. Then (see, for example, [1, p. 154] or [3, p. 107]), we obtain

D
wW" = ozB.,

where 02 = 02/m>, o2 is the variance of the inter-renewal distribution and m is the expected

value. We observe that the expression for O'% in Theorem 1 reduces to o2/m?> in the renewal
case. Our method, applied to a renewal counting process, for determining 0% is to first observe
that

> 1 t

> cova(Zi. Zo) = lim —EO[WT — —],

t—o0o m m

t=1
where Eg[(-)] is the expectation for the ordinary renewal process. We then develop a renewal
equation for Eq[W; — ¢/m] and apply the key renewal theorem to obtain the limit. For a
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nonarithmetic renewal process these calculations are well known; see [2, pp. 297-298]. Once
we have the infinite sum, it is an easy matter to compute a%.

Our derivation of 0%, in the setting described at the beginning of this section, is accomplished
by steps similar to those suggested above. Theorem 3 develops an appropriate Markov renewal
theorem and Theorem 4 determines the limiting solution. Using Theorem 4, we determine in

Theorem 5 the sum of the covariances and, thus, a%.

3. Assumptions (iii) and (iv) of Theorem 1

We elaborate on conditions (iii) and (iv) in Theorem 1 by exploiting coupling arguments for
rates of convergence. Following [6], for the process {(X;, L;); t € Z} consider a version
{(X,(i’l), L,(i’l)); t € Z4} having initial distribution §¢; ;) for each pair (i,/), and a version
{(XF,LT); t € Z4} having initial distribution 7. Fix a state i* and let

Tinx =inf{t =0,1,...; (XD LUy = (x7 L™) = (i*,0)}.
Using [6, Equation (8.3), p. 35], for ¢ > 1, we have
Ly, = F, < 4TOP{T > 1)

and, hence,

o mntTlply. — w7, < 4T P{Tr g > 1) 3)
(i,)eEXZy
Suppose that
Ex[z5] < o0, E@,0[tf] < o0,
where
o =1inf{r =0, 1,...; (X;, L;) = (i*, 0)},

T = lnf{t = 1»21 cees (Xls LT) = (i*!o)}v

then, by [6, proof of Theorem 8.6, Chapter 1], the right-hand side of (3) goes to zero as t — 0.
That is, condition (iii) is satisfied. Since

Eq+.0lt1] < Eg= 0[],

condition (iv) will also be satisfied.
By construction 79 = Tg, and 71 = Tg,, where

Ro=inf{n =0,1,...; J, =i*}, Ri=infln=1,2,...; J, =i*).
Theorem 2. If conditions (iii) and (iv) in Theorem 1 are replaced by the conditions

(iil") witha = 2(1 4 98)

_ QU)X )|
e fi‘fﬁ{,;h’ 06 b x 0.00p | =%

(iii”) Ey[R{] < oo and E;+[R{] < oo hold,

and conditions (i) and (ii) of Theorem I hold, then so does the conclusion of Theorem 1.
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Proof. We need to show that (iii") and (i) imply (iii) and (iv) and in light of the above
remarks it suffices to show that (iii") and (i”) imply both E;[7§] and E;+ o)[t*] are finite.
Recalling that 79 = Tg, and using the convexity of %, we have

Eq[Tg]

oo
=Y D> ET1Uo=io..... ot = in-1. Sy = i")]

=0 i, ..rin—1 #i*

o n
<Y D @A DT BTk = Tre)* 1o = oy oo Jut = dn1, Sy = i),
n=01iq,...,Ip—1 £i* k=0

4)
where T_; = 0. Using the initial distribution for Jy, Tp, and (iii"), we obtain

Ex [Ty 1(Jo = i0s -y Jn—t = in—1, Jn = i)]

= 31 0, i1} x (1,00 Q001 fi2) X (0.00)) - Qlia-1, 1%} X (0, 09)
=1

< 0l (1) x 0,00 Qi1 (12} % (0, 09 Qlia1, %) x (0, 0)). ()
Similarly,
Er[TE1(Jo = i0s - -+ s It = in—1, Jy = i")]
< 0 0o, i) x 0,000 Qi (1) x (0, 09) - Q1. %) x (0, 0. (6)

Inserting (5) and (6) into (4) and applying (i”) gives

Ex[Tf,) = ’f(‘j‘; Yo X e DiQo. {in) x (0.00) Q1. {i2} x (0.00)) -
n=010,...,in_1 £i*
X Qin-1.{i*} x (0, 00))
= "D Ry + 1)%)
vV-m
< 20[—1 m(a) EV[R(())[] < .
vV-m

Showing E(i*,O)[Tgl] < o0 is similar, and the proof is complete.

4. Calculating the asymptotic variance

In this section we calculate the variance term given in (1) as an application of the key renewal
theorem.
Forke Eandt=0,1, ..., let

o0
Nf = 1= 10T, <0)-
n=0
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The process {N,k; t =0, 1,...} counts the number of times that the Markov renewal process
{(Jn, T,); n=0,1,2,...} visits the state k. Let

mp =Ex[T1],  of = Ecl(Ty — mp)?].
Now define
1 ifi =k.
Finally, for each k, define the function 4 : E x {0, 1,...} = R by

0 ifi #k,
Sik = { a

hi(i.t) =B, [N"(t) - v—"r}.

v-m

Theorem 3. The function hy satisfies the Markov renewal equation

hi (i, r)-alk——ZQu E x (s, oo))+Zth<J t—$)0G, {j} x {s]).

s=1 jeE

Proof. Fort =0, 1,..., we have

vk vk vk
El[le — ” .ml‘:| = El|:<le — ml‘)]{T]>[}i| +E,|:<Ntk — ml‘)l{ﬂit}]. 7)

When 7 > t, we have

Vi Vi

Ntk— t:(Si’k——t,
v-m

v-m
so that the first term on the right-hand side of (7) is equal to

Vi Vi .
(8,"1( — —t> Pi{T| >t} = (5,',1( — —Z)Q(Z, E x (t,00)). (8)
v-m v-m
We rewrite the second term on the right-hand side of (7) as

Vi
E"KN?I——V.—TﬁNk W= =10 Jtna|

S

s=1jeE

k Vi . .
s) +E; |:N,s — n(f —S)]}Q(h {j} x{s})

t

= 000G E x [0,1]) = ) =~

s=1

K 500G, E x {s})
m

t
+ 0D (ot = $)QG, {j} x {s}). ©)

s=1 jeE

Inserting (8) and (9) into (7) gives

t
hii 1) = 8 — v‘_’—"m(tQ(i, Ex (t,00)+ Y 50 E x {s}))

s=1

t
+ YD (ot = QG )} x {s}). (10)

s=1 jeE
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Applying the summation by parts formula, we obtain

t t
Y 50 Ex{s}) =tQG, E x [0,t]) = Y _ QG E x [0,s —1]),

s=1 s=1

which gives

t
10, E x (t,00) + Y _sQ(. E x {s})

s=1

t
=t(1 -0, Ex[0,t])+t0(@, E x[0,7]) — Z 0@, E x[0,s—1])

s=1

t
=t—> 06, Ex[0,5s—1]
s=1

= (1—-0a, E x[0,s])
0

t—1

= 0@, E x (s, 00)). (11)

Inserting (11) into the second term on the right-hand side of (10) yields

hi(i 1) =6 k——ZQ(l E x (s, oo))+Zth(J 1= )03, {j} x {s]),

s=1 jeE
which completes the proof.

Theorem 4. Fork € E, we have

2 2
. o o; tm;+mj
,&I&hk(”” ~ w-m)y? ZVJ >

JjeE

Proof. Set

t—1
. Vi .
gl t) =8k — —— > 0, E x (5,00)).
v-m =0

Then the key renewal theorem [2, Theorem 9.2.8] implies that

lim Ay (i, 1) = Z > —gk(] 1

tO]EE

:szvjm<5 k__ZQ(],EX(S OO)))

https://doi.org/10.1239/jap/1183667407 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1183667407

376 S. P. CLARK AND P. C. KIESSLER

=iv“.';,,(1—zv”

t=0 JjeEE

t—1
J .
— g 03, E x (s, oo)))

t—1

I ( - Z Q. E x (s, oo)))

Vi Vim; 1

JMj .
= —_— , E , 00
) Dl §_0 -3 " QUL E x (5,00)

which completes the proof.

Set
& =ElYy | Jo=k, Ty = 0] = /ﬂ;xuk(dx),
&2 =ElYy | Jo=k Tp=0]= f % (dx),
R
and
K
E =
k=
Since the process {Z;; t =0, 1, ...} is assumed to be stationary, we have
& = E[Zo].
Theorem 5. If
D0 supvil&iihi(i, )] < oo
icE kek 120
then
o2 Vi
o7 = Z Ekz—zz m)zéjék
keE JjeE keE
ViV 2 5 Vi
220 bty Fmimp) =23 =
ieE jeE keE ieE
Proof. Recall that
0
=E[(Zo — £)*1+2) _El(Zo — £)(Z; — §)]. (12)

t=1
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To calculate the first term on the right-hand side of (12) we first note that
Vi
E[Z3]=) ——
[Z51=>" "
keE

and

2
E[Zo]? = (Zsk “ )

keE

It then follows that

ElZo— 1= ) 7 b2 =) 3 otk (13)

keE JjeE keE

To calculate the infinite sum in (12), we note that

E[(Zo — £)(Z — §)] = E[Zo(Z; — §)]
=N & B[z~ | Jy=i.To=0]
ice ™M
=Y &gz, - £l (14)
ieg V™M
Since

Ei[Z] =) EilYi(Nf = Nf )]
keE

=Y &EJNS - Nf 1,

keE

the right-hand side of (14) is equal to

I

. m
ieE keE

Using (14) and Theorem 4, the second term in (12) is equal to

n .
2 lim Y3 e Y - - ]

1=1icE keE vom
2%
=2> > —glgk( lim E; |:Nk ] - ai,k)
ieE keE
VvV
—ZZZ ! )3§,€k(o}+m§+mj)— (15)
ieE ]eEkeE ieE

where in the first equality we applied the dominated convergence theorem which applies by
assumption. Inserting (13) and (15) into (12) gives the desired expression for 0%.
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