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Third Engel groups and the
Macdonald-Neumann conjecture

S. Bachmuth and H.Y. Mochizuki

There exists a non-solvable group which is third Engel. More
generally, the existence of & non-solvable group in which every
n-generator subgroup is nilpotent of class at most 2n - 1 is

confirmed.

1. Introduction

G is an Engel group if for any elements x, y in G , the commutator
[, ¥y, Ys +--» Y] =1 where y 1is repeated n(z, y) times and n(x, y)
may depend on £ and y . If n = n(z, y) is independent of x and y ,
then G 1is said to be a bounded Engel group of degree n or simply an
n-th Engel group.

The first example of a non-solvable Engel group was a consequence of
the work of Golod-3afareviC [2]. (See the example in Herstein [71,
p. 124,) The group constructed in Section 4 of [I] is the first example
of a nonsolvable bounded Engel group, although the exact value of the
degree n was not determined in [1]. This value has now been determined

to be three, and reasons for its interest will now be advanced.

In the sbove notation, if n =1, G is abelian, and if n=2, G
is metabelian. Also well-known is the fact that bounded Engel 2-groups
need not be nilpotent. However, Gupta in [3] has shown that third Engel
2-groups are solvable. His work is based on results of Gupta and Weston
[4] on groups of exponent L4 and results of Heineken [5] on third Engel
groups, and he actually shows that a third Engei group is the extension of
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& solvable group by a group of exponent 5 . Thus, the problem of whether
third Engel groups are solvable reduces to the corresponding question for
5-groups. The existence of such a nonsolvable group had already been

conjectured by Macdonald .and Neumann in [10], p. 557. We show

THEOREM 1. There exists a third Engel group of exponent 5 which

18 not solvable.

COROLLARY 1. There exists a nonsolvable group all of whose two

generator subgroups are nilpotent of class (at most) three.

COROLLARY 2. The variety of 2-metabelian groups (that is, each two

generator subgroup is metabelian) is a nonsolvable variety.

The Macdonald-Neumann conjecture is that there exist [2 + 3]
S-groups of nilpotency class m for each m=1 . An [n > k] group is a
group such that every n-generator subgroup is nilpotent of class = k .
Theorem 1 is equivalent to the Macdonald-Neumann conjecture as pointed out
by Gupta in [3]. Direct verification of the conjecture readily follows by
using Zusatz 2 of Heineken [6] which states that the group of Theorem 1 is
automatically a [2 = 3] group. Hence the Corollary 1. In relation to

the group of Theorem 1, we have in fact the more general

THEQREM 2. 4 third Engel group of exponent 5 is an [n » (2n-1)]
group. In particular the group of Theorem 1 is a nomsolvable [n + (2n-1)]
group.

Gupta has shown that groups of type [n =+ (2n-2)] are nilpotent by
abelian and hence solvable. (In fact, according to Neumann [11], p. 98,
Heineken has shown that groups of this type without elements of order 2
are nilpotent of class at most 3n- 3 .) Furthermore, Gupta has shown
that [n » (2n-1)] groups are extensions of a solvable group by a group of
exponent 5 . Thus Theorem 2 points out where the dichotomy occurs between

solvability and nonsolvability for groups of type [z + k] .

2. Some required notation and results

Let R be the free associative noncommutative ring of characteristic
5 with identity generated by indeterminates x,, x;, 3, ... . Let L Dbe

the Lie ring in R generated by the xi where addition in L 1is the same

as in R and Lie multiplication in L is commutation (z, yl = zy - yx .
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Let H denote the ideal of R generated by all elements
glx, y) = x2y - 3xyx + 3yx? ,
where X, y are any elements of L , or, alternately, by all elements
h(z, y, 3) = xyz + zyx + 2yax + 2yxz ,

where X, Y, 2 are arbitrary elements of L . H 1is a Lie substitution

ideal, which means that if a polynomial P in the z, is in H , so is

the polynomial P' obtained from P by substituting elements of L for
the Ty Let U be the ideal of R generated by all monomials in the

z. with a repeated indeterminate factor. We state the main result of [7].

THEOREM A. In R/(H+U) , let G be the group generated by the

(1+xi) mod (H+U) . Then G 1is a nonsolvable group of exponent 5 .

In the next section, we will show that G is third Engel.
Let yl, ye, ceey yn be distinct indeterminates, »n = 3 , and let

T3(yl, Yos ++va yn) be the multilinear (degree 1 in each ¥ } part of

[(#y,) (14y,) - (a+y,)-1]° .
It readily follows that
(1) T3(..., Y Yo .
N GO, IR PN NI I
If T 1is the ideal of R generated by the T3(zl, vees zn) , nz3,
where the 2z, are in L , then T< H (Lemma 4 of [1]). As a result (see

Section 4 of [1]), we have (g-1)3

0 for all g € G .

We will also need the following three theorems.

THEOREM B. In R

. . . 2
(1) a monomial of the form MixisziM3 is congruent to Pz,
mod H , for all indeterminates z; where P 1is a polynomial

in the zs and o 18 an integer modulo 5 ,
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(i1) modulo H, xi commutes with all elements of R , and

(1i2) if a monomial M 1in the x, has an indeterminate factor
repeated three or more times, then M = 0 mod H .

THEOREM C (Heineken, Hauptsatz 3 of [5]). In a group without
elements of even order, the set of all elements g satisfying
[gﬂ, Y, Y> Y] =1 for all y in the group forms a subgroup.
THEOREM D. The associated Lie ring of a third Engel group of
exponent 5 <8 a third Engel Lie ring of characteristic 5 .

All parts of Theorem B are trivial consequences of the results or
methods in Section 3 of [7]. A proof of Theorem D readily follows from the
same arguments used in Theorem 4 of Higman [9]. Theorem C is proved by
Heineken using right-normed notation. But as shown by Lemma 1 of [70], the
third Engel conditions in the right-normed and the left-normed notations

are equivalent, that is,

l:ys [ya ly, x]]] =1 if and only if [z, y, y, y] = 1 for

elements x and y in a group G .

3. Proof of Theorem 1

Let G be the group of Theorem A in Section 2. To prove Theorem 1
we need to show that (¢ 1is a third Engel group. By Theorem C, we need to
prove that [g, y, y, y] =1 forall y € G where g is a generator of
G . Put g=1+2x2 and y =1 +P vhere x 1is an indeterminate
(generator of R ) and P is a polynomial in the xi

LEMMA 1. (g, y, y» y] =1 + PxP? + P2xP mod (H+U)

Proof. g'_1 =1-zx and y_l =1-P+P modulo (H+U) , since
z2 = PP 20 mod (H+U) . Thus, all terms omitted from [g, y, y, y]

either have two occurrences of & or have a factor of p3 .
LEMMA 2. pPxP? = P22P = 0 mod (H+U) .
Proof. Modulo U , PxP? is the sum of polynomials

T*lx. , 2. 5, oo,y X where the x's are indeterminates and
3 7,1 1,2 7’k
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% . . .
T3(xl, x2, ey xk) is the sum of monomials MixM2M3 s Mi coming from

the Z-th factor of P and M1M2M3 having degree one in .

1 >

1 <4 =<k . DNote that the sum of the monomials MiM2M3 is

3( > Tps cees xk) . We need only prove that
;[ 1> Lps ooes xk) Z0 mod H# for k = 3 . We proceed by induction on
k . For k=3, we have
T3(xy, Tp, T3) = T 2X,T3 + T 2L3T, + XoTTX3 + THpxT3x] +
XL3xX 1Ly + L3XT X
But the sum of these six monomials is in H because it is just the
linearization of & xx;x;, which is certainly in H from part (iZ) or

(i72) of Theorem B. Therefore, assume inductively that

T;Lxl, x2, ceey xk) =0 mod H. 8Since H 1is a substitution ideal,

* = % s
T3(zl, Bos wees zk] =0 mod H with 2, € L . We need the equation

(2) T;(xl, sees Lo Tpls wees xk+l] - Zg(xl, iees X

i s Loy vaes &

i+1° V¢ k+1)
= * . e e .

T3y voen @@ 08T oo Tpy)
(The proof of (2) is essentially the same as that for (1).)

Notice that the expression on the right-hand side of (2) has fewer

arguments and so by our induction hypothesis is in H . Using this, we
have

*
T3(xl, x2, x3, e xk+1)

= 6T§(xl, Zys T3s ees xk+l)

Tg[xl, Lys Tys oees xk+1) + Tgﬂrl, Ly Tps woes xk+1J

+ Tg[xz, Zy5 T3+ xk+l) + TgﬂrQ, x3, Tys woes xk+l)

+ T§6r3, Tis Tys wnes xk+l) + T;(x3, Tps Tys +ees xk+1) mod H .

But again the six terms on the right-hand side are = 0 mod H , since they

are the linearization of

Tg(x, Ly Ty Ty o xk+l] =0 mod H .

This completes the induction. By symmetry P2xP = 0 mod H . This proves
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Lemma 2 and hence Theorem 1.

4. Proof of Theorem 2

Let G be the free third Engel n-generator group of exponent 5 .
Theorem 1 and the results of Heineken and Gupta show that G is nilpotent
of class 2 2n-1 . To show that G has class < 2n-1 , it is sufficient
to prove that the associated Lie ring of G is nilpotent of class

= 2n-1 . As a result of Theorem D we need to prove

LEMMA 3. The free third Engel n-generator Lie ring L of
characteristic 5 <is nilpotent of class = (2n-1) .

Proof. Let a,, a a_generate L , and let R be the
1 n

ot
associative subring of the endomorphism ring of (L, +) generated by the

endomorphisms

A, =ada, i x> [z, a]

together with the identity map. According to Higgins [8], R is a
homomorphic image of the ring R/H of Section 2.

To prove that L is nilpotent of class = 2n-1 , it is sufficient

to prove that every left~normed product

e = [2. s Qe 3 s 5 evey A n} = . [a. . a.2l, A, |y oovy A =0 .
1y i, z3 Z, 2 7 13 Zo,

We consider three cases:

(i) Some a; J = 2 , appears at least three times in ¢ . Then
J
e=a, A. ... Ai
1% on

0 by (ii7) of Theorem B.

(ii) a, appears at least three times in ¢ . Then
1
e =oa, Ai P by (7) and (i2) of Theorem B
1 1
=0 .
(iii) Each a, appears twice in ¢ . Then

https://doi.org/10.1017/50004972700047365 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047365

Third Engel groups 385

Q
1]

3

4

wvhere M 1is the product of the squares of the other indeterminates (by (i)

and (771) of Theorem B).

This exhausts all cases and completes the proof of Lemma 3.
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