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Abstract

In this paper we introduce the transformed two-parameter Poisson—Dirichlet distribution
[1g , on the ordered infinite simplex. Furthermore, we prove the central limit theorem
related to this distribution when both the mutation rate 6 and the selection rate o
become large in a specified manner. As a consequence, we find that the properly scaled
homozygosities have asymptotical normal behavior. In particular, there is a certain phase
transition with the limit depending on the relative strength of o and 6.
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1. Introduction

In 1975 Kingman et al. [9] introduced the Poisson—Dirichlet distribution denoted by Iy
to describe allele frequencies in descending order with parameter & > 0. It is a probability
measure on the ordered infinite simplex

v"o:l(xl’xz""):xlZx22"'20,2xi=1},

It plays an important role as the stationary distribution of the neutral infinite-alleles model.
We refer the reader to [8] for more literature on this distribution. In population genetics, the
parameter 6 > O reflects the mutation rate and 6 = 4N.u, where u is the individual mutation
rate and N, is the effective population size. For convenience, throughout the paper, we call 6
the mutation rate.

Applying a size-biased sampling procedure to the random frequencies X = (X1, X»o,...)
with the Poisson—Dirichlet distribution, we can obtain the GEM representation (5( 1 X 2,...)
of the Poisson-Dirichlet distribution. The GEM distribution is defined as follows. Let V;, i =
1,2,..., be a sequence of independent, identically distributed (i.i.d.) random variables with
Beta(1,0) density f(v) = 0(1—v)? "1 1)(v). A size-biased permutation of (X;)S° is given by
5(1 =V, f(k ={1-=Vy)--- (1 — Vi_1)Vk, k = 2, which is called the GEM representation.
By ordering ()~( i)7° in descending order we can retrieve the (X;){°. In 1997 Pitman and Yor [12]
generalized the GEM distribution to the two-parameter case in which the distribution of V; is
Beta(l — «, 6 + i). Ranking the two-parameter GEM in descending order gives the two-
parameter Poisson—Dirichlet distribution denoted by Iy o for0 < o < 1 and 6 > —o.
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Besides mutation, selection is another important factor in the population evolution. In the
infinite-alleles model with overdominant selection intensity o > 0, the stationary distribution
denoted by I17 has been shown to be absolutely continuous with the Poisson—Dirichlet distri-
bution ITy. The corresponding Radon—Nikodym derivative is given explicitly as a special case
in [2]:

dl'[g( )= exp{—o Hx(x)}
i, T T C(o.0)

k]

where the population homozygosity

9]
Hyx) = H(x, 2, ) =) %), x=@nxn,..)eV,

i=1

andC(o,0) = fv exp{—o H>(x)}I1g(dx) is anormalizing constant. In this paper we generalize
the selection density to the two-parameter case. For convenience, we name it the two-parameter
Poisson—Dirichlet distribution with selection though the two-parameter Poisson—Dirichlet dis-

tribution has no direct application in population genetics. Define the two-parameter Poisson—
o

Dirichlet distribution with selection, denoted by I1 9.0 @S
dng,a eXP{—UHm (x)}
XxX) = s
dIlg o C(o,0,a)
where H,,(x) = Zil xim, x = (x1,x2,...) € V,m = 2,3,..., denotes the mth-order

homozygosity, and C(o, 0, o) = fv exp{—o Hp (x)}T1p o (dx).

Population genetics applications have motivated much study of the limiting behavior of the
one-parameter model when the mutation rate 6 goes to co. In this setting, 6 is the scaled
population mutation rate and large 6 corresponds to a large population size. Relevant results
include the limit theorem of Griffiths [4], the associated large deviation estimates of Dawson
and Feng [1], and the central limit theorem obtained by Joyce et al. [5].

The Poisson—Dirichlet distribution and its two-parameter counterpart share much structural
similarities, including the GEM representation and the sampling formula (see [11]). Itis natural
to ask if we can establish similar limiting theorems for the two-parameter model. These results
include the large deviation principle in [3] and a comprehensive study of the two-parameter
Poisson-Dirichlet distribution in [7].

This paper is inspired by the central limit theorem obtained for the one-parameter model
in [6]. There the authors showed that the limiting behavior of the infinite-alleles model with
overdominant selection is similar to the neutral infinite-alleles model when both the mutation
rate and the selection rate become large. The goal of this paper is to find the limiting distribution
of the properly scaled pth population homozygosity under the two-parameter Poisson—Dirichlet
distribution with selection density as 6 approaches oco. In particular, letting the selection
intensity o be some power of the mutation rate leads to similar results, which indicates that
both the large selection intensity and the large mutation behave like the large mutation alone.
Also, there exists a certain phase transition which depends on the relative strength of the
mutation rate and the selection intensity. We use the approach of proving the convergence of
the characteristic function. The main difficulty is obtaining the uniform integrability of certain
exponential functions of homozygosity. This property comes intuitively from the corresponding
result in the one-parameter case. But the two-parameter GEM loses the identical property. We
solve this problem via decomposing the two-parameter Poisson—Dirichlet distribution Iy 4
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into a random variable with Poisson—Dirichlet distribution Iy and an i.i.d. sequence of random
variables with distribution Ig 4.

We can identify from the results obtained that the Poisson—Dirichlet distribution with
selection and its two-parameter counterpart have similar asymptotic properties for large 6
when « is fixed. It also indicates similar mathematical structure between the Poisson—Dirichlet
distribution and its two-parameter counterpart.

To state the main result, we need to introduce some notation and related results.

For p =2,3,...and X = (X1, X2, ...) ~ [Ip 4, define

ri—e ,

Zpg =~ ———0P""H,(X)—-1), 1.1

P f(r(p_a) »(X) (1.1

where H,(X) denotes the pth homozygosity of X. Similarly, for ¥ = (Y1, Y2, ...) ~ Hg’a,

where o = 0" V2B m=273,..., B > 0, and c is a constant, set

rd—-a ,_
B 1

zF  =vo[ ——6P"H,(Y)—1). 1.2

P (F(p —a) pth) ) (2

The main ingredient used in the proof of our theorem is the following central limit theorem
for (Z p’g)?liz obtained in [7]. We remark that this result can be proved by an argument similar
to that given in [5].

Lemma 1.1. Let (22,4, Z3.q, - . .) be multivariate normal with mean 0, and let the covariance
of Zi o and Z o be given by

Fd-—al'+j—a
L@ —a)l'(j —a)

o —ij. (1.3)
Then, as § — oo, we have

(22,9, Z3,9,-..) > (Z2,a, Z3,05 - - -).

Here and in what follows, ‘2 denotes convergence in distribution. The next theorem is the
main result of this paper.

Theorem 1.1. Suppose that Y = (Y1, Y2, ...) ~ Hg,a and o = cO™ V2B \where B >0,
¢ > 0isaconstant, and m = 2,3,.... Let (de, Zf,e, ...) be defined as in (1.2), and let
(Z2.4, Z3,4, - . .) be given as in Lemma 1.1. As 6 — oo,

(Z% 4 Z5 .. ifB=0,

BB B
(Z39: 234 --) ~> ]
2,00 43,0 (Zrws Z3.4,--.) B >0,

where
Z;a =Zpa—Chp, bp=0-a)p-1)covV(Zpa: Zina)s
I'(p—a)

and (l—a)(p_l):m:(l—a)-~-(p—1—a) forp=2,3,....

Theorem 1.1 is proved in Section 3. In Section 2 we present a uniform integrability argument
for exp{—tZ, 0}. We also use several results obtained in [6].
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2. Uniform integrability
To obtain the uniform integrability of exp{—7Z, ¢}, it suffices to show the following lemma.

Lemma 2.1. Suppose that, for any fixed t > 0 and p > 2, Z, g is defined as in (1.1). Then
there exists 0g = 6y(t) < oo such that

sup E(exp{—tZ,9}) < o0.
0>6p

We first need to introduce an important result of [10] in the following lemma.

Lemma 2.2. ([10].) Suppose that (X)) is given by the Poisson—Dirichlet distribution with
parameter > 0. Independent of (X)), let (Upy), m = 1,2, ..., be asequence of independent
copies of (U,) which has the two-parameter Poisson—Dirichlet distribution with 6 = 0 and
o > 0,i.e oy Let (X,) be defined by ranking the collection of products {X|, Upn, m, n € N}.
Then (X,,) has the two-parameter Poisson—Dirichlet distribution with parameters 0 and o,
i.e. g q.

In virtue of the above representation, we can rewrite the homozygosity corresponding to
the two-parameter Poisson—Dirichlet distribution as well as Z, y in a form that keeps the i.i.d.

property.
Suppose that W,,,, m = 1,2,..., is a sequence of i.i.d. random variables as copies of
> UY for fixed p > 2. Therefore, 0 < W,, < 1 and its moments depend on « alone.
Forany p = 2, 3, .. ., by the GEM representation and the exchangeability of H), as a function
of (X,){°, we have

o0 o0 o
Hy=Y X§= Y (X,)'Uhn =Y (X,)" Wy = V{ Wi+ (1 = V)P Hp,
n=1 m=1

m,n=1

where V| ~ Beta(l,6) and H, is a random variable with the same distribution as H,, and
independent of Vi and W;. Here ‘2’ denotes equality in distribution.

Since
rd—-a , ) < gr-1 )
Z :J@(—ep H,—1)=v0|———H, 1),
P rp-—a 7 =) "’

we deduce that

(1 =) p-1yZpo = VOO " Hy — (1 — ) (p—1))
Z V00" VW67 (1 = V)P H, — (1 — a)(p-1))
=VoO VWi + (1= V)P(1 — &) (p—1) — (1 — &) (p—1)
+ (1= VDPOP " Hy — (1 — ) (p—1)))
= Vi, W)+ (1 —a)pty(I = V)P Z, 9,

where
Fr(Vi, W) = VOO P~ 'VEW — (1 — a)(p—1y (1 — (1 — V)P)), 2.1
and

- or—1 -
Zpo = x/5<—Hp - 1),

(I —a)p-n
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with the same distributionas Z,, g, is independent of V; and W;. Since 0 < 1—-(1-V)? <27V,

and0 < Wy <1,
1 1
ﬁ(el’v{’wl -1 - Ol)(p_l)zpevl) <fp = ﬁ(el’vl”wl + (1 - a)(,,_l)zpevl). 2.2)
Also,
L oy p
| fp(Vi, WD| < E(Q Vi + (1 —a)p-1)2PoVy).
Fork > 1,

E(f,(Vi, WD) < 072 E(@0P V] + (1 — a)(p-1)2P0 V1)¥)

< 6 2BV + (1 - a)f,_ 2P E(@ V1))

2 k
< (ﬁ) [(pk)! + (1 — @)f,_ 1) 2P k!]
~ 0077,

where in the last step we used the fact that 0 < E((0V})/) = j!10/ /(@ +1)--- (0 + j) < j!,
j=1

Next we give the estimation with respect to f),.
Lemma 2.3. For p > 2, let f,(Vi, W1) be defined as in (2.1), where Vi ~ Beta(l, 0), and
W1 has the same distribution as the pth homozygosity corresponding to allele frequencies with

distribution I1g o. Then, for @ > 1 and each j > 1, there is a positive function gp_j(t, W)
increasing in t such that, for all t > 0,

&\ (—tf
2

k=j

= tjgp,j(tv W1)|fp|j~

Proof. Note that

. (—1f 5> G
D 'Z V1D | = 1ol 851 ),
k=j k=j
where j—1 k
- _ N\ k!
N (_x)k_j (&} Z(ijo)(] x) / , X # 07
e F’ x =0.

Define f(x) = Wix? — (1 — a)(,—1)27x. Hence, f has a lower bound on [0, 0o). Let x* =
(1 - oz)(,,_l)Zp/Wlp)‘/(p’]) be the point in [0, co) at which f(x) achieves its minimum,

that is,
B B 1 — 2P p/(p=1)
Fry=w Ve ”(—( “EP D ) (1—p) <.
By (2.2),
fFOVI) _ f(x") "
fr= > > f(x*) forf > 1.
Vo NG
Since g;(x) is a decreasing function of x € (—00, 0), g;(1f ;) < g; (tf(x*)) =: gp,j(t, W)
forall r > 0.
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The next lemma shows that the moments of Z, ¢ are uniformly bounded for large 6.

Lemma 2.4. Let Z,, g be defined as in (1.1). Then, for all integersr > 1 and p > 2,
supE(|Z,4|") < 0.
0>1
Proof. Suppose that (X{, X5, ...) ~ Ily. Set HI’, =Y . (X,)P, and set
or—!
!/ _ r_
Z, 9= Jé(—(p i 1).

By the sampling formulae of the Poisson—Dirichlet distribution and the two-parameter Poisson—
Dirichlet distribution, we know that E((Z ;’ 9)2r )and E((Z ,,,9)2’ ) have the same highest finite
order of 6. Thus,

E(Zp0)™)

im ——"——= = k < o0.
60— 00 E((Zpﬂ) )

Using the result obtained in Lemma 5 of [6], we know that

supE(|Z), 41") < o0.
6>1 ’

Since E(|1Z 6|") < ,/E((Zp,g)”), it follows that supy_ | E(1Z 6|") < 0.
Now we are ready to give the proof of Lemma 2.1.

Proof of Lemma 2.1. For each integer r, define
Zy=(=a)p-nZpo and prp=(1-a), E(Z,,).

Since supy. 1 E(|Z, ¢]") < oo for each r, we only need to show that, for > 0, there exist

finite values [ = I(¢) and 6y = 6y (l, t) such that

o (=1

Z ' Mr,0
r!

r=I

sup
6>6p

< Q.

It is obvious that
[(1—a)p-1Zpal" = (Fpo(Vi, W)+ (1 —a)pty(1 = V)P Zp )
r r )

= Z <k>f]l§(vlv Wl)[(l — a)(p_l)z[)ﬁ]r_k(l . Vl)l’(r—k)
k=0

= 1= VD" =) p-1Zpol

r - ~
3 (k)fl]’((vl’ WA = VPO = a) o1y Zp el F
k=1

Taking the expectation of both sides and using independence, we have

wro =B = VD" )prg + Yy @ E(f, (Vi, WA = V)PU ™), .
k=1
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Thus,

r

r+0 r e
pro =2 = > (k) E(f5(Vi, W (1 = V)P ™), g,
k=1

Define two sequences of random variables:

_ _ (Ze(1— VP
M = F’ N; = l—'
Thus,
S =1 pr0 (=) ; e ‘
; o Hre| = ; ol ;(k)ur—k,eE(fp(Vl,Wl)(l Vi) )
o0 r 9
= E(Z Z(l + —)MkNrk(—t)’)‘
r=l k=1 pr
x o 9
< E(Z MkNr—k(_t)r>‘ + 'E(Z Z ;MkNr—k(—t)r>
r=l k=1 r=l k=1

D [E(AD[ + [E(A2)].

Using the inequality in Lemma 6 of [6] and interchanging the order of summation, we obtain

Z(—t)ij Z(—t)qu

Jj=1 q=0

[Af] < +tKq(1),

where
I—j—1

-1
K@) =Y IMjit/=" > Ny
j=1 i=0

is an increasing function of . By Lemma 4 we obtain

[e.¢]

- .
i (_tfp)J
Z(—t)fMj = Z | S e @ WO
j=1 j=l
and
o0
D (DTN, | = exp{—tZy(1 — V1)"}
q=0
< max{1, exp{—1Zy}}
<1+ exp{—tZg}.
Hence,

|A1l < 18,1t WD f|(1 + exp{—t Zg}) + 1 K11 (2).
It follows that

[E(AD| < E(|A1])
< 1E@gp1(t, WD fp) + 1 E(fp1(t, WD £, ) E(expl—1Zg}) + 1 E(K 1 (1)).
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Since E((| f,(Vi, W)DK) ~ 0(©~*/?) and E(g,,1(t, W1)) depends only on a, there exists
0o = 6p(t) < oo such that t E(gp,1(z, W1)|p) < % for all & > 6y(r) by Holder’s inequality.
In addition, Ky;(¢) is a sum of a finite number of random variables, and note that the mean
of each random variable is bounded for all 6. Thus, supg.; E(K1;()) < oo. Set aj(t) =
supg; E(K1;(1)) + 3. Then, for 6 > 6,(2),

o]

1 ~ 1 (=)
[E(AD] = 7 Eexp{—1Zs)) +en() = 7 ZO T Hre o (0).
We also have the same inequality for Aj:
1 h (=)
[E(A2)] < ; ZO T Hr + o2(0).

Since A, involves the factor 6/pr, it needs a more delicate estimation, but the argument is
similar to that of Aj. The reader can find a similar detailed proof in Lemma 9 of [6], which we
will not repeat here.

By the inequalities for A; and A, above we have

(—t)" 1o (=)
; | < Er—zo e+ an (1) + ).
Thus,
[ee) o0 -1
(—1)" 1 (1) 1t
21: o Mro| — 5 l A Hro = 5 2(; r—!|,U«r,9| + o1 (t) + aa(t).
r= r= r=

It follows that
-1,

Z t—,lﬂr,al + a1 (1) + (1),

r.
r=0

1S (=) 1
EZ ! Hro| =

r=I -2

Therefore, |Z§i1(_l)r#r,9 /r!| is bounded by the sum of a finite number of terms, which are
uniformly bounded for 6. It can be concluded that

N (—1)
sup o

6>6y

Mro| < 0O.

r=I

3. Proof of Theorem 1.1

For o = co™~1/2=8 B>0andm = 2,3, ..., we know that the characteristic function of
Zﬁ’g can be calculated as follows:

¥ (x) = E(explix Z5 o})
E(exp{ixZ, ¢} exp{—o Hpy})
- E(exp{—o Hu})
 E(explixZpp — c(1 = &) u-1)0 P Zpn o))
 E(exp{—c(l — ) m-10"PZm.0})

https://doi.org/10.1239/jap/1245676095 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1245676095

400 F. XU

By Lemma 1.1, (Z24, Z3 9, ...) 2 (Z2,4, Z3,a, - - .) as 0 goes to oo, where (Z2.4, Z3,45 - - -)
is multivariate normal with mean 0 and the covariance matrix of Z; 4 and Z; 4 ingiven by (1.3).

For 8 = 0, combining the uniform integrability of exp{—?Z, ¢} with Z, 9 — Z, , for any
p=2,3,... wehave

E(exp{—c(l — &) m-1)Zm,0}) = E(exp{—c(l —&)(n—1)Zm,«}) asé — oo.
Therefore,
E(exp{ixZp 9 — c(1 = a)m-1)Zm,0}) — Blexp{ixZp o — c(1 — &) on—1)Zm.a})-

It follows that, when 6 goes to oo,

2
X .
Yp(x) = exp{—7 var Zp o —icx (1 — o) gu—1) cov(Zp o, Zm,a)}.
Define by, = (1 — &) (u—1)cov(Zp,o» Zm,a), and let Z;‘;,a = Zp o — cbp. It follows that

Zﬁeiz;ﬁ,a forp=2,3,... as — oo.

s

Using the same method to calculate the characteristic function for a finite linear combination
of Z, ¢, we obtain

(25 4. 25 g0 ) D (25 Z5g ) 836 — o0
For 8 >0and @ > 1,
exp{—c(l — a)(m,l)G_ﬁZm,g} < max{exp{—c(l — a&)m-1)Zm,0}, 1}.
Using the dominated convergence theorem, we have
E(exp{—c(1 — @) (-0 P Z,0)) = 1 as6 — oc.
Therefore, (Z’;@, Z’;e, .Y 2 (Z2,as 23,4, ...) aS O — 00.
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