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Abstract

We introduce a new algebra U = UO’ N (Lsly) called the shifted O-affine algebra, which emerges naturally from
studying coherent sheaves on n-step partial flag varieties through natural correspondences. This algebra I/ has a
similar presentation to the shifted quantum affine algebra defined by Finkelberg-Tsymbaliuk. Then, we construct a
categorical {{-action on a certain 2-category arising from derived categories of coherent sheaves on n-step partial
flag varieties. As an application, we construct a categorical action of the affine 0-Hecke algebra on the bounded
derived category of coherent sheaves on the full flag variety.
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1. Introduction

The derived category of coherent sheaves on an algebraic variety plays a crucial role in modern algebraic
geometry and its related fields. In this article, we focus on exploring the categorical actions of a specific
algebra—the shifted 0-affine algebra—on the derived categories of coherent sheaves on Grassmannians
and n-step partial flag varieties.

1.1. Categorical sl-Action

Roughly speaking, a categorical action of a Kac-Moody Lie algebra g consists of a collection of functors
and categories that recover actions of Chevalley generators at the level of Grothendieck groups. Let
{e, h, f} be elements in g that form an sl,-triple.

A finite-dimensional representation V of sl, consists of a direct sum decomposition V = @&,V
into weight spaces and linear maps e : V3 — Vi and f : Vi3 — V), satisfying the relation
(ef — fe)lv, = Aly,. Such data can be depicted in the following diagram

e e e e
e e e e
e Vaa o OVal TVan o (1.1)
f f f f

This characterization leads to the following notion of sl, acting on categories.

Definition 1.1 [28, Definition 1.2]. A naive categorical sl,-action consists of a sequence of additive
categories C(A) together with additive functors E : C(1) — C(1+2) and F : C(1) — C(A —2) for each
A € Z such that there exist isomorphisms of functors’

EFlew = FEleqy @D 143Y, if 4 2 0,

FEle(y = EFley @D 1483} if A <0, (1.2)

where Idcy) is the identity functor for C(1).

The work of Beilinson-Lusztig-MacPherson [8] offers a geometric framework for a categori-
cal sly-action, where the weight categories are defined as C(1) = D?Con(Gr(k, N)). These cate-
gories correspond to the derived categories of constructible sheaves on Grassmannians Gr(k, N), with
A = N —2k. The functor E : D?Con(Gr(k, N)) — D?Con(Gr(k — 1, N)) is given by pull-push along
the following correspondence

INote that we do not specify the data of these isomorphisms between functors in this definition.
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Fl(k—1,k) = {0 ‘¢ v' ¢ v e vy (1.3)

pP1 P2

Gr(k,N) Gr(k - 1,N)

where Fl(k — 1, k) is the 3-step partial flag variety, and the numbers above the inclusions indicate the
increase in dimensions. The functor F is given by the opposite pull-push.

Then, building on the work by Beilinson-Lusztig-MacPherson [8] and Chuang-Rouquier [20], the
categories C(A) and the functors E and F introduced above give a naive categorical sl;-action. More
precisely, the functors E and F satisfy (1.2) in Definition 1.1.

The term “naive categorical action” is used in this context since the natural isomorphisms in (1.2)
are not explicitly defined. In contrast, a categorical sly-action specifies these natural isomorphisms
through certain adjunctions. For a detailed explanation, please refer to [28, Definition 1.5].

The study of natural transformations between functors is a fundamental problem in higher represen-
tation theory, particularly in the context of categorical actions. Ideally, isomorphisms between functors,
such as (1.2), should arise naturally from specific adjunction data. One solution to this problem in the
case of sly-categorification was proposed by Chuang-Rouquier [20] and later extended to (simply-laced)
Kac-Moody algebras g by Khovanov-Lauda [29] [30] [31], and Rouquier [38].

Since then, there have been numerous developments and applications. In particular, people have
extensively studied the categorical action of Lie algebra or quantum groups in several flavors. One of
them is the notion of geometric categorical sly-action, which was introduced by Cautis-Kamnitzer-
Licata in [16] by using Fourier-Mukai transformations. See [15], [17] for the applications.

1.2. Constructing Categorical Action via Derived Categories of Coherent Sheaves

1.2.1. Main results

Our work is motivated by previous studies on constructible sheaves, and we shift our focus to categories
of coherent sheaves. This leads us to consider weight categories k(1) = D?Coh(Gr(k, N)), which are
the bounded derived categories of coherent sheaves on the Grassmannian variety Gr(k, N).

In the coherent setting, FI(k — 1, k) naturally admits a line bundle given by the quotient of the
tautological bundles V/V’, where V and V'’ are of rank k and k — 1, respectively.

In contrast to the constructible setting, where the functors are given by a pull-push along the
correspondence (1.3), in the coherent setting, we obtain a family of functors that depends on powers
of the tautological line bundle V/V’ on Fl(k — 1, k). In other words, we have a family of functors
parameterized by the integers corresponding to the tensor powers of V/V’ and (V/V")~!.

More precisely, we have for each r € Z

E, := pa.(p} ® (V/V)®) : D’Coh(Gr(k, N)) — D?Coh(Gr(k - 1, N)) (1.4)

and similarly for F, in the opposite direction. The main goal of this article is to study the following
problem.

Problem: Our goal is to investigate the algebraic structure arising from the action of the functors
E, and Fy defined in (1.4) on the category (P, D?Coh(Gr(k, N)). This algebra is generated by the
abstract symbols e, and f, and its structure encodes important information about the categorical action
on coherent sheaves. We may ask several natural questions about this algebraic structure, such as:

1. What are the commutator relations between E, and Fy in the categorical sense?

2. What are the relations satisfied by the generators of the algebra after we take the Grothendieck group
of the categories of coherent sheaves?

3. Assuming that we obtain the algebra in (2), can we define a categorical action of this algebra as in
Definition 1.1 for s1,?
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This article provides answers to the above questions. Before we state the main result, we would like
to make some remarks.

First, the algebra that we consider in this article has a close resemblance to the loop algebra
Lsl, := sl, ® C[t,17'] (although they are not identical). The generators e,, f; bear a resemblance
toe®t", f ®t® respectively, where r, s € Z.

Second, the idea of constructing decategorified actions goes back to Nakajima’s work [37], where
twists by line bundles for the loop structure appear when moving from cohomology (or Borel-Moore
homology) to K-theory.

Third, upon decategorification, we obtain an algebra with a presentation similar to the shifted quantum
affine algebra defined by Finkelberg-Tsymbaliuk [22]. We call the resulting algebra the shifted 0-affine
algebra, denoted by U = Uy y(Lsly). The term “zero” reflects that certain relations are obtained by
setting g = 0 in the relations of the shifted quantum affine algebra. In Section 7, we also explore its
connection to the affine 0-Hecke algebra.

Finally, answering these questions enables us to construct a categorical {{-action on
EB X DP Coh(Gr(k, N)). Furthermore, we extend our result to the sl,, case, where the Grassmannians
are replaced by the n-step partial flag varieties Fly (CN) (see (1.12) for its definition). We summarize
the main results of this article in the following theorem.

Theorem 1.2.

1. For the values of r and s restrict to certain ranges, either E; ,.F; ¢ and F; sE; , are isomorphic or
there are non-split exact triangles relating them (Proposition 5.10).

2. The resulting algebra is a new algebra, the shifted 0-affine algebra U with generators and relations
are given in Definition 2.6.

3. We give a definition of categorical U-action (Definition 3.1). We prove that there is a categorical
U-action on @, D Coh(Fl, (CN)) (Theorem 5.6).

1.2.2. The difference from the constructible setting and other new features
In this subsection, we provide further details on our results, focusing specifically on the categorical
commutator relations arising from the geometric setting as described in Theorem 1.2 (1).

We begin by explaining the restriction of the loop generators. This restriction stems primarily
from the chosen presentation of the shifted O-affine algebra U/, defined in Definition 2.6. Inspired
by the Levendorskii presentation of the shifted quantum affine algebra introduced by Finkelberg and
Tsymbaliuk [22] (see Definition 2.3), this presentation is particularly advantageous due to its simplicity.
It employs a finite set of generators and relations for ¢/, enabling a straightforward definition of a
categorical U{-action. More precisely, our algebra I/ is defined by the idempotent modification, and we
only have the loop generators e, 1(x n-k) and fs1(x n—k) for—k <r <0and0 < s < N — k.

In [22], Finkelberg-Tsymbaliuk proved the equivalence between the Levendorskii presentation and
the usual loop presentation of the shifted quantum affine algebra (see Theorem 2.4). In Appendix A, we
introduce a definition for the shifted 0O-affine algebra using the loop presentation (see Definition A.1)
and conjecture that the two presentations are equivalent (see Conjecture A.4).

To compare the compositions of functors E,.Fg and F E, with E,, Fg defined in (1.4), we use
the language of Fourier-Mukai (FM) transformations. It translates the comparison between functor
compositions to the comparison between convolutions of FM kernels. We denote &£, 1 n—k) to be the
FM kernel for E, 1(x v k) and similarly 1 y—_g) for Fslx ny—_x) Where r, s € Z.

Due to our presentation of I/, we only have to compare (&, * F)1(x n-k) and (Fs * &)1k, n-k) for
—k <r+s < N — k, where we denote * to be the convolution of FM kernels.

When -k +1 <r+s < N -k — 1, we then obtain the following isomorphisms

(&« F)le,N-k) = (Fs * E) Lk, N—k) - (1.5)

When r+5s =N —k and r + s = —k, we only have the two cases (r,s) = (0, N — k) and (r, s) = (—k,0)
respectively. Then, we have the following exact triangles in D?Coh(Gr(k, N) x Gr(k, N))
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(Fn-k * E) L, N-r) = (Eo % FN-i)Li,N-t) = ¥ 1k N—k), (1.6)
(Ek * Fo)l(e,N—k) = (Fo* E-)lken-k) = ¥ 1k, N-1)» (L7

where W*1(x n-k), ¥~ 1(x n-k) are certain FM kernels (see Definition 5.5 for details).

Remark 1.3. By using the conjugation property for E,1(x ny—_x) and Fsl(x n_k) (see condition (7)(a)
and (8)(a) in Definition 3.1), we obtain that the above exact triangles (1.6) and (1.7) also hold for
(& * Fs)l(k,N-k) and (Fy * &)1 n—k) Whenr +s = N — k and r + s = —k respectively (see (3.5)).

We highlight some key properties of the above results. Firstly, it’s worth noting that the commutator
between E, and Fy depends only on the integer r + s provided —k < r +s < N — k. Secondly, the
isomorphisms (1.5) and exact triangles (1.6), (1.7) are closely related to the coherent sheaf coho-
mology H*(PN~!, Opn-i(=r — s — k)). Specifically, (1.5) corresponds to the vanishing H*(PN~!,
Opn-1(-r —s —k)) = 0for =N +1 < —r — s — k < -1, which in turn implies [e,, fs]1(x,n-k) = 0
when 1 —k <r+s < N — k — 1. Thirdly, the exact triangles (1.6), (1.7) are non-split, as we discuss in
Remark 5.11, which is different from the corresponding constructible setting ((1.2) in Definition 1.1).

1.2.3. Toward a future study
Although our presentation of ¢/ does not cover all the loop generators, the FM kernels &£,1x y—k) and
Fs1(x,N-k) are defined for all r,s € Z. Therefore, it is of interest to explore the relations between
(& * Fs)l(k,N-k) and (Fs * E)Lg,n-) forr+s > N -k +1andr +s < —k — 1. In this article, we
provide an initial exploration of the case where r + s = N — k + 1 (and similarly r + s = —k — 1), as
discussed in Section 6.

Like (1.6) and (1.7), we obtain the following (non-split) exact triangles in D?Coh(Gr(k, N) x
Gr(k,N))

(Fn-ts1 * E) Lk N-k) = (€0 % Fn-tx) L, n-k) = (PT s H1) 1k, k) (1.8)
(E—k—1 * Fo)l(e,n—-t) = (Fo* Ep-)L,n-k) = (P = H_) Lk, n-k)» (1.9)

where H.11(x n_k) are certain FM kernels (see (6.7) and (6.8)).

The exact triangles (1.8) and (1.9) can be viewed as categorifications of the two commutators
[eo, fn-k+1]1(k,N-k) and [e_x_1, fol 1 (x,N-k) respectively. Although the elements e_;_1 1, n—-k) and
SN -k+11(x,nN-k) are not included in the generators of I/, the conjugation property of the FM kernels
E- Lk, Nn-k) and Fslx n—k) (see (6.4)) suggests that we can define e_x_11(x ny-x) and fv_x+1 1k, N-k)
in U by using conjugation with 1 n_g) (see (6.5)). Finally, we define

Ml n-k) = @) eos fv-krt] L en-r)s A1l en-k) = =) e—k-1, fol L (x.n-k)s

which are elements of I/, ensuring that (1.8) and (1.9) categorify the desired commutator relations.

Let H.11(x, n—k) denote the FM transformations with kernels given by H.11(x v —-«). These transfor-
mations categorify .11k n—-x), Which can be viewed as an analog of the loop-Cartan-type elements in
the quantum loop algebra U, (Lsl5). For the sake of completeness, it would be appropriate to include
the 1-morphisms H.11(x, n—k) and certain exact triangles, such as (1.8) and (1.9), as conditions in a cat-
egorical U-action. However, this article does not include these conditions, as we have not yet identified
any direct applications for the 1-morphisms H.11(x v—).

Although we do not include Hyi1(x v—-x) and the conditions involving them in our definition of a
categorical {{-action, we believe that studying the properties of Hy11(x, ny—x) and their associated FM
kernels H.11(x,nv-x) remains valuable, which is in Section 6. Moreover, such exploration can provide
deeper insights into the structure and behavior of the categorical {/-action.

We summarize the results in the following proposition.
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Proposition 1.4.

1. Assuming that certain exact triangles like (1.8) and (1.9) exist as a condition in a categorical
U-action, then Hy 113 n—k) are biadjoint to each other up to conjugation by V*1 . n_xy (Lemma6.1).
2. For the FM kernel H11(x, n—x), there exists the following exact triangle:

ALY = Hiln-x) — ACN/V € DPCoh(Gr(k, N) x Gr(k, N))

where A : Gr(k,N) — Gr(k, N) x Gr(k, N) is the diagonal map. Moreover, Hi1(x,n—k) is neither
isomorphic to A,CN norto A.(V ® CN /V), provided k + 0, N (Proposition 6.2).
3. We compute the convolutions between Hi1x n—k) and Y1 n—-ky, E-1(k,N—k) in the simplest case
where k =1 and N = 2.
(a) We have the non-isomorphism (H1+¥W*) 1 1y & (P*=H )11, while hiy™ 11y =¢rhi L
(Proposition 6.4).
(b) There exists the exact triangle (Proposition 6.6)

(Hi*E-D)Lay — (E-1 = Hi) 11y — Sl @ Sl [1] € D?Coh(P'),

which can be viewed as a nontrivial categorification of [h1,e_1]1(1,1) = 0. Finally, we propose a
conjecture (Conjecture 6.8) about the convolution relations between H.11(x ny—k) and 1k N-k),
Fslx, N-k)-

1.2.4. The Grothendieck groups

Like the categorical sl,-action, as we expect, a categorical {/-action should also recover the action of
U on the level of Grothendieck groups. We prove this in Lemma 3.5. Thus, by (3) in Theorem 1.2
(or Theorem 5.6), we obtain the following corollary.

Corollary 1.5 (Corollary 5.14 for s, case). There is an action of U on B, K(Gr(k, N)).

Although we do not include all the loop generators in our presentation of ¢/, with the help from
the study of categorical U-action on P, D?Coh(Gr(k,N)), we extend the commutator relation
ler, fs]1(k,N-k) on K(Gr(k, N)) in Corollary 1.5to all 7, s € Z. Note that here the actions of e, 1 (x n—x)
are given by the decategorified (or K-theoretic) FM transformations with kernels given by the classes
of the line bundles (V/V’)®" in the Grothendieck group K (F1(k — 1, k)), similarly for fy1(x n—k)-

Corollary 1.6 (Corollary 6.10 for sl,, case). The commutator relations in the Grothendieck group
K(Gr(k,N)) for e, 1k, N-k), fs1(k,N-k) Withr,s € Z are given by

@(-1)N=k=1{det(CN /V)][Sym" Nk (CN)] ifr+s>N—k
ler, fs]l(k,N-k) =10 if —k+1<r+s<N-k-1.
®(=1)*[det(V) 1] [Sym ™57k (CN)V] ifr+s<—k

1.3. Application to the Affine 0-Hecke Algebra

In the second part of this article, we apply the categorical {/-action to construct a categorical action of
the affine 0-Hecke algebra, denoted by H  (0), on the derived category of coherent sheaves on the full
flag variety.

The affine 0-Hecke algebra Hy (0) arises as a specific degeneration of the affine Hecke algebra,
obtained by setting ¢ = 0 in its relations. It was first introduced in the work of Kostant and Kumar [32],
where they provided a geometric realization of the affine 0-Hecke algebra via the G-equivariant K-theory
of the product of full flag varieties, equipped with the convolution product.

The affine 0-Hecke algebra also plays a fundamental role in the study of mod p representations of
p-adic reductive groups, where it appears under various names. For instance, He and Nie [24] use the
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term “affine pro-p Hecke algebra” in their investigation of its cocenter, while Abe [1] and Vignéras [39]
refer to it as the “pro-p-Iwahori Hecke algebra” in their classification of irreducible representations.

Analogous to the categorification of affine Hecke algebras, such as Bezrukavnikov’s two geometric
realizations [11], it is natural to consider the categorification of affine 0-Hecke algebras. For example,
see [4] for related developments. Building on the work of Kostant and Kumar, there is a natural action
of the affine 0-Hecke algebra on the G-equivariant K-theory of the full flag variety, realized through the
convolution product.

By forgetting the G-equivariance, our second main result of this article is to categorify the above
action by lifting the action from K-theory to the derived category of coherent sheaves.

Let us elaborate on this in more detail. We fix G = SL (C) and let B C G denote the Borel subgroup
of upper triangular matrices. The full flag variety is described as follows:

G/B={0=VycVic..cVy=CN|dimV = k for all k}, (1.10)
Similarly, the partial flag variety is given by
G/P;={0cVicVocC..Vi_yCVip C..Vy =CN | dimVy = k for k # i} (1.11)

where P; is a minimal parabolic subgroup for 1 <i < N — 1.
The Demazure operators, introduced by Demazure [21] and rooted in the fundamental works of
Bernstein-Gelfand-Gelfand [10], are defined as

T; = nim,, forall 1 <i <N - 1.

Here, ; : G/B — G/P; denotes the natural projection, and r; and 7;. represent the induced pullback
and pushforward on the Grothendieck group, respectively, forall 1 <i < N — 1.

On the other hand, let V; denote the tautological bundle of rank i on G/B for 0 < i < N. Then, for
1 <i < N, we have the natural line bundles <; = V;/V;_; on G/B.

The Demazure operators 7;, together with the operators given by multiplication by the classes of the
line bundles [Z;], generate the affine 0-Hecke algebra H y (0). Consequently, these operators define an
action of Hy (0) on K(G/B). For the definition of H (0), we refer the readers to Definition 7.1.

The following is our second main result.

Theorem 1.7 (Theorem 7.3). There is a categorical action of H (0) on D?Coh(G/B).

One approach to proving this theorem is to directly lift the action by replacing the generators with FM
transformations. However, verifying the relations for this action requires performing six convolutions
of kernels and checking various exact triangles that relate them (see Theorem 7.3 for details). Instead
of pursuing this direct but intricate method, we reinterpret the Demazure operators as elements of the
shifted O-affine algebra and leverage its categorical action to present a more concise and elegant proof.

We need to introduce more notations. For each k = (k1, ..., k,) E N, the n-step partial flag variety is
defined by

Flg(CY) :={Ve = (0=Vy c V) € ... ¢ V,, =CN) | dimV;/V;_y = k; for all i}. (1.12)

With this notation, the full flag variety G /B and partial flag varieties G/P; in (1.10) and (1.11) have the
following description

G/B=Fly1..1n(C"), G/Pi =Fl11.. 1+a:;(CV) =Fl1 1. 1)-a; (CV)

.....

where o; = (0,...,—1,1,...,0) is the simple root with —1 in the ith position and we have the following
diagram
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T;

€ir N (1 N B €i,r
________ K(G/B=Flg,, .. n(CY)

fis Jis

K(G/P; =Fla1,.. 1)-a: (CN)) ‘ K(G/P; =Fl(11,...1)+a; (CV))

(1.13)

By utilizing (1.13), it is possible to express the Demazure operators 7; as elements within /. This
implies that all the categorical relations we need to verify can be derived from conditions in the
categorical U-action, leading to a significant reduction in calculations.

We would like to mention the related works of Arkhipov and Kanstrup. In their series of papers [2],
[31, [4], and [5], they introduced the concept of Demazure descent data on a triangulated category as
an initial attempt to comprehend the higher categorical Beilinson-Bernstein localization, which was
developed by Ben-Zvi and Nalder [9]. The categorified Demazure operators from our Theorem 1.7
provide Demazure descent data for the triangulated category D?Coh(G/B).

Lastly, for other potential applications of the categorical actions of the shifted 0-affine algebra that
are not covered in this article, we recommend referring to [25] for constructing semiorthogonal decom-
positions of the weight categories, and to [26] for constructing pairs of complementary idempotents in
the triangulated category of triangulated endofunctors for each weight category.

1.4. Related Works and Further Directions

We address the relations to other works and point out some possibly interesting further directions that
we would like to study in the future.

1.4.1. Equivariant version
In this article, we construct a categorical U/-action on the non-equivariant derived category of coherent
sheaves. Upgrading the result to the equivariant setting is a natural direction for future research. Two
related works come to mind.

The first one is related to Nakajima’s construction of the action of quantum loop algebras on the
equivariant K-theory of cotangent bundles of n-step partial flag varieties [37]. Specifically, we have an
action of U, (Lsl,,) on P, K© (T*Flx (CN)), and since there are isomorphisms K< (T*Fl (CN)) 5

K© (Fly (CN)), it would be interesting to explore the relationship between the two actions.

The second work is related to Arkhipov-Mazin’s work [6], where they introduced an algebra U
called the g = 0 affine quantum group and constructed an action of U on the GLy (C)-equivariant K-
theory of n-step partial flag varieties. We expect that their algebra U is the same as the one defined in
Definition A.1 with loop presentation.

1.4.2. Other categorical relations and 2-representation

As previously mentioned, our chosen presentation allows us to define the categorical action using a
finite number of generators and relations. Nonetheless, it is natural to consider other categorical relations
that we do not explore in this article, especially those involving E,Fs1(x y_) and F,E, 14 n_k) When
r+s>N-k+landr+s<-k-1.

We would like to comment on the subject of 2-representations. Categorification of quantum groups
has been extensively studied in the literature, as seen in [18], [29], [30], [31], and [38]. Many of these
results lead to the construction of KLR (or quiver Hecke) algebras, which act as natural transformations
on the generating 1-morphisms E;, F; and their compositions. Therefore, it is natural to consider higher
relations, such as natural transformations between the functors in our categorical action. For example,
it is expected that the exact triangles (1.6), (1.7) can be induced from certain natural transformations.
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1.5. Organization

In Section 2, we define the shifted O-affine algebras. We also mention the definition of shifted quantum
affine algebra defined by Finkelberg-Tsymbaliuk [22].

In Section 3, we define the categorical action of the shifted 0-affine algebras.

In Section 4, we recall some background on the Fourier-Mukai transformations, which will be used
in the next few sections to prove the categorical action.

In Section 5, we prove the main theorem of this article, that is, there is a categorical action of shifted
0O-affine algebra on the bounded derived categories of coherent sheaves of Grassmannians and n-step
partial flag varieties (Theorem 5.6).

In Section 6, we study the commutator relation between E,1(x y-x) and Fyl(x ny_k) that is not
covered in Section 5 for the first non-trivial case. Then, we discuss the properties of the 1-morphisms
H. and their FM kernels .. Finally, we calculate the commutators of the loop generators at the level
of the Grothendieck group.

In Section 7, we show that there is a categorical action of the affine 0-Hecke algebras on the bounded
derived category of coherent sheaves on the full flag variety by interpreting the Demazure operators in
terms of the elements in the shifted 0-affine algebra (Theorem 7.3).

2. Shifted 0-Affine Algebra

In this section, we first recall the definition of shifted quantum affine algebra from [22]. Then we define
the shifted O-affine algebra.

2.1. Shifted Quantum Affine Algebra

In this subsection, we recall the definition of shifted quantum affine algebras. Our main reference is [22,
Section 5].

First, we fix some notations. Let g be a simple Lie algebra, h C g be a Cartan subalgebra, and (-, -)
be a non-degenerated invariant symmetric bilinear form on g. Let {@;};c; € h* be the simple roots of

g relative to b and {e; }ic; C b be the simple coroots. Let ¢;; := 2 (Zi‘;f ) be the entries of the Cartan

matrix and d; := % such that d;c;; = djcj; for any i, j € 1. We also fix the notations g; := q%,
o q"-q™ a _ [a-b+1],...[al,

[mlg = q-q7! and [b]q T tg-lblg

Definition 2.1 [22, Subsection 5.1]. Given two coweights u*, u~, set b7 = a;(u™). Then the shifted
quantum affine algebra (simply-connected version), denoted by U+ ,-, is an associated C(g) algebra
generated by

rez, sli >—bt

+ + -1
{ei,ra fi,r? (w:isii)? ('ﬁ:;bli) },'E[ '

subject to the following relations (for all i, j € I and €, €’ € {})

[0 @5 (W] = 0y e (W)™ = W) Wiy = 1 (U
(z=q;"w)ei(z)ej(w) = (q;"z = w)ej(w)ei(2), (U2)
(q;"z=w)fi(2) fj(w) = (2= q;" w) f; (W) fi (2), (U3)

(2= q;"wWf (R)e;(w) = (q;"z = w)e; (W (2), (U4)
(q;" 2= W () fj(w) = (z = g;" w) ;w5 (2), (US)
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5ij
[ei(2), ;0] = —L—5(2) W} (2) - w; (), (U6)

! i
l—L','j

1-cij
Sym, > DT ez ei(z)es(wei(zrn) ei@ioe,) = 0. (UT)
Y r=0 r qi

]—Cij

1-cyj
Symy, i, Z (—1)r[ rc]] fi(z1) - fi(ze) f; (W) fi (zrs1) - fi(21-c;;) = O, (U8)
T or=0 qi

where Sym,,
follows

. stands for the symmetrization in zy, ..., zs and the generating series are defined as

ei(2) = Y ein (D) = Y ford T UEQ) = Y W6 =

rez rez r Z—b;L rez

r>0 (3

Let us introduce another set of Cartan generators {h; ,}/Z, via

(W7 2 )7 (2) = exp ( £(qi-q7) ), hi,ﬂz”).

r>0

With this, the relations (U4), (U5) are equivalent to the following:

*cij [rcij]q-
Uispein =d;  €js¥izpes hirsejs] = ———=€jrss,
> i ’ i
+ Fcij + [reijly
’ﬁ:;hitfj,s =9q; ”fj,slﬁ:ibix, [hi,h fj,s] = _Tlfj,r+s~

We mention some remarks about the properties of {4,+ ,,- that have been addressed in [22].

Remark 2.2. (1) The algebra U+ ,- depends only on u := p* + ¢~ up to isomorphism. We say that
Uy, is dominantly (resp. antidominantly) shifted if u is a dominant (resp. antidominant) coweight.
(2) We have Uy,o/ (W} W, — 1) = Uy (Lg)-the standard quantum loop algebra of g.

When U+, is antidominantly shifted (i.e., u = u* + u~ is antidominant), then it admits another
presentation, which is the so-called Levendorskii type presentation.

Definition 2.3 [22, Subsection 5.5]. Given antidominant coweights u, s, set u = u; + pp. Define
bii:=a;(u1), ba; := a;(u2), b; = by ; +by;. Then we denote U,,, ,, to be the associated C(q) algebra
generated by

{eirs fise Wig)™ s W) hisi li€l, by —1<r<0,b;<s<1}

subject to the following relations

+1 - +1 : :
{Wi0)™, (W), hix1tier pairwise commute, (U1)
+1 *1 — 1 - ¥l
Wio)™ - Wig)™ = Wip)™ W)™ =1, U2’
bl k] Eg Y1
Cij Cij s
Cir+1€js —q; €ir€js+l =q; €jsCir+sl —€js+1€ir, (U3")
Ci: Cij ’
qi” fi,r+1fj,s - ﬁ,rfi,s+l = fj,xfi,r+l - qiljfj,s+lﬁ,r, (U4 )
e, = Ciig. wt T e =g e, wT h: S P P . uUs’
i,0€j.r =4; eJ,rlp,"O, lp,"biej,r =4q; ej,rlﬁ,-,bi» [ l,i]7ej,l”] = [clj]qiej,ril’ ( )

Uiofis =a; " fisWio Ui fis = ;" fisWiy, izt frs] = =lcijlg fiser,  (U6")

https://doi.org/10.1017/fms.2025.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.17

Forum of Mathematics, Sigma 11

Ui ohi =l
”/0;5_+1”/b ifr+s=0
leir, f7s] =0if i # j and [e;,, fis] =10 o iermesth o
"Mqt—‘z’lodfo ifr+s=b;
Vi p i ifr+s=>b;-1
1-c;j 1-cji l—cij—r iy 1 —cij I~eij=r
Z (_1)r[ r j] ef’oej,oe,',o =0, Z (_1)V[ ; J] f,rOfJO i,0 V=0, (U8
) . = qi
U Lot Ui o111 = 0. Uit Lei, o1 Uhicts S 111 =0, o

for any i, j € I and r, s such that the above relations make sense.

With those generators, then we define inductively

1) hiy.eipr—1] ifr>0
Cir *= [2]%‘ .
[hi—1,eir41] ifr <by;—1,
fir=—[217) (i, firm]  ifr>1
’ BN hi-1s firn1] ifr <byig,
Ui, =g - g eir-1, firl forr > 0,
Ui, = (g7 = q)eir—py s fiby, ] forr < b;.

Then we have the following theorem, which says that in the antidominantly shifted setting, the two
presentations from Definition 2.1 and Definition 2.3 are equivalent.

Theorem 2.4 [22, Theorem 5.5] There is a C(q)-algebra isomorphism LA{MI, w — Uo, . such that
eiy v Cirs fir o firs ‘//;_r,isf — 'l’it,ts;fori €el,reZ st >0, s; >-b.

Remark 2.5. We list some relations explicitly for the readers when g = sl,, which is the main
type of Lie algebras that we will study for the shifted O-affine algebra later. In this case, we have
2 ifi=j
c;j=1-1 1ifli—j| =1, and d; = 1 for all i. The Cartan matrix is given by
0 ifli—jl=2

2 -10 00

-12 -1...00

(Clj) = . . . . . .

0 0 0...-12
Then g; = g for all 7 and the numbers ¢;; in the relations of the algebra Z/A{M,,M2 in Definition 2.3
for g = s, are known. For example, some of the relations in (U3’) are e; 415 — q2€ir€iss1 =
q2e,-,sei,,+| — e; s+1€;,r, similarly for (U4"). The relations in (U5) are lﬁjoei,r = qzei,,lﬁlfo, ‘ﬁi_b[ei,r =
q‘ze[,,zpi‘bi, and [h; 11, e;r] = [2]4€i,r+1, similarly for (U6"). The relation (U8’) is just the (quantum)

Serre relations, for example, e; ge; €0 = ﬁ(eioej,g + ej,oeio).
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2.2. Definition of the Shifted 0-Affine Algebras

In this section, we define the shifted O-affine algebras. We define it by imitating Definition 2.3, which
is by finite generators and relations. The main reason we use such a presentation is due to its simplicity
and because we can easily define a categorical action for it (see next section).

On the other hand, we define another algebra in the appendix A by using the usual loop presentation
(see Definition A.1). Similarly to Theorem 2.4, we conjecture that the two presentations, i.e., Defini-
tion 2.3 and Definition A.1, are equivalent (see Conjecture A.4).

In [8], they introduce the dot version (or idempotent modification) Uq(slz) of U, (sly), since our
motivation comes from their geometric construction, the shifted 0-affine algebras we introduce below is
also an idempotent version. This means that we replace the identity by the direct sum of a system of pro-
jectors, one for each element of the weight lattices. They are orthogonal idempotents for approximating
the unit element. We refer to [36, Chapter 23] for details of such modification.

Throughout the rest of this article, we fix a positive integer N > 2. Let

C(n,N) = {k = (kis k) € NU{OD" | ky + ... + kn = N}.

We regard each k as a weight for sl,, via the identification of the weight lattice of sl,, with the
quotient Z"/(1, 1, ..., 1). We choose the simple root ; to be (0...0,—1, 1,0...0) where the —1 is in the
i-th position for 1 < i < n — 1. Then we introduce the shifted 0-affine algebra for sl,,, which is defined
by using finite generators and relations.

Definition 2.6. We consider formal symbols of the form 1,x1,, (4,u € (N U {0})") and abbreviating
Ly ly) . (Lyxily,) = 14,x1...x;1,, if the product is nonzero. Then we define the shifted 0-affine
algebra, denoted by U = Uy (Lsl,,), to be the associative C-algebra generated by

{Ls Lvar € L L fios L QW)= Ly L () 1 K 5 <0 0 ki
keC(n,N)

subject to the following relations

Il =6kl (Uo1)
WH WH* 1 = W) () 1 forall i, j, (U02)
W - @H ™M =1 = W)* - W)™ g, (U03)
—ejsr1€ir-11k ifj=i
cives i = eivl,s€irlk — €ivl,s-1€ir+11g lfJ = l +1 (U04)
= eirneicisoilg —eisisoreipaly ifj=i-1
ej,sei,rlk ifli—j|=2
—fis—1fire1 1k ifj=i
Frfisle= Jirtfirtsailie = firrsat fipm 1 i =i+1 (U05)
b fi—l,sfi,r 1&_ fi—l,s+1fi,r—11& 1f] =i-1
Jistirle if i —j| =2
—eiraily ifj=i —eirn¥; g ifj=i
lﬁTE' I = —ei+1’r_11,0;1& ifj=i+1 Vel = ei+1,r1//l._1& ifj=i+1 (U06)
TS et 1y ifj=i—1 " "R ey if =i
ej,r‘ﬁlﬂ& if|l'—j| >2 ej,rlﬁi_lk 1f|l—J| >2
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~firoil  ifj=i —firi e i) =i
—fi g ifj=i+1 1 if j=i+1
lﬁ;"—fj,rlk _ fl+1,r-:1¢’l k 1 -] l , w[_fj,rlk _ fl+1,r‘l/l &_ 1 -] l ., (U07)
N fi—l,rlﬁl‘ 1& ifj=i-1 - _fi—l,r+1¢i 1& ifj=i-1
Lirtil ifli—jl>2 Liri 1k ifli—jl=2
Yl if (r,s) = (0, kiv1)
leir, fis]lx =0if i # j and [e;,, fis]1x =10 if —ki+1<r+s<ky—1, (UOS)

Y 1 if (r,s) = (=ki, 0)
forany 1 <i,j < n—1andr,s such that the above relations make sense.

We discuss a bit about the use of the notation Uo, ~ (Lsl,), and why we call it the name shifted
0-affine algebra. We present the discussion as a list of remarks.

Remark 2.7. First, the 0 in the notation emphasizes that our algebra is a certain g = 0 degeneration
of the shifted quantum affine algebra analogous to Hecke algebras degenerate to 0-Hecke algebras.
However, here “q = 0” does not mean that we substitute ¢ = 0 directly in the relations of the shifted
quantum affine algebras since g~! appears. Only some of them can be, from the relations (U3"), (U4"),
in sl,, case, we have ¢;; = 2 wheni = j. Taking ¢ = 0, we can see that they become the relations (U04),
(UO5) wheni = j

Remark 2.8. Second, the number N stands for the fact that our algebra depends on a choice of highest
weight, for example, the highest weight (0, N) = Nw in the sl, case where w; is the fundamental
weight.

Remark 2.9. From Definition 2.6, the shifted 0-affine algebra is in fact a path algebra of the quiver
with vertices indexed by k = (ki,..,k,) € C(n,N) and arrows given by lg, e;, 1, fislk,
(WH)* 1k, (¥;)* 1 subjected to the relations (U01) to (U08) (see Example 2.10 below).

Thus, although the precise relation between our algebras and the shifted quantum affine algebras is
still unclear, the above evidence suggests we call this algebra the name shifted O-affine algebra.
Finally, we give an example of shifted 0-affine algebra.

Example 2.10. The shifted 0-affine algebra Uy »(Lsly) is the path algebra of the following quiver

e 21(2[»

T
N‘?y

_ Alan
U120 o

subject to the relations from (U01) to (U08). For example, we have [eq, fi]ll,1) =¥+ 1(1,1.

3. Categorical [/-Action

In this section, we define the categorical action for the shifted O-affine algebra that is defined in
Definition 2.6.

Before we give the definition, we have to mention that for the usual quantum affine algebra U, (g),
there are two presentations, one is the Kac-Moody presentation, and the other is the (Drinfeld-Jimbo)
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loop realization. The Kac-Moody presentation has the advantage that it is given by a finite number
of generators and relations, while the loop realization is better for checking actions (on geometry) in
practice. The categorical actions for the two presentations are also quite different.

While extensive research has been conducted on the categorical actions associated with the Kac-
Moody presentation (e.g., [20], [29], [30], [31], and [38]); in contrast, the investigation into categorical
actions of the loop realization is relatively limited, with a working definition provided in [ 14]. Although
Definition 2.6 presents a slightly non-canonical form compared to the conventional loop presentation
found in Appendix A, its appeal lies in the finite nature of its generators and relations. This character-
istic serves as the primary motivation for utilizing this presentation and providing a definition for its
categorical action.

We will use the notations C(n,N) and «; defined in Subsection 2.2. We also denote by
() : Z" xZ" — Z the standard pairing. Then we define the categorical action by imitating the
definition of (Lgl,,, 6)-action in [14, Section 4], which originates from the definition of (g, §) action in
[12, Section 2].

Definition 3.1. A categorical U = Ug n (Lsl,)-action consists of a target 2-category K, which is
triangulated, C-linear and idempotent complete. The objects in K are

Ob(K) = {K(k) | k € C(n,N)}

where each KC(k) is also a triangulated category, and each Hom space Hom(/C(k), KC([)) is also
triangulated. On those objects KC(k) we impose the following 1-morphisms:

g, Eiplg = Loy Eips il = Lo, Figs (WE), = 1 (W),

where 1 <i<n-1,-k; <r <0,0 <5 < kiy. Here 1; is the identity 1-morphism of (k). Those
1-morphisms are subject to the following conditions.

1. The space of maps between any two 1-morphisms is finite-dimensional.
2. Suppose i # j.If 13,4, and 1@+aj are nonzero, then 1; and 1&+m+aj are also nonzero.
3. The left and right adjoints of E; ,- and F; s are given by conjugation of W up to homological shifts.
More precisely,
(@) (Bipl)® = 1 (W) Fi gt (W) =] forall 1 <i<n-—1,
(b) (Ei 1)t = lk(\lll.‘)”k"‘lFl-,o(\lll.‘)"‘ki [r+k;]foralll <i<n-1,
(©) (Fisl)R = 1, (W) E; k-1 (W;)* ! [s] forall 1 <i<n-—1,
(d) (Fislp)l = lk(\ll'l.*)’“k“l"El-,o(\ll;f)s’kf+l [-s+ k] foralll <i<n-1.
4. The 1-morphisms W11, and W: 1 satisfy the following

W WH ™ = (W)™ (W) 1 forall i j,
(\U:-)tl(w:—)¢11& ~ (wl_)il(\jjl_)$11& =~ 1& for all i.

5. The relations between E; -, E; ¢ are given by the following

(a)

Eist1Ei L [-1] ifr—s>1
Eir+1Ei sl =40 ifr=s
Eisr1Ei 1 [1]  ifr—s< -1

(b) E;r, Eis1,s are related by the following exact triangle

Eis1,sEire1lx = Ei1 s01Ei Ik = Ei pEipr 511k
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(©)
Ei Ejslk =E;E 1y, if i — j| > 2.

6. The relations between F; -, F; ¢ are given by the following

(a)

FisFirale[l]  ifr—s>1
FirFistile =40 ifr=s
FisFiralg[-1] ifr—s<-I.

(b) Fir, Fis1 s are related by the following exact triangles
FirstFirtsle = FipFist se1le = Figr ea1Fi 1k

()
Fi,er,xlg = Fj,sFi,r1£7 if |l—j| > 2.

7. The relations between E; ., ‘I’ji are given by the following
(a) wiiEi,rlk = Ei’r_,_lwzllk[il].
(b) For |i — j| = 1, we have the following

WFEis1, 1k = By, Vi1 [£1],
VB 1 = iz, Vi lg.

(c) \U;T"Ej’rlk = EJ'JW;TFIE, if |i — j| = 2.

8. The relations between F; ., ‘PJ* are given by the following
(a) W?Fi,rlk = Fi’r_lw;-tlk[il].
(b) For |i — j| = 1, we have the following

VEFist o1k = Fral i Vi 1k [F1],
VEFis 1k = Fis, Vilg.

(©) \U;{Fj’rlk = Fj,r\lll.ilﬁ, if i — j| > 2.

9. Ifi # Js then Ei,er,slk = Fj,sEi,r1£~

10. The relation between the two compositions of 1-morphisms E;,F; 1z and F;E; 1z €
Hom(K(k), K(k)) for —k; < r+ s < k;41 are given by
(@) Fik., El‘,()l& - Ei,OFi,kiHlE — W:’lk,
(b) Ei—kFiolxg = FioEi 1,1k — WV 1,
(©) Fi,sEi,rlk = Ei,rFi,slka if—k;+1<r+s<kj -1
for all r, s that make the above conditions make sense, and the isomorphisms between functors
that appear in every condition are abstractly defined, i.e., we do not specify any 2-morphisms that
induce those isomorphisms.

First, we give some remarks about this definition.

Remark 3.2. The 2-category K is called idempotent complete if, for any 2-morphism f with f> = f,
the image of f is contained in K.

Remark 3.3. Note that in our definition of categorical action, we do not have the linear maps

Span{e; | 1 <i <n-1} — End*(1;), k € C(n,N)
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which is used to give the element § in the definition of (g, ) or (§,6) action in [12] or [18]. This
is because usually, the geometry of the spaces that appear in our setting does not have a natural flat
deformation; see Section 5 for our examples. The data of flat deformation can be used to obtain linear
map Span{e; |1 <i<n-1} — Endz(lk), which was shown in [12].

Remark 3.4. To establish a categorical action, we proceed by lifting the generators e; 1, fi s1x, and
(l//;—')i’l 1¢ to 1-morphisms E; -1, F; 1, and ( \IJl.f)J—'1 1, respectively. Then, we check all the conditions
in Definition 3.1. Note that our weight categories are assumed to be triangulated. Thus, when dealing
with relations that involve three elements, i.e., (U04), (U05), and (U08), instead of employing a direct
sum of I-morphisms for the categorical action, we utilize exact triangles to lift relations that involve
equality between three elements.

Next, we show that the above definition of categorical {/-action recovers an action of I/ on the vector
spaces given by the Grothendieck groups of the weight categories.

Lemma 3.5. Given a categorical U-action K, then there is an action of U on the Grothendieck groups
Drecinn) KKK)-
Proof. Since there is a categorical U-action on K, we assign the action of the generators of &/ on
Drecn.n) K(K(K)) via the following

L = (1l eipli = [Eipdels fisli o [Fislel, and gl = [Vl n-i)] (3.1

where we denote [T] to be the class of a 1-morphism 7T in the Grothendieck group.

Then, we need to verify that under the assignment (3.1), the generators satisfy relations (UO1)
to (U08). From the above discussion, it is clear to see that condition (4) implies (U02) and (U03),
conditions (5) implies (U04), condition (6) implies (U05), conditions (7) implies (U06), condition (8)
implies (U07), and conditions (9) and (10) imply (U08). Finally, relation (UO1) is obvious from the
definition of identity 1-morphisms 1. O

Finally, since W}1 are invertible, from conditions (7)(a) and (8)(a) we have the following isomor-
phisms

Eirli = (W) Eio(W]) " 1g[r], forall —k; <r <0,
Fislg = (W?)_SFL()(\U?-)SIK[S], forall 0 < s < kjyg.

Such a conjugation property suggests that, for a computational purpose and also for future applications,
it is convenient to introduce the following 1-morphisms in a categorical {/-action

Eirli = (W) Eio(V)) 7 1i[r], forallr € Z, (3.2)
Fisle = (W) Fio(W))* 1 [s], forall s € Z. (3.3)
Remark 3.6. Note that we also have the following isomorphisms by conditions (7) and (8)
V(W) Erodk = EioWF (W) e, W (W) TR oLy = FioWT (W) T,
Thus, we also obtain
Bili = (V7)) Bio(V;) "1k [r], Fisle = (W) Fio(W;) 1k [s] (B4

forall r,s € Z.

With the general 1-morphisms in (3.2), (3.3), and the isomorphisms (3.4), by conjugating the exact
triangles in conditions (10)(a) and (10)(b) with (W})"1; and (W;)™1;, respectively, we obtain the
following exact triangles
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Fi,sEi,rlk — Ei,rFi,slk e \U?—lk, ifr+s= ki+],
Ei,rFi,slk Ed F[,sEi,rlk g \Ul-_l&, ifr+s= —k,'. (35)

Moreover, condition (10)(c) holds for all 7, s € Z such that -1 + k; <r+s < k;;; — 1.

4. Preliminaries on Coherent Sheaves and Fourier-Mukai Kernels

In this section, we briefly recall the notions about Fourier-Mukai transforms/kernels and other related
tools that we would use for proofs in later sections. The readers can consult the book by Huybrechts [27]
for details.

We will mostly work with the bounded derived category of coherent sheaves on an algebraic variety X,
which we simply denote by D?(X). Throughout this article, functors between derived categories are
assumed to be derived functors, for example, we will write f*, f; instead of Lf*, R f, resp.

Let X and Y be two smooth projective varieties. A Fourier-Mukai kernel is any object P in the derived
category of coherent sheaves on X x Y. Given P € D? (X x Y), we define the associated Fourier-Mukai
transform, which is the functor

®p : DP(X) - DP(Y), F = mau(n}(F) @ P).

We call ®p the Fourier-Mukai transform with (Fourier-Mukai) kernel P. For convenience, we would
just write FM for Fourier-Mukai. The first property of FM transforms is that they have left and right
adjoints that are themselves FM transforms.

Proposition 4.1 [27, Proposition 5.9]. For ®p : D?(X) — D?(Y) is the FM transform with kernel P,
define

PL=P'® mywy [dimY], Pg = PYe® mjwx [dimX],
where PV := RHom (P, Oxxy) € D?(X x Y). Then
®p, : DP(Y) - DP(X), and ®p, : D’ (Y) - DP(X)

are the left and right adjoints of ®p, respectively.
The second property is the composition of FM transforms is also a FM transform.

Proposition 4.2 [27, Proposition 5.10]. Let X,Y,Z be smooth projective varieties over C. Consider
objects P € D?(X xY) and Q € D?(Y x Z). They define FM transforms ®p : D?(X) — D?(Y),
®g : D?(Y) — DP(Z). We would use * to denote the operation for convolution, i.e.

QxP:= ﬂlS*(ﬂTz(P) ® 7T33(Q))

Then for R = Q x P € D?(X x Z), we have ®g o ®p = Dr.

Remark 4.3. Moreover by [27] remark 5.11, we have (Q = P)r = (P)L = (Q)L and (Q = P)g =
(P)r * (Q)r-

The next thing is about the derived pushforward of coherent sheaves. Let V be a vector bundle of
rank n on a variety X, where n > 2. Then we can form the projective bundle P()). We get in this way
a P"!-fibration 7 : P(V) — X. Let Op(v) (1) be the relative tautological bundle and Op(y (1) be the
dual bundle, and we define Op(y) (i) := Op(y) (1)® for i € Z. Then we have the following result.
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Proposition 4.4 [23, Exercise 8.4 in Chapter 3].

Sym (V) ifi >0
7. Op(y) (i) = 0 ifl-n<i<-1
Sym™ (V) @ det(V)[1 —n] ifi < —n

in D?(X), where V¥ = RHom(V, Ox) € D?(X).

Remark 4.5. Note that the above result is slightly different from the result in [23]. More precisely, in
this article P()) parametrizes one-dimensional “sub-bundles” of } while in [23] P()) parametrizes
one-dimensional “quotient-bundles” of V.

The final result we need is the push-pull of a complex under a closed embedding in the derived
category.

Lemma 4.6 [27, Proposition 11.1 and Corollary 11.2]. Let j : Y < X be a closed embedding. We
assume Y is the zero loci of a regular section of a locally free sheaf of rank ¢ = codim(Y C X) on X.
Denote Ny x to be its normal bundle. Then, for any F* € D?(Y) we have

HG T = P NN x @ HI(F).

s—r=I

5. A Geometric Example

In this section, we give a geometric example that satisfies Definition 3.1 of categorical {/-action. That
means we have to define the categories K(k) and 1-morphisms E; ,1x, F; s1x, and (Wl.*)*llk so that
they satisfy the conditions.

5.1. An Overview

The utilization of FM transforms necessitates the introduction of additional geometric spaces (varieties)
in conjunction with the spaces employed to define the categories KC(k). These additional spaces play the
role of correspondences, enabling us to define kernels for the respective 1-morphisms. Here, we give
the readers an overview of the main ideas behind the definitions and proofs first.

It suffices to consider the sl; case, in which the categories are the bounded derived category of coher-
ent sheaves on Grassmannians D? (Gr(k, N)). The correspondence we use to define the 1-morphisms
E,1(x,n—k) is the 3-step partial flag variety FI(k — 1, k) in diagram (1.3), similar for Fs1x n—x).

To verify those conditions in Definition 3.1, we have to calculate many convolutions of FM ker-
nels, and most of them are done by using standard tools like base change, projection formula, and
Proposition 4.4.

The most technical and interesting ones are the categorical commutator relations between E, and
Fy, i.e., condition (10). The final step of convolution is pushforward induced from the projection 713
to the product of the first and third components. In the constructible/coherent setting, to calculate the
convolutions of kernels for EF/E, Fg and FE/F4E,., we need to know what are the geometric spaces that
the projection 3 really restrict to.

They are the following varieties

1
Z={(V,V', V") € Gr(k,N) x Gr(k + 1,N) x Gr(k, N) | V, V" C V'},
1
7' = {(V,V",V") € Gr(k, N) x Gr(k — 1, N) x Gr(k, N) | V""" C V, V"'}

that naturally arise when calculating convolution of kernels for EF/E, Fs and FE/FsE, respectively (see

Lemma 5.9 for details). Restricting the projections to Z and Z’, in order to distinguish them we use 7/,
for Z’. Then we obtain the following diagram
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Z VA (5.1

3 !

where Y is given by
Y ={(V,V"”) € Gr(k,N) X Gr(k,N) | dim(VNV") > k - 1}. (5.2)

Remark 5.1. Y is singular with 2 resolutions Z and Z’.

In the constructible setting, assume that 1 = N — 2k > 0, then in the diagram (5.1) the map 7ri3
is a small resolution and 713 is not a small resolution. Using the theory about perverse sheaves (or IC
sheaves), we obtain the isomorphism EF|c (1) = FE|c(1) P 1 d?(’l/l) 2, The extra term / d?(’l/l) is contributed
from 13 since it is not small. Moreover, the extra term has a cohomological interpretation, which can
be thought of as Idc(y) ® H:ing (P*1,C), see [16].

However, in the coherent setting, we do not have powerful tools like the decomposition theorem. We
use the fibered product X := Z’ Xy Z which is defined as follows

X ={Wv"”,v,v'V)eGr(k—-1,N) xGr(k,N) x Gr(k, N) x Gr(k + 1, N) | V""" cV cV, V" cV’'cV'}
(5.3)

and denote p : X — Y to be the natural projection. Moreover, there is a divisor D C X which is the
locus where V = V' and cut out by the natural sections V"’ /V"”" — V’/V where V', V, V", V' are
the natural tautological bundles on X. Thus we have the following short exact sequence

0= V')V >V Y—->0pV/V—0. (5.4)

To compare the kernels for E,Fg and FE,, instead of directly pushing forward to Y, we pull them
back to X and use the short exact sequence (5.4) together with Proposition 4.4 to help us prove the result
(see the proof of Proposition 5.10).

The kernels for W*1; n_g) are produced under the above comparison, and they are reflected by the
non-vanishing of coherent sheaf cohomology H*(PN~!, Opn-i (=1 — s — k)) # 0. Also, the kernels for
W*1x n-k) are just line bundles up to homological shifts.

5.2. Correspondences and the Main Result

First, we define those geometric spaces (varieties) that will be used to define the categories K (k) and FM
kernels for the 1-morphisms E; ,1¢, F; 1, and (\Ill.i)il 1. They can be viewed as a s, generalization
of the varieties mentioned in Subsection 5.1.

For each k € C(n, N), we define the n-step partial flag variety

Fl (CN) :={Ve=(0=VpcV; C ... V,, =CN) | dimV;/V;_y = k; for all i}. (5.5)

We denote Y (k) = Flg (CN) and D? (Y (k)) to be the bounded derived categories of coherent sheaves
on Y (k). On Y (k) we denote V; to be the tautological bundle whose fiber over a point (0 = Vy C
Vi € ... € V,, = CN) is V;. We define the following correspondence, which can be thought of as sl,,
generalization of Fl1(k — 1, k).

Definition 5.2. We define W/ (k) to be the subvariety of Y (k) X Y (k + ;)

W} (k) = {(Va, V) | V; = V) for j # i, V] CVi} CY(R) X Y (k+ )

2Here note that this is an isomorphism between kernels.
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and similarly its transpose correspondence
"W (k) == {(Vae, V) | V; = V] for j #i, Vi C V/} C Y (k+a;) XY (k)

forall k € C(n,N) and i.

We denote ¢(k) : W!(k) < Y(k) x Y (k +a;) and "e(k) : TW! (k) < Y(k +a;) X Y (k) to be the
natural inclusions. We also have the natural line bundle V;/V on Wl.1 (k) and similarly V! /V; on TWl.1 (k),
where 1 <i < n.

Next, we define the following varieties that can be thought as sl,, generalization of X in (5.3).

Definition 5.3. We define X; (k) to be the subvariety of Y (k + @;) X Y (k) X Y (k) X Y (k — a;)
Xi(k) = {(V Vo VIV IV cVic VL V" eV eV, V"=V, =V =V]Vj#i}
and the divisor D;(k) c X;(k) that is defined by
Di(k) = {(VS" . Vo, VI VO IV cVi= VI C V], V" =V =V = VIV j #i}.
Note D; (k) is cut out by the natural section of the line bundles Hom (V" /V!”", V! [V;). More precisely,
we have Oy, () (=D;(k)) = V! /V!" ® (Vl.’/V,-)‘1 and the following short exact sequences
0—=V/'/V!" = V//Vi = Op, ®V{/Vi = 0.

We obtain similar results if we view D; (k) as the divisor that is cut out by the natural section of the line
bundles Hom (V;/V!", V! [V!).
Finally, we define the sI,, generalization of Y in diagram (5.1).

Definition 5.4.

i
Yi(k) ={(Va, V) € Y(l) X Y(R) | dimV; 0 V) = (D ki) =1, V; = V'V j # i},
=1

Let 7r; : Y(k) X Y(k) — Y (k) be the natural projection to the ith component for i = 1,2. Let p; (k) :
X; (k) — Y;(k) be the natural projection defined by forgetting V" and V, t; (k) : Y; (k) — Y (k) xY (k)
be the inclusion and A (k) : Y (k) — Y (k) x Y (k) to be the diagonal map.

Then, we define the 1-morphisms by using FM transforms with kernels involving the geometric
spaces we introduced above.

Definition 5.5. We define 14, E; 14, 14F; 5, and (W) *!'1; to be FM transforms with the corresponding

kernels
1 == A(k).Oy (1) € D" (Y (k) x Y (K)),
Eirly = u(k).(Vi/V))® € DP(Y (k) X Y (k + ),
1T = Tu(k)e (V] [Vi)® € DP(Y (k + ;) X Y (K)),
(PH* 1 = A(k)edet(Vie1 /Vi) ' [2(1 = kir1)] € DP(Y (k) x Y (K)),
(F7) 1 = A(k)odet(V;/Vie) T [£(1 - k;)] € DP(Y (k) x Y (k)),
respectively.

Now, we can state the main result of this article, which is the following theorem.

Theorem 5.6. Let K be the triangulated 2-categories whose nonzero objects are K(k) = D? (Y (k))
where k € C(n, N). The I1-morphisms are those Fourier-Mukai transformations 1y, Ei 1k, 1kF; s, and
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(llll.i)illk with kernels defined in Definition 5.5 and their compositions. The 2-morphisms are maps
between kernels. Then, this gives a categorical U-action.

We devote the rest of this section to proof of this theorem.

5.3. The sl, Case

In this subsection, we prove there is a categorical {/-action on the derived category of coherent sheaves
on Grassmannians first, which is the following theorem.

Theorem 5.7. The data above define a categorical U-action on (P, D?(Gr(k, N)).

Now n = 2, to simplify the notations further, we drop i from all the functors with i in their notation,
and thus the 1-morphisms are 1(x x-x), E-1(k,N—k)» Fsl(x,n-k), and (\Ui)ill(k’N_k). Furthermore,
for the weight k, we will just write (k, N — k) with0 < k < N.

To prove this, we need to prove the conditions (1), (3), (4), (5a), (6a), (7a), (8a), and (10) in
Definition 3.1.

Note that condition (1) is obvious since the varieties are finite Grassmannians Gr(k, N), which are
smooth and proper, and the Hom spaces are finite-dimensional. Before we check the rest, let us remark
that since all functors above are defined by using kernels, we check the conditions in terms of kernels
by Proposition 4.2.

Due to the repetition of arguments, the proofs we give below for most of the conditions are only
for the functors E,1(x ny—x) and W*1( y_x). For example, we will only prove WE, 1 n_k) =
Er+1W 1k n—k)[—1] for condition (7)(a). Finally, in order to make calculations simple, we will omit
(k, N — k) for all the maps in Definition 5.5, i.e. we will just write ¢, TLA, L, p if there is no confusion.

It is helpful to keep the following picture.

Gr(k,N) X Gr(k — 1,N) (5.6)

L

T ™

Fl(k — 1, k)
b1 p2
Gr(k,N) Gr(k-1,N)

where ¢ : Fl(k — 1, k) — Gr(k,N) x Gr(k — 1, N) is the natural inclusion and 7, 73, p1, p2 are the
natural projections.
The first is the condition (3).

Lemma 5.8 (Condition (3)). E,1(x n-k) and Fg1(x n_xk) are left and right adjoints up to homological
shifts and twists of V1 N_k):

(E 1 aN-1)R = V) (P % Fy_gear * ()" [=r].
Proof. By Proposition 4.1, the right adjoint of £,1(x y—x) is given by
{L.(V/V)E Y @ niwee(k, Ny [dimGr(k, N)],
where
{L (VY)Y = (VYN @ wrk-1.6) @ WGy N yxGr(k—1.n) [=COdimFI(k — 1, k)]

To calculate wry(k-1,k), We have wr(k-1,k) = wp, ®p§wGr(k_1,N) where w,, is the relative canonical
bundle. Since the relative cotangent bundle is 7;,\2 = V/V'®(CN /V)Y, we obtain wp, = (V/V)eWN-hHg
det(CN /V)~1. A calculation gives dimGr(k, N) — codimFl(k — 1,k) = N — k.
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So summarizing above and use V/V’ = det(CV /V’) ® det(CN /V)~! we have

{L(V/V)E Y @ 1 (wer(k,Ny) [dImGr(k, N)] = 1. (wp, ® (V/V')® ) [N — k] (using projection formula)
= 1 ((V/V)O*N KD @ det(CN /V) [N - k).
= 1, (V)Y @ det(CN V)8 @ det(CN V)8 D) [N - k]
= 1, (V/V)ND & det(CN /V)® [r(1+ k = N)] @ det(CN ) V)BT D [(r + 1)(N = k)])[~r]

Note that the kernel (W*)™'1 (1 y—k+1) is defined by A, det(CN /V")~'[N — k], while ¥*1 4 n_¢)
is defined by A, det(C" /V)[1+k — N]. We conclude that it is isomorphic to Lo Ny (P)" 5 Fn a1 *
(PH " =r]. m]

Next, we consider conditions (5a), (6a), (7a), (8a), and (10) with » = s = 0. We summarize them in
the following lemma.

Lemma 5.9.

L (1 # E)V e, N-k) = (Esi1 * E) Lk, n—k) [-1] if r = s > 1 (Conditions (5a), (6a)).
2. (W &)k n-k) = (&1 * Y1)k, Nn-k) [—1] (Conditions (7a), (8a)).
3. (&o* Fo)lx, n—k) = (Fo * E0)Lk,N-k) (Conditions (10) withr = s = 0).

Proof. Since the argument is fairly standard by using base change, projection formula, and
Proposition 4.4. We decide to prove (3) only and leave (1) and (2) to the readers.
By definition

(&0 * Fo)l(x.N-k) = m13:(m}, e Ori(k k1) ® T3tsORi(k k+1))- 5.7
We will keep using the fibered product diagram, base change, and projection formula to calculate (5.7).
Since the argument is pretty standard, we decided to omit the details and only mention the key steps in

order to make the article short.
We have the following fibered product diagrams

FI(k, k + 1) x Gr(k, N) 24 Gr(k, N) x Gr(k + 1, N) x Gr(k, N)

lal lmz

Fl(k,k+1) ——“ % Gr(k, N) x Gr(k + 1, N)

Gr(k,N) X Fl(k, k + 1) “%* Gr(k, N) x Gr(k + 1, N) x Gr(k, N)

laz lm

Fl(k,k+1) ———— Gr(k +1,N) X Gr(k, N)
where a1, a, are the natural projections. Then we obtain
(5.7) 2= 113 (("e X id) Op1(k k+1)xGr(k,N) ® (id X 0eOGe(ke, N)xFI(k k1)) - (5.8)
Next, the following fibered product diagram

z il s Fl(k, k + 1) x Gr(k, N)

lb2 lT wxid

Gr(k,N) X Fl(k, k +1) “%* Gr(k, N) x Gr(k + 1, N) x Gr(k, N)
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where Z is the following variety
Z={V,V,V”)| dimV =dimV"” =k, dimV' =k+1,Vc V' V" cV’'}
gives us that
(5.8) = mi3.(id X 1):b2.(O7z). (5.9)

Finally, we have the following commutative diagram

Z —S Gr(k, N) x Gr(k + 1, N) x Gr(k, N)

lﬂm |z lﬂw

Y ——— Gr(k,N) x Gr(k, N)
where Y = 713(Z) = {(V,V”) | dimV NV"” > k — 1}, and j; = (id X t) o by, t are the inclusions.
Note that ¥ < Gr(k,N) X Gr(k,N) is a Schubert variety, it has rational singularities. So
(m1312+)(Oz) = Oy and thus
(&o* Fo)le,n-k) = (5.9) = t.(m13]2+)(Oz) = 1.0y

Using the same method for calculating (Fo * &)1k, v -k), We end up with the following commutative

diagram
7' —2% Gr(k,N) x Gr(k — 1, N) x Gr(k, N)
lﬂls' |z \Lﬂly
Y — % Gr(k,N) X Gr(k, N)

where

Z ={(V,v"”, V") | dimV =dimV” =k, dimV"”" =k -1, V" cV, V" c V"}

and j» is the inclusion.
Again, we have 713(Z’) = {(V,V"”) | dimV NV” > k — 1} =Y, which is the same as we get when
we calculate (& * Fo)1(k,n-k)- Thus

(Fo * €))Lk, N-k) = M3:j2:(Oz') = t.(m13]2:)(Oz/) = .0y

which prove the lemma. m}

1R

Then, we prove condition (10). Observe that from Lemma 5.9 (2), we have (" = &)1k n—k)
(Erst * P (g N—ry [—1]. Since W*1(x vk is invertible, we get

[P &« (P e = Erst - [-1],
and apply this inductively, we obtain
[P * Eo* (P k. n-r) = E- Lk, n-1) [-7] (5.10)

where (¥*)" means (¥*) convolution with itself r times.
Similarly, for F1(x n-k), we have

[P Fo s () Nk v-k) = Fslie,n-r)[—5]. (5.11)
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By (5.10) and (5.11), we obtain that
(& * Fo)lkn—k) = [(PF)" % & * Forr # (¥ 1k N=k)»
(Fs # ENLpon—k) = [(P) % Fras x o (P MM (e,n-k)-

Since W*1(x, N k) is invertible, in order to compare (Fs #&Er) 1k, Ny —k) and (&, *Fs) 1k, N—k), it suffices
to compare (Fr4s * E) Lk, n—k) and (Eo * Fr45)1(x n-k). Hence, we prove the following proposition.

Proposition 5.10 (Condition (10)(a)(c)). We have the following (non-split) exact triangles in
D?(Gr(k, N) x Gr(k, N)).

(FN-k * E)L(k,n-k) = (Eo* FN-t) Lk, n-t) = ¥ (kN k) (5.12)
and the following isomorphisms
(Fy = 50)1(](,]\],]() = (& = -Fs)l(k,N—k)’ fO<s<N-k-1. (5.13)

To compare (&y * Fs)1(k,n-k) and (Fy * €)1k, N-k), by using the above fibered product diagrams,
we have to compare the following two objects

T3 (1 (V' V) ®) = t(m13l2) (V' /V)® and w13, (o (V7 V)25 = 1 (miz|z) (V7 V) S5

in the derived category D?(Gr(k, N) x Gr(k, N)).

Note that both are pushforwards to Y. In order to handle the case where we tensor non-trivial line
bundles, instead of directly pushing forward to Y, we lift the line bundles to a much larger space, i.e.,
their fibered product. The fibered product space X := Z Xy Z’, is given by

X = {(V”,, v, V”, V/) | V" cVc V/, V" v’ c V/}

We have the following fibered product diagram

X=ZxyZ —5 s 7

lgz \L”B‘Z (5.14)

T3 lz

7z —=Y

where g; and g5 are the natural projections. We denote p : X — Y to be the natural projection.

On X, we have the divisor D = Fl(k— 1, k, k+1) = {(V",V, V') | V" c V c V’} which is the locus
where V = V" and it is the vanishing locus of the natural sections V' /V""" — V’/V. Thus, we have the
following short exact sequence

0->V'IV" >V /)Y —->0peV'/V—N0.

We can relate it to Proposition 4.4. More precisely, it is easy to see that the restriction of the line
bundle V’/V to D is the pullback of the relative tautological bundle Opcn ) (=1) on P(CN/V) =
Fl(k,k + 1) c Z. Thus we obtain

O—)VN/VN/ —>V,/V—) 0D®OP(CN/V)(_1) — 0, (5.15)
and we will use the above short exact sequence to help us prove Proposition 5.10.

Proof of Proposition 5.10. Note that (mj3]z.)(Oz) = Oy. This implies that (mj3|z.)(713]|2)" =
Idpp (yy. Using the fibered product diagram (5.14), since g is the base change of m3]z, we have
82+ = Idpp (/). Similarly, (713|2.)(Oz/) = Oy implies that g1.g} = Idps (7).
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So, from the above discussion, we obtain

(&0 * F)l(r,n-k) = 1:(m13]z) (V' V) 2= 1(m13]2:) 81481 (V' V) = 1.p. (V' /V)
(Fs % E) L, n-k) = t(miz|z) (V' V") = 1.(m13]204) 8285 (V" V) E = tup (V" V") .

Thus, at first, we have to compare p.(V’/V)®* and p.(V”/V"")®* in D?(Y).
Note that for each n > 1, we have the following short exact sequence on X

0— V'V = (V' V)" = Oup ® (V' /V)®" — 0. (5.16)
Tensoring (5.15) by (V" /V""")®("=D we get
0— (V//V" SV ve (V' VERD S 0p eV Ve (V/V)EMD 0.

Both of them are exact triangles in D (X), and they can be completed together to form the following
diagram of morphisms between exact triangles

(V///V///) ®n V//V ® (V///V///)@)(n—]) OD ® V//V ® (V/V///)®(n—l)

I+ | J

(V///V///)®n - (V’/V)®" Onp ® (V’/V)®n

| J |

00— O0@u-1)p ® V'/V)®" ———— Opu-yp ® (V'/V)*"

So, we obtain the exact triangle
Op V' /Ve VNV — 0,p e (VW) = Opiyp ® (V'/V)®" (5.17)
for all n > 1 (here we take O(,—1)p to be 0 when n = 1).
Note that the case s = 0 has already been proved in Lemma 5.9 (3). Now, we move to the case where
s is nonzero. The first case is 1 < s < N — k — 1. For (5.16) with n = s we have
0— V')V = (V/V)® - Opp @ (V' /V)® — 0.
Applying the derived pushforward p., we obtain the following exact triangle in D? (Y)
p*(V///V/N)&\‘ N p*(V//V)®Y — p*(OsD ® (V//V)®S)
and it suffices to prove that p.(Osp ® (V'/V)®*) = 0 so that we can obtain (Ey * Fo)l(x n-r) =
(Fs * )1 (k,n-k) after applying ..
Using (5.17) with n = s, we have

Op® V[V (VV")) 0 ® (VW) — Opip 8 (VW)

Applying the derived pushforward p. to calculate p.(Op ® V'/V ® (V/V")¢6~D), we use the
projection formula.
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p-(Op @V [Ve (V/V")?¢™) = p.(Op ® Open vy (=1) ® Opo (s = 1)
713:81:(Op ® g1(Op(cn 1) (=1)) ® Op(vvy (s = 1))
T13:(OFi(k k+1) ® Oz(en ) (1) ® Sym* ™ (V)
713:(Or1(k k+1) ® Op(en jy) (—1) ® 135 (Sym* ™' (1))
Sym* ™' (V) ® 7113.(Op(en jyy (-1)) = 0.

1

I3

IR

R

Thus we get p.(Osp @ (V' /V)®*) = p.(Os-1)p ® (V'/V)®*). Next, consider the exact triangle (5.17)
withn = s — 1, we have

Op & V'[VeV/V")* ™ = Ounp & (VW)™ = Opap & (V/V)*0D.

Tensoring by V’/V and then applying p.., using the same argument as above, we obtain p.(O_1)p ®
V'/V)®) = p.(Os-2yp ® (V'/V)®*). Continuing this procedure, we will end up with

P«(Osp ® V' /V)®) = .. = p.(Op ® (V' /V)®). (5.18)
For the exact triangle (5.17) with n = 2, tensoring by (V’/V)®5~2) we get
Op® (V/ V)V eV/ V" — Op @ (V//V)® - Op @ (V'/V)®.

Applying p., then we get p.(Op ® (V'/V)°5"D@V/V") = 0and p.(Op ® (V'/V)®) = 0. The first
isomorphism is via projection formula and Proposition 4.4 with 1 < s < N — k — 1, while the second
one is via Proposition 4.4 with 1 < s < N -k — 1.

Hence we get p.(Oxp ® (V'/V)®) = 0 and (5.18) implies that p.(Osp ® (V'/V)®) = 0, so we
prove (5.13).

The remaining case is s = N — k. Applying p. to (5.16) withn = N — k, we have

p*(V"/V”')N_k N p*(VI/V)®(N—k) — p*(O(N—k)D ® (V’/V)®(N_k)).

It suffices to prove p.(On-x)p ® (V' V)eWN-K)y =~ j det(CN /V)[1 + k — N], where j : A =
Gr(k,N) — Y is the natural inclusion. Note that we have the inclusion ¢ : ¥ — Gr(k, N) x Gr(k, N),
andsoA =toj.

Again, using the similar argument as in the proof of the case 1 < s < N — k — 1, we also have

P«(Ow-pp ® V' /V)*N) = .= p.(Oap ® (V'[V)*NH).
Considering (5.17) with n = 2 and tensoring it with (V’/V)®N=k-2) e get
OD ® (V//V)QZ)(N—k—l) ® V/V/// N OZD ® (V//V)®(N—k) N OD ® (VI/V)Q@(N—I()’

applying p.., we obtain p.(Op ® (V'/V)®N k=D gV /") = () via projection formula, while p..(Op ®
(V' /V)eWN-K)y = j det(CN /V)[1 + k — N] is by Proposition 4.4.
Hence we get
P-(On-ryp ® (V'/V)*NN) = p.(O2p ® (V' /V)*N7H)
= p.(Op & (V' /V)®NR) = j det(CN /V)[1 + k - N]

and 1,p.(O(n-k)p ® (V' JV)eWN=K)y = A, det(CN /V)[1 + k — N], which proves (5.12). m|

Remark 5.11. In this remark, we show that the exact triangle (5.12) in Proposition 5.10 is non-split.
We prove this by showing that the Hom spaces of morphisms between objects are zero. Indeed, using
adjunction (condition (3)) we have
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Hom((& * Fn-1) Lk, n-k)» (FN-k * E0) Lk, n-k))

= Hom((Fn-i)r * Eol(k—1,N-k+1)>E0 * (FN-i)L k=1, N -k+1))

= Hom(& * (7)™ * Eol k-1, n—ke1) [1], E0 % (P 5 EL (ko1 N —se1))

= Hom(& * E-1 % (P Lot vkt [21, €0 # Eop % () Dot v—ker) [1])
= Hom(0, 0) = 0. (using condition (5)(a))

27

Finally, since W*1(x n_x) are given by line bundles, condition (4) is standard to check. Thus,

combining Lemma 5.8, Lemma 5.9, and Proposition 5.10, we prove Theorem 5.7.

5.4. The Remaining Relations

Since we have already proved the sl, case, many conditions in Definition 3.1 are direct generalization
of the sl, version. To prove Theorem 5.6, we prove the remaining conditions for the sl,, case in this

section; this means that we prove those not addressed in the sl; case.

First, we note that condition (2) is apparent. Next, it is standard to check conditions (5¢), (6¢), (7¢),
and (8c) where |i — j| > 2, and condition (9) where i # j. So it remains to check the relations (4), (5b),

(6b), (7b), and (8b). Again, condition (4) is standard to show since ‘I‘:—’ 1y are just line bundles.
The next conditions we prove are conditions (5b) and (6b).

Lemma 5.12 (Conditions (5b) and (6b)). We have the following exact triangle
(Eistys * Eipe) Lk = (Eirts01 * & )i = (Eir * Eint 541) Lk
Proof. A simple calculation gives that (Eiy1 41 * &)1k is given by
i ((Vi/V)® ® Vit V) ®0HY)
and (&; , * Eiv1,5+1) 1k is given by

12*((V /V/I)®r ® (VHI/ l+1)®(\+1))

Here i, : 1+’} (k) — Y(k)xY(k+a,+a/l+1) ir: Wl l+1(k) — Y (k)XY (k+a;+a;) are the natural

inclusions with the subvarieties W'*
given by

+ll

Wi () = {(Ve, V) | V)" C Vi Vi) € Vir, V= V] for j #ii + 1},
WL () = {(Ve, V) | V)" C Vi C VI C Vi, V=V for j # i+ 1},

1,1+

Note that W1 ! k) C WJr1 ;
Hom(V;/V/ l+1/Vl+1) This implies that

Oyt o Wiy () = /Y)Y @ Vit VY

From the divisor short exact sequence

0= Oyt 1y (= ~Wi (R) = ViV @ (Vi [V) ™ = Oy

whila O

wilw =0
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Tensoring it with (V;/V/")®" ® (Vis1/V] J:l)®(“l) we get the following exact triangle

WV @ Ven [V = VI ® Vin [Vi)*E

= Oy, ® ViV @ Vi V)00,
Applying i1, and comparing the kernels, we get
(Eivtys * Ei )1k = (Eivtyse1 * Ei )l = (Eip # Eivt s+1) 11 O

Next, we verify conditions (7b), (8b).
Lemma 5.13. (Conditions (7b), (8b))

(P * Enr )i = (Eivr 1+ P[]
Proof. A direct calculation shows that (‘I‘;r * Eiy1,r) 1 is given by
t((Virt V)" @ det(V],, /Vi))[2 = kisa ]
while (41 -1 * ‘I’;’)lﬁ is given by
6V [V ® Y @ det(Viet V)1 = kisa .
Here ¢ : Wl.l+ (k) = Y(k) XY (k +a;41) is the inclusion. Note that the following short exact sequence

0— Vi'H/Vi = Vi /Vi » Vi /V),, — 0

i+1

gives that det(V/,, /Vi) ® Vis1 [V],| = det(Vi1/ V).

i+l —
Combining the above, we get

Vit V) @ det(V/, [V [2 = kit] 2 Vit V)20 @ det(Viet V) [2 = ki ]

i+1 i+1
which implies that (W] * Eipy )1k = (Eiprr—1 + W1 [1]. O

Combining the above results in this section and Theorem 5.7, we prove Theorem 5.6.
Finally, the following corollary is a direct consequence by Lemma 3.5 and Theorem 5.6.

Corollary 5.14. There is an action of U on P, K(FIE(CN)).

6. Toward a Future Study of the Categorical /-Action

Although we only have the categorical commutator relation (i.e., condition (10) in Definition 3.1)
between E; ,-F; ;1x and F; (E; .14 for —k; < r + s < ki4q, from Theorem 5.6, the FM kernel &; -1y for
the 1-morphism E; , 14 in Definition 5.5 can be defined for all » € Z (similarly for F; , 1;). Thus, it is
tempting to understand the relation between the two convolutions (&; ;- * F; s)1x and (F; s * & )1 for
r+s>kigg+landr+s < —k; — 1.

In this section, we try to provide a short study for the first non-trivial case where r +s = k;41 + 1 (and
similarly for » + s = —k; — 1). Again, by reducing to the s, case and using the conjugation properties
(5.10), (5.11), it suffices to relate (& = fN—k+l)1(k,N—k) and (Fn_js1 * 50)1(k,N—k)-

With the help from the proof in Proposition 5.10, we have the following exact triangle in D?(Y)

p*(V///V///)®(N—k+1) — p*(V'/V)®(N_k+1) N p*(O(N—k+1)D ® (VI/V)®(N—k+1)) 6.1)

which is obtained by applying p. to (5.16) withn =N — k + 1.
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By the same argument in the proof in Proposition 5.10, we obtain the following isomorphisms
POk ® (V//V)EVTD) = = p (Oap ® (V'[V) o),
Then applying .. to (6.1), we get the following exact triangle
(Fn-ke1 * El(k.n-k) = (&0 * Frn-re) Lk N-t) = 1o (Oap ® (V[ V)BN KD, (6.2)

Finally, the above argument can also be applied to the first non-trivial case on the other side, i.e.
r + s = —k — 1 and we have the following exact triangle

(Eckmt * FO)Lkn-k) = (Fo * Ek-) g N-k) = tup:(Oap @ (V' /V)SFD), (6.3)

6.1. The New Kernels H.11; n—r)

When we pass to the Grothendieck groups, the two exact triangles (6.2) and (6.3) should give the
commutator relations [eq, fv-k+1]1k,n—k) and [e_x_1, fo] 1 (x,n-k) Tespectively.
Note that from Definition 2.6, we do not have e_x_11(x n—x) and fy_x+11(x n-x) in the generators
of U. However, we have the following isomorphisms that can be deduced from (5.10) and (5.11),
Emlen-ry) = (PN =« P vopy [-1],
Fn-ratlign-k) = (P s Py« W v [11. (6.4)

Thus, it suggests that we can define e_g_11(x y-x) and fy_x+11(x,v—k) in U by using the conjugation
property, i.e.

ekt n-r) = —(WH) ek L (i)
vkt len-k) = =W vt Laen—n).- (6.5)

By comparing to the shifted quantum affine algebra in Definition 2.3, it is reasonable to define the
following two new generators in U

hilgen-k) = W) eo, fv-ir1] Lk, N-r)
W) e—k—1s fol Lk n-k) (6.6)

hotle,n—k)
such that (6.2) and (6.3) categorify the relations [eq, fy-k+1]l(k,N—k) = ¥ hilg n-r) and

le—k-1, foll(k,N-k) = =¥~ h_11(x N—k) Tespectively.
As a consequence, we define the following two FM kernels in D? (Gr(k, N) x Gr(k, N))

Hilgn-r) = (P an-r) " * 1 (Orp ® (V' V) SN Ry 6.7

Holgen-r) = (P L n-i) " * pu(Oap ® (V//V)BKD), (6.8)

such that their associated FM transforms categorify /.11 x, n—r) respectively. Finally, we should mention
that the above FM kernels H.11(x,n—k) can be generalized to sl,, case.

6.2. New Conditions and Properties of H.11(x n-k)

With the introduction of the new elements e_x_11x n-r), fN-k+11(k,N=k)> hz11(k,N-k) € U from
(6.5) and (6.6), we define the corresponding new 1-morphisms E_;_11(x nv-x), Fy—k+11(x,n-1), and
H:11(k,v-k) in a categorical U-action.
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Then, from (6.4) we should include the following as conditions in a categorical /-action
Evmtlien-i) = (WHTEL W 1 v [-11,
Fy-ietlen—r) = (W TPy W v [1].

Similarly, from (6.2), (6.3), (6.7) and (6.8), we should include the following two exact triangles as
conditions in a categorical {{-action

Fn-k+1Eodl(k,n—k) = EoFN—k+1 (k. n-k) = VT HI 1k N—k) (6.9)
E_k-1Folx,n-k) = FoE-x-11(k,n-k) = VYV H_11(x,ng)- (6.10)

In this subsection, we will provide an adjunction property about the 1-morphisms Hii1(x v-z)-
Moreover, we will also study the FM kernels H.11(x, n—k) from (6.7) and (6.8).

6.2.1. Adjunctions
The first property is about the adjunctions between Hi11(x, n—x).

Lemma 6.1. Assume we have the two exact triangles (6.9) and (6.10) in a categorical U-action. Then,
the I-morphisms Hi1(x n_k) and H_11 (i n_y) are biadjoint up to conjugations of \Ilil(k,N_k). More
precisely,

(WO H (W) M v
(WH™NHEH (WY L v

(Hilge,v-i)™ = (W) H_ (W) ™ 1k v
(Hil e n—i)® = (W) ™M U ()N 1 v

IR

I3

Proof. We prove the case for the left adjoint, and the proof for the right adjoint is similar.
Taking the left adjoint of the following exact triangle

Fn-k+1Eol(k,N—k) = EoFN—k+1 1k, n-k) = YV HI Lk N—k)
we obtain
HE (W) v -0 = Fy i Eglaon-0 = EgFR i Laon—5)- (6.11)
Using Fy 11k, n—rk) = (WH TTFNcWH L (v [ 1], we get

(FroirLen-1)" = (W) Pyl eonv-i0) "V 1 o v-n [-1]
= (W) 2EgW 14 vk [~1] (by condition (3)(d)).

Thus

(W) 2Eo (W) (W) Fo(W) ™ "1k v [k] (by conditions (3)(b)(d))
= Eo(WH) (W) Fo (W) X1 (g ) [k + 2] (by conditions (7)(a))

= Eo (W) F (W) (W) * 1 g i) [k + 1] (by conditions (8)(a))

= EL (W) Ry (W)™ (W) 14 vk [K] (by conditions (8)(a))

= (W) TE 4 Fo(W) ™ (W)™ M4 vt [1] (by conditions (7)(a)).

1

L L
FN ks E0 l(k,ka)

A similar calculation shows that

EXFE o lienv—n = (W) RE o (W) R (W) M gy [1].
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Since W*1 (4, n—) is invertible, (\Il+)L1(k’N_k) = (W*)_ll(k,N_k). Thus (6.11) becomes

HE (W) ™ Ly = (W) Bt Fo(W) ™ (W) ™ v i [1] = (W) ' FoE 1 (W) ™ (W) ™ e vy [1].
(6.12)
Applying (W~)~**1— —(W~)k(W*) and homological shift by one to (6.12), we get

E_k—1Fol(k,n—k) = FoE—koiLie n-r) = (W) HEW) 1 vop.
Comparing to the exact triangle (6.10), there is an isomorphism
(W) HE W) 1 vy = WTHO L (ovog

and hence we conclude that HE 1 y_k) = (W) H_ (W) ™ 1 (1 v —p)-
To obtain the second isomorphism, note that from conditions (7)(a) and (8)(a)

VW) E Flgov-n = E-FVT (W) g nvoi)s

for all r and s. This implies that V(W) "Ml vy = HWT (W) 14 k). Thus
(\I!’)"Hl\ll’l(k,N_k) ~ (\IJ")’]HI\U*I(,(,N_,() and repeating this process we get the second isomor-
phism. O

6.2.2. Non-triviality
The second property is about the geometric property of the FM kernels H.11(x, n—x) defined in (6.7)
and (6.8).

It suffices to consider H 1z, v k) since the argument for H_1 1z, nv—) is similar. A simple calculation
shows that the FM kernel H11(x ny—-x) for Hi1x n—g) is

Hiln-k) = t.p(Oap ® (V' /V)EN KDy @ 72 det(CN /V) " [N — k — 1] € DP(Gr(k, N) x Gr(k, N))
(6.13)

where p : X — Y is the projection and 7 : Y — Gr(k, N) X Gr(k, N) is the inclusion with X, Y defined
in (5.3), (5.2) respectively.
On the other hand, tensoring (5.17) with n = 2 by (V’/V)®WN %=1 "ye get

Op® (V'/V)PN D @V/V" — Op e (V//V)*N D) 5 0p e (V//V)PNHD 1 (6.14)

By using the projection formula and Proposition 4.4, after applying 7. p. to (6.14), we get the following
exact triangle

ALY @ det(CV /V)[1+k = N] = t.p.(Op @ (V' /V)ENKD) 5 A.CV /Y @ det(CN /V)[1 + k — N].
(6.15)

Tensoring (6.15) with 5 det(C" /V)~! and homologically shifted by [N — k — 1], by the projection
formula and (6.13), we obtain the following exact triangle

ALY = Hilen-r) — ACN /Y (6.16)

since 3 o A = id. This implies that H {1z y—x) is determined by Extér(k’N)XGr(k’N)(A*CN/V, ALY).
The following result shows that, in the non-extreme cases, the exact triangle (6.16) is not isomorphic
to the derived pushforward of the tautological exact triangles on Gr(k, N) under the diagonal map
A : Gr(k,N) — Gr(k,N) x Gr(k, N).

Proposition 6.2. When k + 0, N, the Fourier-Mukai kernel H11x n—x) is neither isomorphic to A.CN
norto A, (V &CN/V).
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Proof. From the definition of H1(x n_k), it is equivalent to show . p.(Oxp ® (V| V)®N=k+D)) g
neither isomorphic to A*(CN ®det(CN/V)) [1+k—N]norto A*((VEBCN/V)@det(CN/V)) [1+k-N].
We have the following diagram

D=Fl(k-1,kk+1) X

e

Gr(k, Ny Y<

t

Gr(k,N) x Gr(k,N)

where the left square is a fibered product and # o j = A is the diagonal map.
Since t, is exact and A, = t.J,, it is equivalent to show p,(Op ® (V’'/V)®WN k1) ig neither

isomorphic to j. (CN ® det(CN/V)) [1+k — N] nor to j*((V ®CN/V) ® det(CN /V)) [1+k—N].
Assume otherwise, then applying j* we have

Jpu(Oap ® (V' V)N KDY & e (CN ® det(CV /V)) [1+k—N]

orj*j*((VeaCN/V) ®det(CN/V))[1 +k—-N]. 6.17)

Taking the sheaf cohomology #! to both sides of (6.17), by Lemma 4.6, we obtain

H (7 pu(Oap ® (V' V)PV D)) = (B AN @15 (CY @det(CV /V)[1+k-N])  (6.18)

s—r=l

or (B AN @1 (Ve /V)@det(CN/V)[1+k-NI).
s—r=l
(6.19)
Since CN @det(CN /V)[1+k-N] and (V&CV /V)®det(CV /V)[1+k—N] are complex concentrate
at degree N — k — 1, the only value s such that H* # 0in (6.18) and (6.19) is s = N — k — 1. Thus, if we
choose [ =N —-k—1,thenr =5 -1 =0and

HN (G p(Oap @ (V) V)N KDYy = €N @ det(CN /V) or (V & CN V) @ det(CN V).
(6.20)

On the other hand, using base change, the left-hand side of (6.17) becomes
J'p+(Oap & (V' [V)*NTED) = plp.i(Ozp ® (V/V) SN THD),
We tensor (5.16) with n = 2 by (V’/V)®N=k=1) guch that it becomes
V7 V82 @ (V! V) SN k=) ceid, (V) V)ENKD 0, (V7)) BN kD

where we denote ¢ : (V”//V"")®> — (V’/V)®? to be the natural inclusion. Applying the pullback i*,
since we have V = V" on D, the map ¢ becomes 0 and thus

PV V) @ (V0PN D) L (1 ) BN i (0yp © (V1) N TRD),
which is again an exact triangle. Thus,

i*(OZD ® (V//V)®(N—k+1)) ~ i*((y///y///)@Z ® (V’/V)®(N_k_l))[l] @ i*((V,/V)®(N_k+1)).
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Using projection formula and Proposition 4.4, we conclude that
Plpsi*(Oap @ (V) V)N, = Ny @ det(CN /V)[1 + k — N].
When!/=N-k -1,

HY TG P (Oap @ (V' V) SN = HV T (plpi (Oap @ (V1) VD))
= HNFHCN Y @ det(CN /V)[1 +k - N])
= CN /Y ®det(CN /V)

which is not isomorphic to (6.20). Hence, we obtain a contradiction. ]

Remark 6.3. A similar argument shows that H_11(x y-x) is neither isomorphic to A.(CN)Y nor to
A. (VY @ (CN/V)Y).

6.3. Calculation of Convolutions and a Conjecture

Although the application of Hs11(x n-x) is unclear to us, it is still interesting to know the categorical
commutator relations between H. 11z n—x) and other 1-morphisms.

We will only consider the relations between Hi1(x ny—_x) and W1 n_g), E- 1k n—i) since the
arguments for the others are similar. Then we have to calculate the convolutions of the FM kernels
between Hll(k,N—k) and lI‘H'l(kJ\/_k), grl(k,N—k)-

By Proposition 6.2, the kernel H 1k y-x) is complicated. Thus, the computation of convolutions
involving H 1k n-x) is generally difficult to carry out. In this subsection, we provide the calculation
in the simplest case N = 2.

When N =2, Gr(0,2) = Gr(2,2) = pt and Gr(1,2) = P'. The most interesting case is when k = 1
where the fibered product variety X in (5.3) is given by

X ={(0,V,V",C?) € Gr(0,2) xP' xP' xGr(2,2) |[0cV cC? 0cV”’cC?
and similarly the variety Y from diagram (5.1) is given by
Y ={(V,V") eP' xP'| dim(V N V") > 0}.

Thus we obtain X = ¥ = P! x P!. Both the projection map p : X — Y and the inclusion map
t 1Y — P! x P! are the identity map. Let ; : P! x P! — P! be the natural projection to the i-th copy
where i = 1,2. We also denote V and V"’ as the two tautological line bundles on the first and second
copies of P'. Then we have the two tautological line bundles iV, n3V"” on P! x P!, Let C? be the trivial
bundle of rank two on P! and denote A : P! — P! x P! as the diagonal map. By abusing notations,
we still denote its image as A. Then the associated line bundle is Opi,pi (=A) = 73V ® 71} (c?/v)~L.
Then, from (6.7), we have H,1(1,1) = Ozp ® 7}(C*/V)®? @ m5(C?/V"") 7L

First, we compute the convolutions between 711(; ;) and ¥*1(; ;) and show that they are non-
isomorphic.

Proposition 6.4. (¥* Hola & (Hy * T+)1(1’1).

Proof. 1t is standard to check that (W* % Hi)1(1;) = O ® m}(C?/V)®2 Now, we calculate
(H1 = ¥*)1(y 1. Using base-change with respect to
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Pl xp! —AXid__ pl o pl pl

; -

p! A P! x P!,

we have
(M1 =¥, = nls*(nizA*(cz/V) ® 130 ® 7/ (C2/V) P © n;(cz/w)”))
= m*((A X id). 7 (C2/V) ® 13 (Oan © 7} (C2/1)? @ 5(C? /v")*l))

= (m3 0 (A X id)). (n7<c2/w ® (123 0 (A xid))" (02 ® 7 (C2/V) P ® n;(cz/V"rl))
= 0o ® 7} (C*/V)® @ m3(C? V)"
since 13 0 (A X id) = id, my3 o (A X id) =id.
To see that (P* = H)1(1,1y 2 (Hi1 * ¥*)1(1,1), we apply the pushforward 7y, to them and using the

projection formula we obtain

w1 (PF 5 Hi) (1) = 711.(O2a @ 75 (C*/V)®2) = 1. (O2n) ® (C*/V) 2,
T (Hi * ¥ (1) = m11.(Oaa @ 7 (C2/ V)2 @ 75(CH/V") 7
= 11.(O2a ® 15 (C* V")) ® (C?/V) 5.

To calculate 771.(O,4), we use the following exact triangle
Opixp1 (=24) = Opiypr = Ona. (6.21)
Note that Opiypi (-A) = 13V @ 7} (C?/V)7!, thus
71, Opiyr (<24) = 11, (5 (V)2 @ 1 (C2/V)2(D) = m,my (V)22 & (C2/) (D) = (C2/V) (D [1]
since H* (P!, Opi1(~2)) = C[~1]. Then, after applying 7. to (6.21), it becomes
Op1 = 11,02 — (C2/V)* (6.22)

and 71, (O, ) is determined by Ext! ((C2/V)®(=2), Op1) = Ext' (Op1 (=2), Op1) = H' (P!, Op1 (2)) = 0.
Thus

71.(0n) = (C*/V)*? & Op
and we obtain
71 (P = H)1(11) = 11.(O2a) ® (C2/V)®2 = (C*/V)®* @ O = O (2) © O (6.23)
On the other hand, to calculate 71, (O ® ﬂ;(CZ/V")‘l), we tensor (6.21) with 7r§(©2/V”)‘1 to get

Opiyp (=2A) ® 15(C2/ V") — 25 (V)™ — Oan @ 75(CH/ V)7L
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Then, applying 1., we calculate

mLy(CH V)7
T (VN @ 13 (C2 V") @ 1 (C2 /) ®(2)

0
(3 (V) @ 13(C? V")) @ (C2/1)*
(C/V)*D) 2 -1]

I3

1R

R

since H* (P!, Op1 (=1)) = 0 and H*(P', Opi (=3)) = C*[~1].
Thus,

71.(O ® m5(C2 V")) = ((C2/V)®2) 2 (6.24)

which implies
T (M1 W11 1) = 1.0 @ 13 (C* V")) @ (CP/V)® = (CP/V)® = 0 (1) (6.25)
which is not isomorphic to (6.23). O

Remark 6.5. Using the same argument, we can also show that (H = ¥7)1(y 1) % (Y~ = Hi)1(1,1)-

Next, we compute the convolutions between H;1(1 1) and £,1(; 1y. Note that besides r = —1, -0, we
also have the FM kernel £ 71(;,1) since we have defined the new 1-morphism E_71(j 1.

Proposition 6.6. We have the following exact triangle in D? (Gr(1,2) x Gr(0,2)) = D?(P')
(Hi*E-)11y = (Eor = H)La,1) — Eol,n ® ol (1]

and (Hi1 = &)1, = (Co = Hi)Lay, (Hi+E2)11) = (Em2+Hi)la,y.

Proof. First, we calculate (H; * £:)1(1,1y. To know H1(p,2), from Proposition 5.10, we have the
following exact triangle

(F3# E0)L(02) = (&0 % F3)1 (02 — (P = Hi)l (o).

Since (F3 * £)1(,2) = 0 and ¥ 12 = A.C[-1] € Db(Gr(O, 2) x Gr(0,2)), a direct calculation
shows that (& * F3)1(0.2) = C2[~1] € D?(Gr(0,2) x Gr(0,2)).

SO, 7‘[11(0’2) = (("P+)_1 * &) * ]:3)1(0’2) = Cz, and (7‘[1 * 5,«)1(1,1) = OPI (—r)®2 since ) =3 =
w3 = id.

Next, we calculate (&, * H1)1(1,1), which is given by

(& = HD)A(1,1) = miz (A, Ml ® 138 1(1,1)
=m(Hila,y ® 158-11,1))

=11, (Oan @ 7 (C V) © 1y (C2 V) @1y (V)|
=11, (Oan @ (V) T ® (V) © (€))%
From (6.3) and (6.24), we know that

(€0 * H)1(11 = m1. (02 @ 715(C*/V") ) @ (C2/V)®* = (C*/V) ) & (C2/V)®* = OF,
(Eot = HD1(n = 11(On @ 75 (CHV) Lo my (V)™ ® (C?/V)®2
= 711.(O24) ® (C2)V)®2 = (C? /)22 @ Op1) ® (C?/V)®? = 031 (2) © Opi..
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Finally, to calculate
(Ea x H)11 = 11.(Oan @ 75(CHV) T @ 15 (V)2) @ (C2/V)#2
= 11.(O @ (V")) ® (C2/ V)2,

we need to calculate 71, (O2a ® 3 (V) 7).
Tensoring (6.21) with 75(V"")~! and applying 71, we get 1. (3 V" @1} (C?/V)®(2)) = 7y, 25V" ®
(C?/v)®(=2) = 0 by projection formula and 1,75 (V"") ™! = (9]1652. So we have

(2 *HD)1a,) = 711(On @1 (V) ) @ (C2/V)®? = OFF @ (C2/V)*? = 01 (2)%2.
As a consequence, we have the following isomorphisms

(Hi* &)1,y = Oﬁz = (9512 = (& *H)1a,),

(Hi*E2)1any = Op ()% = Op ()% = (E2 +* H) (1)
On the other hand, for » = —1, we have the following exact triangle
(Hy* E-)1(1y = Op (1D)®2 = (6o + H) 111y = Opi (2) © Opt — Opi[1] ® Opi = El1,1) @ Eol 1, [1].
m]

Remark 6.7. Like Proposition 6.4 and Proposition 6.6, similar results also hold for the convolutions of
H_11(1,1y, which is given by

7‘[_11(1,1) =0 ® RTV®(_2) ® ﬂZV".

Finally, based on the above observation, we formulate a conjecture, which is the sl,, version of
Proposition 6.6.

Conjecture 6.8.

1. We have the following exact triangles in D? (Fl (CN) X Flgtq, (CN))
(Hi1 o+ &) = (Er * Hi) e = (ot €D &kt D1
(Eimky * Hi—) e = (Hi -1 % & g) 1k = (Ei -1 @&',—ki—l (1D 1k,
and
(Hix1 x &)k = (Eip + Hix) 1k

for —k; — 1 <r < Owithr # —k;.
2. We have the following exact triangles in D? (FIK(CN) X Flg_q, (CN))

(Fiken * Hi DA = (Hit * Fik )1k = (Fikp+1 @fi,kmu (11,
(Hi o1 Fikee e = (Fike * Hi )i = (Fikit ) Fioter 1 1)1,
and
(Hi1* -7:i,s)1§ = (Fig* Hi,il)lk

for0 < s < kiy+1withs # k.

https://doi.org/10.1017/fms.2025.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.17

Forum of Mathematics, Sigma 37

6.4. The Commutator Relation on the Grothendieck Groups for All Loop Generators

From Corollary 5.14, we know that there is an action of U on 5, K (Flx (CN)) which comes from

decategorifying the categorical I/-action in Theorem 5.6. Since the 1-morphisms act by FM transforms
with kernels in Definition 5.5, the generators of ¢ act on (P, K(Flx (CN)) by the K-theoretic FM
transform. More precisely, B

eirli t K(FL(CV)) = K(Flgio, (CV)), x 1 mou (75 (x) @ [e(k)(Vi/ V)" ])

where we denote [¢(k).(V;/V!)®"] to be the class of t(k).(V;/V])®" in K (Fl (CY) X Flg4q, (CV)), and
similarly for f; ;1 in the opposite direction. For other generators, it is direct to see that

Wil K(FIg(CN)) — K(Fli(CN)), x = x ® (=1) " [det(Vir1/ V)],
Uil K(FL(CY)) = K(Fl(CV)), x > x ® (- [det(Vi/ Vi) ']

As we mentioned at the beginning of this section, the FM kernels &; 1y, F; 1 are defined for all
r € Z. Thus, the action of e; ;- 11, f;,r1x by K-theoretic FM transforms are also defined for all » € Z. In
this subsection, we want to understand the commutator relation [e; ,, fi s]1x forall r, s € Z.

It suffices to consider the sI, case where the action is on €, K(Gr(k, N)). Then, condition (10)
gives the following commutator relation

Leo, vkl lk.N—k) = ¥ Lk n—1) = ®(=D)NV*[det(CV /)],
lers fil Loty =0, if —k+1<r+s<N—k—1, (6.26)

le—is fol lg.n-k) =¥ Lkn-k) = ®(=1)F[det(V)71].

Moreover, the two exact triangles (6.2) and (6.3) give the following commutator relations

leo, fn—k+1]1 ke, N=k) =¥ hil(k Nk,
le—k—1, foll(k,N-k) = =¥ h_11 (g N-k)- (6.27)

To know the action of 41111k, n—k), although their FM kernels H. 11z, n-x) are complicate from (6.7)
and (6.8), from Subsection 6.2 we know that H 1 ) fits in the exact triangle (6.16).
Passing to the Grothendieck group, we have the following equality in K(Gr(k, N) X Gr(k, N))

[Hilgen-1] = [AV]+[ACN/V] = [A.CV].
Thus the action of /11 (x y_k) is given by
1 Nk : K(Gr(k,N)) — K(Gr(k,N)), x = x ® [CV].
A similar argument also shows that the action of h_1 1, n—k) is given by
hoylk.n—r) : K(Gr(k,N)) = K(Gr(k,N)), x = x® [(CV)"].

Note that even though the convolutions between H 1 n—x) and ¥ 1 n_x) are non-isomorphic
in general when we pass to the Grothendieck group, they are commutative, i.e., Yy h(l(x y-k) =

hiy*l (k,N-k) (similarly for 2_;1 (k,N-k) and ¥~ 1 (k,N—k))~
Next, it is standard to check that we have the following conjugation property

erlien-i)=(D" W) eoW") 1Nk = (1) W) e )" Lk, n-k)»
Frlaon-r) = D" W) W) Lan-i = (D" W) foW )™ Lk, N-k)»

for all r € Z (see (3.2), (3.3), and (3.4) for their categorical version).
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The above conjugation property can help us to know other commutator relations. For example, we
can write

ler, fille,n—k) = erfsl(kN-k) = fser Lien—k) = W) €0 fras W)™ = (W) fraseoW™) ™ 1, vk
= W) [eo, fras W) L, N-k)-

Thus, by applying suitable conjugation to (6.26) and (6.27), we obtain

()N, 1[det(CN /V)][CN] ifr+s=N—-k+1

@(—=1)N-k=1[det(CN V)] ifres=N—k

ler, fs]Lx,N-k) =10 if —k+1<r+s<N-k-1.
@(=1)*[det(V)™!] ifr+s=—k
®(=1)¥[det(V)"'][(CN)V] ifr+s=—-k—1

For the rest of the cases, we have to understand the categorical commutator relation between
E Fs1(x,n-r) and FsE, 1(x ny—k) (or more precisely (&, * Fs)lix n-k) and (Fs * &)1 n-k)) for
r+s>N—-k+2andr+s < —-k-2.

Consider first case r + s = N — k + 2, similarly like Proposition 5.10, it suffices to compare
(80 * ]:s)l(k,N—k) and (]:S * gg)l(k,N,k) fors=N—-k+2.

Then like the exact triangle (6.1) we have the following exact triangle

p*(v///v///)®(N—k+2) BN p*(V'/V)®(N_k+2) N p*(O(N—k+2)D ® (V//V)®(N—k+2)) (628)

by applying p.. to (5.16) withn = N —k +2. Again, a similar argument as in the proof of Proposition 5.10
tells us that

P-(On-ksnp ® V' /V)*N D) = p (O(n—gsnyp @ (V//V)EN D) = = p (O3p @ (V' /) 2N,
and applying 7. to (6.28) we obtain the following exact triangle
(Fn-ks2 * E)Lik.N-k) = (E0% Fn-is2) Lk -y = tups(O3p ® (V' V) SN 542, (6.29)

Thus the first question is we have to study 7. p.(O3p ® (V' /V) 2N =%+2)) Tensoring (5.17) with n = 3
by (V'/V)8N=k=1 we obtain

OD ® (V//V)®(N—k) ® (V/V///)Z N O3D ® (V//V)®(N—k+2) N OZD ® (V//V)®(N—k+2)
applying ¢, p., using the projection formula and Proposition 4.4, we get the following exact triangle

A Sym*(V) ® det(CN /V)[1 + k = N] = 1.p.(O3p ® (V' /V)BVN542) S 1,p.(Oop @ (V' [V)ON K42y,
(6.30)

Next, tensoring (5.17) with n = 2 by (V’/V)®N =5 we obtain
Op ® (V//V)®(ka+l) ® (V/V///) — Osp ® (VI/V)®(N7k+2) —Op ® (V//V)®(ka+2)
again applying 7..p.., using the projection formula and Proposition 4.4, we get the following exact triangle

ALYV CN [V edet(CV/V)[1+k = N| = t.p.(Oap ® (V' [V) BN +2))

6.31
— A, Sym*(CN /V) @ det(CN /V)[1 + k — N]. (631
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Thus, understanding #,p.(Osp ® (V' /V)®N-k+2)) is equivalent to understanding the two exact
triangles (6.30) and (6.31). Moreover, we define
Hole n-r) = (P L nr) ™ * [1.p(O3p ® (V' /V) SN 5]
= 1.p(O3p ® (V' V)22 @ 75 det(CN /V) 7' [N - k — 1] € D?(Gr(k, N) x Gr(k, N))
(6.32)

which can be thought of as an FM kernel for a certain (undefined) 1-morphism Hy1(x n_x). Then
Ho1(k,N-k) is build up from the following two exact triangles in D?(Gr(k, N) x Gr(k, N))

ASym*(V) = Holen-i) = (P en-i) " * [tp:(Oap @ (V' /V) 2N K42 (6.33)
AVOCN IV — (P k)" # [1pa(Op ® (V' [V)EN )] - A Sym*(CV/V).  (6.34)

Remark 6.9. Another natural question to ask is what is the categorical commutator relation between
HoE, 1(k,n-k) and E,-Ha1 (g n_g) (or exact triangle relates Ho * & 1k, n—k) and & * Hal(x n—k)). Due
to the difficulty and complication, we will like to address those questions in the future and similar for
other comparisons between H, E, 1(x y—x) and E,H,1(x ny—_x) withn > 3.

However, the above discussions can help us to understand what exactly are the commutators for the
loop generators e, 1 (x n—-k), fs1(k,n—k) at the level of Grothendieck groups. From (6.33) and (6.34), we
have the following equality in K(Gr(k, N) x Gr(k, N))

[Halikv-n] = [ASym* V)] + [(F* e, nv-k) ™" *1p2(O2p ® (V' /V) 2N )
= [A.Sym’(V)] + [A.V @ CN /V] + [A.Sym?(CN /V)]
= [Sym* (Ve Y /V)] = [Sym*(CY)].

Thus, by the definition of H>1(x, y—k) and the exact triangle (6.29), we get the following commutator
relation after a suitable conjugation

ler, )l (kn—t) = @(=1)N ¥ [Sym?(CN)][det(CN V)], if r + 5= N — k +2.

The above argument can be applied to other cases where r+s > N —k+3 and similarly r+s < -k -2.
Moreover, the result can be generalized to the sl,, case directly. In conclusion, we have the following
result.

Corollary 6.10. The commutator relations at the level of Grothendieck groups K (Fli (CNY) for all
el fislx withr,s € Zis given by

®(= )k~ [det(Visr /V) 1 [Sym™ ™8 (Vi1 /Vie))] if r+5 = ki
[ei,rvﬁ,S]I&: 0 if —ki+1<r+s<ky —1.
®(— Dk [det(V;/Vie) NISym™ M (Vi /Vic)Y] ifr+5 < —k;
Finally, we give a remark.

Remark 6.11. It would be interesting to find an integral basis for K (Flg (CN)) and compute the matrix
elements of the generators e; 1 and f; ¢1.

7. Categorical Action of the Affine 0-Hecke Algebras

In this final section, we apply the categorical action of the shifted 0-affine algebra, i.e., Theorem 5.6, to
construct categorical action of the affine 0-Hecke algebra on the derived category of coherent sheaves
on the full flag variety.
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7.1. Affine 0-Hecke Algebras
We begin with the definition of the affine 0-Hecke algebras of type A.

Definition 7.1. The affine 0-Hecke algebra H (0) is defined to be the unital associative C-algebra
generated by the elements 77, ...,7y_; and the polynomial algebra C[Xli], ...,Xﬁ]] subject to the
following relations

T} =T, (HO1)

TiTinT; = TinTiTin, T;T; = T;T;, if |i — j| > 2, (H02)
TX; = X;T;if j #i,i + 1, (HO3)

XinT; = Ti Xi + Xis1, (HO4)

XiT; = Ti Xis1 — Xit1. (HO5)

We give a remark about the affine 0-Hecke algebra.
Remark 7.2. The affine 0-Hecke algebra is the affine Hecke algebra with variable g specialized at 0.

Next, we recall the action of Hy (0) on the Grothendieck group of the full flag variety. Let
G = SLy(C) and B c G be the Borel of upper triangular matrices. Then, the full flag variety is
defined by

G/B:={0cV,cV,c..cVy=CVN|dimVy =k forall k}. (7.1

The Weyl group W is isomorphic to the symmetric group, denoted by Sy . Let {sy, ..., sy—1} be the
simple reflections that generate the Weyl group W = Sy . Then, for each 1 < i < N — 1, there is the
minimal parabolic subgroup P; = B U Bs;B. Similarly, the quotient G /P;, which is called a partial flag
variety, can be identified with the following space

G/Pi={0cVicVic..CViiCVyiC..cVy=CN|dimVy =k fork #i}. (7.2)

P!-fibrations. Those maps induce pushforwards n; : K(G/B) — K(G/P;) and pullbacks no
K(G/P;) —» K(G/B) where 1 < i < N — 1. Then the fundamental construction of the push-pull
operators gives the Demazure operators T; := nim;, : K(G/B) — K(G/B) forall 1 <i <N - 1.

On G /B, we denote V; to be the tautological bundle of rank i forall 1 <i < N.Leta; = [V;/V;_1] be
the class of the tautological line bundle V;/V;_; in K(G/B), where 1 < i < N. Then, K(G/B) admits
a presentation, which is called the Borel presentation.

There are natural projections nr; : G/B — G/P; where 1 < i < N — 1, which obviously are

K(G/B) = Claj, ...,a;\,]/<ei - (N)> (7.3)

1

N

i~1» and e; is the i-th elementary symmetric

where (e; — (7)) is the ideal generated by {e; — (%)
polynomial in ay,as, ...,an.

Under the presentation (7.3), T; has the following explicit description

T, = ait] — aiSi

ai+] — 4
where s; is the simple reflection that permutes a; and a;4; for all 1 <i < N — 1. Finally, we define the
operator X; : K(G/B) — K(G/B) to be multiplication by a; forall 1 < j < N.

Then it is easy to check that those operators 7;, Xfl defined in such a way satisfy relations relations
(HOT) to (HO5) in Definition 7.1. Thus we get an action of Hx (0) on K(G/B).
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It is natural to lift this action to the categorical level. More precisely, we replace K(G/B) by the
derived category of coherent sheaves D” (G/B) and we need to define certain functors T; : D?(G/B) —
D?(G/B) and Xj: D?(G/B) — D”(G/B) that satisfy categorical version of the relations (H01) to
(HO5). Again, we would use the tools of FM transforms/kernels from Section 4 to define the categorical
action.

We know that 7; := n;n;, are defined by using the projection maps n; : G/B — G/P;. Since n;
also induces functors on derived categories of coherent sheaves, i.e. the derived pushforward ;. :
D?(G/B) — D?(G/P;) and the derived pullback e D?(G/P;) — D?(G/B), it is natural to define
the functors T; := n}x;, : D?(G/B) — D?(G/B) forall 1 <i < N - 1.

In fact, T; are also FM transforms. Recall that for a morphism f : X — Y between smooth projective
varieties, the derived pushforward f, : D?(X) — D?(Y) is isomorphic to the FM transform with kernel
Or,, where T’y = (id X f)(X) is the graph of f in X XY Similarly, the derived pullback f* is isomorphic
to the FM transform with kernel O 7 ;a4 (x) in D? (Y x X).

Thus, a simple calculation of the convolution of FM kernels shows that

T; = ‘Do(nixid)(G/B) ° (Do(idxn,-)(G/B) = O7;
where 7T; = OG/BXG/PiG/B foralll1 <i < N-1.

The fibered product variety G/B Xg,p, G/B is called the Bott-Samelson variety for s;. Thus, the
FM transform with kernel given by structure sheaf of the Bott-Samelson variety for s; categorifies the
Demazure operator 7; forall 1 <i < N — 1.

Next, we define the functors X;. Since X; is the map given by multiplication with the element
aj = [V;/V;-1] on the Grothendieck group, it is natural to define X; to be the functor that is given by
tensoring the line bundle V; /V;_1. Thus its FM kernel is given by X; = A.(V;/V;-1) € D?(G/BxG/B)
forall 1 < j < N, where A : G/B — G/B x G/B is the diagonal map. Since line bundles are
invertible, we can define its inverse functor Xj_.l with FM kernel given by X’ j_l =A.((V;/ Vj,l)_l) €
D?(G/B x G/B).

With all the above settings, we can prove the following theorem, which says that there is a categorical
action of the affine 0-Hecke algebra on D? (G /B). More precisely, we lift the relations (HO1) to (HO5) in
Definition 7.1 to the categorical level, which are (7.4) to (7.8), respectively in Theorem 7.3. The proof
will be given in the next subsection.

Theorem 7.3. There is a categorical action of the affine 0-Hecke algebra Hy (0) on D?(G/B). More
precisely, if we define the FM kernels T; = OG/Bxc/piG/B and X; = A.(V;/Vj1) for1 <i < N -1,
1 < j < N, then we have the following categorical relations

T« T =T, (7.4)
Tiw Tiwr # To = Towa x Tiox Tir, Tix Ty = Ty Tiif li = jl 2 2, (1.5)
TieXp= Xja T if j #ivi+1, (7.6)

We have the following exact triangles in D” (G /B x G/B)
Ti = X — Xiwa = Ti = Xigr, (7.7)

X Ti = Ti* Xigg = X (7.8)

7.2. Application by the Shifted 0-Affine Algebra

In this section, instead of proving Theorem 7.3 by direct computation of convolution of kernels, we use
the theory of categorical action of the shifted 0-affine algebra, which was developed in Section 3 and
Section 5 to help us prove the theorem.
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To use the results of categorical action, i.e., Theorem 5.6 and Definition 3.1, the main idea is to
interpret the Demazure operators in terms of elements in the shifted O-affine algebra.

Recall that the Demazure operators are given by 7; := nim. : K(G/B) — K(G/B)
where n; : G/B — G/P; is the natural P'-fibration with 1 < i < N — 1. With the
notation of n-step partial flag variety (5.5), the full flag variety in (7.1) can be written as
G/B=Fl1, 1 (CN). For the partial flag varieties in (7.2), we observe that

.....

2 0 2

Vicit CVisn=Vis1 CViep C Vi
2 0

=Vi-1 C Vi CVin

where the number above the inclusions is the jump of dimensions. Thus they can be written as G/P; =
F](l,l,..,1)+ai(CN) = Fl(l’l,_"l)_ai(CN) where 1 <i <N -1.
We have the following diagram

T;

€ir ﬂ €i.r
Ny T Ny T N
K(G/Pi=Fl,,..0-a(CY)) _ ~K(G/B=Fla,,..n(CY) K(G/Pi=Flui,  1)+e; (CV))

fis fis

where e; - 1(1,1,...,1)» €ir 111, )—aps Jis 11,1 and fis1ai,1)+a, are elements in Uo v (Lsly).
Thus we can try to interpret 7; in terms of elements in Ug n (Lsly).

Since we define both the action of Uo, ~ (Lsly) and the action of the Demazure operators 7; on derived
categories by using FM transforms/kernels, to relate the 1-morphisms in the categorical Ug y (Lsly)-
action to T;, we have to compare their kernels.

By definition, we have & o1(1,1,..,1) = L*OVV{I ((1,1,...,1))» Where

WL 1, D) o= {(Ve, V) € Bl (CY) X Pl g, 1yea, (CN) |V = V) for j # i, and V/ € V;}

and ¢ : W!((1,1,..,1)) = Fla1,1)(CY) X Fl(1,1,1)+e;(CY) = G/B x G/P; is the natural inclu-
sion. Note that by definition Vi’ = V;_1, so the condition Vi’ C V; is automatically satisfied. Then
Wl.l((l, 1,...,1)) = (id x 7;)(G/B). Thus we have & o1(1,1,..,1) = t+O(iaxx;)(G/B)» Which is the kernel
for the derived pushforward ;.. Using the same argument, we can show that F; o1(;,1,....1) is also the
same as the kernel for 7r;. and & o111, 1)-a; = Fi,01(1,1,..,1)+e; 1S the same as the kernel for 7.

Since the categorified Demazure operators are defined by T; := 7}7;., by the above argument, we
obtain the following isomorphisms

Ti = (EioxFrolan,...n = (Fio*&o)la,..n) (7.9

.....

forall 1 <i < N — 1. The second isomorphism can be seen from Proposition 5.10. Next, we make
a simple modification to the isomorphisms in (7.9) so that it becomes more “natural” (which will be
explained later). From condition (8)(a) in Definition 3.1, we have

(D™ = Fro) o[l = (Foa= (P D1, (7.10)

|
5
=
*
—~
o]
-+
N—
L
N—
[y
—~
=
—_
=
=

Observe that by Definition 5.5, the kernel W1y ;. 1)-q, is given by O [1] where A is the diagonal in
G/P; x G/P;. Thus the left hand side in (7.10) is isomorphic to F; 01(1,1,...,1) and we obtain

.....

Fiolaa,..n = Fir=(¥H H1aa . (7.11)
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Similarly, using condition (7)(a) and the same argument, we obtain
ol = (& (P D (7.12)

With (7.11) and (7.12), (7.9) can be written as

.....

Ti= (Eiox Fiax (PH D, = (Fio &1+ (¥) D1, (7.13)

We prefer to use (7.13) over (7.9) for relating the categorical action of Demazure operators to the
categorical Uy n (Lsly )-action. So after passing to the K-theory (decategorifying), we obtain

Ti=eiofin(WH) 1) = fioei—1 ()

forall 1 <i < N — 1, which interprets the Demazure operators in terms of elements in Uo, N (Lsly).
Finally, for the kernel X}, it is easy to see that X} = (‘Pl_)_ll(l’l _____ n, X = W 1
()M, forall 2 < i < N-1,and Xy = W5 _,1¢,1,..1). This implies that X; =
WD M. Xe =¥ La,..n = 7)1, forall2 < i < N-1,and Xy = ¢ 11,1,..1)-
Before we give the proof, we need the following result, which is similar to Serre relations. This can
be deduced from the conditions in Definition 3.1, and the proof is left to the readers.

R

Lemma 7.4.

(Eir1,0 * &0 * Eir1,0) 1k = (Eiv1,0 * Eivr,0 * Ei0) 1k,
(&0 * Eiv1,0 * Eio0) 1k = (Eirr,0 * Eio * Ei0) 1k,
(Fisr,0 * Fio * Fir1,00 1k = (Fio * Fir1,0 * Fis1,0) 1k,
(Fi0* Firr,0* Fio)le = (Fio* Fio* Fiv1,0) k.

We are in a position to prove the Theorem 7.3.

Proof of Theorem 7.3. For the proof of most relations, we will use the isomorphism 7; = (& o * Fi,1 *
(‘Plf')‘l)l( 1,1,...,1y from (7.13), since the argument for the other is similar.
First, we prove the relation (7.4). Then, we obtain

= (o Fia # &+ (W)™ Fiyx (W) ™)1 (1.1,....1) [1] (by condition (7)(a))
= (Eox P [-1] = (‘{‘;r)‘1 x Fi1 * (‘Plf)‘l)l(l,l _____ 1y[1] (by condition (10)(a) with conjugation)
= (Eox Fiax (¥ D, = T

Next, for relation (7.6), we let j # i,i + 1. Then, we use X; = T;,ll(l,l ,,,,, nifi+2 < j <N and

X = (‘ij)’ll(l,l 1 if 1 < j <7 - 1. The result follows from conditions (4), (7)(b)(c), and (8)(b)(c)
in Definition 3.1.
For relation (7.7) and (7.8), by conditions (10)(a)(b), we have the following exact triangles

.....

(Fii* &0l y =Yg, (7.14)

...........

EarxFio)lan,..n— (Fio*& )1,y = Y 1a,..0)- (7.15)

...........

Note that (& o * Fi1)11,....,
\Pz—l(l,l ,,,, 1). On the other hand, 7; = (F; 0 * £i0)1(11

1) = Ti# X since T; = (€0 Fiy x (PH ™11, 1) and Xy =
1) by (7.9) and X; = (¥7) " 111,...1), thus

.....

.....
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where we use condition (8)(a) in the second isomorphism and the third isomorphism comes from the
fact that the kernel W, 1(1,1,.. 1)+a; is given by Ox[1]. With these facts, the exact triangle (7.14) is
precisely the following

X Ti = Ti * Xip1 = Xin

which is the relation (7.8). A similar argument with the exact triangle (7.15) gives the relation (7.7).
Finally, we prove the braid relation in (7.5).
For the non-adjacent relation, it follows from conditions (4), (5)(c), (6)(c), (7)(c), (8)(c), and (9) in
Definition 3.1.
Since T; = (Ei0 * Fio)lci,1,...1) = (Fio * Ei0)1,1,....1) by (7.9), a direct calculation shows that

.....

= (&io* Eiv0* Fio* &0 * Firr,0 * Fi,0)1(1,1,....1) (by condition (9))

= (&io# Eiv0* Eio* Fio* Firro * Fio)l1,....1y (by condition (10)(c))

= (&0 x Eio* Eio* Fio* Fio* Fir,0)1(1,1,...,1) (by Lemma 7.4)

= (0% Eio* Fio*Eo* Fio* Fir0)1(1,1,...,1). (by condition (10)(c))  (7.16)

.....

Next, we show that (&9 * Fio* Eio* Fio)l 1, .- = (Ei0 * Fi0)L(1,1,....1)~ay,, - First, we
observe that (& o * Fi.0)1(1,1,....1)-arsy = (Fi0 * Ei0)1(1,1,....1)ay,, - Then by condition (7)(a), we get

(Fio* & (0t ma = (Fio* 7 * &+ (P D11 map [-1]
= (Fio* &1 (P ™00 man,

where the second isomorphism comes from the fact that W, 11 1. 1)-a,,+q; iS given by Oa[1]. Thus

(Eio* Fio*xEo*x Fio)lan,...)-am

= (Fio* &t x (P Fiox &+ (P D101 1-arn

= (Fio* &+ Finx (W)™« & 1% (P7) ™)1 (11, 1)-as [ 1] (by condition (8)(a))

= (Fio*¥; = (‘I‘i‘)‘l w & 1 * (‘P{)_l)l(l,l ..... D—-azs, [11[=1] (by condition (10)(b) with conjugation)
= (Fio* o1 * () D11 maim = (Fro *E.0) L1 Dmarm = (E0 * Fo) (11, 1) -api -

So (7.16) becomes

.....

= (Fio*Eiv0x Firr,0* E o)1, 1) (7.17)

.....

Using the same argument, we can show that (41,0 * Fir1,0)1(1,1,.... 1)+ = (Eis1,0 * Fir1,0 * Eiv1,0 *
Fir1,001(1,1,....1)+a; - Hence (7.17) becomes

.....

1) (by condition (10)(c))

1) (by condition (10)(c))

= (Fir1,0 * Fi0 * Fir1,0 * Eir1,0 * Ei0 * Eirr,0)1¢1,1,...,1) (by Lemma 7.4)

= (Fir1,0 * Fi0 * Eir1,0 * Fin1,0 * €10 * Eiv1,0)1(1,1,...,1) (by condition (10)(c))

= (Fir1,0 * Eiv1,0 * Fio * &0 * Fir,0 * Eiv1,0)1(1,1,....1) (by condition (9))

= Tip1 * Ti * Tix1 (by (7.9)). =

We give a few remarks to conclude this section.

.....

.....
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Remark 7.5. We explain why we prefer (7.13) over (7.9) for writing the categorified Demazure operators
in terms of 1-morphisms in the categorical ¢/-action. The main reason comes from the naturality of
adjoint functors, i.e., condition (3).

By condition (3), we obtain that

Hom(&; 01(1,1,....1)-a;» Ei,01(1,1,...,1)-a;) = Hom(L 11, 1o * (Eiol1,....1)-a )R L(1,1,...1))
= Hom((&i 0 * Fit * (¥ D11 1ys Lat,1)-

Thus, (& o * Fi1 * (‘Plff)‘l)l( 1,1,...,1) naturally appears as the kernel for the composition of adjoint
functors E; go (E; ol(11,..., 1)_ai)R1(1,] ,,,,, 1)- Similarly, we also have (F; o*&; 1 * (‘I’i‘)‘l)l(l,l
urally appearing as the kernel for the composition of adjoint functors F; go (F; o1(1,1,..., 1)+m)R 11,..,1)-

Moreover, we expect that the morphisms in the exact triangles (7.14) and (7.15) should be
determined to come from the identity morphisms Id : & ol 1. 1)-a; — &iol(i1,...,1)-e; and
Id : Fiol@,.. 1y+a; = Fi0l(,1,....1)+a; > T€Spectively.

,,,,,

Remark 7.6. In [26], we generalize the interpretation of categorified Demazure operators in terms of
the 1-morphisms in the categorical I/-action, i.e. (7.13), from the full flag variety G/B to the n-step
partial flag varieties Flg (CN). More precisely, we construct two families of pairs of complementary
idempotents in D? (Fl; (CV) x Flx(CV)) acting on D?(Fl;(CV)). Moreover, those complementary
idempotents provide short semiorthogonal decompositions of D? (Flg (CN)), and we determine the
generators of the component categories in the Grassmannians case. Finally, we also give another proof
of the braid relation (7.5) in Theorem 7.3 which is shorter than the one in this article.

Remark 7.7. We try to relate categorical actions of affine 0-Hecke algebras to the notion of Demazure
descent data on a triangulated category defined in [2], [3].

From (7.5) in Theorem 7.3, we know that those FM kernels {7;}1<;<n—-1 give a weak braid monoid
action on D? (G /B). Moreover, (7.4) in Theorem 7.3 implies that there is a co-projector structure on 7;
for all i. Thus {7;}1<i<n—1 gives a Demazure descent data on D?(G/B).

A. A Conjectural Presentation

In this appendix, we define another algebra which can be viewed as a second definition of the shifted
0O-affine algebra. It has the so-called loop presentation that given by using generating series. Thus, in
this definition, we have infinite generators and relations.

Then, we construct an action of this algebra on the Grothendieck groups of n-step partial flag varieties

D, K(FI(CV)).
Finally, we conjecture that the loop presentation we defined for the shifted 0-affine algebra is equiv-
alent to the presentation defined in Definition 2.6.

Definition A.1. Defining the associative C-algebra U(’) n (Lsly) that is generated by

+ + -1 _ 1 rez, st>kiv1, s; >k;
{1&’ 1k+a,-ei,r 1&’ 1&—aiﬁ,r1k3 1kl/’i,i5ii 1k’ lk(wi,km 1k’ lk(wi,—ki) 1&}lsi£nl—1 ' Y
keC(n,N)

with the following relations (forall 1 <i,j <n-1,k € C(n,N), €,¢’ € {+} and s;’ 2 kiv1, 7 2 ki)
Ly =6k, 11k, (A1)

(Wi (@0, e =0, (i ) Wi )™ e =1e= Wi )" - Wi )T e (A2)

i+1
28 k+a; (Deix (W) g = —wej gro, (W)e; 1 (2) 1i,

We; kraiy (2)e€is1 k(W) 1k = (W = 2) €41 kra; (W)ei k (2) 14, (A.3)
(z=w)ei kra; (Dej k(W) 1k = (2 = w)ej kra; (Wei k(2 1g, if |0 = j| = 2.
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=W fid—ai (2) fi e W) i = 2fi ey (W) fik (2) L
(W = 2) fik-ain (D) fir1 kW) Lk = W firt k-a; (W) fi 1 (2) 1, (A.4)
(2= W) fik-a; (D fjW) 1k = (2 = W) fj k-a; (W) fi k(D) 1, T i = j| = 2.

W] vy (Dei k(W) = —weir (WY, (2) 1,

YW ey (it (00 L = eant s 0 ()

s>0

0 oo, Deint k001 = () (T )erm k00T (D) 1, (A.5)

s>0

Ui kra; (D€ W) i = € (WY (D) 1, if i = j| 2 2.
Wi kray (Dei k(W) 1k = —wei (W (2) 1,

(Z(é)s)l’biikﬂlm (e k(W) = €i+1,g(W)¢’,~ik(z) 1k,

s>0

Uikrara Dotk 1 = — (32 () Vei1 (W, (ks (A.6)

s>0

l//i_’&+aj(2)€j’k(w)lk = €j’k(w)l//;k(z)1&, if Ii —]| > 2.
=W ko (D ik W) 1k = 2fi ik WY (2) L,
U ko (it 00 i = (0 () fron e U (3)

s>0

(Z(%)W&—m (2D firt kW) 1k = fiet kWY 4 (2) 1, (A7)

520

Ui kma; @D S5 W)k = [ W] () 1 i 10 = j] 2 2.
=WYoo, (D fik W) 1k = 2 fi k(W (2) 1
Vikeaumn it k) L = (O (5)) finn sk U7 () s

520
‘f(é(é)%;km_l (2 fim1 600 L = frm1 kW (D) L (A8)
Vikea; (DS Wk = [y () 1g, i i =l = 2.
rk-ar (D i O 1 = firas Weri (Dl = 656 (VWi (D) ~ Ui (Dl (A9)

where the generating series are defined as follows

ein(@) = e iz fin(e) =Y firlez,
rez rez

wzk(z) = Z ol k", Ui (2) = Z Yi k7', 6(2) = er.
r>kii r>k; rez

Although the notion of categorical action of U(’) ~ (Lsly,) is not easy to define, we can construct an
action on the Grothendieck groups of n-step partial flag varieties Fli (C).

To construct such action, we have to define the action of those generators in U(’) N (Lsly,). First, we
define e; ,1x and f; ;1 for all 7, s € Z via using the K-theoretic FM transforms, i.e.,

eirli t K(FlE(CN)) = K (Flgeq, (CV)), x = m. (27 () ® [1(k). (Vi/V))®'])

https://doi.org/10.1017/fms.2025.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.17

Forum of Mathematics, Sigma 47

for all r € Z, and similarly for f; ;1 in the opposite direction with s € Z. Next, for wlf—’ﬂ_i 1, we define
their action on K (Flx (CN)) as the follows

U7 L K (Fle(CV) — K (Flg(CV)),
x5 x @ (=11 [det(Vit V)1 [Sym™ ! (Vi1 Vi 1)] (A.10)

where s > k;41 and similarly

oo L K (FI(CY)) — K (Flg(CY)),
x> x ® (=1 [det(V;/ Vi) [Sym* 5 Vit /Vien) '] (A.11)
where s7 > k;.
Then note that all the results (except Proposition 5.10) we prove above to prove Theorem 5.6 do not
assume any conditions for r, s for e; .1 and f; ;1. Thus, passing the works in the main text to the

Grothendieck group and using Corollary 6.10, plus a little extra check, it is easy to verify the following
theorem.

Theorem A.2. There is an action ofU(') ~ (Lsly) on P, K(FI&(CN)).

Next, we expect that the two presentations in Definition 2.6 and Definition A.l are equivalent like
the two presentations of shifted quantum affine algebras in [22] (Theorem 5.5 in loc. cit.).

To relate this definition to Definition 2.6, we introduce another set of Cartan generators
{hi +r }EilsN‘ , With the relations to {l!’ii,isf 1%} via the following

W 25 0 (2) = (14 s (2) 1
W7 1,2 () = L+ hi (D)1,

where hi,i(z) = Zr>0 hi,ir1$r~
Remark A.3. From (A.10) and (A.11), it is easy to see that the action of A4; ., on the Grothendieck
group K (FI(CV)) is given by

hir 1k K(FlE(CY)) — K(FlE(CY)), x = x @ [Sym” (Vis1/Vi-1)]

hi—r 1 K(FlE(CY)) — K(FlE(CY)), x > x ® [Sym” (Vi1 /Vi-1) "]

where r > 1.
Then, we define inductively

1 —yFei (W) My ifr>0

el = K '

l _(W;r)ilei,rﬂ'ﬁflk if r < —k;,

firlg = —WH il i > ki
T\ firm ()T ifr <0,

Ui = [eir ks fiskin |1 for r = kigy + 1,

wi_,rlk = —[ei,,,fi,o]lkforr < —k; - 1.

We propose the following conjecture, which, roughly speaking, says that the two presentations defined
by Definition A.1 and Definition 2.6 are equivalent.
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Conjecture A.4. There is a C-algebra isomorphism Ug n (Lsl,) — U(’) ~ (Lsly) such that

eirlg e, firle = firlk, l//?l& — lﬁ:km L, i 1 > d/i_,—kilk’

forl <i<n-1
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