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Indecomposable representations in
characteristic two of the simple groups

of order not divisible by eight

P.W. Donovan and M-R. Freislich

The indecomposable representations in characteristic two of the
groups PSL(2, q) where ¢ is congruent to 3 or 5 modulo 8
are classified. For g =3 or 5 the classification is
obtained by explicit construction of modules, using the Green
correspondence to prove completeness. For larger q , the
classification is obtained using equivalences between gppropriate

categories of modules.

1. Introduction

Let Kk be an algebraically closed field of characteristic 2 . The

simple groups with Sylow subgroup V = C, X 02 are the groups PSL(2, q) ,

2
q=3 or 5 (mod 8) and q > 3 (see Gorenstein, [5], p. 420). Their
character tables (see Dornhoff, [2], Section 38) will be needed in Sections

2 and 3 below. Conlon's list of indecomposable modules for kV and kAh ,

given in [11, will be used. Frequent use will be made of the Green
correspondence of [6]. The form of this correspondence convenient for our

purposes is as follows.

let G be a finite group, P a 2-subgroup, and H a subgroup of G
containing NG(P) . Let M bve an indecomposable XG module with vertex

P . Then there is a unique indecomposable kH module N with vertex P

such that N is a component (indecomposable direct summand) of the
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restriction Mb , and every other component of Mb has vertex PX n H N

for some x € G - H .
In Sections 5 and 6 the notation M = f(M) will be used.

For Ah and A4 this classification method carries over to any field

5
k of characteristic 2 containing a primitive cube root of unity. The
indecomposable representations that are referred to below as continuous are

then parametrised by irreducible polynomials.

2. The 2-blocks of PSL(2, q) » q = 3 (mod 8)

An examination of the character table of PSL(2, q) , ¢ = 3 (mod 8) ,
shows that:

(a) its principal 2-block consists of U4 complex characters,

1 (degree 1) , U (degree %(q—l)) > My, (degree %(q—l)) .
and Y (degree q) ;

(b) the only other 2-blocks are {(g-3)/4 blocks of defect O
and (g-3)/8 ©blocks of defect 1 ;

(¢) modulo characters in non-principal blocks, the product

characters from the principal block are

MM = Np > MNp =1, and nny =1y .

As the representation theory of the blocks of defect 0O and 1 is
known (see, for example, Dornhoff, [3], Section 68), we restrict attention
to the principal 2-block. Since the number of irreducible modular
representations is the number of 2-regular conjugacy classes, the
principal 2-block has three irreducible modular representations. The
group has a Sylow subgroup & , elementary abelian of order ¢q , whose
normaliser N(&) is the image of the group of upper triangular matrices.
The orbits of the action of N(Q) on the set of linear characters of @
consist of 1, %(g-1) , and %{(g-1) elements respectively. Hence the
restriction of any (characteristic O or 2 ) representation of WN(@) to

& 1is the sum of representations each of which is the restriction of 1, nl

1 and n2 remain irreducible in characteristic 2 , and

the Cartan matrix for the block must be

or n2 . Hence n
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The trivial representation of XkN(Q) induced to PSL(2, q) is
projective of dimension ¢ + 1 , and may be interpreted as the space of all
functions on the projective line over GF(q) . It has a unique minimal
subrepresentation - the space of constant functions - and a unique maximal
subrepresentation - the space of all functions with sum of values zero.

The quotient of these two subrepresentations is readily calculated to be a

direct sum nl @n2 . Thus ﬂo , the above representation, is the

projective cover of 1 , and so, by (c) above, ﬂo @)nl = ﬂl and

Ty 8)n2 =, (modulo representations in other blocks) are the projective

covers of 1N and n respectively. Thus the quotient of the maximal

1 2
submodule of . by its minimal submodule is 1 G)nj , {2, 4} = {1, 2} .
The k-algebra endPSL(Z,q)(NO @)ﬂl @ ﬂz) is thus of dimension 12 ,

and its isomorphism type is independent of g (E 3 (mod 8)]

3. The 2-blocks of PSL(2, q) , g = 5 (mod 8)

An examination of the character table of PSL(2, q) , g = 5 {(mod 8)
shows that

(a) its principal 2-block consists of 4 complex characters,

1 (degree 1) , El (degree %(q+l)] , 52 (degree %(q+l)) ,
and Y (degree q) ;

(b) the only other 2-blocks are (g-1)/4k 2-blocks of defect O
and (g-5)/8 2-blocks of defect 1 ;

(c) modulo characters in non-principal blocks, the product

characters from the principal block are
€1£l=l+gl+w’ 51‘52=‘Pa E2’£2=l+£2+w'

As before, we restrict attention to the principal block and calculate
that it has three irreducible modular representations. As before, let

N(Q) be the image of the group of upper triangular matrices. The order of
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N(Q) is X%q(g-1) , and it has two characters of degree %(g-1) together

with #%(g-1) linear characters.
If both El and 52 remained irreducible in characteristic 2 , no
decomposition of Y could occur. Hence at least one of El and 52 does

decompose. Since the outer automorphism of the group interchanges them,
they must in fact both decompose. Hence each must decompose into a trivial
irreducible plus one of degree %(g-1) . So the Cartan matrix of the block

is

L
2
2

= NN

2
1
2
Let Nys Ny denote the two non-trivial irreducible modular

representations in the block. Then (c) above shows that the corresponding

Brauer characters (also denoted by Nys Ny ) have products, modulo

characters in other blocks, as follows:
nn =2.1+n,, my°n, =0, NN, = 2.1 4+m,

Simple calculations show that if "0’ ., n2 are the projective

covers of 1, nl, n2 respectively, nl ® "l = “0 , modulo projective
summands in other blocks. Hence the component of nl ® nl in the

principal block has a unique trivial submodule and a unique trivial

quotient. It is therefore uniserial, with composition factors 1, Nos 1.
Also, as nl(8 ﬂ2 = ﬂl , modulo projective summands in other blocks, the
only possible composition series for Ty is Ny» 1, nl, 1, n, . Likewise

ﬂl is uniserial, with composition series nl, 1, n2, 1, nl . A

consideration of nl ® m and n, ® LA shows that "0 has uniserial

submodules with composition series 1, Nys 1, nl , and 1, nl, 1, n2 , and

uniserial quotient modules with the same sequences of factors taken in

reverse order. Thus the quotient of the maximal submodule of mw,. by its

0

minimal submodule is the direct sum of two uniserial modules.
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The k-algebra endPSL(2,q)(ﬂb ® ® ﬂ2) is thus of dimension 18

and its isomorphism type is independent of gq (E 5 (mod 8))

4. Construction of certain modules

Let G be a finite group. Let Ei, ey En+l’ Fl, cees Fh be
irreducible kG modules (not necessarily distinct), and U,, ..., U,
1 n
Vl’ cees Vh uniserial kG modules such that:
the Ui and Vi are reducible, except possibly Ul and Vn H
Ui has socle Ei and irreducible quotient F% R
V. has socle E, and irreducible quotient F, ;
7 1+l 1
ker(Ui G)Vi > Fi) is a quotient of the projective cover of Fi H
coker(E"I:+l > Ui+l ® Vi) is a submodule of the injective hull of
Ei+l .
Let
P=ker(U, ®V, > F ) ® ... Oker(y €V, >F)
and
Q=in(E, >V, @) + ... +inE >V @&V ),

and let M = P/Q .

In future we shall denote the modules M so constructed by diagrams
of the form

El E2 "'En En+l .

where the asterisks stand for the remaining composition factors of the Ui
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ind V. .
A

5. The indecomposable kA4 modules

The indecomposable kV modules are, adapting the notation of Conlon

[1]:
Dimension Dimension of Socle
An 2n + 1 n n>0
v 2n + 1 n+1 nz0
Cn(y) 2n n n>0, Yy €ku{e}.

For typographical convenience we write (¢ for the group Ah .

The modules An and Bn are characterised by their dimension and the

dimension of their socle. The module B, (= 'AO' } is the irreducible kV

module. All the above modules have vertex V except for Cl(O), Cl(l) s

and Cl(m)

The modules A4 _, B , ¢ (w) , and C (wz) (where w 1is a fixed root
n’> n’ n n

of t2 +t+1=0 ) each have three non-isomorphic extensions to kG ,
which we shall call the discrete indecomposable kG modules. If
A £ w, w2 )G

R Cn(k is indecomposable, and its restriction to V is

Cn()\) ® Cn[l+>\_l) @ Cn((1+)\)-l] (see Conlon, [1]). We denote Cn(A)G by

Kn(o) , where O = (A+w)3/(k+w2)3 , and we shall call these modules
continuous. (If A =® , take g=1 .)

We now describe a construction of the above indecomposable k@
modules using the method of Section 4. The results of Section 2 show that
kG has exactly six reducible uniserial modules, all of composition length
2 , the unique uniserial extensions of pairs of irreducible modules. If we

denote the trivial irreducible representation of kG by '0' and those

that take value w, w2 on (123) by 'l1', '2' respectively, it is clear
that the modules constructible by the method of Section 4 can be described
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by diagrams of the form

We shall denote the module M described by the above diagram by [, m, j]
if there are m + 1 symbols O in the upper line, < symbols to the left
of the extreme left upper O , and j symbols to the right of the extreme
right upper 0. Thus 0 <Z, j =<5 . Ifno O0's appear in the upper
line, we take m to be -1, and 7, § are measured from where the

compatibility requirements of the construction would have to place O0's in

the upper line. For example, [5, -1, 3] denotes 1 2 0 ° and we write

(3, -1, 3], [5, -1, 1] , and [1, -1, 5] for the three irreducible
representations. In this and subsequent sections the triples
[o, 0, 0], [2, -1, 4], [4, -1, 2] are excluded. 1In all cases the

dimension of [Z, m, j] is 1 +6m+ 4 + 1 .

Direct verification shows that the modules [Z, m, j] are
indecomposable, with restriction to V as in the table on page 4lL. It
follows that the [Z, m, j] afford a complete list of the discrete
indecomposable kAh—modules.

The module Km(o) may be obtained from the module M = [3, m-1, 3] .

Let vo . vn be basis vectors for the socle factors of type O in the

diagram for M , ordering from left to right, and let N be the submodule
generated by

v

-c_ v - e, —mCW
m m-1"m-1 ?

00

where

m m
(t-0) =t - cm-lt - .-y -

It is easy to verify that M/N is indecomposable and has a submodule
isomorphic to Kl(c) , which implies that M/N is isomorphic to Kh(c) .
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kAh modules Dimension Dimension  Restriction
of socle to V
m=0
[Os m, 0] [23 m_la h’] [ha m-l’ 2] 6’" + 1 3’7’ A3m

(1, m, 51 [3, m-1, 3] [5, m-1, 1] ém + 1 3m+ 1 By
[1, m, 0] [3, m, 4] [5, m, 2] 6m + 2 Im+ 1 C3m+l(w)
2
(0, m, 1] [2, m, 5] (4, m, 3] 6m + 2 3m+ 1 Camey (07)
[0, m, 2] [2, m, 0] [)4, m‘la }4] 6m + 3 3’77 + 1 A3m+l
[la m, l] [3, m-l: 5] [59 m—l’ 3] 6m + 3 3m + 2 B3m+l
{1, m, 2] [3, m, O] [5, m-1, 4] 6m + b 3Im + 2 Camyp(®)
(0, m, 3] [2,m 1]  [h,m1,5] 6mebk  zme+2 oy ()
(o, m, 41 [2, m, 2] {4, m, 0] ém + 5 In+ 2 " Agren
[la' m, 3] [3, m, l] [59 m-1, 5] ém + 5 3m + 3 B3m+2
[la m, h] [3; m, 2] [5, m, 0] 6m + 6 3m + 3 C3m+3((1))
2
[o, m, 51 [2, m, 3] (4, m, 1] bm + 6 3m + 3 C3m+3(m )

6. The indecomposable kA5 modules

NOTE. If P 1is any non-trivial 2-subgroup of A the normeliser

5
of P in A5 is contained in a subgroup H isomorphic to Ah s, and, for
x f H , PP AH=1. Thus if M is an indecomposable kA5 module with
vertex P , then MH = f(M) ® N , vhere N is projective. Let V be the
Sylow 2-subgroup of AS contained in H , and let a, b be generators
for V . Then N, =~ (k)" , and n = dim(a-1)(b-1)M .

The indecomposable kAS modules M such that f(M) ~ [, m, §] will
be called discrete, and those with f(M) ~ Km(o) will be called

continuous.
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(a) The discrete indecomposable modules.

For convenience we denote the three irreducible k4 modules by o,

5

B, Y instead of 1, N, N, , and their projective covers by T, Tg, LR
respectively. Section 3 shows that kA5 has 15 nonprojective uniserial
modules, each of which is a subquotient of one of NB and nY . Indeed

HB may be described as the matrix representation which takes the

generators (12)(34), (123) , and (12345) of A4_ respectively to the

5
matrices
11000001) fwoovoo10] [wwo110o00)
01000000 OvVwwwyvul V0lwow0ooO
00100100{ [001wo0000| [001VU1l00
00011000/ [00OOVOOWO| [000O0VUVOL1
00001000{ |[oooowvvuvvy| |[ooOwWO1lvVoO
00000100 |[000001V0l [000001wWw
00000011 [000000wWO| |[000000wWwW
00000001 l0oooo0o00vY (00000O0WV O

where ® 1is a fixed root of t2 + ¢+ 1 and V=1+w is the other. A

similar description of T 1is obtained by interchanging @ and V in the

Y

above matrices.

The modules constructed by the method of Section 4 from the 15

nonprojective uniserial kA_. modules may be described by diagrams of type

5
(1) %8 % oy,

We denote by [Z, m, j]* the module whose diagram is of the form (1)
with m+ 1 factors o in the top line and subdiagrams Xi’ Yﬁ to the

left and right (respectively) of the extreme top line a's as follows:
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on(u) n= o X, =Y
8
(a) Y
(o)
Y a (o) _
3= 4 = g v ;=8
o o
(a) @ B (a)
_ (& _ _ (o
Yo = Hh= a 1y = B
Y
8
(a) (a) a (a)
Yy= 8 o= B Y Yo= By
o o o

The bracketed (o) indicates the position of the extreme factors o in the
top line relative to the subdiagrams. Provided that < + j =2 6 , we can

assign a meaning to [Z, -1, j]* as before.

THEOREM. The modules [i, m, §1* are indecomposable, and afford a

complete set of discrete indecomposable kA5 modules, since

f[ia ms j]* = [ia ms j] .
Proof. 1. Indecomposability. Throughout this argument we interpret

m so as to exclude uniserial modules.

(i) Direct calculation shows that if %4 is any endomorphism of
(o, m, 0]*, [3, m, 31*%, [3, m, 0]* , or [0, m, 4]* , there exists e € k

such that % - ¢l is nilpotent. Hence these modules are indecomposable.

(ii) Now let M ©bve [4, m, 4]*, [0, m, 4]* , or [b, m, 0]* . Each
of these has a submodule N containing the radical of M and isomorphic
to [0, m+l, 0]* . The quotient M/N 1is isomorphic to a non-trivial

submodule of B @® Y , and is the only possible such quotient of M . It

follows that N is invariant under any endomorphism % of M , so that

+
(h—cl)n annihilates N for some ¢ € kK and some #7n . Hence (h-cl)n 1

annihilates M , which is therefore indecomposable.

(iii) Now let M be [0, m, 21%*, [2, m, 0]* , or [2, m, 2]* . Each

of these has a quotient isomorphic to [0, m, 0]* , with kernel X
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isomorphic to a non-trivial submodule of B ® Y , and containing the only
such components of the socle of M . The submodule X is therefore

invariant under any endomorphism h of M , which then induces an

endomorphism #' of M/XK . Hence (h'—cl)n annihilates M/X (for some
c €k, some n ). Since M has no quotient isomorphic to a non-trivial
submodule of B @Y , (h-c1)”

indecomposable.

must annihilate M , showing that M is

(iv) Arguments similar to those of (ii) and (iii) above, using the
submodules and quotients proved indecomposable at each step allow us to

establish indecomposability for the remaining [Z, m, jl1* .

2. The Green correspondence., If M= [Z, m, j1* , dim(a-1)(b-1)M
is equal to the number of uniserial modules of composition length L4 used
in the construction of M . Hence A& has 1 projective summand if

4
2 =1 (mod 3) or J =2 (mod 3) , 2 if both congruences hold, and none

otherwise.

If Aﬁ remains indecomposable, the isomorphism type of f(M) is

b
determined by the isomorphism type of the restriction of the initial
obvious uniserial submodule or quotient in the diagram for M . It is
therefore easily verified that in such a case f(M) is as stated. For

example, the diagram

o 0o 2 1

i1 0 2

B Y corresponds to the diagram
a

If %4 has one projective summand, then (unless M is uniserial, in
L

which case the correspondence is easily verified directly) one can
establish the required correspondence either by factoring out in M by the
obvious appropriate uniserial submodule of composition length L4 and

considering the restriction of the quotient to Ah , or else by considering

the restriction of the kernel of the natural homomorphism of M onto its
obvious appropriate uniserial quotient of composition length L .
The isomorphism type of f(M) when MA has two projective summands
N
may then be established by a similar procedure, given that the type of
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f(M') is known when M!

) has one projective summand.
L

The 1list of discrete indecomposable k4 modules in the principal

5

2-block is therefore complete.

(b) The continuous indecomposable modules.
We construct indecomposable kA5 modules K’;(o) (0 € k - {0}) such

that f(}(’;(o)) = K”.I(cr) , using the modules M = [3, m, 4] . We choose basis

vectors vo, cees vm for the socle factors of type o in the diagram for

M , ordering from left to right. Let N be the submodule of M generated

by
Ym " Cm1Pm-1 T T %%
where
m_ m-1 m-1
(t-0)" = ¢ - cm_lt - - ey
Let
# =
Km(o) M/N

It is easy to verify directly that Kr‘r"(o) is indecomposable, that
the K”;(o) are non-isomorphic for distinct O , and that K;"I(G) remains
indecomposable on restriction to Ah . Further direct verification shows

that Kr’:z(o)A has a submodule isomorphic to Kl(c) , Wwhich implies that

L
f(K”;l(o)] = K (o) .

7. Classification of modules for q > 5

LEMMA. Let A be a k-algebra of finite dimemsion as a vector space.
Let U be a direct sum of projective indecomposable A-modulss, with
exactly one summand of each isomorphism type, and let B be the algebra
endA(U) . Then the functor Mir— homA(U, M) sets up an equivalence

between the category of finitely generated left A-modules and the category
of finitely generated right B-modules.
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Proof. This is a special case of theorems of Gabriel, [4]. The

required quasi-inverse is N l--"homB(V, N) , where V= homA(U, A)

Thus the isomorphism types of the indecomposable modules of the
principal 2-block algebra of PSL(2, q) [q = 3 (mod 8)) are in one-to-

one correspondence with the types of indecomposable modules of kAh , and

can be constructed by the method described in Sections 4 and 5. Likewise
the isomorphism types of indecomposable modules of the principal 2-block
algebra of PSL{(2, q) (q = 5 (mod 8)) are in one-to-one correspondence
with the types of indecomposable modules of the principal 2-block algebra

of A5 , and can be constructed by the method described in Sections 4 and
6.

This classification theorem extends to other block algebras, such as

the non principal 2-block algebra of A7 , Wwhenever the lemma can be

invoked.
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