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Abstract

A generalised topology is a collection of subsets of a given nonempty set containing the empty set and
arbitrary unions of the elements in the collection. By using the concept of hereditary classes, a generalised
topology can be extended to a new one, called a generalised topology via a hereditary class. We study
continuity on generalised topological spaces via hereditary classes in various situations.
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1. Introduction

Topology has played an important role in many other branches of mathematics. Point-
set topology deals with the class of open sets or of nearly open sets and their properties.
In 1997, Csaszar [1] defined generalised open sets called y-open sets covering every
class of nearly open sets. He showed that arbitrary unions of y-open sets are y-open.
In 2002, he used properties of y-open sets to define a generalised topology [2]. The
definition of a generalised topology ignores two of the requirements for a topology:
that the whole set belongs to the topology and that a finite intersection of open sets
is open. In 2007, Csaszar [4] gave an extension of generalised topological spaces by
using hereditary classes (a collection H of subsets of the space such that every subset
of elements in H belongs to ). Hereditary classes were first introduced in 1990 by
Hamlett and Jankovié [5] to generalise the set of w-accumulation points on a set A (a
point such that each of its neighbourhoods contains infinitely many elements of A) and
the set of condensation points on a set A (a point such that each of its neighbourhoods
contains uncountably many elements of A). In this paper, we study continuity on
generalised topological spaces via hereditary classes.

The organisation of the paper is as follows. In Section 2 we explain generalised
topological spaces and hereditary classes, based on [1-4, 6]. The main results of
the paper are obtained in Section 3. The first theorem is a generalisation of the
pasting lemma where we try to reduce some conditions by using hereditary classes.
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Further theorems show that continuity between two generalised topological spaces
can be preserved on generalised topological spaces via hereditary classes in various
situations. By applying these theorems, we obtain results concerning open maps
and hereditary classes on subspaces of generalised topologies via hereditary classes.
Finally, we prove that in some conditions one can construct a hereditary class that
makes a given function continuous on the generalised topological space via this
hereditary class.

2. Preliminaries
Csaszér [1] introduced y-open sets generalising open and nearly open sets.

DermniTion 2.1. Let X be a nonempty set, and denote its power set by P(X). The
function y : P(X) — P(X) is called monotonic if A C B implies yA C yB for all
A, B € P(X). The set of all monotonic functions is denoted by I'(X).

DermniTion 2.2. Let X be a set and y a monotonic function. A set A C X is called y-open
if A C yA.

Csdszdr [2] observed that the collection of y-open sets has some properties similar
to those of the classical open sets. That is, for each monotonic function y, the empty set
is y-open and an arbitrary union of y-open sets is y-open. This motivates his definition
of a generalised topological space.

DerniTion 2.3. Let X be a nonempty set. A collection u of subsets of X is a generalised
topology on X if it satisfies the following conditions.

(1) The empty set is in u.
(2) An arbitrary union of elements in y is in y.

The pair (X, u) is called a generalised topological space and an element in y is called
a u-open set. A set A C X is called u-closed if X — A is u-open. We observe that any
topology is also a generalised topology.

DeriniTionN 2.4, Let (X, 1) be a generalised topological space. For A C X, the u-interior
of A, denoted by i,A, is the union of all u-open subsets of A, and the u-closure of
A, denoted by c,A, is the intersection of all u-closed supersets of A. If there is no
ambiguity, then i,A and c,A will be denoted by iA and cA, respectively.

Dermnition 2.5. Let (X, u) be a generalised topological space. Then u is said to be a
quasi-topology on X if it satisfies the property

A,BepuimpliessANBepu

and the pair (X, u) is called a quasi-topological space. The relative generalised
topology ua on A is defined by

pa={MNA|Mep

and the pair (A, p4) is called a subspace of (X, u).
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Let (X, ) be a topological space and A € X. The closure A of A in X is the set of all
points in X such that every neighbourhood of x meets A, that is,

xeAe=ANO#0 forall Oec 7 containing x.

The condition A N O # @ can be rewritten as A N O ¢ {#}. Following Hamlett and
Jankovi¢ [5], we can generalise the concept of the closure by replacing {0} by a
collection of subsets of X to obtain a new topology. Note that not every collection
of subsets of X can be used. This leads to a concept of a hereditary class and an ideal.

DermiTion 2.6. Let X be a nonempty set. A collection Hy of subsets of X is said to be
a hereditary class on X if for each A, B € P(X),

A C Band B e Hy imply A € Hy.
If we add the property that
A, B € Hy implies A U B € Hy for each A, B € P(X),
then a hereditary class on X is said to be an ideal, usually denoted by 1.

Csaszar [4] used this concept to construct generalised topologies via hereditary
classes. Throughout this paper, (X, u, /) denotes a generalised topological space (X, 1)
together with a hereditary class .

Derintrion 2.7. Let (X, u, H) be a generalised topological space. For each A C X,
Ay ={x€eX|MnAg¢H when M € y containing x}.
In particular, Aj) = cA. If there is no ambiguity, then A;, will be denoted by A™.

ExawmpLe 2.8. Observe that A}, depends on the hereditary class on X. For example,
let X ={a, b, c,d} and u = {0, {a}, {b, c}, {a, b, c}}. Then u is a generalised topology on
X. Let A = {a, ¢} and consider the hereditary classes H; = {0, {a}} and H, = {0, {b}} on
X. Then A;ﬂ =1{b,c} and A;{z ={a, b, c}. Note that A N {a} € H, implies a ¢ A} . and
ae Ai‘HZ because A N {a} ¢ H, and A N{a,b,c} ¢ H,.

Next, we describe some properties of A*. In a topological space, A also satisfies
these properties.

ProrosiTioN 2.9 [4]. Let (X, u, H) be a generalised topological space and A, B C X.
(1) A cCBimplies A* C B".

(2) A*ccA.

(B) IfMeuandMNAeH, then MNA* =0.

4) Aisp-closed.

(5) Ais u-closed implies A* C A.

(6) (A*)" C A* when A CX.

(7) X=X"ifand only if u nH = {0}.
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Proposition 2.9(7) leads to the following definition.

Dermnition 2.10. Let (X, u, H) be a generalised topological space. The hereditary class
H is said to be u-codense if H N u = {0}.

In [6], Renukadevi and Vimladevi proved the following theorem and also gave a
counterexample showing that the theorem is not true if H is a hereditary class but not
an ideal.

TueoreMm 2.11 [6]. Let (X, u, I) be a quasi-topological space together with an ideal 1.
Foreach A,BC X, A* U B* = (A U B)".

In some situations, as in Example 2.8, A* does not contain A, so A* cannot be
regarded as the closure of A. To generalise the concept of the closure of A, we need
the following definition.

Derinition 2.12. Let (X, u, H) be a generalised topological space. For each A C X,
c HA=AU A"

If there is no ambiguity, then c A can be denoted by c*A. Csdszar [4] proved
that there is a generalised topologlcal space (¥ such that c*A is the intersection of all
p*-closed supersets of A , that is, M € y* if and only ¢*(X — M) = X — M. This leads
to a new generalisation of a topological space.

Derinition 2.13. Let (X, u, H) be a generalised topological space. Define a generalised
topology on X via a hereditary class H by

Hy ={M C X | c"(X — M) = (X - M)}.

An element in 17, is said to be p, -open. Again, if there is no ambiguity, then g, will
be denoted by u*.

ExawmpLE 2.14. In the setting of Example 2.8, we have ,u;;{] ={0,{a},{b,c},{a,b,c}} and
My, =10, {a} {c}. {a, ¢}, {b, ¢}, {a, b, c}}.
Remark 2.15. If H = {0}, then y* = pu.

The following are some properties of the generalised topology u*.

ProposiTion 2.16 [4]. Let (X, u, H) be a generalised topological space. Then:
(1) Fisyu*-closedifand only if F* C F;
(2) pcp.
From Example 2.8, if a generalised topology contains a large number of elements,
then it is complicated to calculate the generalised topology via the hereditary class.

However, there is an easier way to determine a generalised topology via a hereditary
class using the concept of a base for a generalised topology.

Dermnition 2.17. Let (X, 1) be a generalised topological space. The collection B is a
base for yu if and only if every M € y is a union of elements of B.
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Tueorem 2.18 [4]. Let (X, u, H) be a generalised topological space. The set
{M—-—H|Meuand H € H}

constitutes a base for u*.

3. Main results

In this section we will prove the main results of this paper. The definition of
a continuous function between generalised topological spaces was introduced by
Csaszar [2].

Derinition 3.1. Let (X, p) and (Y, v) be generalised topological spaces. A function f
from X to Y is (u, v)-continuous if f~'(N) € u, for each N € v.

TueoreEm 3.2 (Pasting lemma on quasi-topological spaces). Let (X, u) be a quasi-
topological space and (Y,v) a generalised topological space. Let X = A U B where
A and B are both u-closed or u-open. Let f: X — Y be a function such that f|s is
(pa, v)-continuous and f|p is (up, v)-continuous. Then f is (u, v)-continuous.

Proor. First, consider the case where A and B are both u-open. Let N € v. Then
flgl(N) € us and fll‘gl(N) € up. Thatis, f~'(N)NA € uy and f~'(N) N B € up. Since
A and B are u-open and yu is a quasi-topology on X, f~'(N) N A and f~'(N) N B are
ing. So fT' Ny = NNX=FN)NAUB) =" N)NA U (N)NB)ep.
Hence f : X — Y is (u, v)-continuous. If A and B are both u-closed, we use a similar
argument and the fact that f is continuous if the preimage of a closed set is closed. O

The following example shows that the above theorem is not true if (X, y) is just a
generalised topological space and not a quasi-topological space.

ExawmprE 3.3. Let X = {a,b,c} and Y = {1, 2} and define generalised topological spaces
(X,w) and (Y, v) by p = {0, {a, b}, {a, c},{b, c},{a, b, c}} and v = {0, {1}, {2}, {1, 2}}. Note
that u is not a quasi-topology on X. Let A ={a,c} and B = {b,c}. Then A and B are
both p-open. Define f: X — Y by

flw=1, fb)=2, flo)=1.

Obviously, fla is (ua, v)-continuous. Since {b} and {c} are ug-open, f|z is (ug,v)-
continuous. However, f is not (u, v)-continuous since {b} is not y-open.

TueoreM 3.4 (Pasting lemma on quasi-topological spaces via codense ideals). Let
(X, u, I') be a quasi-topological space with a u-codense ideal I and (Y,v) a generalised
topological space. Let X =AU B and let f : X — Y be a function such that f|s- is
(ua-, v)-continuous and flg- is (up-, v)-continuous. Then f is (u,v)-continuous.

Proor. Let N € v, s0 Y — N is v-closed. Thatis, f~'(Y = N) N A* = fl;}(Y = N) is pa--
closed and f~1(Y = N) N B* = fl3!(Y — N) is up--closed. Since A* and B* are p-closed,
fY(Y-=N)nA*and f~'(Y = N) N B* are u-closed. Consider

[TY-NN@AUB)=(f'(Y-N)NnAHU ('Y -N)NBY)
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which is p-closed. Thus, f'(Y = N)n(A* UB") = f'(Y —= N)Nn (AU B)* by
Theorem 2.11. Further, f~'(Y = N) N (AU B)* = (¥ = N)n (X)* = f' (Y =N)n X
by Proposition 2.9(7). So f~'(Y — N) is u-closed and f~'(N) € u. Hence f is (u, v)-
continuous. O

From Proposition 2.16, u C u*. So we easily obtain the following theorem.

Tueorem 3.5. Let (X, u) and (Y,v) be generalised topological spaces and Hx a
hereditary class on X. Assume that f is a (u,v)-continuous function from X to Y.
Then f is (u*, v)-continuous.

In the theorem above, if we replace the generalised topological space (Y, v) by the
generalised topological space (¥, foy) via some hereditary class Hy, it is natural to ask
whether f is (u*, v*)-continuous or not. Consider the following example.

ExawmpLE 3.6. Take X = [0, 1], Y = [1, 2], i the usual subspace topology on X and v the
discrete topology on Y, so that (X, u) and (Y, v) are topological spaces. Consider the
(u, v)-continuous function f : X — Y defined by f(x) = x + 1. Let

Hy={0}U{{x}ePX)|xeX} and Hy={AcPY)|AcCY—{1}}

be hereditary classes on X and Y, respectively. Then f is not (u )-continuous

because {1} € (v);{y but {0} ¢ ,u;{X.

* *
Hy >V Hy

This implies that not every hereditary class on ¥ makes f a (u*, v*)-continuous
function. So we can ask what conditions give rise to the (u*, v*)-continuity of a (u, v)-
continuous function. Such conditions are described in the following theorems.

Tueorem 3.7. Let (X, p) and (Y, v, Hy) be generalised topological spaces. If f is a
(u, v)-continuous injection from X into Y, then for the hereditary class on X defined by

Hx = {1 (A) | A e Hy),
the function f is (,u;{x, v,j{y)-continuous.

Proor. It is clear that Hy = {f~!(H) | H € Hy} is a hereditary class on X. To see that
f is (u*, v*)-continuous, take G € v*. From Theorem 2.18, v* has a base of the form
{N—H |forall N € vand H € Hy}. So

FG) = JNo = Hay = | 7' Vo = Ha) = {7 (Na) = 7 (Ha)).

aeA aeA aeA

Here, f~'(N,) € u and f~'(H,) € Hy for each a € A. This implies that f~1(G) € u*.
Hence f is (u*, v*)-continuous. O

ExawmpLE 3.8. Consider the previous example. Define hereditary classes on X and Y by
Hy ={0,{1}} and Hy = {0, {2}}, respectively. Then vi‘HY ={0,[1,2),[1,2]}. For each
N e foy, we can easily check that f~1(N) € ufHX. Hence f is (u*, v*)-continuous.
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The following example shows that the injective property is a necessary condition in
the construction of the hereditary classes in Theorem 3.7.

Exampie 3.9. Let X ={a,b,c}, Y ={1,2}, u=1{0,{a, c},{a, b, c}} and v = {0, {1, 2}}.
Define g: X — Y by

gla=1, gb)=2, glc)=2.

It is easy to check that g is (u, v)-continuous. Let Hy = {0, {2}} be a hereditary class
on Y. By the construction in Theorem 3.7, Hy = {0, {b, c}}. However, Hy is not a
hereditary class on X.

Similarly, given a hereditary class on X, we can construct a hereditary class on Y
such that f is (u*, v*)-continuous.

Tueorem 3.10. Let (X, u, Hy) and (Y,v) be generalised topological spaces. If f is a
(u, v)-continuous bijection from X onto Y, then for the hereditary class on Y defined
by

Hy ={f(A) | A € Hyl},

the function f is (,u;{X, v;{y)-continuous.

Proor. Clearly Hy = {f(H) | H € Hy} is a hereditary class on Y. We will prove that f
is (u*, v*)-continuous. Let G € v*. We can write G = | J,ep (N, — H,) when N, € v and
H, € Hy. Since H, € Hy, there is a K, € Hy such that f(K,) = H,. Therefore,

7@ = (v = o) = | ' Vo = Ho)

aeA aeA
= We = f&) = No) - Ko,
aeA aeA
This expresses f~!(G) in terms of basis elements for u*, so f~1(G) € u*. O

From Theorems 3.7 and 3.10, given any hereditary class on either X or ¥ under some
assumption on the function f, we can always find a hereditary class which preserves
the continuity of f. It is easy to prove the following corollary for the composition
function.

CororLARrY 3.11. Let (X, u), (Y,v) and (Z, w) be generalised topological spaces. Let f
be a (u, v)-continuous bijective function from X to Y and g a (v, w)-continuous bijective
function from Y to Z.

(1)  If Hy is a hereditary class on X, we can construct the hereditary classes Hy and
H such that g o f is (u*, w*)-continuous.

(2) If Hyz is a hereditary class on Z, we can construct the hereditary classes Hy and
Hy such that g o f is (1, w*)-continuous.

(3) If Hy is a hereditary class on Y, we can construct the hereditary classes Hy and
Hz such that g o f is (u*, w*)-continuous.
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In a generalised topological space (X, u), we can define an open map and a
homeomorphism in the same way as in a topological space.

Dermition 3.12. Let (X, u) and (Y, v) be generalised topological spaces. A function
f: X —>Yis(u,v)-openif f(M) € vforeach M € u.

A function f : X — Y is a (u, v)-homeomorphism if f is a (u, v)-continuous bijection
and f~!is (v, u)-continuous.

Tueorem 3.13. Let (X, i) and (Y, v) be generalised topological spaces and f a bijection
from X onto Y. Then f is (u, v)-open if and only if = is (v, u)-continuous.

Proor. Let M € p. Since f is (u, v)-open, f(M) € v and (f~')~'(M) € v. Hence f~!is
(v, w)-continuous. Conversely, assume that f~! is (v, u)-continuous. Let M € u. Since
f~Vis (v, u)-continuous, (f~1)~'(M) € v and so f(M) = (f~")"'(M) € v. Hence f is
(u, v)-open. O
CoroLLARY 3.14. Let (X, u) and (Y,v) be generalised topological spaces and f a
bijection from X onto Y. Then f is a (u, v)-homeomorphism if and only if f is (u,v)-
continuous and (L, v)-open.

CororLary 3.15. Let (X, u, Hx) and (Y, v) be generalised topological spaces. If f is a
(1, v)-open bijection from X to Y, then there is a hereditary class Hy on Y such that f

is (,u;{X, vé{y)—open.
Proor. Apply Theorems 3.7 and 3.13. O

CoroLLArY 3.16. Let (X, u,) and (Y, v, Hy) be generalised topological spaces. If f is a
(u, v)-open bijection from X to Y, then there is a hereditary class Hy on X such that f

is (,u;{X, vé{y)—open.
Proor. Apply Theorems 3.10 and 3.13. O

Exampre 3.17. Let X ={a, b, c}, Y ={1,2,3}, u ={0,{a, c},{a, b}, {b, c},{a, b, c}} and
v =10, {1},{1,2},{1,3},{2,3},{1,2,3}}. Define f : X —» Y by

f@=1, fb)y=3, [flo)=2.
Then f is a (i, v)-open bijection. For the hereditary class Hx = {0, {b}} on X, we have
,uj;{x ={0,{a}, {c},{a, c},{a, b}, {b,c},{a, b, c}}. By Theorems 3.7 and 3.13, we can define
Hy = {0, {3}} and then Vg, = {0,{1},{2},{1,2},{1,3},{2,3},{1,2,3}}. Therefore, ! is
(Vi » Mg, )-cONtinuous. By using Theorem 3.13 again, f is (M3, » V3, )-OPED.
Tueorem 3.18. Let (X, u, Hx) and (Y,v) be generalised topological spaces. If f is

a (u, v)-homeomorphism from X to Y, then there is a hereditary class Hy on Y that
makes [ a (U, v*)-homeomorphism.

Proor. Let f: X — Y be a (u, v)-homeomorphism so that f is a (u, v)-open and
(u, v)-continuous bijection. By applying Theorem 3.10, we obtain a hereditary class
Hy ={f(H) | H € Hx} on Y such that f is (u*, v*)-continuous. It is easy to show that
fis (u*,v*)-open. Thus f is a (u*, v*)-homeomorphism. O
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CoroLLarY 3.19. Let (X, u) and (Y, v, Hy) be generalised topological spaces. If f is

a (u, v)-homeomorphism from X to Y, then there is a hereditary class Hx on X that

makes f a (u*,v*)-homeomorphism.

Proor. Consider f~!' and apply Theorem 3.18. O
We next consider the behaviour of continuous functions on subspaces of generalised

topological spaces.

Derinition 3.20. Let X be a nonempty set, H a hereditary class on X and A c X. The
relative hereditary class H, on A is

Hy ={HNA|forall He H}.

REmaRrk 3.21. We will show that H is a hereditary class on A. Let C € H, and D C C.
Since C € H,, there exists H € H such that C= HNA. Then D c HNA C H and so
DeH.Hence D=DNAeH,.

TueoreMm 3.22. Let (X, u, H) be a generalised topological space and A a subset of X.
For the relative hereditary class Hy on A, we have (ua)* = (u*)a.

Proor. Let V € (u*)4. There exists G € u* such that V=GN A. Since G € u*,
G = Uper(M, — H,) with M, € y and H, € H. Then

V=i - ) na = (Mo 0 (o)) 04 = (Mo 0 (o 0 )
aeN

aeA aeA

= ( | JMa 0 (a0 0 A)) uo = ( Mo 0 (Hoy 0 A)) y ( L, nacn A))
aEA aEAN

aeA

= U((Ma N(Ho) NA)U (M, NA°NA)) = U((Ma NA) N (Ha)* U AY))

aeA aeA
= JaMa n )0 (Hy 04 =)Mo 0 A) = (H, 01 A).
aeA aeA

Since M, NA € uyand H, N A € Hy, we find V € (ua)*, so (u*)a C (ua)*. Conversely,
let W € (ua)*. Then W = Uper(Up — Kp) with Ug € ua and Kp € Hy. Since Up € ua
and K € Hy, there exist Mg € u and Hg € H such that Ug = Mg N A and Kz = Hg N A.
Consequently, W = (g (Mg N A) — (Hg N A)). Similarly,

W= U(M/g NA-HgNA)= (U(Mﬁ—Hﬂ))mA.
pel’ Bel’

Since Uger(Mp — Hp) is an element in u*, we have W € (u*)4 and so (1a)* C (4")a.
Therefore (us)* = (u*)a- O

CoroLLARY 3.23. Let (X, u, H) and (Y, v) be generalised topological spaces and A a
subset of X. For the relative hereditary class Hy on A and [ : A — Y, the function f
is ((ua)*, v)-continuous if and only if it is (u*)|4, v)-continuous.
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So far, we have various situations where (u,v)-continuity implies (u*, v*)-
continuity. The following examples investigate whether a function can be (u*, v)-
continuous without being (u, v)-continuous.

Exampre 3.24. Let X = {a, b, c,d} and Y = {1, 2, 3}. Define the generalised topologies
u=1{0,{a},{b},{a,b},{b,c,d},X} on X and v ={0,{1}} on Y. Let f: (X,u) — (¥,v) be
defined by

fla=1, fb)=3, flo=2, fld=1,
so that f is not (u, v)-continuous. Choose the hereditary class Hy = {0, {b}, {c}, {b, c}}
on X. Then

w=10,{a}, {b},{d}, {a, b} {a, d}, (D, d}, {c,d}, {a, b, d}, {a, ¢, d}, {b, c, d}, X}
and we can observe that f is (u*, v)-continuous.

ExampLE 3.25. Let X = {a, b, c,d} and Y = {1, 2, 3}. Define the generalised topologies
u=1{0,{a},{d},{a,d},{a,b,d}} on X and v = {0, {1},{1,2}} on Y. Let f : (X,u) — (¥,v)
be defined by

fl@=1, fb)=3, flo=2, fld=1,
so that f is not (u, v)-continuous. Moreover, f is not (u*, v)-continuous for any
hereditary class on X because y* has a base of the form {M — H | M € u, H € H} and
so any open set in y;, cannot contain the element c.

THEOREM 3.26. Let (X, u) and (Y, v) be generalised topological spaces and f : X — Y.
If X € p, then there is always a hereditary class on X such that f is (u*, v)-continuous.

Proor. Define Hy ={AcCX - f ~1(V) | for all V € v}. We claim that H ' is a hereditary
class on X. Let C € Hy and D c C. Since C € Hy, there exists V' € v such that
C c X — f~(V’). This implies D c X — f~' (V") and so D € H;.

Now suppose that X € g and let N € v. Then X — (X — f~'(V)) is an element in a
base for u*. Therefore f~'(N) € u*. O
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