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Abstract  In this paper the spectral properties of the abstract Klein—-Gordon equation are studied. The
main tool is an indefinite inner product known as the charge inner product. Under certain assumptions on
the potential V', two operators are associated with the Klein—Gordon equation and studied in Krein spaces
generated by the charge inner product. It is shown that the operators are self-adjoint and definitizable in
these Krein spaces. As a consequence, they possess spectral functions with singularities, their essential
spectra are real with a gap around 0 and their non-real spectra consist of finitely many eigenvalues
of finite algebraic multiplicity which are symmetric to the real axis. One of these operators generates
a strongly continuous group of unitary operators in the Krein space; the other one gives rise to two
bounded semi-groups. Finally, the results are applied to the Klein—-Gordon equation in R™.
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1. Introduction

The Klein—Gordon equation

((gtieq>2A+m2>w0 (1.1)

describes the motion of a relativistic spinless particle of mass m and charge e in an
electrostatic field with potential ¢ (the velocity of light being normalized to 1); here ¢ is
a complex-valued function of x € R™ and of t € R.
If in (1.1) we replace the uniformly positive self-adjoint operator generated by the
differential expression —A + m? in the Hilbert space Ly(R™) by a uniformly positive
* Sadly, Professor Branko Najman died in August 1996.
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self-adjoint operator Hy in a Hilbert space H and the operator of multiplication with
the function eq by a symmetric operator V in H, we obtain the abstract Klein-Gordon

equation
d 2
((dt —1V> +H(]>'LL:0, (12)

where u is a function of ¢ € R with values in H. Equation (1.2) can be transformed into a
first-order differential equation for a vector function @ in an appropriate space, formally
given by H @ H, and a linear operator A therein:
i—f =iAx. (1.3)

However, this is in general not possible with a self-adjoint operator A in a Hilbert space.

In the literature two inner products have been associated with the Klein—-Gordon equa-
tion (1.1), one of them representing the charge and the other one representing the energy
of the particle. The energy inner product is used in numerous papers to study the spec-
tral and scattering properties of (1.1), see, for example, [5,11,12,16,20,28,29,35-37,
41,42,49,50]. The charge inner product has been suggested by the physics literature
(see [13]); it was first used in the pioneering work of Veseli¢ [45-47] and subsequently
in the papers [34, 38, 48], the unpublished manuscript* [26], as well as in [9,17-19]. It
is also called the number norm since it is related to the number operator in the theory
of second quantization (see [3]).

The reason for the preference of the energy inner product (-, -) may be that it is positive
definite and generates a Hilbert space if the potential V' is small with respect to Hol/ 2;
this can be seen from its formal definition

@w»=«%gv gww>=wm4waw+@y> (14)

for suitable elements z = (x y)T, 2’ = (2/ ¥')T of H & H, where (-,-) denotes the scalar
product in H. The charge inner product [-, -], however, is always indefinite: it is defined
on elements ¢ = (z y)T, ' = (2’ y')T of H @® H by a relation of the form

[%M(G Qaf)@w+wm» (15)

Therefore, it is negative on an infinite-dimensional subspace (if  is infinite dimensional)
and hence leads to a so-called Krein space. At first glance, these indefinite structures seem
to be less convenient from the mathematical point of view. However, they allow deeper
insight into the spectral properties of the Klein-Gordon equation, e.g. by providing a
classification of the points of the spectrum into points of positive, negative or neutral
type and sufficient conditions for the existence of corresponding strongly continuous
groups of operators which are unitary with respect to the indefinite inner product (1.5).

* This manuscript, dating back to the late 1980s, was the starting point for the present paper and
also for the papers [18,27].
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In this paper we associate two operators, A; and A, with the abstract Klein—-Gordon
equation (1.2). Formally, both operators arise from the second-order differential equa-
tion (1.2) by means of the substitution

d
= == —i— — 1
T =u, Yy ( iy V) U, (1.6)

which leads to a first-order differential equation (1.3) of the form

de . (V I
dt_l<H0 V)w (1.7)

for the vector function x = (x y)T. However, we consider the block operator matrix
in (1.7) in two different Krein spaces induced by the charge inner product (1.5), and
we prove the self-adjointness of the corresponding operators A; and A, in these Krein
spaces.

The main results of this paper concern the structure and classification of the spectrum
for A; and As, the existence of a spectral function with singularities, the generation of a
strongly continuous group of unitary operators, the existence of solutions of the Cauchy
problem for the abstract Klein-Gordon equation (1.2) and an application of these results
to the Klein-Gordon equation (1.1) in R™. The main tools for this are techniques from
the theory of block operator matrices and results from the theory of self-adjoint operators
in Krein spaces.

The paper is organized as follows: in § 2 we present some basic notation and definitions
from spectral theory and we give a brief review of results from the theory of self-adjoint
and definitizable operators in Krein spaces. In §3 we introduce the first operator, Ay,
associated with (1.7), which acts in the Hilbert space G; = H & H. Equipped with the
charge inner product (1.5), the space G; becomes a Krein space, which we denote by K.
The block operator matrix in (1.7) is formally symmetric with respect to the charge inner
product [-, -] since, for ¢ € (D(V)ND(Hy)) ®D(V), ' € H D H,

vV I , Hy V /
<Ho V)ac,sc]:<<v I)a:,:z:). (1.8)

We show that if V' is relatively bounded with respect to HS/ 2, then the block operator
matrix in (1.7) is essentially self-adjoint in C;, and we denote its self-adjoint closure
by A;. Using a certain factorization of A; — A, A € C, we relate the spectral properties

of A; to those of the quadratic operator polynomial L; in H given by
Li(\) =1 —(S—XH, ) (5" = AH; "), Aec,

where S is the bounded operator S = VH0_1/2.

In § 4 we define the second operator, As, associated with (1.7) in the more complicated
Hilbert space Go = Hy,4 © H_1/4; here Ho, —1 < a < 1, is a scale of Hilbert spaces
induced by the fractional powers H§ of the uniformly positive operator Hy. We equip Gs
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with the charge inner product (1.5), where now the brackets on the right-hand side
of (1.5) denote the duality

(z,y) = (Hz,Hy“y), v€Ha, y€H_q,

between the spaces H, and H_,, for a = i and a = —i; the corresponding space Kz is a
Krein space. An analogue of formula (1.8) in #H; /4@ H_1,4 shows that the block operator
matrix in (1.7), now considered as an operator in Go, is formally symmetric with respect
to the charge inner product [-,-]. If the resolvent set p(L;) is non-empty, we associate a
self-adjoint operator Ay in the Krein space Ko with the block operator matrix in (1.7).
The operator Az was first considered by Veseli¢ [45] (see also [34,46,47]). He showed
that, under his assumptions, As is similar to a self-adjoint operator in a Hilbert space. The
operators A; and As were also introduced by Jonas [18] using so-called range restriction
(see [17]). In [18] and in [45] it was supposed that VHJU2 is compact. The opelr/aztor Ay
| <1.

The main results of the present paper are proved under the more general condition

was also studied in [9,34] for the cases when either VH /2 is compact or \VHy

S = VH()_l/2 =S50+ 51, |Soll <1, Si compact. (1.9)

Under this assumption, in §5, we study and compare the spectral properties of the
operators A; and As. We show that A; and As are definitizable (for the definition of
definitizability see §2), that their spectra, essential spectra and point spectra coincide
and are symmetric to the real axis, that their essential spectra are real and have a
gap around 0, and that the non-real spectrum consists of a finite number of complex
conjugate pairs of eigenvalues of finite algebraic multiplicity; this number is bounded by
the number  of negative eigenvalues of the operator I — S*S in H. As a consequence
of the definitizability, the operators A; and Ay possess spectral functions with at most
finitely many singularities.

At the end of §5 we compare the results for A; with results for another operator
associated with the Klein-Gordon equation in [27]. This operator, A, arises from the
second-order differential equation (1.2) by means of the substitution

du
pu— P —'7 1.10
rmu, =i (1.10)

which leads to a first-order differential equation of the form

de | 0 I
it (Ho e 2V> x. (1.11)

The operator A, formally given by the block operator matrix in (1.11), acts in the space
G =Hi/2@H; it is defined if V' is Hé/2—bounded and 1 € p(S5*S). These two assumptions
guarantee that a self-adjoint operator H = HS/ 21— S*S)H& % can be associated with
the entry Hq — V2 in (1.11). Under the additional assumption 1.9, the space K is a
Pontryagin space and A is a self-adjoint (and hence definitizable) operator in K. We
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prove that the spectra, essential spectra and point spectra of A and of A; (and hence
also of As) coincide.

In §6 we show that A, generates a strongly continuous group (e'*42),cg of unitary
operators in the Krein space ICo. Hence, the Cauchy problem

da
dt

has a unique classical solution given by

=idyx, x(0) = mo, (1.12)

x(t) = 2y, tER, (1.13)

if ¢y € D(Ap); if only xg € Ko, then (1.13) is a mild solution of (1.12). To this end, we
prove that oo is a regular critical point of Ag, thus generalizing a result in [9] for the
special cases Sy = 0 and S7; = 0. The regularity of co in fact implies that Ao is the sum
of a bounded operator and of an operator which is similar to a self-adjoint operator in a
Hilbert space (see §2). For the operator A;, however, oo is in general a singular critical
point if Hy is unbounded; thus, A; does not generate a group of unitary operators in ;.
In fact, the construction in [17] of the operator Ay from A; is designed to make co a
regular critical point.

In § 7, for bounded V', we show the existence of maximal non-negative and non-positive
invariant subspaces £ and £_, respectively, for the definitizable self-adjoint operator A;.
These subspaces admit so-called angular operator representations, e.g.

- {(2)weou)

with a closed linear operator K in H. This yields solutions on the negative and positive
half-axes of the second-order initial-value problem

((i + v)2 - Ho>v =0, v(0)= o, (1.14)

which arises from (1.2) by means of the substitution 7 = —it, v(7) = u(t). The solutions
on the positive half-axis are given by

T(K+V)

o(T)=e" vg, T =0,

and the admissible set of initial values vy is the domain D((K + V)?), which in the
case when V = 0 amounts to vg € D(Hp). The solution on the positive half-axis cor-
responds, roughly speaking, to the spectrum of positive type and the spectrum in the
upper (or lower) half-plane, whereas the solution on the negative half-axis corresponds
to the spectrum of negative type and the spectrum in the upper (or lower) half-plane
of Al.

Finally, in §8, we apply the results of the previous sections to the Klein—Gordon
equation (1.1) in R™. We prove that in the space W;lm(R”) it has a unique classical
solution if the initial values ¥y = ¥(-,0) and ¥, = 9¢(-,0)/0t belong to W3 (R"™) and

WQI/Q(R"), respectively, and (—A — V21 € W;1/2(R").

https://doi.org/10.1017/50013091506000150 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506000150

716 H. Langer, B. Najman and C. Tretter

2. Preliminaries

2.1. Notation and definitions from spectral theory

For Hilbert spaces H and H', L(H,H’) denotes the space of bounded linear operators
from H to H', and we write L(H) if H = H'.

For a closed linear operator A in a Hilbert space H with domain D(A), we denote by
p(A), 0(A) and o, (A) its resolvent set, spectrum and point spectrum or set of eigenvalues,
respectively. For A € 0,(A) the algebraic eigenspace of A at A is denoted by £3(A). The
operator A is called Fredholm if its kernel is finite dimensional and its range is finite
codimensional (and hence closed; see, for example, [15, Chapter IV, §5.1]). The essential
spectrum of A is defined by

Oess(A) :={A € C: A — X is not Fredholm}.

An eigenvalue Ao € o,(A) is called of finite type if Ao is isolated (i.e. a punctured
neighbourhood of Ay belongs to p(A)) and A — Xy is Fredholm or, equivalently, the
corresponding Riesz projection is finite dimensional. The set of all eigenvalues of finite
type is called the discrete spectrum of A and denoted by o4(A).

For an analytic operator function F : C — L(H), the resolvent set and the spectrum
of F are defined by

p(F)i={A€C:0€p(FON)},  o(F):=C\ p(F),
and the point spectrum or set of eigenvalues of F' is the set
op(F) = {A € C: 0 € 0, (F(V)}
(see [14,30]). The essential spectrum of F' is given by
Oess(F) :={A € C: F()) is not Fredholm}.

An eigenvalue Ao € o, (F) is called of finite type if Ao is isolated (i.e. a punctured
neighbourhood of Ay belongs to p(F)) and F(Ag) is Fredholm. If pg C C is an open
connected subset of C \ oess(F) such that pg N p(F) # 0, then py N o(F) is at most
countable with no accumulation point in py and consists of eigenvalues of finite type
of F, and F(-)~! is a finitely meromorphic operator function on pg. This means that
F(-)~! is a meromorphic operator function from pgy to L(H) for which the coefficients of
the principal parts of the Laurent expansions at the poles of F/(-)~! are all operators of
finite rank (cf. [15, Corollary XI1.8.4, Theorem XVII.2.1]). Conversely, if for some open
set po C C the operator function F(-)~! is finitely meromorphic, then pg N oess(F) = 0.
The operator function F' is called self-adjoint if

FO\) =F(\)*, AeC;

in particular, for A € R the values F'(\) are self-adjoint operators. The spectrum of a
self-adjoint operator function is symmetric with respect to the real axis.
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2.2. Self-adjoint operators in Krein spaces

For the definition and simple properties of Krein spaces and the linear operators therein
we refer the reader to [4,7,25]. In the following we recall some of the basic notions. A

Krein space (K,[-,-]) is a linear space K which is equipped with an (indefinite) inner
product [-, -] such that K can be written as
K=6G.+g-, (2.1)

where (G4, £[-,-]) are Hilbert spaces and [+] means that the sum of G, and G_ is direct
and [G1,G_] = {0}. The norm topology on a Krein space K is the norm topology of
the orthogonal sum of the Hilbert spaces Gi in (2.1). It can be shown that this norm
topology is independent of the particular decomposition (2.1); all the topological notions
in I refer to this norm topology.

Krein spaces often arise as follows: in a given Hilbert space (G, (-,-)) any bounded
self-adjoint operator G in G with 0 € p(G) induces an inner product

[z,y] == (Gz,y), =x,y€eq,

such that (G,[-,-]) becomes a Krein space. In the particular case where G has the addi-
tional property G? = I, that is, G is the difference of two complementary orthogonal
projections P and @, G = P — @ with P + @ = I, one often writes G = J and in the
decomposition (2.1) one can choose G+ = PG, G_ = QG.

For a closed linear operator A in a Krein space K with dense domain D(A), the (Krein
space) adjoint AT of A is the densely defined operator in K with

D(AT) = {y € K:[A-,y] is a continuous linear functional on D(A)}

and
[Az,y] = [x,A*y], r € D(A), y € D(AT).

The operator A is called symmetric in K if A C AT, and self-adjoint if A = AT. A self-
adjoint operator A in a Krein space K may have a non-real spectrum, which is always
symmetric with respect to the real axis, and both the spectrum o(A) and the resolvent
set p(A) may be empty.

An element x € K is called positive (respectively, non-positive, neutral, etc.) if [z, 2] > 0
(respectively, [z, x] < 0, [z,2] = 0, etc.), a subspace of K is called positive (respectively,
non-positive, neutral, etc.) if all its non-zero elements are positive (respectively, non-
positive, neutral, etc.). If for a self-adjoint operator A in a Krein space K with Ay €
op(A) all the eigenvectors at Ao are positive (respectively, negative), then Ag is called
an eigenvalue of positive type (respectively, negative type). An eigenvector zp of A at Ag
that is positive or negative does not have any associated vectors.

2.3. Definitizable operators in Krein spaces

A self-adjoint operator A in a Krein space K is called definitizable if p(A) # 0 and
there exists a polynomial p such that

[p(A)z,x] >0, =€ D(p(A)).
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The spectrum of a definitizable operator A is real with the possible exception of finitely
many pairs of eigenvalues A, A, which are necessarily zeros of each definitizing polynomial
p; at such an eigenvalue A or X the resolvent of A has a pole of order not greater than
the order of A\ as a zero of the polynomial p. The closed linear span of all the algebraic
eigenspaces £ (A) corresponding to the eigenvalues A of A in the open upper (or lower)
half-plane is a neutral subspace of K. The algebraic eigenspaces L£(A), L5(A) corre-
sponding to non-real A\, A € o,,(A) are skewly linked, that is, to each non-zero z € £, (A)
there exists a y € L£5(A) such that [z,y] # 0 and to each non-zero y € L£5(A) there exists
an x € L3(A) such that [x,y] # 0.

If A\ € 0,(A), the maximal dimension (up to co) of a non-negative (non-positive,
respectively) subspace of £(A) is denoted by ry(A) (k) (A), respectively), and the
dimension of the so-called isotropic subspace Lx(A)N Lx(A)H of £3(A) is denoted
by k$(A). Observe that if, for example, £3(A) is one-dimensional and neutral, then
kY (A) = Ky (A) = K3(A) = 1; for a non-real eigenvalue A of A the number x3(A) coin-
cides with the dimension of £y (A).

A definitizable operator A with definitizing polynomial p has a spectral function with
critical points. To introduce it, we call a bounded real interval I admissible for the
operator A if some definitizing polynomial p of A does not vanish at the end points of
I'. Then, for each admissible bounded interval I', there exists an orthogonal projection
E(I') in K such that the range E(I")K is invariant under A, the spectrum of the restric-
tion A|E(p),<ﬂntained in ', and the real spectrum of the restriction Al—Bryk 18
contained in R\ I".

A real spectral point A € o(A) is called of positive type if there exists an admissible
open interval I" such that A € I and (E(I')K,[-,-]) is a Hilbert space; this is equivalent
to the fact that [z,z] > 0, x € E(I')K (which implies that [z, z] > 0 if  # 0). The set of
all spectral points of positive type of A is denoted by o (A). Clearly, if (E(I")K,[-,]) is
a Hilbert space, the restriction A|g(ryx has the same spectral properties as a self-adjoint
operator in a Hilbert space. If a definitizing polynomial p is positive on an admissible
interval I', then I' N o(A) consists only of spectral points of positive type. Similarly, a
real point A € o(A) for which there exists an open admissible interval I" such that A € I
and (E(I')K,—[,-]) is a Hilbert space is called a spectral point of negative type of A; the
set of all spectral points of negative type of A is denoted by o_(A). Finally, Ay € R is
called a critical point of A if, for each admissible open interval I" with Ag € I', the range
E(I')K contains both positive and negative elements. The set of all critical points of A
is denoted by oeit(A); it is always finite. In fact, each critical point is a zero of every
definitizing polynomial p. From these definitions it follows that

c(A)NR =04 (A)Uo_(A) Uouit(A).

A real eigenvalue of A with a neutral eigenvector is always a critical point of A. An
eigenvalue \ of positive type is a critical point of A if in each neighbourhood of A there
are spectral points of negative type of A. If, however, the eigenvalue \ of positive type is
an isolated spectral point, then it is a spectral point of positive type.

Similarly, co is called a critical point of A if, outside of each compact real interval,
there are spectral points of positive and of negative type of A. If oo is a critical point
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of the self-adjoint operator A, it is called a regular critical point of A if there exists a
constant v > 0 such that ||E(I')|| < v for all sufficiently large intervals I" centred at 0;
otherwise, oo is called a singular critical point; here || - || denotes the operator norm
corresponding to the norm in K induced by any of the equivalent decompositions (2.1).
Note that the norm of a self-adjoint projection in a Krein space can be arbitrarily large.
If 0o is a regular critical point of A, then outside of a sufficiently large compact interval
the operator A has the same spectral properties as a self-adjoint operator in a Hilbert
space; in particular, the bounded operators e'*4, t € R, can be defined and form a group
of unitary operators in K. Recall that a unitary operator U in a Krein space K is a
bounded operator such that

UUt =U"U = 1.

The operators occurring in this paper belong to a special class of definitizable opera-
tors: they are self-adjoint operators A in a Krein space K for which p(A4) # 0 and the
sesquilinear form

[Az,y], =,y € D(A), (2.2)

has a finite number x of negative squares; recall that the latter means that each subspace
L of K for which

[Az,z] <0, z€L, x+#0, (2.3)

is of dimension less than or equal to x and for at least one k-dimensional sub-
space L the relation (2.3) holds. In this case the definitizing polynomial is of the form
p(A) = A\g(\)g(N\) with some polynomial g of degree less than or equal to x. Then all
the algebraic eigenspaces corresponding to non-real eigenvalues are finite dimensional,

the positive spectrum of A consists of spectral points of positive type with the possible
exception of a finite number of eigenvalues with a negative or neutral eigenvector, and
the negative spectrum of A consists of spectral points of negative type with the possible
exception of a finite number of eigenvalues with a positive or neutral eigenvector. If,
additionally, A is boundedly invertible, the following equality holds:

K= > k(A + > RL(A) + D KA. (24)

A€o (A)N(0,400) A€op(A)N(—00,0) Ae€op(A)NCH

The Krein space K is called a Pontryagin space with negative index k if in one (and
hence in all) decompositions of the form (2.1) the space G_ has finite dimension k. Any
self-adjoint operator A in a Pontryagin space is definitizable and hence has a spectral
function with critical points. With the exception of finitely many points, the real spectral
points of A are of positive type; the exceptional points are eigenvalues with a negative
or neutral eigenvector and

k=Y a(A)+ Y KA.

A€o, (A)NR A€o, (A)NCH
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3. Operators associated with the abstract Klein—-Gordon equation:

Let (H,(-,-)) be a Hilbert space with corresponding norm || - ||, let Hy be a uniformly pos-
itive self-adjoint operator in H, Hy > m? > 0, and let V be a densely defined symmetric
operator in H.

By G1 we denote the orthogonal sum Gy := H @ H with its inner product

(®,2)g, = (z,2') + (y,¢), == (xy", 2'=("y)" €
Equipped with the indefinite inner product
[z,2] = (2,9) + (g, 2), z=(xy)", o' =(@"y)" €, (3.1)

the space Ky := (G1, -, ]) becomes a Krein space. This is clear since the inner product
[,] can be defined by [z, 2’| = (Gz,x’)g, with the Gram operator

G:(g g).

In G, = H @ H, with the abstract first-order differential equation (1.7), we associate
the block operator matrix A; given by

P vV 1

With its natural domain D(A;) := (D(V) N D(Hy)) @ D(V), the operator A; need not
be densely defined nor closable. The main assumption here and below is as follows.

Assumption 3.1. D(Hé/Q) C D(V).

Since V is closable (with closure denoted by V'), Assumption 3.1 is satisfied if and only
if Vis Hé/Z—bounded (see [22, §§IV.1.1, IV.1.3]). Since, in addition, Hy is assumed to
be boundedly invertible, Assumption 3.1 implies that the operator

S :=VH,? (3.3)
is defined on all of H and bounded in H. Together with
Hy Y2V ¢ HY Y2V ¢ (VHG Y = S, (3.4)

this shows that Hy >V = §*.
Under Assumption 3.1, the domain of A; takes the form

D(A,) = {(Z) eHOH:xeDH), yeD(V)}. (3.5)
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Theorem 3.2. If D(H 1/2) C D(V), then A, is essentially self-adjoint in the Krein
space K1. Its closure is the self-adjoint operator Ay = (A;)™ given by

Pl = {<y> eHoN:xeDH?), Hy*z+ 5"y e D(HS/Q)} :

4 (5) = Cagrarie e s)
1 v Hé/Q(Hé/2$+S*y) .
Proof. First we show that
(AT = A, (3.6)

In order to prove the inclusion (A;)* C Ay, let @ = (z y)T € D((A;)1). Then, for
(A e =u=(uv)T € Gy = H ®H, we have

A x] = [, u], = =" y)T e D(A),
that is,
(V' +y' y) + (Hoz' + Vy',2) = (', v) + (v',u), 2’ € D(Hyp), y € D(V). (3.7)
Choosing 3’ = 0, we conclude that for all ' € D(Hy) we have the equality

(Vxl7y) + (Hoxlvm) xl7v)

(
= (VH, ), y) + (1)), ) = (1 (1), 0)
= (H%a!,8%y) + (Hy(H ), ) = (1! Hy )
= (H(Hy*a!),2) = (%! Hy o = 5%)

(

= Hl/2 ! ):(w’,Ho_l/%fS*y)

with w’ := Hé/zm’ being an arbitrary element of D(Hgm). Hence, z € D(Hé/Q) and
Hé/Zx = HJI/QU —S*y,

that is,
HY?x + 8%y = Hy V%0 € D(HY?)

and
v= Hé/2(HS/2x + S*y).

Choosing ' = 0 in (3.7) and using the symmetry of V', we obtain that, for all y’ € D(V),

@)+ (Vy',x) = (¥ u).

Since z € D(H, 1/2) C D(V) and D(V) is dense in H, we see that u = Vi + y.
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The inclusion A1 C(
and ' = (2’ v")T € D(

1) follows if we observe that, for arbitrary = = (z y)* € D(A;)
1),

(Va',y) + (v, y) + (Hor',z) + (V. )

= (Hy*a',8"y) + (o) + (H*a' 1y %) + (VY )

= (Hy"? ’H1/2w+5* Y+, Ve +y)

=[x/, A z].

A
A

(A @) =

), we have A Cc A = (Al)+. Thus, A; is

By the definition of A, and A; and by (3.6
(A1)™T is closed, it follows that

symmetric in C; and hence closable. Since
Ay c (AT = Ay,

and the theorem is proved if we show that A, C A

To this end, let ( ) € D(A1). Then z € D(H, HY? ) and y € H are such that z :=
H5/2IE + S*y € D(H, ) Since D(V) is dense in H, there exists a sequence (y,) C D(V)
with y, — y and, since S is bounded, H, /*Vy, = 5%y, — S*y. If we define

in:=z2—Hy*Vy, e D(H)?) and =z, := H, %, € D(Hy),
then we have, for n — oo,
Tp = 0_1/22 — Ho_l/QHO_l/QVyn — Ho_l/Q(Hl/Qx + S*y) — 0_1/25*y =z,
Hé/an =I, >2z—S'y= Hé/zm.

Since V is Hé/Q—bounded by Assumption 3.1, this implies that also (Vz,) and hence
(Va, + yn) converges. Finally,

Hozn + Vyn = Hé/Q(Hé/an n Hgl/QVyn) _ Hé/Q(gj«n n Hgl/QVyn) _ Hé/QZ,

and hence (Hox, + Vy,) converges. This proves that (z y)T € D(Z) O

In order to ensure that the resolvent set of A; is non-empty, an additional condition
is required in §5. In this respect, the self-adjoint quadratic operator polynomial

Li(\) :=1T— (S — AHy %) (5" = AH; ), Aec, (3.8)

in the Hilbert space H is useful as it reflects the spectral properties of A;; note that,
according to Assumption 3.1, the values Lq(A) are bounded operators in H.

Proposition 3.3. If D(H, 1/2) C D(V), then, for X € C,

(1 (S—xH;YHHY? (0 Li()\)
—A= 0 o I OH-Y%(g —1/2, | - (3.9)
0 0 (S _/\Ho )
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Proof. The formal equality in (3.9) follows immediately from formula (3.8). To prove
the equality of the domains, we observe that (S — /\117071/2)113/2 =V — Xon D(Hyp). Then
the domain D; of the product on the right-hand side of (3.9) is given by

Dl{(i) EH@H:I+H()_1/2(S*)\H()_I/Q)yGD(HO)}
:{G) EH@HZHHOWS*?JED(HO)}

I

which coincides with the domain of A; by Theorem 3.2. g
Proposition 3.4. Let D(Hé/Q) C D(V). Then p(L1) C p(A1) and, for A € p(Ly),

(A4 =)~

_(—H RS = AH YL (N T\ (1 (S = AH, VP HGT?
Li(\)~! 0/ \o H?

0 H-1 C1/200x —1/2 - -
_(0 8>+< H, (SI AHy %) Ll(/\)fl(l —(S—/\H01/2)H01/2).

Moreover,
Uess(Al) C Uess(Ll)- (310)

Proof. The first and the second claim are immediate consequences of the factoriza-
tion (3.9). If A\g & 0ess(L1), then Ly(-)~! is a finitely meromorphic operator function in
a neighbourhood of \g and hence so is (A; — -)~! by the second formula for (A; — \)~!
above. This shows that Ag € gess(A1). O

4. Operators associated with the abstract Klein—-Gordon equation:
Az in Hy s ®H_1/4

In order to associate a second operator A; with the abstract Klein-Gordon equation (1.2),
we introduce a scale of Hilbert spaces (Ha, || - [la), =1 < o < 1, induced by the operator
Hy as follows. If 0 < a < 1, we set

Ho :=DHS), |zlle:=Hz|l, x€ Ha 0<a<L (4.1)
Obviously, Hp = H. If —1 < a < 0, then H,, is defined to be the corresponding space with
negative norm (see [6]), which can also be considered as the completion of D(H§) = H

with respect to the norm

lz]la == H5], zeH, -1<a<0.
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All powers of Hy extend in a natural way to operators between the spaces of the scale
He, —1 < a < 1; in particular, Hg € L(Hqa, Ha-p) for a, 5,a — € [—1,1]. The duality
between H,, and H_, is again denoted by (-,-):

(x,y) == (Hfz,Hy “y), € Ha, yEH_q. (4.2)
Let G2 be the orthogonal sum Gs := H;,4 & H_14 with its inner product
1/4 1/4 —1/4 —1/4
(wam/)gz = (HO/ 'r7HO/ xl) + (HO / yaHO / y/)

forx = (z y)T, 2’ = (' y')T € Go. In addition, we equip the space G, with the indefinite
inner product
[, @) = (Ho'"a, Hy ) + (Hy 'y, Hy ')

for x = (z y)T, ' = (2’ ¥')* € Gy, that is,
[x,2'] = (2,9) + (y,2"); (4.3)

the brackets on the right-hand side of (4.3) denote the duality (4.2) between #H,;,4 and
H_1/4 and vice versa.
The space Ky := (Ga, [, ]) is a Krein space. To see this, we observe that H, '~ is a
. . 1/2 . . .
unitary mapping from G_; 4 onto Gy 4, Hy'" is a unitary mapping from G; /4 onto G_1 4,

and that
H'/? x/
@] = @)+ @)= (| el ) )] = mae
o v Y Go

here the operator J in Go = Hy,4 © H_1,4 is given by

0 g2
J = 0 4.4
(0. ) "

and satisfies J = J* as well as J? = I (see §2.2).
Imposing Assumption 3.1, that is, D(Hé/z) C D(V), we may consider the symmetric
operator V also as an operator in the scale of spaces H,, -1 < a < 1.

1/2

Remark 4.1. Assumption 3.1 is equivalent to the boundedness of V regarded as an
operator from H, /5 to H, that is, V' € L(H1 /2, H). Due to its symmetry, V' then admits an
extension as a bounded operator from H to H_; /2; by interpolation, it can also be defined
as a bounded operator from H, into H,_1/2 for all a € [0, %], see [39, Chapter 1X.4,
Appendix, Example 3]. All these extensions and restrictions of the operator V', originally
given in H, which act between the spaces of the scale H,,, are also denoted by V:

Ve L(Ha,Hafl/Q), o€ [07 %] (45)

As a consequence of (4.5), for the corresponding extensions and restrictions of the oper-
ators S = VH(;U2 and the adjoint S* = (VH51/2)* of S in H, we have

S=VHy"? e L(H,), ael-3,0],
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and

S*=Hy*V e LHa), aeo,i].

Note that in §3 the operator S* had to be written as S* = Hé/QV since there V acts
only within H and thus requires the domain D(V) C H; observe also that in H,, « # 0,
the operator S* is not the adjoint of S.

Under Assumption 3.1, we now consider the operator Ay in Gy given by

D(Ag) = {(;) € Hijy®H 1y0: 2 €DHY?), yeH,

4 (x) ._( Ve+y )
Ny) 7 \Hoz +Vy)

Remark 4.2. The domain of A, can also be written as

Ve+ye€Hyy Hx+Vye€ 7'[—1/4}7 (4.6)

D(Az) = {(;j) EHiuOH_yu:yeH, Ve+yeHiy, Hix+Vye H—1/4}§

in fact, if y € H, then Hoz + Vy € H_;,4 automatically implies x € ’D(Hé/z).

In the following, we first show that A, is a symmetric operator in the Krein space KCs.
In the theorem below we give a sufficient condition for the self-adjointness of Ay in KCs.

Proposition 4.3. If D(Hé/z) C D(V), then Ay is symmetric in Ko.

Proof. Letx = (z y)" € D(A;) C D(Hé/z) @ H. Then, according to the formula (4.3)
for the inner product [-, ],

[Asz, x| = (V +y,y) + (Hox + Vy,z) = (Va,y) + (y,y) + (Hoz,z) + (Vy, ).

Note that the first two terms are the inner products in H, whereas the last two terms
denote the duality between G_; /5 and G /5. Since

(Vy.x) = (Hy *Vy, Hy*x) = (8%, Hy'*x) = (. SH*x) = (u. V) = (Vi y),
it follows that [Asx, ] € R. O
Theorem 4.4. Suppose that D(HS/Q) C D(V). Then
p(L1) C p(Az),
the operator Ay Is self-adjoint in Kq if p(L1) # 0 and, for X € p(Ly),

(Az —A)7!

-1 /2 0k —1/2
:<o H, >+< H; (SI AH, )> L) (1 (8 A E )

(4.7)
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For the proof of Theorem 4.4, we use the following simple lemma.

Lemma 4.5. If A is a symmetric operator in a Krein space K such that there exists
a point A € C with A\, A € p(A), then A is self-adjoint in K.

Proof. Let A € C with A\, X € p(A). Then X € p(A) N p(A*) and the symmetry of A
implies that
(AT =15 (A— N

Since X € p(A), the right-hand side is defined on all of K. Hence, the last inclusion is in
fact an equality and so A = AT, O

Proof of Theorem 4.4. First we prove that p(L;) C p(Az). Let Ao € p(L1) and
let u=(uv)t € 7-[1/4 @ H_1/4 be arbitrary. We have to show that there exists a unique
element = = (7 y)T € D(A4;) C D(H, 1/2) @ H such that (Ay — \g)x = u or, equivalently,

(V=2X)z+y=u, (4.8)
Hoz + (V= Xo)y =v.

Since V' € L(H1 /2, H), we have u — (V — o) Hy Ly € H and thus

=Li(Mo) Hu— (V= Xo)H, 'v) € H, (4.10)
= Hi (v — (V = Xo)y) € D(H?). (4.11)

Then, by the definition of z, (4.9) holds. Relation (4.8) follows since

(V=2)z+y=(V—X)Hy (v—(V—=2)y) +y
= (V—=Xo)Hy o+ (I — (V= Xo)Hy ' (V= X))y
<v o) Hy Mo+ (I = (VHy % = Mo Hy ) (Hy 2V = X Hy %)y
V = Xo)Hy v+ Li(Xo)y

k)

here we have used the fact that H, 2y = g+ according to Remark 4.1. This proves

that Ay — \g is surjective. In order to show that Ay — )¢ is injective, let = = (z y)T
D(As) C D(Hl/Q) @ H be such that (A2 — A\g)x = 0 or, equivalently,

(V= X)z+y=0,
Hoz + (V= Xo)y=0.

The second relation yields x = —Hgl(V — Ao)y. Inserting this into the first relation, we
obtain L1 (A\g)y = 0. Now y € H implies that y = 0 and hence also that = 0.

Since L is a self-adjoint operator function in H, its resolvent set p(L1) is symmetric
to R. Hence, p(L1) # 0 implies that A is self-adjoint in Ky by Lemma 4.5.
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It remains to prove the representation for (4 — A\)~!. From (4.10), (4.11) it follows
that, for A € p(L1),

(Ag = )1 = (—HOW ~ VL1 Hy' o Hy NV = VL) (V — A)Hﬁ)
° Li(\)7! —Li(\)"HV = N H ! ‘

Using the identities
(V= NHy' = (S = AH ) HG2 H (V=) = He (ST = Ay ),
we arrive at (4.7). Finally, we observe that the operators
(1 (5 = AH ) HG2)  Hys © H g = M,

Ll()\)_l TH—H,

(HO—1/2(S* _ >‘H0_1/2)

7 > TH o> Hippa OH 14

are bounded and so the right-hand side of (4.7) is a bounded operator in the space
Go=Hi/s®H_1)4- O

Corollary 4.6. IfD(Hé/Q) C D(V), we have p(L1) C p(A1)Np(A2) and the resolvents

of Ay and Aj coincide on the dense subset K1 N Ky = Hy,4 ® H of K1 and Ka:
(A =Nt = (Ay — )\)*1:1:, rxeKi1NKey, Mep(Ly) Cp(A1)Np(A2). (4.12)

Proof. The claim follows easily from the formulae for the resolvents of A; and A, in
Proposition 3.4 and Theorem 4.4. O

5. Spectral properties of the operators A; and As

In this section we investigate the spectral properties of the self-adjoint operators A; and
Ao in the respective Krein spaces K1 and Ks.

We recall that under Assumption 3.1, that is, D(Hé/Q) C D(V), the operator A; in
K1 =H @ H is given by (see Theorem 3.2)

pian={ (%) enan:eepun), B+ sy e

4 (5) = G sop)
! y Hé/z(Héﬂx—FS*y) '

https://doi.org/10.1017/50013091506000150 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506000150

728 H. Langer, B. Najman and C. Tretter

Under the assumption that p(L1) # 0, the operator Ay in Ky = Hy/4 ® H_1/4 is given
by (see (4.6) and Remark 4.2)

D(Az) = {(i) €Hiy®H 142 €DHY?), yeH,

Vae+ye 7‘[1/4, Hox +Vy € 7‘[_1/4}

= {(j) EHiuOH_1u:yeH, Ve+tyeHyy, Hix+Vye 7'[1/4}7

4 (m) B ( Ve +y )
Ny)  \Hoz+Vy)
The definitions of A; and A, imply that, for z = (z y)T € D(4;) C D(Hé/Q) eH,
[Ajz,2] = |y + Sz|* + (I - §*8)2,2), j=1,2, (5.1)

with & := Hé/Qm in H. Indeed, using Sz = Vx, we obtain

[Asz,z] = (Va +y,y) + (Hoz + Vy, x)
= | Hy 2| + |ly|I? + (Va,y) + (y, V)
= | Hy*z|? + |y|® + (Si,y) + (v, S7)
= |ly + Sz|* + (I — S*S)&, 2);

the proof for A; is similar.

Relation (5.1) shows that the number of negative squares of the Hermitian forms
[Ajz,y],z,y € D(4,), j = 1,2, coincides with the dimension of the spectral subspace
of the self-adjoint operator I — S*S in ‘H corresponding to the negative half-axis. The
following assumption is crucial for the remaining part of this paper; it guarantees that
this number is finite.

Assumption 5.1. S = VHO_l/2 = So + S1 with ||So|| < 1 and Sy compact in H.

Obviously, such a decomposition of S is not unique, and the operator S; can be chosen
to have some more particular properties.

Lemma 5.2. In Assumption 5.1, without loss of generality, we can suppose that
S1 =Y, (-, wi)v; withv; € H and w; € D(Héﬂ), i=1,...,n.

Proof. Since a compact operator is the sum of an operator with arbitrarily small
norm and an operator of finite rank, S; can be chosen to be of finite rank, say

S1 =Y, (-, w)v; with v;,w; € H, i = 1,...,n. Moreover, by means of an additive
perturbation of arbitrarily small norm, the elements w; can be chosen in the dense sub-
set D(Hém) of H. O

Lemma 5.3. IfD(Héﬂ) CD(V)andS = VH(;l/2 can be decomposed as S = Sy+S;
with ||So|| < 1 and Sy compact, then p(L1) # 0.
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Proof. According to the assumption on S, for p € R the operator Lq(ix) can be
written as

Lu(ip) = (L + w2 Hy YV2(F(u) + K () +1G() (I + 2Hy )'? (5.2)
with the bounded self-adjoint operators

F(u) o= T — (I + p*Hy ) /28085 (1 + p2Hy )72,

K(u) == —(I+ p*Hg ') 72(SoST + 8185 + SuST)(L + p*Hy )72, (5.3)

Gp) = (I + p?Hy )~V (SHG Y2 + Hy 289 (1 + p? Hy t) 2,

By (5.2), in € p(Ly) if and only if 0 € p(F(u) + K(u) 4+ iG(p)). Since ||So|| < 1 and
0< (I+p2H;") ™ <1, we have F(u) > I — SpSg > ~ with some v > 0 for all y € R.
The self-adjointness of G(u) implies that 0 € p(F(u) + iG(p)) for all 4 € R, and the
claim now follows if we show that ||K(u)|| < v for p € R sufficiently large.

To this end we observe that, for x € H,

1

m d(E(t)I,I’) — O, 1% — 00,

1Hg

I+ Hg ) ol = [

0
where E is the spectral function of H, *. Hence, the rightmost factor in (5.3) tends to 0
strongly for ;1 — co. The middle factor in (5.3) is compact since Sp is compact and the
leftmost factor is uniformly bounded for all p. Therefore, || K ()] — 0 for g — oo (see,
for example, [51, §6.1]). O

Lemma 5.4. Suppose that D(Hé/Q) CD(V)and S = VHO_l/2 can be decomposed as
S = S+ S1 with ||So]| < 1 and Sy compact. Then the number of negative squares of
the Hermitian form [A1x,y], ¢,y € D(A1), in H; and of the Hermitian form [Asz, y],
x,y € D(As), in Ho is finite; it is equal to the number k of negative eigenvalues of
I — S*S counted with multiplicities.

Proof. Both claims follow from relation (5.1) and from the fact that, due to the
assumption on S,
I-8*S=1-5;S+K

with a compact operator K. Observe that Lemma 5.3 implies that p(L1) # 0 so that A
is self-adjoint by Theorem 4.4. O

In the following, we first consider the particular case ||S|| < 1, which means that the
operator I — S*S is uniformly positive. Recall that m > 0 is such that Hy > m?2.

Lemma 5.5. IfD(Hé/Q) C D(V) and ||S|| < 1, then
o(L1) CR\ (—a, ),

where o := (1 — ||S]|)m.
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Proof. In the proof we use the numerical range W (L1) of the operator polynomial L,
in (3.8). By definition, W(Ly) consists of all points A € C for which there exists an element

x € H, x # 0, such that (Ly(\)z,z) = 0. Since 0 € p(Ly), we have o(L1) C W(L1)
(see [30, Theorem 26.6]). Hence, it is sufficient to show that W (L) is real and does
not contain points of the interval (—a, «). The first claim follows from the fact that, for
arbitrary x € H with ||z|| = 1, the quadratic polynomial

(LiVz.2) = 2] (8"~ AHy ), (5* — XHy 1))

is positive at A = 0 since ||S|| < 1 and tends to —oo if A — +oo. For the second claim,
using ||H0_1/2|| < 1/m, we obtain that, for |A\| < «,

(Li(Nz, )| = (] = [[(5* — AHy /?)z||?
ALY
>1—(||IS]+

m
o \2
>1- <||S|| + >
m
2 0,
and hence A ¢ W(Lq). O

The above lemma can be used to obtain information about the essential spectrum of
L, in the more general situation of Assumption 5.1.

Lemma 5.6. IfD(Hé/z) CD(V)andS = VH(;U2 can be decomposed as S = Sy+.51
with ||So|| < 1 and Sy compact, then

Oess(L1) C R\ (—a, )
where a := (1 — ||Sol|)m.
Proof. By the assumption on S, the operator function L; can be written as
Li(\) = Lo(N) — K(\), MeC; (5.4)
here the operator function Lg is given by
Lo(\) := 1T — (S — AH, /%) (S; — AHy Y/?), AecC, (5.5)

and
K(N) == S1(Sg — AHy /%) + (So — AHy V2S5

is compact for all A € C since S is compact. By Lemma 5.5 applied to Ly, we have
0(Lp) C R\ (—a, ). Hence, o(Ly) has empty interior as a subset of C and C\ o(Ly)
consists of only one component. By the proof of Lemma 5.3, this component contains
points iu € p(L1) for p € R sufficiently large. Now [40, Lemma XIII.4] shows that

Oess(L1) = 0ess(Lo) C R\ (—a, ). (5.6)
|
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Theorem 5.7. Suppose that D(HS/Q) C D(V) and that the operator S = VH(;U2
can be decomposed as S = Sy + 51 with ||So|| < 1 and Sy compact. Let m > 0 be such
that Hy > m? and let x be the number of negative eigenvalues of I — S*S counted with
multiplicities. Then the following statements hold.

(i) The self-adjoint operator A; is definitizable in the Krein space K.

(ii) The non-real spectrum of A; is symmetric to the real axis and consists of at most
k pairs of eigenvalues A\, \ of finite type; the algebraic eigenspaces corresponding to
A and A\ are isomorphic.

(iii) For the essential spectrum of A; we have, with o := (1 — ||So||)m,

Oess(A1) CR\ (—a, ).

(iv) If V is Hé/Q—compact, then
Oess(A1) = {INER : X2 € 00gs(Hp)} C R\ (—m,m).
(v) If ||VHO_1/2|| < 1, then the operator A, is uniformly positive in the Krein space K;
and, with a == (1 — ||VH(;1/2||)m,
0(A1) CR\ (—o, ).

Corollary 5.8. If, in addition to the assumptions of Theorem 5.7, 1 ¢ 0,(S*S) or,
equivalently, 0 ¢ o,(A1), then

k= > Ky (A1) + > )PAD+ Y Rm(A) (B)
A€op(A1)N(0,+00) AE€op(A1)N(—00,0) A€oy (Ar)NCH
(see (2.4)). As a consequence, the following are true.
(i) The number of positive eigenvalues of Ay that have a non-positive eigenvector plus

the number of negative eigenvalues of A, that have a non-negative eigenvector plus
the number of all eigenvalues of A; in the open upper half-plane CT is at most k.

(ii) With the exception of the real eigenvalues in (i), the spectrum of Ay on the positive
half-axis is of positive type and the spectrum of A, on the negative half-axis is of
negative type.

(iii) If ||VH0_1/2|| < 1, that is, k = 0, then all the spectrum of A; on the positive half-
axis Iis of positive type and all the spectrum of A; on the negative half-axis is of
negative type.

(iv) If k > 1, there exists at least one eigenvalue with the properties mentioned in (i)
and, in particular, A; has at least one eigenvalue.

Proof of Theorem 5.7. (i) We have p(L;) # () by Lemma 5.3, and p(L1) C p(A4;1) by
Proposition 3.4. Thus, p(A4;) # 0 and hence the claim follows from Lemma 5.4 and [24,
Chapter 1.3] (see §2.3).

(ii) All claims follow from the definitizability of A; (see (i) and §2.3).
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For the proof of the remaining statements, we observe that, by (ii), 0(A4;1) has empty
interior as a subset of C. From Proposition 3.4 it follows that

(Ly(\) 'z, y) = {(A1 — A7t (”8) (2)] 2,y €H, A€ p(Ly). (5.8)

This shows that the analytic operator function L;(-)~% on p(L;) can be continued ana-
lytically to p(A1) and hence p(A1) C p(L4). Since p(L1) C p(A1) by Proposition 3.4, we
arrive at

p(A1) = p(Ly). (5.9)
The relation (5.8) also implies that if Ag & 0ess(A1), and hence (A; — -)~! is a finitely
meromorphic operator function in a neighbourhood of \g, then so is L;i(-)~!, that is,
A0 & Tess(L1). Since 0ess(A1) C 0ess(L1) by (3.10), we obtain

Uess(Al) = Uess(L1)~ (510)
(iii) By (5.10) and Lemma 5.6 we have
Oess(A1) = Oess(L1) C R\ (—a, ).

(iv) f V is Hé/z—compact, we can choose Sy = 0, and so (5.4) and (5.5) yield that
Li(\) = Lo(M\) + K(X), where K(\) is compact and Lg is now given by

Lo(\) :=1—)*H;*', MeC.
Together with (5.10) and (5.6), we obtain that
Oess(A1) = Tess(L1) = Oess(Lo) = {N € R: A? € 0es(Hop)}
(v) If ||S| = [V Hy /|| < 1, then equality (5.9) and Lemma 5.5 show that
o(4)) = o(L1) C R\ (—a,a).
0

Theorem 5.9. Suppose that D(HS/Q) C D(V) and that the operator S = VHO_l/2
can be decomposed as S = Sy + 51 with ||So|| < 1 and Sy compact. Let m > 0 be such
that Hy > m? and let x be the number of negative eigenvalues of I — S*S counted with
multiplicities. Then the following statements hold.

(i) The self-adjoint operator Ay is definitizable in the Krein space Ks.
(ii) The spectrum, essential spectrum and point spectrum of A; and As coincide:
O'(Al) :O'(Ag)7 Uess<A1) :UESS(A2)7 Up(Al) ZUP(AQ); (511)

moreover, A; and Ay have the same Jordan chains and their spectral points are of
the same (positive or negative) type.

(iii) The statements (ii)—(v) of Theorem 5.7 continue to hold for As.
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Remark 5.10. Although A; and A have the same spectra, there is an essential
difference in the behaviour of their spectral functions at co (see §6).

Proof of Theorem 5.9. (i) We have p(L1) # ) by Lemma 5.3, and p(L1) C p(As)
by Theorem 4.4. Thus, p(As) # 0 and hence the claim follows from Lemma 5.4 and [24,
Chapter 1.3] (see §2.3).

(ii) First we observe that, by (5.9) and Theorem 4.4, we have
p(A1) = p(L1) C p(Az) (5.12)
and that for A € p(A;), by (4.12),
(A1 =Nl y] =[(A2— N 'z y], T,yeKinKe=Hiu®H. (5.13)

If Ao is an eigenvalue of finite type of A1, that is, \g € 0q(A1), then it is either an isolated
eigenvalue of Ay or it belongs to p(As) by (5.12). Then, for j = 1,2, the corresponding
Riesz projection is

1

N
0,7 2 C)\O

(A; — 2)"dz,

where Cy, is a closed Jordan curve in p(A;) surrounding Ao and no other point of the
spectra of A; and As. Its range is the algebraic eigenspace of A; at A\¢p and the Jordan
structure of A; in \g is determined by the coeflicients of the principal part of the Laurent
series of (4; — A\)~!, given by

1 pj—1 1 .

— Py S —
X g e T ; (A= ARt 7

where p; € NU{oo} and Bj := (A; — \g)Py,,; (see [15, Chapter XV.2]). Since A\ was
assumed to be an eigenvalue of finite type of Ay, the projection P, ; is finite dimensional,
p; is finite and By is a finite rank operator. By (5.13), we have

[AIICP)\O,ICE7 y] = [ASPA0,2x7y]7 T,y S ICI N ’C2~ (514)

Since IC1 N ICQ = H1/4 @® H is dense in ’Cl = H & H and in K:g = H1/4 ©® H71/4, the
coefficients of the principal parts in the Laurent expansions of (4; — A)~! and (4 — \)~!
at Ao coincide. Hence, we have shown that

0d(A1) C oq(A2). (5.15)
Since A; and As are definitizable, we have
p(Aj)UUd(Aj)UUess(Aj):C, j=12.

This, together with (5.12) and (5.15), implies that oess(A2) C dess(A1) C R. It remains
to be shown that
O'ess(Al) C Uess(A2)~ (516)
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Since the essential spectra of A; and Ay are both real, the spectral projections E; of A;
can be represented by means of contour integrals over the resolvent as follows (see [24,
Chapter L1.3]): for j = 1,2 and a bounded interval I" C R which is admissible for A; and
has end points a, b, a < b, consider the operator
By = -1 [ (a ~1d
()= g [ (A== an
Here Cr is the positively oriented rectangle with corners a+ie, b+ie, b—ic and a —ie for
€ > 0 so small that Cp does not surround any non-real spectral points of A; and Ao, and
the prime denotes the Cauchy principal value of the integral at a and b. If the end points
a, b of I" are not eigenvalues of A;, then Ej (I') = E;(I); if a is an eigenvalue of A; and
b is not an eigenvalue of A, then E;(I") = E;j(I) + 1E;({a}), and similarly in all other
cases for a and b. In any case, the operators £;(I") determine the spectral projections of
A;, whence
[Ey(D)x,y] = [E2(D)x,y], x,y € K1NKs.

In particular, dim E; (I") (K1 N K2) = dim E5 (L") (K1 N Ky) and, consequently, E;(I") and
E5(I') have the same rank, which proves (5.16).

It remains to be shown that the Jordan chains of A; and As coincide. If Ay € op(A41)
with Jordan chain (xx),_, C D(A41) C D(Hé/z) ®H, r € NU{oo}, then, with z_; := 0,

(Alf/\o)mk:.’llk_l, kiO,l,...,T’.

Hence, for x5, =: (zxyx)T, we have y;, € H and

ka + yk e ij_l —|— onky E D(Hé/z) C H1/47 } (5 17)

Hy?ax + Sy = Hy " (ye—1 + Moyk) € D(HY'?) € Haya,

and thus Hoxy + Vyr € H_1/4. This shows that (xx),_, C D(A2) and so (xx)j_, is a
Jordan chain of Ay at Ag. Conversely, if (zx);_, C D(A42) C D(Hé/2) ®H is a Jordan
chain of Ay at Ao, then, in (5.17), the element Vxy + yi belongs to D(Hém) C H and
the element Hé/2sck + S*yi belongs to D(Hé/z). Thus, (xx);_o C D(A1) and so (xx)h_,
is a Jordan chain of Ay at \g. O

To conclude this section, we compare the spectral properties of A; with those of the
operator A associated with the abstract Klein-Gordon equation in [27]. This operator
acts in the space G := H; /o @ H; if Assumption 3.1 holds and if 1 € p(S*S), it is defined
as

0 I 1/2
A= (H 2v) . D(A) =D(H) & D(HY?), (5.18)

with H := H3/2 (I - S*S)Hé/Q. The operator A is related to the operator A; introduced

in §3 by the formula
A=WA W, (5.19)
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where W acts from Gy = HO&H to G = Hy o ©H,

I 0
N P

It was shown in [27] that the operator A is self-adjoint in K := (G,(-,-)) with inner
product

(@,@') = (I - §*S)HY *x, Hy*2') + (y,¢/), == (xy)T, @' = (' y)" €,

which is a Pontryagin space due to Assumption 5.1. Note that the negative index of this
Pontryagin space equals the number x of negative eigenvalues of I — S*S counted with
multiplicities (cf. Lemma 5.4). Between the indefinite inner products (-,-) of K and [-,]
of Ky we have the relation (see [27, Proposition 4.4 (i)])

(e, x') = [, W e, W2], =< WD(A), ¢ €G. (5.20)

Theorem 5.11. Suppose that D(Hém) C D(V), that the operator S = VHJI/Q can
be decomposed as S = Sy + S1 with ||Sp|| < 1 and S; compact, and that 1 € p(S*S).
Then

J(A) = J(Al) = U(AQ)v Uess(A) = Uess(Al) = Uess(A2)7 U'p(A) = Up(Al) = O'p(AQ).

Proof. By [27, Theorem 5.2 (iii)] and Theorem 5.7 (iii), the non-real spectra of A
and A; consist of finitely many eigenvalues of finite type. If A € p(A) N p(A;), then for
w,x’ € G we obtain, from (5.20) with & = (A — \)"'w € D(A) € WD(A;) and (5.19),

(A= N "tw, ') = [AAWHA - N) " lw, W]
=[A1(A = N) "W, W]
=W tw, W a] + A[(A; — N7 w, W],

In a similar way as in the proof of Theorem 5.9, observing that the range of W~!, which
is given by D(W) = H,/, ©H, is dense in G; = H @ H, one can show that all eigenvalues
of finite type of A; and A and also their essential spectra coincide.

The equality of the point spectra of A and A; follows from (5.19): if A is an eigenvalue
of A with eigenvector z € D(A), then W1z € D(A;) and W~z is an eigenvector
of A; corresponding to the eigenvalue A. Conversely, if A is an eigenvalue of A; with
eigenvector & € D(A;), then W € D(A) and Wz is an eigenvector of A corresponding
to the eigenvalue \.

The equalities with the various parts of o(Az) follow from Theorem 5.9. O

6. The critical point co: A, as a generator of a strongly continuous
unitary group

Although the spectra of A; and As coincide, their spectral functions F; and E5 behave
differently at oo if Hy is unbounded. This will be proved first for the case V = 0; for
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V = 0 satisfying Assumption 5.1, a perturbation theorem due to Curgus (see [8]) applies
and shows that oo is a regular critical point for As.
The unperturbed operators A; o in G; = H ® H and Az in Go = Hy/4 © H_y/4 are

given by
Ay = 0 I D(A1p) :=D(Hy) ®H
L=y o) 1,0) = 0 )
(0 1 — D3t 1/4
Ag = , D(Azp) :=D(Hy' ") ®D(Hy ).
Hy O

In fact, if V' = 0, then the operators A; in G; and As in G5 coincide with the operators
ALO and A2)0-

Lemma 6.1. If Hy is unbounded, then oo is a regular critical point of A, whereas
it is a singular critical point of A .

Proof. The resolvents of A ¢ and Ao are defined for A € C such that A\? ¢ o(Hy);
they are of the form

_ )\(Ho — )\2)_1 (HO — )\2)_1 ,

A:a=N"1= =1,2.

( 3.0 ) <I + )\2(H0 — )\2)71 >\(H0 — )\2)71 ’ ’
Denote the spectral function of HS/ % in H by Ey and let I" C R be a bounded interval
with I' > 0 or I' < 0. Using the equality
—1_ 1

2\

and observing that (Hy/?> — )~ is holomorphic on I' if I" < 0 and (H)/*+ )~ is
holomorphic on I if I" > 0, we find that the spectral projection E;(I") of A; in K; for
j = 1,2 is given by

(Ho — N~ = (Hy"* = \)7H(Hy/* + ) (Hy> =07 = (Hy? + )7

E,(F):g( Eo(I') Ho_l/gEo(F))

2\ By Eo(I) Eo(I)
Hence, for elements = = (20)T € G; = H & H, we have
1/2
|BA(D)alg, = L(I1Eo(D)x|)” + | Hy* Eo(I)al|?).

If Hy is unbounded, the last term does not remain bounded if I" > 0 extends to oo and
1/2
z & D(H,"").
On the other hand, for every = = (z y)T € Gy = Hi/a ©H 14,

1B (D)||2, = L Hy* (Bo(I)x + Hy V7 Eo(I)y)|?
+ L Hy VA (HY P Eo(D)a + Eo(D)y)|)?
< || Hy || + || Hy Yy
= |2,

and therefore ||Eo(IN)|| < 1. O
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Since for the operator A; already in the unperturbed situation (that is, V.= 0 and
Ay = Ay ) the point oo is a singular critical point if Hy is unbounded, it will remain a
singular critical point for large classes of perturbations (e.g. for bounded perturbations).

For As, however, in the unperturbed situation (that is, V.= 0 and Ay = Ay () the
point oo is a regular critical point. Due to Assumptions 3.1 and 5.1, we may apply
a perturbation result of Curgus (see [8, Corollary 3.6]), which guarantees that under
certain additive perturbations the critical point co remains regular.

In order to see this, we introduce sesquilinear forms hy and v in the Hilbert space
Gy = Hi/a ® H_14 on D(ho) = D(v) = D(Hy'?) & H by

bo(m7 y) = (Hé/2(E17 Hol/Zyl) + (552792)»
o(z,y) = (Vai,y2) + (22, Vy1)

for x = (x1,22)T, y = (y1,92)" € D(Hl/Q) @ H. It is not difficult to see that the form g
is closed, symmetric and uniformly positive. Moreover, for & € D(Az20), y € D(ho), we
have

bo(x,y) = [A207,y] = (JA20%,Y)g,, (6.1)

where J is defined as in (4.4), [-,] is the indefinite inner product of Ko = H; /4 & H_1/4
(see (4.3)) and (-,)g, is the corresponding Hilbert space inner product.

Lemma 6.2. Let D(Hé/Z) C D(V) and suppose that S = VH(;U2 can be decomposed
as S = Sp + 51 with ||So|| <1 and Sy compact. Then

(i) the form v is ho-bounded with ho-bound less than 1,

(ii) the form b := ho + v defined on D(hy) = D(Hé/Z) @ H is closed, symmetric and
bounded from below.

Proof. (i) By the assumption on S and Lemma 5.2, we may choose the operator Sy
to be of the form Sy = >"" | (-, w;)v; with v; € H and w; € D(Hy?), i=1,...,n. Then
the operator SlHé/ in H is bounded on ’D(HO/ ):

n

1/2 1/2 1/2
151 Hy2all < I, Hy*wi)] [lvi]] < (Z”HO/ wil| ||vz|>||w| =: afj]|

i=1

for z € D(Hé/Q). If we set b :=||So|| < 1, we obtain that
V|| = [[(So + S1)Hy "zl < alle|| +bl|Hy x|, € D(Hy'?), (6.2)

that is, V' is Hé/ *_bounded with relative bound less than 1. It is not difficult to check
(see [21, §V4.1]) that (6.2) implies that there exist constants a/,b > 0, ¥’ < 1, such that

IVa|? < a®||z)|? + 02| HyPx|?, = € D(Hy'?). (6.3)
Now let & = (21, 22)T € D(v) = D(Hém) @ H. Using (6.3) and the inequality

1/4 1/2
|Hy 1|12 = |(Hy* 21, 21)| = mlla |2,
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we obtain the estimate

o(x,z) =2Re(Vay, za)
2|V [[[| 2]

N

N

1
SV |® + bl

1

5 (@ | 0 | H P |2) + 8|
o 2 /2 12 2
el + 0 (1H P | + )

2
a

N

N

1/4 —1/4 1/2
(1Ho 2112 + | Hy a2 )|?) + 0 (| Hy Paa || + [l2]1?)

N

b'm
a?
= %(QL :B)g2 + b/bo(il:, 33)
(ii) Tt is easy to see that b is symmetric since hy and v are also symmetric. All other
claims follow from the perturbation result [21, Theorem VI.1.33]. O

Theorem 6.3. Let D(Hé/Q) C D(V) and suppose that S = VH(;U2 can be decom-
posed as S = Sy + 51 with ||Sp|| < 1 and Sy compact. Then oo is a regular critical point
of AQ.

Proof. According to Lemma 6.2, Assumptions (A) and (B) of [9, §2] are satisfied.
By (6.1) and the first representation theorem (see [21, Theorem VI.2.1]), the operator
J As o is the self-adjoint operator associated with the closed form b in Hs. Analogously, it
follows that J Ay is the self-adjoint operator associated with the perturbed form h = ho+0v
in #H,. Since Aj is definitizable by Theorem 5.9 and oo is a regular critical point for As o
by Lemma 6.1, it is also a regular critical point for Ay by [9, Proposition 2.1]. O

Remark 6.4. Theorem 6.3 was proved in [9, Theorem 3.5] for the particular cases
when either Sop =0 or S; = 0.

An important consequence of the regularity of the critical point co is that As is the
generator of a unitary group in o and thus we obtain information on the solvability of
the Cauchy problem for the differential equation

((117::: = iAQiE.

A function x : R — K5 is called a classical solution of this differential equation if

9% ) Cidea(t), teR

x € CY(R,Ky), x(t) € D(Ay), %

Theorem 6.5. Let D(H&m) C D(V) and suppose that S = VH(;l/2 can be decom-
posed as S = Sy + S1 with ||So|| < 1 and Sy compact. Then the operator Ay is the
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infinitesimal generator of a strongly continuous group (eitAz)teR of unitary operators

in Ko. If &y € D(A3), the Cauchy problem
dx
dt
has a unique classical solution given by

=idsx, x(0)= x, (6.4)

x(t) =2y, teR. (6.5)

Proof. The regularity of the critical point co by Theorem 6.3 implies that Ao is
the sum of a bounded operator and an operator similar to a self-adjoint operator. As
a consequence, the operators e*42, ¢ € R, are defined and form a strongly continuous
group of unitary operators in Ks. The last claim follows in a similar way as corresponding

results for semi-groups (see, for example, [23, Theorem 1.1]). O

Remark 6.6. If only xg € Ky, then (6.5) is the unique mild solution of (6.4), that is,
t t
x € C(R,Ks), / x(r)dr € D(As), «(t) =x(s)+ iAg/ x(r)dr, s, teR

(see the analogous definitions and results for semi-groups, e.g. in [1, §1.2], [2, 3.1.12]).

7. Semi-groups associated with A,

In this section we restrict ourselves to the case that the symmetric operator V in H is
everywhere defined and hence bounded. Then Assumption 3.1 used in § 3 is automatically
satisfied and the operator A; in G = H ® H defined in (3.2) is already closed:

A= Ay = (121/0 é) . D(A) = D(Hy) & H.
Moreover, Assumption 5.1 used in § 5 holds if V' can be decomposed as V' = V 4+ V; such
that ||[Vo|| < m and V1H0_1/2 is compact.

Then, according to Theorem 5.7, the operator A; is definitizable in Ky and the interval
(—(m—1|Vol|), m—1|Vb]|) contains only eigenvalues of finite type; in particular, there exists
a real point p € p(A4y).

Lemma 7.1. Assume that V' is bounded and can be decomposed as V = Vy+ V; such
that || Vo] < m and VlH(;l/2 is compact. Let k be the number of negative eigenvalues of
I — S*S counted with multiplicities and let j1 € p(A;) NR. There then exists a maximal
non-negative subspace L, C K; that is invariant under (A; — p)~! and such that

Imo (4 — 1) ~|e.) < 0.

The subspace L4 can be chosen so that it contains all the algebraic eigenspaces of Ay
corresponding to the eigenvalues in the open upper half-plane, all the positive spectral
subspaces and a non-negative eigenvector of Ay at all real eigenvalues of Ay that are not of
negative type; the negative spectral subspaces of Ay are orthogonal to L. Furthermore,

dim £y N E[ﬁ'] < K. (7.1)
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Remark 7.2. For z in a complex neighbourhood of y, the relation

o0

(A =27 = 3 ) (A — )3

Jj=0

holds and implies that the subspace £ from Lemma 7.1 is also invariant under (A;—z) 1.
Since p(A;) is connected, an analytic continuation argument shows that this continues
to hold for all z € p(A;).

Proof of Lemma 7.1. Since (A; — p)~! is a bounded definitizable operator, the
existence of a maximal non-negative invariant subspace £9 for (A; — p)~! follows from
[24, Satz 3.2]. If Ay € C™ is an eigenvalue of A; with algebraic eigenspace £, (A1), then,
together with L'S)r, the subspace

LY = L5 N (L, (A1) + Lyg (A + £, (A))

is also a maximal non-negative invariant subspace for (4; — ) ~! and it contains £y, (A1).
Since A; has only a finite number of non-real eigenvalues, after repeating this argument a
finite number of times, the new subspace £ := L'} contains all the algebraic eigenspaces
of Ay corresponding to eigenvalues in the open upper half-plane. If £, does not contain
all positive subspaces of the form F;(I")K;, adding such a subspace to £4 would still
give a non-negative invariant subspace, a contradiction to the maximality of L. In a
similar way, it can be shown that it contains non-negative eigenelements of A; at all real
eigenvalues of A; that are not of negative type. Finally, the subspace on the left-hand
side of (7.1) is neutral with respect to the inner product [A;-, ] and hence of dimension
less than or equal to k. O

Lemma 7.3. If L is a maximal non-negative subspace as in Lemma 7.1, then

(2) ey, = y=0. (7.2)

Proof. It is easy to see that the resolvent of A; admits the representation

—1_ —D(z)"H(V - 2) D(z)~
(A1 =27 = <I+ (V=2)D(2) " (V =2) —(V~ z)D(z)_1>  FEAA,

where D(z) := Hy — (V — 2)%, 2 € C. For any z € p(A;), we have (A, —2)" 1L, C L,
which implies that (A; — E)’lﬁg_l] C L:g_l]. Hence,

(A —2) Y Lyncy coynct, zepay),

that is, (A; — 2)~! maps the isotropic subspace of £, into itself. Since an element
x = (0y)T € £ asin (7.2) is neutral in Ky, we have x € L, N E[Jﬂ'] and so

0=[(A; —2)'x, (A — 2)'x] = —2((V — Re2)D(2) 'y, D(2) " 'y).

Choosing z € C such that V — Rez > 0, we obtain y = 0. |
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Lemma 7.3 shows that £ is the graph of a closed linear operator K in H,

L, = {(;J ‘z€ D(K)}. (7.3)

Since for & = (z y)* € K1 we have [z, 2] = 2Re(x,y), the non-negativity of £ yields
that the operator K is accretive in H, that is, Re(Kz,z) > 0, + € D(K) (see [21,
Chapter V.3.10]). The fact that the subspace £ is maximal non-negative implies that
the operator K in (7.3) is mazimal accretive in H, that is, it admits no proper accretive
extension.

)T

Remark 7.4. For a general definitizable operator in a Krein space, the maximal non-
negative invariant subspace £ is not uniquely determined, and so we do not have a
uniqueness result for £, in Lemma 7.1. However, if V' = 0, uniqueness can be proved
and the maximal non-negative invariant subspace is of the form

X
e~ {(4ge) =)

which shows that in this case K = Hé/Q.

In the following we consider the operator K+V which is, in general, only quasi-accretive
(see [21, Chapter V.3.10]). Therefore, we define

v := min {0, inf /2.2 } <o. (7.4)
a£0 (x,)

Then the operator K +V —v is maximal accretive in H and thus generates the contractive
strongly continuous semi-group

S(r) = e*T(KH/*”)7 T>=0.

As a consequence, the operator K + V' generates the quasi-bounded strongly continuous
semi-group
T(r)=e K 7>0, (7.5)

in H such that | T(7)|| < e™ (cf. [10, Theorem 3.1]).
The next theorem establishes the existence of solutions of the abstract differential
equation (1.14).

Theorem 7.5. Suppose that V is bounded and that the operator S = VH(;l/2 can
be decomposed as S = Sy + S1 with ||So|| < 1 and S; compact. There then exists a
maximal accretive operator K in H such that, with the semi-group (T(7))r>0 given by
T(7):=e TE+V) >0, for any initial value vo € D((K + V)?), the function

U(T) = T(T)’U07 TZ 07 (76)
is a classical solution of the Cauchy problem

O(1) + 2V o () + V30(1) — Hov(1) =0, 7 =0, v(0) = vp. (7.7)
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The spectrum of the infinitesimal generator K +V of the semi-group (T'(7)),>0 contains
the eigenvalues of A; in the open upper half-plane, the spectral points of positive type
of Ay and the real eigenvalues of Ay that are not of negative type.

Proof. By Theorem 5.7 (ii), the non-real spectrum of A; consists only of finitely many
points. Thus, we can choose 8 € p(A4;) such that Re 8 < v, where v is given by (7.4).
Then, according to Lemma 7.1 and Remark 7.2, there exists at least one maximal non-
negative subspace £ in K; such that (4; — 8)~'L, C £, and hence

Ly C (A = B)(Ly ND(Ay)). (7.8)

According to Lemma 7.3 and the remarks following its proof, there exists a maximal
accretive operator K in H so that £ is the graph of K, that is, (7.3) holds. For the
function v defined in (7.6) we have v(r) € D((K + V)?), since vg € D((K + V)?) and
thus the derivatives v(7), 9(7) exist in the norm topology of H:

(1) = —(K +V)u(r), i(r) = (K +V)*(r), 7>=0. (7.9)
We introduce the function
w(t) = (K+V-=p)v(r), 7=0. (7.10)

Then w(7) € D(K + V) = D(K) and (w(r)Kw(r))T € L for all 7 > 0. According
o (7.8), there exists an element (o(7)Ko(7))T € £, ND(A;) such that

N
w(r) ) _ (A o(7)
Kuw(t)) o(r))’
This equation is equivalent to the system

(K+V =B3)o(r) = w(r), (7.11)
(Ho+ (V= B)K)d(r) = Kw(r) (7.12)

for all 7 > 0. Since Re 8 < v and K is maximal accretive, we have 8 € p(K + V). Thus,
(7.11) and (7.10) yield 9(7) = v(7), 7 = 0. Now (7.11) and (7.12) imply that

(Ho+ (V= B)K)u(r) = K(K+V = Bu(r), 720,
or, equivalently,
Hov(T) + 2V (K + V)u(r) = V(7)) = (K + V)*u(r), 7>0.

From this we obtain (7.7) using (7.9).

To prove the last claim, we first consider a point \g that is either an eigenvalue of A;
in the open upper half-plane or a real eigenvalue of A; that is not of negative type. In
both cases, Lemma 7.1 shows that there exists an eigenvector &g of A; at Ag that belongs
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to L. This means that there exists an 2o € D(K) = D(K + V) so that z¢ = (zg Kzo)"*

and
V I ZTo )
=)o .
HO 1% K.]ZO KI‘O

Comparing the first components, we find (K + V)zg = Aozo, i.e. Ao € op(K + V).
Finally, we consider a spectral point Ag of positive type of A;. In this case, there
exists a bounded admissible open interval I' C R such that Ay € I' and E(I")K; is
a positive subspace, which is contained in £, by Lemma 7.1. Then )¢ is an eigenvalue
or approximate eigenvalue of the restriction of A; to E(I')K;; hence, there exists a
sequence (x,,) C E(I")Ky C L4 such that ||z,|| =1 and (41 — Xo)x, — 0, n — o0. As
above, it is easy to see that, with =, = (z, Kz,)", we have liminf, . ||7,] > 0 and
(K +V)z, — Xoxn — 0, n — 00, and hence \g € o(K + V). O

Remark 7.6. Using the spectral mapping theorem, it can be shown that the spectrum
of K 4+ V consists exactly of the points described in the last sentence of the theorem.

Remark 7.7. The function v(7) = T(7)vg, 7 > 0, is defined for arbitrary elements
vyg € H. However, if Hj is unbounded, it does not necessarily have a second derivative,
and hence v is only a solution in some weaker sense.

Similar considerations as in this section apply to a maximal non-positive invariant
subspace of Aj, which leads to a semi-group and also to a solution of the differential
equation (1.14) for 7 < 0.

8. Application to the Klein—-Gordon equation in R™

In this section we consider the Klein-Gordon equation (1.1) in R™. Here H = Ly(R™)
with corresponding inner product (-, )2 and norm |[|-||2, Hy = —A+m?, and V = eq is the
maximal multiplication operator by the real-valued measurable function eq : R — R.
In the following we formulate necessary and sufficient conditions for Assumptions 3.1
and 5.1 and we apply the results of the previous sections to the Klein—-Gordon equation
in R™.

Many different sufficient conditions for the relative boundedness and for the relative
compactness of a multiplication operator with respect to Hé 2 = (-A+ m2)1/ 2 have been
established (see, for example, [22,39,43] and the more specialized references therein).
Examples considered in [27, §6] include Rollnik potentials, which are (—A 4 m?)'/2-
bounded, and potentials belonging to L,(R™) with n < p < oo, which are (—A +m?)'/2-
compact. The most general description in terms of necessary and sufficient conditions,
which we present here, has been given by Maz'ya and Shaposhnikova in [31,33].

8.1. Assumptions 3.1 and 5.1

It is well known (see [44, §§1.3.1, 1.3.2]) that, for Hy = —A + m?, the spaces H, =
D(HS), a € [0,1], introduced in (4.1) are the Sobolev spaces of order 2« associated with
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L2 (R™) (see the definition given below):
Ho = WE*R™), ac]0,1].

Hence, Assumption 3.1, which reads H; /o = ’D(Hé/Q) C D(V'), now becomes
Assumption 8.1. W}(R") C D(V).

This is equivalent to V € L(W4(R"), Ly(R™)) or to the fact that V is (—A + m?)'/2-
bounded; the latter means that there exist constants a,b > 0 such that

IVallz < allullz + b (=A +m*)2ullz,  u e Wy (R). (8.1)

Therefore, Assumption 5.1 (and hence Assumption 3.1) is satisfied if the restriction of V'
to W3 (R™) can be decomposed as follows.

Assumption 8.2. V = V; + V; such that Vj is (—A + m?)'/2-bounded and satisfies
(8.1) with a/m +b < 1 and V; is (—A +m?)/2-compact.

Before we formulate abstract necessary and sufficient conditions for Assumptions 8.1
and 8.2, we consider an example for which both assumptions may be checked directly
using Hardy’s inequality and Sobolev’s embedding theorems (see [27, Theorem 6.1,
Proposition 6.4 and Example 6.5]).

Example 8.3. Let n > 3. Assumption 8.2 is satisfied for

Viz) = % +Vi(z), zeR™\ {0},

with v € R, |7| < (n—2)/2, and V5 € L,(R™), n < p < co.

Instead of the Coulomb part Vo(z) = v/|z|, we could also assume that V; is bounded,
Vo € Loo(R™) with ||[Vg|leo < m, or that Vi is a so-called Rollnik potential (see [39,43])
with Rollnik norm ||Vi?||r < 47 (see [27, Theorem 6.2]).

Note that the admission of the relatively compact part Vi of V', which is not subject
to any relative norm bound, may give rise to complex eigenvalues, even if V' is a bounded
potential. This was observed in [42] for potentials represented by a sufficiently deep well.

In general, the property that V; is (—A—I—m2)1/ 2-bounded means that V; belongs to the
space M (W3 (R™), Ly(R")) of bounded multipliers from the Sobolev space W4 (R") into
Ly(R™), the property that Vi is (—A+4m?)'/?-compact means that Vi belongs to the space
Me (W3 (R™), Ly(R™)) of compact multipliers from W3 (R™) into Lo (R™) (see [33]). Neces-
sary and sufficient conditions for functions V' to belong to a space M (Wi (R™), WL(R™))
of bounded multipliers or the corresponding space of compact multipliers have been
established by Maz'ya and Shaposhnikova for integer m and [ in [31] and for fractional
m and ! in [32] (see [33]). In view of Assumption 3.1, we restrict ourselves to the case
I = 0. In the following we introduce all necessary definitions to formulate these criteria
in Theorem 8.4, below.

https://doi.org/10.1017/50013091506000150 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506000150

Klein—Gordon equation in Krein spaces 745

If S and S, are Banach spaces of functions on R™, then a function v : & — Ss is
called a bounded multiplier from S; into Sa, v € M(S1, Ss), if

1Vl[0(s1,82) = sup{[[yulls, : w € Si, [lulls, =1} < o0.
With any Banach space S of functions on R", we associate the space
Sioc :={u:R" —» C: for all n € Cz°(R") and nu € S}.

For s > 0, we denote by [s] and {s} the integer and fractional part, respectively, of s,
ie. s =[s]+ {s} with [s] € Nand 0 < {s} < 1. For k € N, we denote by V, the gradient
of order k, that is,
ak
Vi = (aan) .
x0T )y ok

For s > 0 and 1 < p < oo, the fractional derivative Dy, s of order s in L,(R™) of a function
u on R"™ is given by

1/p
Dpee)i= ([ 1F1u)o ) = (Tl an)

The fractional Sobolev space W (R™) is defined as the closure of C§°(R") with respect
to the norm
Hu”p,s = HDs’pu”p + Hqua u € W;(Rn)§ (8.2)

henceforth || - ||, denotes the standard norm in L,(R™). For integer s = k € N, the space
W, (R™) coincides with the classical Sobolev space

WER"™) :={u € L,(R") : Vju € L,(R"), j=1,2,...,k}

and the norm (8.2) is equivalent to

k

1/2
el = (Z |vju||,%) L we WEER),

§=0
Finally, for a compact subset e C R"™, we define the (p, s)-capacity of e by
cap(e, W (R")) := inf{|lulp,s : u € Cg°(R"), ulc > 1}.

In the following, if w varies in some set {2 and a,b depend on w, we write a(w) ~ b(w) if
there exist constants ¢, c2 > 0 such that ¢1b(w) < a(w) < c2b(w) for all w € 2.

Theorem 8.4. Let V : R® — C be a measurable function, m € N, and p € (1,00).
Then V€ M(W,*(R"), L,(R™)) (the space of bounded multipliers) if and only if there
exists a constant ¢ > 0 such that, for any compact subset e C R",

Vielp = [ V()P do < ceaple, w7 (7).
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" Vel
e
14 (R ny) ~ L .
IV llarwyr @)z, @) CCR™ popact, CaD(e, W (Rm)) 177
diam e<1
Furthermore, V- € M°(W]"(R"), L,(R")) (the space of compact multipliers) if and only
if
: Viellp
| =0.
6% eCR"Scl;l)rpilpact, Cap(ea me,(Rn))l/p
diam e<§

The proof of this theorem may be found in [33, §2.1.4 and Lemma 2.2.2/1].

8.2. Application of Theorems 5.7, 5.9 and 6.5

If the potential V satisfies Assumption 8.2 (and hence Assumptions 3.1 and 5.1), then
all results of the previous sections apply to the Klein-Gordon equation in R™ and we
obtain the following statements.

Recall that, by Assumption 8.1, the operator V maps the space WX (R™) boundedly
onto WE=1(R") for all k € [0,1] (see Remark 4.1, (4.5)).

Theorem 8.5. Suppose that W} (R™) C D(V) and that V = Vy + Vi, where Vj is
(—A+m?)Y2-bounded satisfying (8.1) with a/m+b < 1 and V; is (—A+m?)'/2-compact.

(i) The operator Ay given by
x _
D(Az) := {(y) e Wy 2R & W, AR 1w € WE(R™), y € Ly(R™),

Vx+yew§”®ﬂx—A+m%x+Vyewa”%WU}

) = (cadubd o)

is a self-adjoint and definitizable operator in the Krein space given by Ko =
W21/2 R") @ W{lﬂ(R”) with indefinite inner product

[z, 2] = ((=A+m®) e, (= A+m®) Ty o+ (= A+m?) Ty, (~A+m®) ),
forx = (zy)t, ' = (2" )T € WQ/Z(R") ® Wg_l/Q(R”),

(ii) The non-real spectrum of Ay is symmetric to the real axis and consists of at most
finitely many pairs of eigenvalues A\, \ of finite type; the algebraic eigenspaces cor-
responding to A and A are isomorphic. There are no complex eigenvalues if

IV(=A4+m?)~ V2| < 1.

(iii) The essential spectrum of As is real and has a gap around 0; more precisely,

Tess(A2) CR\ (—a,q), a:= <1 - (;’1 +b>>m.
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(iv) The operator A, is generates a strongly continuous group (e'*42);cp of unitary

operators in the Krein space Ko = W21 / 2(]R”) e W, 1/ 2(R").
(v) For every initial value &g € D(As), the Cauchy problem
dz
dt
has a unique classical solution x € C'(R, VV21/2 (R™) @ WQ_l/Q(R”)) given by x(t) =
e, t € R.

=idsx, x(0)=xo,

The Cauchy problem for As is equivalent to an initial-value problem for the Klein—
Gordon equation (1.1). This leads to the following consequence of Theorem 8.5 (v).

Theorem 8.6. Suppose that the potential V satisfies the assumptions of Theorem 8.5.
Then the initial-value problem

) ’ 0
((5-1e0) ~asm)o=o, ot0=wm Feoy=n 63

in the space W;l/Q(R") has a unique classical solution 1) if 19 € W4 (R"), 1y €
WQ/Q(R") and (—A = V%), € W271/2(R”), and the function t — s(-,t) belongs to
C (R, W,"*(R™) N C2(R, W, /*(R™)).

Proof. The Cauchy problem for Ay arises from (8.3) by means of the substitution

o) =060, 9= (~ig-V)uln, reR,

hence, the initial value for the Cauchy problem for As is given by
o= (") = aw 0(:,0) e
P\ 500 = Vet |\ = Vi )

Since V maps W4 (R™) boundedly in Ls(R™) by Assumption 8.1, the assumptions on
1o and 1 guarantee that &g € D(A3). Hence, Theorem 8.5 (v) yields a unique solution
z=(zy)T e CYR, WQ/Q(R”) ® W2_1/2(R”)) satisfying the equations

d

= iVaty) W AR,

d -

ditJ =i((=A+m?)z +Vy) in W, 1/Q(JR”).

Differentiating the first equation and using the second one, we obtain that =z €
CHR, W, 2 (R™)) N C2(R, W, /*(R™)) and that x satisfies (8.3) in W, “/2(R™). O

Remark 8.7. If only 9y € WQ/Z(R") and iy € W2_1/2(R”), then xy € WQ/Q(R”) @
Wy 1/2 (R™). In this case we only obtain mild solutions of the Cauchy problem for A
(see Remark 6.6) and thus solutions of (8.3) in some weaker sense.
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If the potential V' is (—A +m?)/2-compact, a similar result was proved in [18, §5],
also using the regularity of the critical point co of As.

The above theorem should also be compared with a corresponding result which can
be obtained using the operator A introduced in [27] (see §5). Since A is a self-adjoint
operator in the Pontryagin space K = Hi/o & H = W3 (R™) & Lo(R"), it generates a
group (e'*4);cg of unitary operators in this space. By means of the substitution

s =000, ()= i (), tER,

one can prove an existence and uniqueness result for classical solutions of (8.3) in Lo (R™).
Here, stronger assumptions on the initial values have to be imposed which ensure that

z(0) = (Yo — iv1)T € D(A) = D(H) & D(H,'?) ¢ W2(R") & W (R")

(H = Hé/z(l — S*S)Hé/2 being the operator associated with the differential expression
—A+V?).

Remark 8.8. Suppose that the potential V' satisfies the assumptions of Theorem 8.5,
and that 1 € p(S*S). Then the initial problem (8.3) in Lo(R™) has a unique classical
solution v if o € D(H) C WZ(R"), 1 € W3 (R™), and the function ¢ — 9)s(-,t) belongs
to CH(R, W4 (R™)) N C?(R, Ly(R™)).

This shows that, for smooth initial values as in Remark 8.8, the operator A studied
in [27] gives classical solutions of the Klein—Gordon equation (8.3) in Lo(R™); for less
smooth initial values as in Theorem 8.6, the operator As studied in the present paper
still gives classical solutions of the Klein-Gordon equation, but only in W, 1/2 (R™).
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