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SINGER GROUPS

MARSHALL D. HESTENES

Interest in the Singer groups has arisen in various places. The name itself
results from the connection Singer [7] made between these groups and perfect
difference sets, and this is closely associated with the geometric property that
a Singer group is regular on the points of a projective space. Some information
about these groups appears in Huppert’s book [3, p. 187]. Singer groups are
frequently useful in constructing examples and counterexamples. Our aim in
this paper is to make a systematic study of the Singer subgroups of the linear
groups, with a particular view to analyzing the examples they provide of
Frobenius regular groups. Frobenius regular groups are a class of permutation
groups generalizing the Zassenhaus groups, and Keller [5] has shown recently
that they provide a new characterization of 4 and M;.

In § 2 we study the properties of the Singer groups as subgroups of the linear
groups. From these properties we will be able to see when the Singer sub-
groups may be used to obtain a representation of PSL,(q¢) as a Frobenius
regular group. Section 3 is devoted to the investigation of this representation
in detail. In § 4 we determine all the cyclic self-centralizing trivial intersection
(T.1.) sets in PSL,(¢) in order to show that the Singer groups are essentially
the only cyclic T.I. sets in PSL,(q) yielding a Frobenius regular representation.
Then in § 5 we investigate the intersection of Singer groups with some of the
other classical groups, and in particular we show that in some cases this
intersection may be used to get a Frobenius regular representation of a unitary
group. This result indicates that very considerable difficulties are to be
expected in the problem of classifying the Frobenius regular groups.

Acknowledgement. 1 wish to express my deep gratitude to Professor D. G.
Higman for his careful guidance, advice, and encouragement during the
preparation of this work.

1. Preliminaries. Let 7 be a vector space of dimension # = 2 over the
finite field F,, where ¢ = p™, p a prime. The group of all non-singular linear
transformations of 7 is denoted by GL (V), and the kernel of the determinant
map GL(V) — F;* is denoted by SL(V). Set PGL(V) = GL(V)/Z, where
Z is the centre of GL(V), and set PSL(V) = SL(V)/Z;, where
Ziy = Z N SL(V) is the centre of SL(V). Let P(V) be the lattice of sub-
spaces of V, which we may regard as an (#» — 1)-dimensional projective
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space over F,. Then there exists a natural homomorphism of GL(V) into
Aut P(V), with kernel Z, so that the image of GL (V) isisomorphic to PGL (V)
and the image of SL (V) is isomorphic to PSL (V).

Now we choose for V the field F,», regarded as a vector space of dimension 7
over F,. For each @ € F,»*, let T, € GL(V) be given by T,: x > ax,x € V.
Then T = {T, € GL(V)| @ € Fp*} is a cyclic subgroup of GL(V) isomorphic
to F,»*, and T is regular on the vectorsin V — {0}.

Definition 1.1. The conjugates of 7" in GL (V') will be called Singer groups
in GL(V). The intersection of a Singer group in GL(V) with SL(V) will be
called a Singer group in SL(V). The image in PGL (V) of a Singer group in
GL (V) will be called a Singer group in PGL (V). The image in PSL(V) of a
Singer group in SL(V) will be called a Singer group in PSL(V).

If M, SM, H, and K are Singer groups in GL(V"), SL(V), PGL(V), and
PSL(V), respectively, then it is evident from the definitions that they are all
cyclic with orders

|M| =q¢ — 1,
ISM| = |H| = (¢" — 1)/ (g — 1),
K| = (¢" — 1)/(g — 1)(n, ¢ — 1).
Definition 1.2. A generator for a Singer group will be called a Singer cycle.

It is also clear that M and SM are regular and semi-regular, respectively, on
the vectorsin ¥ — {0}, and A and K are regular and semi-regular, respectively,
on the points of P(V). The Singer groups in GL(V) are all conjugate as are
those in PGL (V).

With respect to a fixed basis for V, we have isomorphisms of the groups
GL(V), SL(V), PGL(V), and PSL(V) onto their matrix versions GL,(g),
SL.(¢), PGL,(¢), and PSL,(q), respectively. The image of a Singer group in
GL (V) is referred to as a Singer group in GL,(¢), and so on.

In order to relate this study of Singer groups with Frobenius regular groups,
we will need the following.

Definition 1.3. A finite permutation group G acting transitively on a set Q
will be called a Frobenius regular group if for a € @

(1) there exists a faithful Frobenius G,-orbit, and

(2) every non-Frobenius orbit different from {a} of G, is regular.

Definition 1.4. A Frobenius regular group G such that there are a Frobenius
G,-orbits and 8 regular G,-orbits is called an [«, 8]-group.

LemMA 1.5. If a finite group G has a proper subgroup N satisfying:

(1) N is a Frobenius group with kernel K and complement E,

(2) N = N¢(K), and

3) K and E are T.1. sets in G,
then G is faithfully represented as a Frobenius regular group on the set Q of left
cosets of G (mod N).
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LemMMA 1.6. Under the above hypotheses, N:E is ome plus the number of
Frobenius orbits of G,, a € Q, and the number of self-paired Frobenmius orbits of
G, is the number of involutions in N/E.

2. Singer subgroups of the linear groups. Let us look at our field-
theoretic model of a Singer group in GL(V), T = (T%), where £ is a primitive
(¢* — 1)th root of unity. Since the characteristic polynomial of ¢ over F,,

n—1

H (x - Eq‘),

i=0
is the same as the characteristic polynomial of T, T has only trivial eigen-
spaces in V. Suppose that we extend the ground field F, to F; thus we have
the natural embeddings:

VaW=Fp®rV,

P(V) —P(W),
GL(V) —» GL(W),
Aut P(V) — Aut P(W).

Identify V with its image in W, etc.

Definition 2.1. A vector in W but not in V will be called irrational. A point
of P(W) not in P(V), i.e., a one-dimensional subspace of W spanned by an
irrational vector, will be called an irrational point in P(W).

Choose a basis X, X1, . . ., Xy—1 of W such that X, is the irrational eigen-
vector of T  corresponding to the eigenvalue ¢, ¢ =0,...,n — 1. Any
member of T has the form (T¢)* = T'* with eigenvalues £, =0,...,n — 1.
What are the eigenspaces for 7*? X, and X ., are in the same eigenspace for
Tyt if and only if £° = £/ and this equality holds if and only if ¢ = £¢/;
thus in particular the eigenspaces of 7';* all have the same dimension. Let
o:x > x% x € Fp*, be an automorphism of order # of F,» over F,. Since
£ is (£')?, X, and X, are in the same eigenspace if and only if ¢! is in the
fixed field of o’. Hence, if F,(¢') = F,m (necessarily m divides %), then X, and
X, are in the same eigenspace and no X,;, 0 < 7 < m, is in that eigenspace.
The following result is now clear for7 = ¢* — 1. Thecaser = (¢" — 1)/(¢ — 1)
is similar.

THEOREM 2.2. Suppose that r = g* —lorr = (¢ — 1)/(q — 1) and 7 is a
primative rth root of unity, so that (T,) is either T or the unimodular subgroup
of T. Then for an integer t, 0 < t < r, and a positive integer m dividing n, the
following are equivalent:

(1) Fo(nt) = Fym;

(2) The eigenspaces of T, are the m spaces (X4 1= a (modm)),
a=0,1,...,m — 1, each of dimension n/m;

(3) tis a multiple of r/s, but not of r/s; for any 0 < j < m such that j divides
m, where s; = (¢* — 1, 7).
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Given 7 and ¢, wherey = ¢" — lorr = (¢" — 1)/(g— 1) and 0 < ¢t < 7,
write u(r, t) for the uniquely determined m dividing # satisfying (1)—(3).

CoROLLARY 1. Suppose that A is a Singer cycle in GL(V) (so thatr = ¢* — 1)
or A is a Singer cycle in SL(V) (so that r = (¢" — 1)/(q¢ — 1)). Then for
0 < t < r,the eigenspaces of A* are all of dimension n/u(r,t). Consequently, n is
a prime if and only if each non-scalar element of (A) has the same eigenspaces as A.

COROLLARY 2. n is a prime if and only if all the non-identity elements of a
Singer group in PGL (V) (or in PSL(V)) have the same fixed point set in P(W).

We have determined the eigenspaces of the elements of a Singer group in
GL(V) and in SL(V). Certainly the eigenspaces of a Singer group itself are
well-defined. We will now show that no two distinct Singer groups in GL (V)
or in SL(V) have a non-zero eigenvector in common. Here we will use the
matrix versions since the result is an easy consequence of the following general
matrix proposition.

THEOREM 2.3. Let E be a field, let L be a finite cyclic extension of E of degree
n = 2, and let o be a generator of the automorphism group of L over E. Then there
1s an inner automorphism of L, (the n X n matrices over L) which maps E,
onto the set of all matrices in L, of the form

X1 Xo . . . Xn
g o o
Xn X1 ‘ : * Xn—1
(*)
L on—1 on—1 on—1
Xo . . . X X1
Proof. Suppose that a is a primitive element of L over E. If
1 1 .o a1 'I
4 on—1
[¢3 [+3 M . . a
P = Iv
an—l a(n-l)a . . ) a(n—l) on—1 J

then one can easily check that the map X — P~ XP, X € L,, is the desired
inner automorphism of L,.
In the present context, we obtain the following theorem.

THEOREM 2.4. There is an inner automorphism of GL,(¢") which maps
GL,(q) onto the set C,(q) of all matrices of GL,(¢") of the form (x). Furthermore,
there is a Singer cycle A in GL,(q) whose image under this inner automorphism
is diagonal.
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Proof. If Fjn = F,(£), £ a primitive (¢" — 1)-root of unity, and the minimum

polynomial for ¢ is m(x) = ao + ax + ... + x", (coefficients in F,), then
the corresponding companion matrix 4 is a Singer cycle in GL,(¢) whose
image under the inner automorphism is diag{, £, ..., £"7'}.

COROLLARY 3. No fwo distinct Singer groups in GL,(q), and hence in SL,(gq),
have a common non-gero eigenvector in W. Thus, no two duistinct Singer groups in
PGL,(q) or in PSL,(q) have a common fixed point in P(W).

Proof. The eigenspaces of the Singer group in C,(¢) generated by
A = diag{¢, &9, ..., £} are spanned by (1,0,...,0),...,(0,...,0,1),
respectively. If any Singer cycle B in C,(g¢) has one of these unit vectors as
an eigenvector, then it is easy to check that B generates the same Singer
group as 4.

Our next goal is to determine the possible intersections of a Singer group
with a conjugate. We would particularly like to know when a Singer group
isa T.I. set.

Definition 2.5. A subgroup D of a group G is a trivial intersection (T.I.) set
ifDND?=1orDforall g € G.

THEOREM 2.6. Suppose that S is a Singer group in G and S* is a distinct
conjugate of S. Then for some positive proper divisor v of n, |S* N S| divides
(i) ¢ — 14f G = GL,(9),
(ii) (¢ — 1)/(g — 1) if G = PGL,(9),
(i) (¢"— 1, (¢" — 1)/(g — 1)) #f G = SLa(q),
(iv) (¢ =1, (" —1)/(g@—1))/(n,qg —1)if G = PSL,(q),
and intersections of these orders exist for every positive proper divisor r of n.

Proof. We prove (i). The proof of (iii) is similar, and (ii) and (iv) are
immediate consequences of (i) and (iii), respectively. By Theorem 2.4, S is
similar in GL,(¢") to the group M generated by 4 = diag{{, £, ..., £},
where £ is a primitive (¢" — 1)-root of unity. Suppose that M* M M = (4?)
for some ¢ > 1 dividing |M|. A* cannot have all its diagonal entries distinct
since ¥ does not normalize M. By Theorem 2.2, Corollary 1, ¢ must be such
that u(¢" — 1,¢) = » for some positive proper divisor  of #n. By
Theorem 2.2 (3), ¢ is a multiple of (¢" — 1)/(¢" — 1). Hence |M* N M|
divides ¢" — 1.

COROLLARY 4. If n is a prime, the Singer groups in PGL,(q) and PSL,(q)
are T.1. sets.

On the other hand, let = (¢" — 1)/(¢" — 1) so that A has order ¢" — 1
and A* has every rth diagonal entry equal. Let x be a member of C,(g) (the
group of all matrices of GL,(¢") of the form (*)) such that the only non-zero
entries in the first row are x; and %,41. Then x normalizes {4 *) but does not
normalize any larger subgroup of M; thus |M* N M| = ¢" — 1.

https://doi.org/10.4153/CJM-1970-057-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-057-2

SINGER GROUPS 497

Let us turn our attention to the normalizers of the Singer groups. Higman
and McLaughlin [2] have determined the normalizers of M in GL and H in
PGL. They pointed out that if ¢ generates the automorphism group of F,n
over F,, then each member of (¢) may be considered as a non-singular linear
transformation of the vector space V = F,.» over F,, and hence induces a
collineation of the projective space P(V). If we denote this induced collinea-
tion group by (r), then {¢) and (r) are isomorphic, Ngy (M) = M{s) and
Negr(H) = H(r).

THEOREM 2.7.
NSL(SM) = NGL(M) f\ SL and NPSL(K) = NPGL(H) m PSL.

Proof. Certainly Ngr(M) NSL = Ng,(SM) since M is cyclic. If
x € Ngp(SM), then SM = M* N\ M and by Theorem 2.6 (i), M* N\ M = M.
The projective case is similar.

If ¢ € SL, then Ny (SM) = SM({cs); thus the question arises, when is
o € SL? ¢ maps x to x% and so with respect to a normal basis,

01

-1

.1 0

and this has determinant (—1)"+. Thus ¢ € SL if and only if # is odd or
n is even and ¢ is a 2-power. Similarly, + € PSL if and only if # is odd or # is
even and there is a N € F, such that \* = —1. Using this and a coset decom-
position when ¢ ¢ SL or 7 ¢ PSL, one can easily see that the orders are as
they should be.

THEOREM 2.8.
INsL(SM)| = [Nar(M)|/(¢g—1) and |Npsr(K)|= |Npcr(EH)|/(n, q—1).

Remark. From this theorem and Corollary 3, it follows that when # = 2,
every irrational point in P(W) is a fixed point for some Singer group in
PSL,(q), for there are (¢> + 1) — (¢ + 1) irrational points, and there are
PSL:(q): Npsrn(K) = g(¢g — 1)/2 distinct Singer groups each fixing two
points, no two fixing the same point.

THEOREM 2.9. The Singer groups are all self-centralizing.

Proof. The normalizer of a Singer group in GL,(¢) is conjugate in GL,(¢")
to (4){(s), where 4 = diag{t, £, ..., 7"}, £ is a primitive (¢" — 1)-root of
unity, and ¢ is the above cyclic matrix. Then 1 = ¢ £ # and ¢’ centralizes 4

(even up to a scalar) implies 2 = n; thus the Singer groups in GL and PGL
are self-centralizing. The unimodular case is similar.
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THEOREM 2.10. Npg(K) 2s a Frobenius group with Frobenius kernel K
if and only if n is an odd prime or n = 2 and 44 (¢ + 1).

Proof. Set N = Npgsn(K). We determine when 1 x € K implies
Cy(x) £ K by determining when the elements which fix all non-scalar
members of SM up to a scalar are contained in SM. Let SM = (4), where
A = diag{\, A%, ..., A"}, X\ a primitive (¢" — 1)/(¢ — 1) root of unity.
Then N, (SM) = (4) (y), where vy = ¢ if ¢ € SL,(¢) and v = go otherwise,
where g € M and detg = —1.

If » is not a prime, then for a divisor 7 of #, 1 < r < #, there is a ¢ such that
A has every rth diagonal entry equal. v” centralizes A%, and hence N is not
Frobenius. Assume that # is a prime. If A" is not scalar, then A ¢ has no two
diagonal entries equal; thus for N not to be Frobenius there must be some s
less than # such that v° fixes 4° up to a scalar different from I. However,
this only happens when # = 2 and 4 divides ¢ + 1.

The normalizer of a Singer group in GL, SL, or PGL cannot be Frobenius
unless there is an isomorphism with PSL. It should be mentioned that the
image of the normalizer in SLs(q) of the diagonal subgroup is a Frobenius
subgroup of PSL:(¢) in case 4|(g + 1).

In the next two theorems, G,(¢) will denote any of GL,(¢), SL,(q),
PGL,(g), or PSL,(¢g). These theorems give conditions for a subgroup of
G, (¢) to be contained in a Singer group.

TaeoreM 2.11. Given a Singer group S in G,(q), suppose that U is an abelian
subgroup of G,(q) of order dividing |S|, and that there is a prime r dividing | U|
such that (r, G,(gq): S) = 1. Then U* £ S for some x € G,(q).

Proof. Suppose that G,(¢) = GL,(¢). Let R be the r-Sylow subgroup of
GL,(¢) contained in .S. Then there is an x € GL,(¢) such that U* N\ R 1.
In GL,(¢"), Sis similar to the group S’ generated by 4 = diag{¢, £, ..., £},
£ a primitive (¢" — 1)-root of unity. Let R’ and U’ denote the images of R
and U?, respectively, under this similarity. Now (r, GL,(¢) :.S) = 1 implies
(r,¢¢ — 1) =1 for all 2, 1 £ ¢ < n; thus by Theorem 2.2 and Corollary 1,
the non-identity matrices in R’ have distinct diagonal entries. Since U is
abelian, U* = C(U* M R); thus the matrices in U’ are diagonal. Therefore
they centralize .S, a self-centralizing group, and hence U* < S.

Since (r,¢q —1) =1, R is in SL,(g¢); thus the result holds when
G,(q) = SL,(q). The projective cases are similar.

THEOREM 2.12. Given a Singer group in G,(q) and an abelian subgroup U of
G, (q) of the same order, then U is conjugate to the Singer group except possibly for
Ges(2) or Ga(p), where p + 1 = 2% for some a.

Proof. By the previous theorem, we need only show that there is a prime 7
dividing |U] but (r, G,(g¢): U) = 1. Such an 7 exists by the following result
[1, p. 358, Corollary 2].
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If p is a prime and s, t are positive integers, then there is a prime r such that
r|(pt — 1) but vt (p* — 1), s < t, except for

(1)t =2and p + 1 = 2° for some a, or

(2) p* = 64.

A simple calculation shows that the only exception (2) gives in our case is
n = 6and ¢ = 2.

PSL.(11) demonstrates that the abelian hypothesis cannot be dropped,
since |K| = 6 and |[Nps,(K)| = 12, and thus there is also a dihedral subgroup
of order 6.

By considering orders, we have the following result.

THEOREM 2.13. 4 Singer group K is a Hall subgroup of PSL,(q) if and only
if n is an odd prime or n = 2 and 44 (¢ + 1).

Much of our attention will be focused on this case. Here Theorems 2.11 and
2.12 with G,(¢) = PSL,(¢) can be obtained without the abelian assumption
just by citing a theorem of Wielandt [6, p. 230], but this powerful theorem
seems out of character with the previous discussion.

In closing this section we mention the following: Suppose that = is a finite
Desarguesian projective space of dimension # — 1. A question which arises
naturally is exactly what are the subgroups G of the collineation group of =
which are regular on the points of #? (m, G) is then a projective incidence
group in the sense of Karzel [4]. He showed that if # = 3, then there exists
a unique normal nearfield (F, L) (L is a sub-skewfield of F coordinating )
such that G is isomorphic to F*/L*. Since = is finite, G is cyclic; thus by
Theorem 2.12, Gisa Singer group in PGL, (¢). There are some exceptions when
n = 2, but at least the normalizer of G is not Frobenius in any of the excep-
tional cases.

3. Some Frobenius regular representations of PSL(g). In this section
we study in detail some Frobenius regular representations of PSL,(¢q) afforded
by the Singer groups. A Singer group K in PSL,(g) is a T.I. set in PSL,(q)
when 7 is a prime (by Corollary 4). By Theorem 2.10, N(X) = Nps(X) is
a Frobenius group with Frobenius kernel K if and only if # is an odd prime
or n =2 and 44(¢g + 1). When N(X) is a Frobenius group, a Frobenius
complement E in N (X) is a cyclic group of prime order #; thus E is certainly
a T.I. set in PSL,(¢q). Hence by Lemma 1.5, we have the following result.

TuaEOREM 3.1. PSL,(q) s fatthfully represented as a Frobenius regular group
on the set @ of left cosets of PSL,(q) (mod N (K)) if and only if n is an odd prime
orn = 2and 44(q + 1).

In order to apply Lemma 1.6, we need to know the structure of N(E).
Let us first consider the case # = 2 and 4 +(g + 1). Since there is only one
class of involutions in PSL2(g), we may pick any involution that is convenient
and it will generate a complement E for some Singer group K.
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LemMa 3.2. If n = 2 and g = 2™, then C(E) is elementary abelian of order gq.

Proof. PSL,(q) is isomorphic to SL(g) ; thus assume that E = (r), where

NN

The matrices which centralize r have the form

1 0
l:a 1]’ @ € Fo

and the set of all such matrices form an elementary abelian group of order g.

TueoreM 3.3. PSL:(q), ¢ = 2™, has a [(g — 2)/2, 0]-Frobenius regular
representation. The Frobenius orbits are all self-paired with ¢ 4+ 1 points.

Proof. By Lemma 1.6, the number of Frobenius orbits is (N(E):E) — 1,
and since N(E) = C(E), this is (¢/2) — 1. Every Frobenius orbit is self-
paired since C(E)/E elementary abelian of order ¢/2 implies C(E)/E contains
(¢/2) — 1 involutions. The ¢ + 1 points in each of the (¢ — 2)/2 Frobenius
orbits plus the one point in the trivial orbit account for the ¢(¢ — 1)/2 points,
and hence there are no regular orbits.

LeMMA 3.4. If n = 2 and 2||(q + 1), then C(E) s dihedral of order ¢ — 1.

Proof. Since 4/(q¢ — 1), —1 is a square in F,, say a? = —1. Suppose that E
is the image in PSL of {y), v = diag{a, —a}. Since @ and —a are distinct, the
diagonal subgroup of SL is the centralizer of v in SL. The image D in PSL
of this subgroup has order (¢ — 1)/2.

[ o1
TTl-10
normalizes (v), and therefore its image 7 in PSL centralizes E. r inverts the

diagonal matrices of SL, and hence C(E) is the dihedral group {()D of order
qg— 1.

THEOREM 3.5. If 2||(q + 1), then PSLy(q) has a [(¢g — 3)/2, (¢ — 1)/4]-
Frobenius regular representation. The number of points in each Frobenius and
regular orbit is (¢ + 1)/2 and q + 1, respectively, and the number of self-paired
Frobenius orbits is 8 4+ (¢ — 1)/4, whered € {0, 1} and 6 = (¢ — 5)/4 (mod 2).

Proof. N(E) = C(E), and thus N(E):E = (¢ — 1)/2 is the number of
Frobenius orbits plus one. There are ¢(¢ — 1)/2 points all together, and from
the number of points in each Frobenius and regular orbit, the number
(¢ — 1)/4 of regular orbits is easily determined. The number of self-paired
Frobenius orbits is the number of involutions in D/E plus the order of D/E.
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From now on we will assume that # is an odd prime. E is a cyclic group
generated by the image 7 of some matrix ¢ € SL,(¢). Usually, it will be
convenient to assume that ¢ has the form obtained by using a normal basis:

-1
1 0
LemMa 3.6. N(E)/C(E) is cyclic of order n — 1.

Proof. To show that N(E)/C(E) is the full automorphism group of E, it
suffices to show that there is an element p € SL,(¢) such that p hasordern — 1
and all the non-identity members of (p) normalize but do not centralize (o).
Let ¢ be a primitive (# — 1)-root of unity in Z,. Consider the permutation
matrix such that the 1in the (z + (» + 1)/2)-row,

—(n—1)/2=71= (n—1)/2,

is in the (1 + j)-column, where j = ¢ + (# — 1)/2 (mod #). Set p equal to
plus or minus the matrix, the sign chosen so that p has determinant one. Then
plop = of and p’, 1 £t < m» — 1, normalizes but does not centralize (o).

The element of order 2 in {(p) has a desirable form. Namely, the non-zero
entry in row 7 is (—1)®Y/2 in the (# + 1 — 7)-column. This will be useful
in applying Lemma 1.5, for if J is the element of order 2 in N(E)/C(E), then
the number of involutions in N (E)/E is the number of involutions in C(E)/E
plus the order of the subgroup of C(E)/E inverted by J.

Let us now consider the case when ¢ = 0 (mod #).

LemMmA 3.7. If ¢ = p™ and n = p, where p is an odd prime, then C(E) 1s
elementary abelian of order g*—.

Proof. SL,(q) = PSL,(g), and hence we work in SL,(g). Instead of letting E
be generated by the usual cyclic matrix o, it is easier to look at E = (y),
where « is the unipotent matrix

1
1

o = (__ 1)(17—1)/2'
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Then X € C(E) if and only if X has the form

1
X2
Xp_1 - |
| %) aXp—1 -+ - axa 1]

and the set of all such matrices forms an elementary abelian group of order
gP—l_

LeEmMA 3.8. If ¢ = p™and p = n, where p is an odd prime, then a generator p
of N(E)/C(E) centralizes a subgroup of C(E) of order q. If J = p®=V "2 then
C(E) = VX W, where |V| = |W| = ¢® V72, J centralizes W, and J inverts
the elements of V,E = V.

Proof. Assume that E is generated by the usual cyclic matrix o. Then the
form of the elements in C(E) is

X1 Xo . . . xp
Xp
X =
X2
Xao . . . xp X1

and p is the matrix described in the proof of Lemma 3.6. Since p~![x20]p = x.0¥,
etc., and ¢ is a primitive (p — 1)-root of unity in Z,, it follows that a necessary
and sufficient condition for p to centralize X is that x, = ... = «x,. Hence p
centralizes a subgroup of C(E) of order g.

Since J = p® /2 we see that

J = . , wherea = (—1)®72;
. 0
thus if we conjugate X € C(E) by J we obtain the transpose of X. Hence
JXJ = X if and only if %2 = x5, %3 = Xp—1, - . - , Xtz = X@tnse. Lhus J
centralizes a subgroup W of C(E) of order ¢®—2/2, If we consider J acting on
C(E) as a transformation 7" of period 2 acting on a vector space V, of dimen-
sion m(p — 1), then this vector space can be written as Vo= Vi @ V>,
where V; is a subspace consisting of vectors fixed by 7" and V, is a subspace

consisting of vectors sent onto their negatives by 7. Since |W| = ¢® 1’2 and
g = p™, the dimension of V; is m(p — 1)/2. Hence V, also has dimension
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m(p — 1)/2; thus J inverts a subgroup V of C(E) of order ¢®»b/2, (Note
that E £ 1))

THEOREM 3.9. If ¢ = p™, p an odd prime, then PSL,(q) has a
[(p — 1)g""/p — 1, Bl-Frobenius regular representation, where

@ = 1) {g(p—z)(p+1>/2 B =2 B } _ le__—__l)qp_l
.3 — (g” — l)p P (g 1) :!31 (q 1) + 1 P: .

The Frobenius and regular orbits have (¢° — 1)/(q — 1) and p(¢® — 1)/(q — 1)
points, respectively. There are ¢q®=D/2/p self-paired Frobenius orbits.

Proof. By Lemmas 3.6 and 3.7, N(E):E = (p — 1)¢*>~'/p, and this is one
more than the number of Frobenius orbits. From this, the number of points
in each Frobenius and regular orbit, and the fact that there are

@*"/p) H @ —1)

total points, 8 can be determined. The number of involutions in N (E) is just
the order ¢¥—V/2 of the subgroup V of C(E) which is inverted by J. Since E
is a subgroup of V, the number of involutions in N (E)/E is ¢@—1/2/p,

Now consider the case ¢ = 1 (mod 7).

LemMA 3.10. If ¢ = 1 (mod ), n an odd prime, then C(E) is the semi-direct
product of a cyclic group of order n and a group B of order (¢ — 1)""/n, where
B is the direct product of n — 2 cyclic groups of order ¢ — 1 and one of order

(g — 1)/n.

Proof. The usual cyclic matrix ¢ has characteristic equation «" — 1 = 0.
Since #|(¢ — 1), this equation has roots 1, 8, 82, ..., 8"}, where 8 € F, and
8 has order n. Thus ¢ is similar to the matrix ¥ = diag{1, 3, ..., 81}, and

hence we can assume that E is the image of (y). Since v is diagonal with
distinct entries, the centralizer of v in SL is the diagonal subgroup D of SL.
D is the direct product of # — 1 cyclic groups of order ¢ — 1 with one of them
containing the scalar matrices; thus the image in PSL of D is just B. On the
other hand, the coset containing v is {8%y|< = 1,...,#n}, and 8% is just a
cyclic permutation of the diagonal entries of v; thus ¢ leaves this set invariant.
Hence since ¢ normalizes the diagonal subgroup of SL, C(Z) is the semi-
direct product of B and the image of (o).

LeMMA 3.11. If ¢ = 1 (mod n), n an odd prime, then a generator of N (E)/C(E)
centralizes a subgroup of C(E) of order (¢ — 1)/n. The element of order 2 in
N(E)/C(E) centralizes a subgroup W of C(E) of order (g — 1)™V/2/n, and
inverts a subgroup V of C(E) of order n(q — 1)™=V/2 which contains E.

Proof. Since E is the image of (y) and all the non-identity members of {(v)
just differ by permutations of the # — 1 elements 8, . .., !, we can assume
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that a generator for N(E)/C(E) is p = = diag{1, p’}, where p’ is an appro-
priate permutation matrix and the sign is chosen so that detp = 1. If
X € D{o), then X = Yo', where ¥ = diag{a,, a1, . .., @,—1}. From the above
description of p, it follows that p centralizes X if and only if ¢/ = I and
@y = ay = ...= a, The group of all such X has order ¢ — 1. Since this
group includes the scalar matrices, a generator of N(E)/C(E) centralizes a
subgroup of C(E) of order (¢ — 1)/n.
p can be chosen so that p®1/2 ig

a

J = . , where o = (—1)®-D/2,

(67

The matrices of D(s) which are centralized by J have the form
diag{ao, a1, . . ., A-1)/2) Qn—1y/2 - - - » A1}

Since the scalar matrices have this form, it follows that the involution in
N(E)/C(E) centralizes a subgroup W of C(E) of order (¢ — 1)®*9/2/n. The
matrices of D inverted by J have the form

diag{1, a4, . . ., G—1)/2, a(—nil)/‘b c.ayach,
and (o) is inverted by J. Hence the involution in N(E)/C(E) inverts a sub-
group V of C(E) of order n(¢ — 1) 1/2 containing E.

TaEOREM 3.12. If ¢ = 1 (mod n), n an odd prime, then PSL,(q) has an
[(m — 1)(g — 1)"Y/n — 1, B]-Frobenius regular representation, where

_g=1 {g"‘"‘”” o) — 1 — [(n — g1 ] g1 }
b= 1 = LII(Q D-1 n 1"(9—1) '
The Frobenius and regular orbits have (¢" — 1)/n(qg — 1) and (¢" — 1)/(q — 1)

points, respectively. There are § (2"~ — 1) 4 (¢ — 1)™V/2 self-paired Frobenius
orbits, where 8 € {0, 1} and 6§ = g (mod 2).

The proof of this theorem is similar to that of Theorem 3.9, and therefore
is omitted.

The last case we will consider is where ¢ & 0, ¢ # 1 (mod %), % is an odd
prime, and in addition (#, ¢* — 1) = 1 whenever ¢|(n — 1),1 << <#n — 1.

LeMMA 3.13. If nis an odd prime,q # 0, ¢ # 1 (mod #), and (n, ¢* — 1) = 1
whenever i|(n — 1), 1 < i < n — 1, then C(E) is cyclic of order ¢"~1 — 1.

Proof. Since ¢ # 1 (mod ) and # is a prime, we can again identify PSL,(q)
with SL,(¢) and assume that E is generated by the cyclic matrix . The
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characteristic equation of o is still " —1=0. If m is such that
(x — 1)™||(x — 1), then ¢ is similar to

1
1

T

p divides the order of this matrix unless m = 1, but ¢ has order » and
g # 0 (mod #), and hence m = 1. Thus ¢ is similar to ¥ = diag{1, 7}, where
7 € SL,_1(¢q) and 7 has order #; thus assume that E = (y).

The matrices X € C(E) have the form diag{a, Y}, where Y is in the
centralizer of 7 in GL,—;(q) and a~! = det Y. Thus finding C(E) is reduced to
finding Cgr,_,(r). By Fermat’'s theorem, ¢"~! = 1 (mod #), and from the
assumptions it follows that n4(¢* — 1) for 1 <7 < n — 1. Hence if SM is a
Singer group in SL,_1(¢), then |[{r)| = n||SM| and (n, SL,_1(¢):SM) = 1;
thus by Theorem 2.11, (r) is a subgroup of some Singer group in SL,_1(g). By
Theorem 2.6 there is a unique Singer group M in GL,_:(¢) containing 7,
since # does not divide the order of the intersection of M with a distinct
conjugate. From this it follows easily that anything centralizing 7 centralizes
M, which is a self-centralizing subgroup of GL,_1(¢) (Theorem 2.9).

LeEMMA 3.14. A generator of N(E)/C(E) centralizes a subgroup of C(E) of
order ¢ — 1. The element of order 2 in N(E)/C(E) centralizes a subgroup W
of C(E) of order g™V — 1 and inverts a subgroup V of order g™V 4+ 1
containing E.

Proof. If E and C(E) are as above, when we pass to the extension field
Fn-1, a generator diag{a, Y} of C(E) is similar to X = diag{a, Z}, where
Z = diag{, &9, ..., £"*} and £ is a primitive (¢! — 1)-root of unity. Set
v = X@=-D/n and assume that E = (y). It follows from the discussion of
intersections of Singer groups that v has distinct diagonal entries; thus

L

p= (-1

-1
1 0

is isomorphic to a generator of N(E)/C(E). p centralizes X* if and only if
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£t = g = .. = £ hence p centralizes a subgroup of C(E) of order ¢ — 1.
The element of order 2 in {p) is
1
J = (—1)m-vi 0 I

I 0

From this it is easy to check that J centralizes a subgroup W of C(E) of order
g™ P2 — 1 and inverts a subgroup V of order ¢"1/2 4 1,

TaEOREM 3.15. If = s an odd prime, ¢ £ 0, ¢ = 1 (modn), and
(n,q* — 1) = 1 whenever il(n — 1), 1 <1< n — 1, then PSL,(q) has an
[(n — 1) (g™ — 1)/n — 1, B]-Frobenius regular representation, where

B q _ 1 qn(n—l)/Z n—1 . [(n . 1)(qn——l . 1) :Ign _ 1}
B"n(q”-n{ L @-n-1- n e A

The Frobenius and regular orbits have (¢" — 1)/(q — 1) and n(q" — 1)/(q — 1)
points, respectively. The number of self-paired Frobenius orbits is

é + (q(n—l)/z + 1)/,”’
where § € {0, 1} and § = g (mod 2).

The proof is omitted.

4. Cyclic self-centralizing T.I. sets. It has been shown that when # is an
odd prime or # = 2 and 44 (g + 1), a Singer group K in PSL,(¢) may be used
to obtain a Frobenius regular representation of PSL,(¢). Now we would like
to determine all the cyclic subgroups of PSL,(¢) affording such a representa-
tion. It is evident from Lemma 1.5 that such a subgroup must at least be a
cyclic self-centralizing T.I. set in PSL,(q), and there are very few of these.

THEOREM 4.1. Suppose that n = 3 and G is a cyclic self-centralizing T.I. set
in PSL,(q). Then one of the following holds:
(1) n is a prime and G = K, (q),
(ii) » — 14s a prime, (¢ — 1)|n, and G is conjugate to some K,_1(q),
(ili) n = 3, ¢ = 2, and G s conjugate to {(A), where

1 00
A={11 0
01 1

Proof. The cyclic subgroups G of PSL,(q) are the images of the subgroups
D(A) of SL,(g), where D is the diagonal subgroup of SL,(gq) and 4 € SL,(g).
As A runs through the possible classical canonical forms, we will attempt to
show that the corresponding G is not a self-centralizing T.I. set either by
showing that D{4) is not self-centralizing in SL,(¢), or by producing a distinct
conjugate of {4) whose intersection with {4) is non-scalar. When this attempt
fails, we will show that the corresponding G is a self-centralizing T.I. set.
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xI — A is similar to diag{l,...,1,61...,d,}, where the §; are monic
polynomialsin x, and 8,/6,41,%2 = 1,...,7 — 1. We will investigate the various
possibilities for these invariant factors. In what follows, f(x), g(x), etc., will
always denote irreducible functions, and the notation f*(x) will always carry
the tacit assumption that s > 0.

Assume that f°(x)||6; and f*(x)||6:+1 for some 7 < r. Then A contains two
identical blocks C along the diagonal corresponding to the elementary divisors
f*(x). Certainly there is an X € SL,(¢) which interchanges the two blocks
and fixes everything else; thus G is not self-centralizing. Hence,

(1) If f5(x)||6:, ¢ < 7, then f*(x)||6:41, where ¢ > s.

Assume that deg f(x) > 1,s > 1, and f*(x)||6; for some 7. Then the block C
on the diagonal of A corresponding to the elementary divisor f*(x) has the
form

B
N B
c=| " " , where N = O

n.- 1
N B

and B is the companion matrix for f(x). The group generated by all matrices
of the form

’

BY I

. —J

is a non-cyclic group which commutes with C. Hence,

(2) If deg f(x) > 1 and s > 1, then f*(x)f é; ¢ = 1,

Assume that deg f(x) = 1, s > 1, and f*(x)||8; for some 1. The block C of 4
corresponding to f°(x) has the same form as above (of course B = b and
N = 1). Cis centralized by the group of matrices of the form

1
[¢2]
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This group is not cyclic unless s = 2and ¢ = p or s = 3 and ¢ = 2. Hence,
(3) If deg f(x) =1, s > 1, and f*(x)||é; for some 7, then s = 2 and ¢ = p
ors =3and g = 2.
If (3) holds for some 7 > 1 and f(x)|6;1, it is easy to show that D(A4) is not
self-centralizing. Hence,
(4) If deg f(x) = 1 and f*(x)||6; for some ¢ > 1, where s = 2 and ¢ = p
or s = 3and ¢ = 2, then f(x)4 d;_1.
Combining (1) through (4), we have:
(5) There is a single invariant factor §, and the only possible reducible
elementary divisors are described in (3).
Assume that f(x)||d and g(x)||8, where f(x) 5% g(x) but

deg f(x) = degg(x) =7 > 1.

Then the blocks U and V of 4 corresponding to f(x) and g(x), respectively,
are both matrices from Singer groups in GL.(¢g). Suppose that
A = diag{U, V, W} and X generates the unimodular subgroup of the Singer
group containing U. Then diag{X, I, I} centralizes 4 but is not in D{(4). If
f(x)||6 and g*(x)||s, where f(x) # g(x) but deg f(x) = deg g(x) = 1 and
s =1lorgq = pands = 2, then it is also possible to find a matrix not in D{4)
which centralizes 4.
(6) The following possibilities for § remain:

0= fi(x) ... fi(x) if ¢ = p™,
= g2 (@) f1(x) ... filx) if ¢ = p,
= (x — 1)%f1(x) ... fu(x) ifg =2,

where deg g(x) = 1 and deg f:(x) < deg fit1(x).

Assume that f(x)||6 and deg f(x) = 7 > 1. Then the block C of 4 corres-
ponding to f(x) is contained in a Singer group in GL,(q). Certainly C must
generate the largest Singer group consistent with the circumstances in order
that G be self-centralizing. However, if 7 is not a prime, the Singer group in
PGL,(¢) corresponding to {C) is not a T.I. set by Theorem 2.6. Hence,

(7) If f(x)]|8, then the degree of f(x) is 1 or a prime.

Assume that & contains two non-linear elementary divisors e; and e.. By
(6) and (7), one of ey, e;, say ey, is f;(x) for some 7, where deg f,(x) = r, a
prime. The block B corresponding to f;(x) generates a subgroup of a Singer
group M,(g) in GL,(g) which at least contains the unimodular Singer group in
M., (g). Hence, (¢" — 1)/(q — 1)(r, q — 1)|Bl[(q" — 1). If e = f,(x), i
a similar condition holds for the corresponding block C, with 7 replaced by
the prime 7’ = deg f;(x) # r. lf es = g*(x), wheres = 2 or 3 and deg g(x) = 1,
then p||C|. Hence in any case there is a ¢ such that B = I, C* 5% I. Therefore
if A is a matrix obtained from A by replacing B by a conjugate B* ¢ (B),
then 4 is a conjugate of 4, A ¢ D(A), but A* = A*; thus G is not a T.I. set.
Hence, since n = 3,
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(8) 6 contains exactly one elementary divisor of degree greater than 1.
Assume that (x — a)||s, a # 0. If g =p and 6§ = (x — a)(x — b)2, where

a # b,b # 0, then
a 0 O
A=10 b 0].
01 o

A? = diag{a, b, b} is a non-scalar matrix. If B is a conjugate of 4 by
X = diag{l, Y}, Y € SL.(p), then B? = diag{a, b, b}; thus G is not a T.I.
set. Similarly, suppose that§ = (x — a)f(x), where deg f(x) is the primen — 1.
In order that 4 be self-centralizing, ¢ must generate F,* and the block B of 4
corresponding to f(x) must generate a Singer group in GL,_:1(q).
B(*1=D/e=D) jg gcalar, and any conjugate of B raised to the same power will
also be the same scalar matrix. Thus G will not be a T.I. set unless
A@1=D/e-D) {g also scalar, and this occurs when (¢ — 1)|n. Hence,

(9) The remaining possibilities for & are 8 = f(x); (¢ — 1)|n, and
= (x —a)f(x), a#0; or ¢ =2 and § = (x — 1)% where deg f(x)
is prime.

These possibilities do correspond to self-centralizing T.I. sets in PSL,(q).
We already know this is the case when § = f(x), for the image of (4) in
PSL,(q) is a Singer group. When #n — 1 is a prime, (¢ — 1)z, and
8 = (x — a)f(x), a # 0, we have seen that 4 = diag{ae, B}, where B is a
Singer cycle in GL,_1(¢). The corresponding G is clearly self-centralizing.
In GL,(¢"!), 4 is similar to diag{a, &, £, ..., £}, where ¢ is a primitive
(¢"' — 1)-root of unity. Since no power of this matrix has two diagonal
entries equal without the matrix being scalar, G is also a T.I. set. When
g =2and é = (x — 1) G is conjugate to (4), where

1 00
A=]11 0].
011

Under the isomorphism between PSL;(2) and PSL:(7), G is isomorphic to a
Singer group; thus G is a self-centralizing T.I. set.

THEOREM 4.2. The cyclic subgroups G of PSL,(q) affording Frobenius regular
representations of PSL,(q) are as follows:
(1) G = K,(q), and n is an odd prime or n = 2 and 44 (¢ + 1);
(ii) G s conjugate to K,_1(q), n — 1 is a prime, and (¢ — 1)|n;
(iii) G s the image of the diagonal subgroup in SLs(q), n = 2, and 44 (¢ — 1);
(iv) G 1is a p-Sylow subgroup, n = 2, and ¢ = p > 3.

Proof. We have already seen that the Singer groups of (i) afford Frobenius
regular representations of PSL,(¢). Suppose that # — 1 is a prime, (¢ — 1)|n,
and G is the image of the group in SL,(¢) generated by 4 = diag{a, B},
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where B is a Singer cycle in GL,_1(¢) and ¢! = det B. A matrix in N gy ({4))
has the form
z x
X = ?
y C

where x is a row vector and ¥ is a column vector. From 4X = XA4°* it follows
that By = a'y and ax = xB* But by Theorem 2.4, B and B* have the same
eigenvectors, and their non-zero eigenvectors are all irrational. Thus x and ¥
are zero vectors. But this states that C € Ngyp,((B)) and a~! = det C;
thus the normalizer of G in PSL,(¢) is isomorphic to the normalizer of K, _1(q)
in PSL,.1(g), and this latter group is a Frobenius group with kernel K, _;(gq)
and a T.I. set as complement.

When # = 3, Theorem 4.1 tells us that the only other possibility is # = 3,
g = 2, and G is conjugate to (4), where

1 00
A=1110
011

Under the isomorphism from PSL;(2) onto PSL.(7), G corresponds to a
Singer group in PSL.(7), and 4|(¢ + 1) = 7 + 1 implies that the normalizer
of a Singer group is not Frobenius.

The proof that the groups of (iii) and (iv) are the only remaining cyclic
subgroups of PSL.(g) affording Frobenius regular representations is straight-
forward and hence is omitted.

5. Singer Groups in other classical groups. In this section we find the
maximal intersection of a Singer group with some of the other classical groups,
and then in the unitary case we show that this intersection may afford a
Frobenius regular representation of the group.

I would like to thank Professor J. E. McLaughlin for his helpful remarks on
the field-theoretic models of the classical groups.

We give a brief description of the groups and the notation. In the orthogonal
and the symplectic case, let V' = Fn, considered as a vector space of dimension
n = 2 over F,, while in the unitary case, let V = F s, considered as a vector
space of dimension # = 2 over Fgp. If f is a non-degenerate Hermitian form
on V, then a unitary group U(V) is the group of all linear transformations of V
which leave f invariant. If f is a non-degenerate skew-symmetric form on V
(necessarily n = 2m), then a symplectic group Sp (1) is the group of all linear
transformations of V which keep f invariant. If Q is a non-degenerate quadratic
form on V, then an orthogonal group O(V) is the group of all linear trans-
formations of V which keep Q invariant.

If » is even and O(V) is an orthogonal group of maximal index, we write
O (41, V), while if it is of non-maximal index, we write O(—1, V) when the
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distinction is important. Sp (V) is a subgroup of SL(V); denote O (V) N SL(V)
by SO(V) and U(V) M SL(V) by SU(V). For any of the above groups, the
factor group modulo the centre is denoted by prefixing a P to the notation for
the group. The matrix version of an orthogonal group O(V) will be denoted
by 0O, (q), etc.

The unitary case is the most interesting.

THEOREM 5.1. Suppose that n is odd, M = M,(q*) is a Singer group in
GL,(g?), and U = U,(q) is a unitary group in GL,(¢*). Then |M N U| divides
" + 1.

Proof. In GL,(¢*"), a generator for M is similar to
A = diag{t, £, ..., &V,

where ¢ is a primitive (¢* — 1)-root of unity. If B = 4° and » = ¢** — 1,
then by Corollary 1, B can be rearranged so that B has the u(7, s) distinct
n/u(r,s) X n/u(r,s) scalar matrices al,a?l,...,a®*")™] down the
diagonal, where a = £*. Suppose that B satisfies BJB* = J (¢t = transpose),
where J is the matrix of a non-degenerate Hermitian form and the bar denotes
the non-trivial automorphism of F,s over F,. Since # is odd, J = J*, and B
has the form described, it follows that J has a non-zero block on the diagonal,
say it is the (j + 1)-block. Then a® @™ = 1; thus ™+ = 1. Thus |[M N U|
divides ¢" + 1.
On the other hand, an intersection of order ¢" + 1 does occur.

THEOREM 5.2. If n s odd and M (V) is a Singer group in GL(V), then there
is a unitary group U (V) such that |M (V) N\ UV)| = ¢" + 1.

Proof. Our field-theoretic model of a Singer group is
T = {T, € GL(V)| a € Fpn*},

where T,:x —ax,x € V. We now describe a field-theoretic model for a
unitary group and show that this intersects 7" in a group of order ¢" + 1.

For x € Fpn*, let £ = x, so that x — & is the non-trivial automorphism
of Fpn over Fyn. The restriction of this automorphism to F,. is the non-trivial
automorphism of F, over F, Using this, one can easily check that
f(x, ) = trpenrexg is a Hermitian form. Let U be the group of all trans-
formations in GL (V) leaving this form invariant. Then

TNU={T, € T|f(Tax, Toy) = f(x,y) for all x,y € V}.

From the definition of the form and the properties of the trace function,
T, € TN Uif and only if aa = 1. But {a € Fg*|a& = 1} is just the kernel
of the norm function from Fg .* onto Fx*, and this has order ¢" 4+ 1. Thus
ITNU| =¢+ 1.

COROLLARY 5. If n is odd and K is a Singer group in PSL(V), then there is a
unitary group PSU(V) such that | K N\ PSU(V)| = (¢"+ 1)/(g+ 1)(n,q¢ + 1),
and this is the maximum possible order of such an intersection.
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THEOREM 5.3. Suppose that n is odd and K and PSU(V) are as above. Then
K N PSU(V) affords a Frobenius regular representation if and only if n is a
prime.

Proof. Let T and U be as in the previous proof, and let ¢ be an automorphism
of order # of Fp» over Fpe. Then since f(x, ¥) = tr xj and the trace function
is just the sum of the conjugates, we have f(x,v) = f(x°, y°); therefore
c € U. Thus (¢) £ Ny(UNT). On the other hand, if there is a
u € Ny(UMN T) which does not normalize 7, then 7'M T* contains a sub-
group of order ¢" + 1, in contradiction to Theorem 2.6. Therefore

Ny(UNT) = (UN T){o).

Let K and PSU be the images in PSL(V) of T\ SL(V) and U M SL(V),
respectively. Suppose that # is a prime, K{(o) is a Frobenius group with
kernel K (Theorem 2.10); thus Npgy(K M PSU) = (K N PSU){s) is a
Frobenius group with kernel K M PSU. Since K is a T.I. set in PSL(V) and
(o) has prime order n, K M PSU and (o) are both T.I. sets in PSU. Thus by
Lemma 1.5, PSU has a Frobenius regular representation.

Suppose that # is not a prime. A generator for the matrix version of 7 is
similar in GL,(¢?*) to A = diag{§, %, ..., "D} where £ is a primitive
(g** — 1)-root of unity. The matrix for ¢ is the usual cyclic matrix. If 7|n,
then (¢" + 1)|(¢g" + 1) since 7 is odd. By Theorem 2.2, the subgroup of (4)
of order ¢" + 1 has every rth diagonal entry equal; thus ¢” centralizes this
subgroup. Consequently, Npgy (K M PSU) could not be Frobenius.

In the odd-dimensional orthogonal case, a proof almost identical to that
of Theorem 5.1 yields the following result.

THEOREM 5.4. Suppose that n is odd, M 1is a Singer group in GL,(q) and
0,(q) s an orthogonal group in GL,(q). Then M M O,(q) = {£ I}.

COROLLARY 6. If n s odd, K is a Singer group in PSL,(q), and PSO,(q) is
an orthogonal group in PSL,(q), then |K M PSO,(q)| = 1.

Now let us look at some of the even-dimensional orthogonal and symplectic
cases.

THEOREM 5.5. If M is a Singer group in GLo,(q), then
IMN Osp(£1,9) £g®+1 and |M N Spe(q)] < ¢ + 1.

Proof. Once again we work in GLy,(¢?") and assume that M is generated
by the usual diagonal matrix A. The matrix J = (a,;) of the form is a non-
singular symmetric (orthogonal case) or skew-symmetric (symplectic case)
2m X 2m matrix. The intersections are generated by

B = A" = diag{e, o, . .., a®},
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wherea = §¢7, £is a primitive (¢>™ — 1)-root of unity, and B satisfies B/B = J.
From this it follows that the order of B is related to J by

|B] = (¢ — 1,gcd{g*4+ 1|1 £ 7 =< j < 2m and a,,; # 0}).

This is maximal when 1 £7 £j £ 2m and a,;; # 0 imply 7 — 2 = m. Then
B has order ¢™ + 1.

Intersections of this order exist with a symplectic group and with an
orthogonal group of non-maximal index.

THEOREM 5.6. Suppose that n = 2m and M s a Singer group in GL(V).
Then there exists a symplectic group Sp(V) and an orthogonal group of non-
maximal index O(—1, V) such that |M N\ Sp(V)| = |[MNO(—1, V)| =¢g*+ 1.

Proof. We describe field-theoretic models for Sp(V) and O(—1, V) which
intersect T in a subgroup of order ¢ + 1. In the symplectic case, define a
non-degenerate bilinear form f: Fpem — F, by f(x,y) = trram r0xj, where
a € Fpgn* issuch thata + @ = 0. Set

Sp(V) = {S € GL(V)| f(Sx, Sy) = f(x,y) for all x,y € V}.

In the orthogonal case, define a quadratic form Q: Fpgem — F, by
Q(x) = trpym/rxE. The norm function ¥ — xZ has a kernel of order ¢" + 1,
and the kernel of the trace function from F,» onto F, has order ¢"! — 1.
Thus |ker Q(x)| = (g™ + 1)(¢™* — 1), and Q has index m — 1. Set

O(—1, V) = {S € GL(M)|0(Sx) = Q(x) for all x € V}.

An easy consequence of these definitions is that a@ = 1 is a necessary and
sufficient condition for T, € T" to be either Sp(V) or O(—1, V), and the
theorem follows.
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