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Abstract In this paper we study the existence of multiple positive solutions and the bifurcation problem
for the following equation:

—Au+u= (/ Mdy)iﬁ-%uf(x% z €R3,
R

s |z —yl

where f(z) € H™1(R?), f(z) > 0, f(x) #Z 0. We show that there are positive constants u* and p** such
that the above equation possesses at least two positive solutions for p € (0, u*), and no positive solution
for p > p**. Furthermore, we prove that p = p* is a bifurcation point for the equation under study.
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1. Introduction and main results

The study of inhomogeneous non-local problems has been a very active topic in recent
years and many interesting results have been obtained by different authors (see, for
example, [4-6,8,10,11,16]). But most of the authors cited have not discussed the
properties of the solutions, rather they only investigated the existence of the solutions.
In this paper we consider the equation

—Au-l—uz(/ﬂ@%dy)u—i—uf(w), r € R3, (1.1)

where ;1 > 0 is a given constant, and f(x) satisfies the conditions

f(z) € HTI(R?),
f@)20, f@)#0, VreR’,
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which can be regarded as a perturbation of the homogeneous equation

—Autu= (/R [uty) dy)u, z € RE. (1.2)

s |z —yl

We not only study the existence of multiple positive solutions of the above problem but
also investigate the properties of the solutions. In particular we study the dependence of
solutions on the parameter u, and work out the bifurcation point of problem (1.1).

The main idea of our paper is related to the bifurcation problems for semilinear elliptic
equations [7,9,12]. The methods used in these papers are strongly dependent on the local
character of the equation. We use a different method and some special estimates to obtain
our results for the non-homogeneous Choquard’s equation. The main results of this paper
are as follows.

Theorem 1.1. Suppose f(z) satisfies (A), then there are positive constants p* and
w** such that

(1) Equation (1.1) possesses at least two positive solutions for all p € (0, u*);
(2) there is no positive solution of Equation (1.1) for all pn > p**.

Theorem 1.2. Under the condition of Theorem 1.1, there is only one positive solution
for Equation (1.1) for p = p*, and p = p* is a bifurcation point for Equation (1.1).

The paper is organized as follows. In § 2 we introduce some notation and facts we need
later. In §3 we prove Theorem 1.1 stated in §1. In §4 we discuss the properties and
bifurcation of solutions of Equation (1.1) and prove Theorem 1.2.

2. Some notation and preliminary results

In this section we give some notation, definitions and state several preliminary results
that will be used in the subsequent sections. Let

(u,v) = /Rg‘(Vqu + uv) dx

denote the inner product of H!(R3), and let
lull = Cu, u)t/?

be the norm in the Hilbert space H'(R3), whose dual space (H!(R3))* = H~!(R?) has
norm denoted by || - ||z-1. We say that u € H*(R?) is a weak solution of Equation (1.1)
if

2
/(Vqu—f—uv)dx:/ (/ v (y) dy)uvdx—,u fodz, Yve HY(R?).
RS s \Jrs [ — Y| R3

One can verify that the weak solutions of (1.1) are equivalent to the non-zero critical
points of the functional

_1u2_1 uz(m)u2(y) rdy — r)u(x)dr
Loy =3l =5 [ S asdy—u [ feuedn e
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= o= [ L g, (2.2

=inf{I(u) |uec H'(R?), u>0, u#0, F(u) =1}, (2.3)
where F(u) is the functional defined in H'(R?), by

Define

Denote

0 if u=0,

ro =1 [, <|Vu|2 +[uf?) da

// ) dx dy
R3 xR3 |x—y|

From [4,10], we know that I°° is achieved by a function w € H!(R3), which is a solution
of Equation (1.2).

For a C'-functional J on a Banach space E, C' € R!, we call {u,} a (PS)¢c sequence
of J on F if

if u#0.

J(up) = C and J'(u,) — 0. (2.4)
In order to prove our results, we need four lemmas as follows.

Lemma 2.1. [, (u) € C*(H*(R?),R) and

, u®(y)u(z)h(z)
(T, 5 (u).hy = (u, ) //RSXRS |x_ K ayar—p [ feha)da

Lemma 2.1 can be proved in a standard way, therefore we omit the proof here.

Lemma 2.2. Let (P,),~1 be a sequence in L'(R3) satisfying P, > 0 in R® and
fRB P, dx = L, where L > 0 is fixed. Then there exists a subsequence (P,, )x>1 satisfying
one of the following three possibilities.

(I) (compactness). There exists y, € R3 such that P,, (x + yy) is tight, i.e.
Ve>0, JR< P, (x)dz>L —e.
Yyr+Br

(IT) (vanishing).

lim sup / P, (x)der =0 forall R < cc.
y+Br

k=00 ycRrs

(IIT) (dichotomy). There exists a € (0, L) such that for any € > 0 there exists ko > 1
and P}, P} € L (R®) satisfying, for k > ko,
dist(supp{P; }, supp{ P }) = oo,
1P, — (Pi + sz)HLl(W) <,

‘/ Pldz —a| < / P2dz — (L —a)| < e
R3 R3

)
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Lemma 2.2 can be found in [13,14] and the following Lemmas 2.3 and 2.4 are cited
from [6].

Lemma 2.3. Suppose {u,,} is bounded in H*(R3), ug € H*(R?®) and u,, — ug (weakly
in H'(R3)). Then we have

/] ()0 (0) — ud(x)uy) — (o = )P0t~ w0 W) 0 )
R3 xR3 |JZ‘ - y|

lim
n—oo

Lemma 2.4. Suppose {u,} € H'(R?) is a (PS)c sequence of 1, ¢ and uy € H*(R?),
up, — ug (weakly in H'(R?)). Then I, ¢(ug) =0, ie. ug is a weak solution of (1.1).

3. Existence and non-existence results

In this section, we shall prove Theorem 1.1. First we define

Br={ue H'(R®) | [lul < R} (3.1)
and
Iy =Ih(R) = ulean I, ¢ (u). (3.2)

Theorem 3.1. Suppose {u,} is a (PS)c sequence of I, ¢(u) in H'(R?) and ug €
HY(R3), u, — ug (weakly in H*(R?)). Then either u, — ug (strongly in H*(R?®)) and
I“,f(’UJO) = C, or C > Imf(U()) + I°°.

Proof. Since {u,} is a (PS)c sequence of I, ¢ in H'(R?), then

L g (un) = €+ o(1),
(L (Un), un) = o(1).
From u, — ug (weakly in H*(R?)), we get for v, = u, — ug

v, — 0 weakly in H'(R3), (3.3)

v, = 0 a.e. on R3.

From Lemma 2.3 and Lemma 2.4 we obtain

C+o0(1) = I, (up) = I (uo) + I(v,) + o(1) (3.5)
and
o(1) = (I}, s (un), un)
= (I}, §(u0), uo) + (I}, 1 (vn), vn) + o(1)
= (I'(vp), va) + 0(1). (3.6)
If

v, — 0 (strongly in H*(R?)),
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then
up — ug  (strongly in H(R?))

and
Iu,f(uo) = nlggo Imf(un) =C.

If v,, does not strongly converge to zero in H!(R?), we may assume that
[vnl| = n > 0.
Then from (3.5) and (3.6) we can get

C = Ipluo) + T(vn) + ol1),
(I'(vn), vn) = o(1).

Using the same method as in [1], [2] and [3] we can prove that
I(vy,) = I+ o(1).

Then we have
C = I, 1 (uo) + I(vy) +0(1) = I y(uo) + 1%

O

Theorem 3.2. Under condition A on f(x), there are constants u, R and ug, €
H'(R®) such that Io(R) = I, f(uo,u), I}, ;(uo,.) = 0, i.e. ug, is a positive solution of
Equation (1.1).

Proof. For any u € H*(R?) and u > 0, we have

2 4 2( )02
I, f(tu) = —/ (|Vul? + u?) dx — 1 // Mdzdy - tu/ f(z)udz,
2 Jgs Rexgr: |7 — Yl R3

(3.7)
" 2(2) 0,2
dIL(U):t/ (|Vu|2+u2)dx—t3// dedy—u/ f(z)udz.
dt RS RIxRS |7 — Y| RS
(3.8)
From (3.8) we know that there is a constant ¢ such that
dr
AGD) <0
dt
for t < t. Hence I, f(tu) is a decreasing function in ¢ € (0,t).
On the other hand, we have
[ s@uds <1l x ful (39)
R
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and
2 2
[[ e,
R3xR3 T — Y
2 2
-/ ] () e
B xR ({Ja—y|>0} S JRIxEs {la—yl<sy \ [T — Y]
2
< 1(/ u?(z) dx) +C9 (/ u?(z) dx) < |Vul? dx), (3.10)
0\ Jgs R3 R3

where we have used the Holder and Sobolev inequalities; see [13], [14] and [12] for more
details.

From (3.8)—(3.10) we know that for p sufficiently small I,, ¢(tu) is an increasing function
for ¢t € (f,t1). This shows that for any v > 0 and v € H'(R®), I,, s(tu) achieves a local
minimum at ¢ = ¢. Since I, ;(0) = 0, there is an R > 0 such that Iy = Ij(R) =
infuepgpdy,r(u) <O0.

Using Ekeland’s variational principle [8], for R small, we obtain a (PS)¢ sequence of
I, r(u,). This means that we obtain a sequence u,, € H'(R?) such that

Iy p(un) = Io(R) + o(1),
/’”c(un) — 0.

Since Io(R) < 0, from Theorem 3.1, we know that there is an ug,, € H'(R?) such that

Uy — ug,, strongly in H'(R?).

Thus,
Io(R) = L s(uo,.),
I:L’f(u07u) = 0.
This shows that ug , is a solution of Equation (1.1). O

Let ug,,, be the function given in Theorem 3.2, and w the function achieving the infimum
in (2.3), then under the condition of Theorem 3.2 we have

ALus () o o all ¢ € (T, t1).
dt
We define
I={yeC([0,1], H'(R?) : 7(0) = o, ¥(1) = uou + 1w} (3.11)
and
C = inf sup I, (u). (3.12)
YEl uery

Theorem 3.3. C < Iy + I*°, where Iy = inf,ep, I, ¢(u) for Ry > 0 small enough,
and I*° = I(w).
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Proof. If
sup I, f(uo,, +tw) < Iy + I,
>0

then by the definition of C' we have
C < Ig+ I,

Since ug,,, and w are positive functions and ¢ > 0, we have
1
gl +4) = 5 [ (V0,0 + 00+ (o 80)2) o = [ o+ )
— l // (uoa,u + tw)2(aj)(u07/1 + tw)Q(y) dl‘ dy
R3 xR3

4

|z —y|
1 2, .2 ﬁ 2 2
< (IVuo,pu|* + ug ) dz + (|Vw| +w?)dz
2 Jps e 2
u?
+t/ (Vug,, Vw + g w) d // Y60, (4) dz dy
R3 R3 xRR3 |~T - y|
2 ) )
R3 xR3 lz =y
// dxdy u/ fUOﬂd$—/1,t/ fwdz.
R3 xR3 \95 - y|

(3.13)

Since ug,, is a solution of (1.1), we have

2
/ (Vuo,, Vw + ug pyw) de = // U)o, () (@) dedy +pt | fwdr. (3.14)
R3 R3 X R3 |z —y| R3

From (3.13) and (3.14), we get

sup I, ¢(uo,, +tw) < Iy + 1.
>0
Then
C < Igp+ I
|

Theorem 3.4. Under the condition of Theorem 3.2, there are at least two positive
solutions of Equation (1.1).

Proof. First, from Theorem 3.2, we obtain a solution ug , of Equation (1.1).

Using the Mountain Pass Lemma and Theorem 3.3, we can get a sequence {uy},
u, € H'(R?), which is a (PS)s sequence of I, . It is easy to prove that u, is bounded
in H'(R®). Hence there is a subsequence u,, and a u; , € H'(R?) such that

Up, — u1, weakly in H'(R?).
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Using Theorem 3.1, we know that u,, — uy,, is strongly convergent in H*(R?), hence
u1,, is a solution of Equation (1.1).

By the strong maximum principle for elliptic equations and Theorems 3.2 and 3.3, we
know that ug, and u; , are two different positive solutions of Equation (1.1). O

Theorem 3.5. Under the condition (A) on f(z), there is a positive constant fi such
that Equation (1.1) has no positive solution whenever p > fi.

Proof. In fact, for any u > 0 we have

W (y)w(z)? w2 (y)w? ()
< ‘/\/Rng3 Mdzdy+/AsxR3 dedy, (315)

where w is a positive solution of Equation (1.2) (this can be obtained from Lemma 3.1
in [2]). If Equation (1.1) possesses a positive solution, say u, then

/RS( Au—i—uvdx—//RSXRs Ix—)( )dxdyw/ fods 16)

for any v € HE(R?).
Taking v = w in (3.16) and using (3.15), we can get

w?(z)w?(y)
. fwdz < //RBxR3 |$7 | dzx dy. (3.17)

- - f)d iy
/f

From (3.16) and (3.17), we know that if Equation (1.1) possesses a positive solution, then
P e U

Set

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. From Theorem 3.5 we know there is no positive solution for
Equation (1.1) if u > fi. So we take

w** = inf{p € RT | there is no positive solution for Equation (1.1)}.

From Theorems 3.2 and 3.3 we know that, if p is small enough, there are at least two
positive solutions for Equation (1.1). So set

w* = sup{p € RT | there are at least two positive solutions for Equation (1.1)}.

This completes the proof of Theorem 1.1. |
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4. Properties and bifurcation of solutions

In this section we shall give some properties and study the bifurcation of solutions for
Equation (1.1) and prove Theorem 1.2 stated in the introduction.

Proposition 4.1. The solution ug, of Equation (1.1) converges strongly to 0 as
w— 0. That is

li . 3y = 0.
T Y.y 11 ey = 0
Proof. From the previous section we know that
Io =1y, (uo,u) = inf I p(u) <O.
u€eB,

On the other hand, we have

2 2
1 1 g, (x)ug , (y)
L (o) = 5 (|v“0,u‘2 =+ Ug,u) dz — - e e dedy —p Juo,udz
2 Jps 4 J Jrsxrs R3

|z —yl
and
2 2
ug (2)ug ,(y
/ (|Vu01#|2—|—ugyﬂ) de = // —O’“( 6, ( )dxdy—i—u/ fuo,, de.
R3 R3 xR3 |z — y| R3
So we get
1
T (uo,u) = Z/ (IVuoul® + u?),u) dz — gﬂ/ fuo,, d
R3 R3
> tlluoull? = Sull £l % lluo
and

ol = 5l £l < lluo,ll < 0.
Since ||ug .|| = 0, we get
[[wo,ull < Spll £
Hence,
tim ) = 0.

O

Proposition 4.2. The solution u, ,, of Equation (1.1) converges strongly to a non-zero
solution of Equation (1.2) in H'(R3) as u — 0.

Proof. From the previous section we know that

I (u1,,) = inf sup I, ¢(u),
YL yey

SO

Imf(“Lu) < I
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That is,

u? | (x)u?
l/ (|Vauy > +u3 )dz—l// 1’“()1’“(y)dxdy—u/ fuqde < I, (4.1)
2 Jps 7 . 4 J Jroxrs |z —y| R

On the other hand, u, , is a solution of Equation (1.1). Hence

u? | (r)u?
/ (\Vul,#|2+ui#)dm:// 1’“()1"“(y)dxdy—|—u/ fuq, de. (4.2)
R3 R3 xR3 lz =y R3

Combining (4.1) and (4.2), we get

1
1/ (|Vur . * + ui#)dx - gu/ fuy pda < I, (4.3)
R3 R3

Using Holder’s inequality and (4.3), we see that uy,, is bounded in H'(R?) if 1 — 0. Using
the same method as in the proof of Theorem 3.1, we get that u; , converges strongly in
H'(R3). As uy, is a solution of Equation (1.1), we can take the limit in Equation (1.1)
when p — 0, and obtain the result as required. (I

Finally, we prove Theorem 1.2.
Proof of Theorem 1.2. The function

2,02
I 5(u) = 1/ (IVul® + u?) dz — 1// dedy—u fudz
2 Jrs 4 ) Jraxmrs |z — Yl R3

is a continuous function of y for any v € H'(R3).

We assume that Equation (1.1) has at least two positive solutions when p = p*, then
deduce a contradiction. Since I,,- y(u) has at least two critical points and I, f(u) is a
continuous function of p, there is a positive constant e; > 0 such that I, s(u) has at
least two critical points for g = p* + €. This means that Equation (1.1) has at least
two positive solutions for u = pu* + 1, which contradicts the definition of u*. Hence if
= p*, there is no more than one positive solution.

On the other hand, we can prove that ug , and uy , are bounded in H*(R?) for p €
(0, #*). Using the same method as in the proof of Proposition 4.2, we find that ug ,
and uy , converge strongly in H L(R3) as u — p*, and that these limits are solutions of
Equation (1.1).

Combining these two results, we see that for 4 = p* there is only one positive solution
for Equation (1.1). Because there are two solutions when g is less than p*, and there
is no solution when p is greater than p**, there is only one solution at p*. From Rabi-
nowitz’s results (Bifurcation Theorem [15]), we know that p = u* is a bifurcation point
of Equation (1.1). O
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