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Positive Solutions for the Generalized
Nonlinear Logistic Equations

Leszek Gasinski and Nikolaos S. Papageorgiou

Abstract. 'We consider a nonlinear parametric elliptic equation driven by a nonhomogeneous differ-
ential operator with a logistic reaction of the superdiffusive type. Using variational methods coupled
with suitable truncation and comparison techniques, we prove a bifurcation type result describing
the set of positive solutions as the parameter varies.

1 Introduction

Let Q € RN be a bounded domain with a C*-boundary 9Q. In this paper, we study
the following nonlinear parametric Dirichlet problem:

—diva(Vu(z)) = Ag(z,u(z)) - f(z u(z)) inQ,
(Pr)
uloa =0, u>0,1>0.

In this problem, a: RN — R¥ is a continuous and strictly monotone map that satisfies
some other growth regularity conditions. The precise assumptions on a( - ) are listed
in hypotheses H(a) below and are general enough to include many differential opera-
tors of interest, such as the p-Laplacian. We stress that in problem (P, ) the differential
operator is nonhomogeneous, and this is a source of difficulties in dealing with prob-
lem (Py). The two functions g and f involved in the reaction are both Carathéodory
functions; that is, for all { € R, the functions z » f(z,{) and z » g(z, {) are mea-
surable, and for almost all z € Q, the functions { — f(z,{) and { — g(z,{) are
continuous. They satisfy certain asymptotic conditions as { - +oo and as { 0 that
incorporate in our framework the so-called superdiffusive reaction of the nonlinear
logistic equation, which has the form

(1.1) A for 20,
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with1 < p < g <r < p*, where

N .
. _ N ifp<N,
+oo ifp>N.

Our goal is to study the dependence on the parameter A > 0 of the set of positive
solutions. This question was investigated by Takeuchi [25, 26] and by Dong [6] for
Dirichlet p-Laplacian equations with the classical superdiffusive reaction (1.1). They
proved bifurcation type results describing the dependence of positive solutions on
the parameter A > 0. Their work was extended to more general reactions of the
form A7 - f(z,{) for all { > 0 by Filippakis-O’Regan-Papageorgiou [8] (Dirich-
let problems) and Cardinali-Papageorgiou-Rubbioni [3] (Neumann problems). We
should also mention the recent works of Gasiniski-Papageorgiou [13,15] and Gasinski-
O’Regan-Papageorgiou [9]. In [13], Dirichlet p-Laplacian equations are studied with
areaction of the form A f(z, {) and positive solutions are produced. In [15], Ag(z, {) =
A{97" with g < p, and the hypotheses on a and f are more restrictive. In [9], non-
linear Dirichlet logistic equations are studied driven by a nonhomogeneous differen-
tial operator (as in (P,)) and a reaction that is either subdiffusive or equidiffusive.
The emphasis is on the existence of nodal (sign changing) solutions. For some other
problems containing the nonhomogeneous differential operator we refer to Gasinski-
Papageorgiou [12,14,16].

Here, we extend all the aforementioned works on superdiftusive logistic equations.
First, our differential operator is in general nonhomogeneous and includes as a spe-
cial case the p-Laplacian. Second, our relation is considerably more general than all
the reactions used in the previous superdiffusive works. Furthermore, we produce
additional information concerning the positive solutions, since we generate minimal
positive solutions u, and show that the map A — %) is strictly increasing and left-
continuous. For this, we use a strong comparison principle. In addition, in the next
section, for easy reference, we recall the main mathematical tools that we will use
in the sequel, state our hypotheses on the map a(-), and we present some useful
consequences of these hypotheses. In Section 3, we prove the bifurcation type result
describing the set of positive solutions of problem (P, ) as the parameter A > 0 varies.

2 Mathematical Background — Hypotheses

Let X be a Banach space and let X* be its topological dual. By (-, -} we denote the
duality brackets for the pair (X*, X). Given ¢ € C'(X), we say that ¢ satisfies the
Palais—Smale condition if the following is true:

Every sequence {x, },>1 € X such that {gb(x,, )} ¢ R is bounded and with

nzl =
¢'(x,) = 01in X* admits a strongly convergent subsequence.

This compactness type condition on the functional ¢ leads to a deformation theorem
from which one can derive the minimax theory of the critical values of ¢. Prominent
in this theory is the so-called mountain pass theorem.
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Theorem 2.1  Suppose ¢ € C'(X) satisfies the Palais-Smale condition, xy,x, € X,
[x1 = xof > p >0,
max{¢(x0), ¢ (1)} <inf {$(x) : |x - xo[ = p} = mp,
and ¢ = inf er maxoc<1 $(y(t)), where
T= {y € C( [O,l];X) :y(0) = xo, y(1) = xl}.

Then ¢ > m, and c is a critical value of ¢.

In the analysis of problem (P, ), we will use the Sobolev space Wg’p (Q) and the
Banach space

Co(Q) = {ueC'(Q): ulpa =0}.

By | - | we denote the norm of the Sobolev space W, (Q). By virtue of the Poincaré
inequality, we have

lull = |Vul, foruew,?(Q).
The space C}(Q) is an ordered Banach space with positive cone
Cy={ueCy(Q):u(z)>0forallze Q}.
This cone has a nonempty interior given by

intC+:{ueC+:u(z)>0forallzeQ, g—u(z)<0forallze8ﬂ}.
n

Here, n( - ) denotes the outward unit normal to 0€).
Let 9 € C'(0, +00) be a function that satisfies

A
21) F< ts ((t;) <o fort>o,
(2.2) atPt'<9(t) <cp(1+ P71 fort >0,

for some T, ¢g, 1, c2 > 0.
The hypotheses on the map a( - ) are the following:

H(a): a(y)=ao(]y|)y forall y e RN with ao(t) > 0 for all t > 0 and

(i) ape€ CI(O, +c>o) ,limy o+ tag(t) = 0, limy o+ t;O"((:))

and the function (0, +00) 3 t = tag(t) is strictly increasing;

(i) |va(y)| < C39(||y}|'|) forall y e RN \ {0} and some c; > 0;

i) 2BR1E2 < (Va(y)E €) ,y forall y e RN « {0}, all § e RY.

> -1

Remark 2.2 'These conditions on the map a( - ) were motivated by the global non-
linear regularity theory of Lieberman [20, p. 320] and the nonlinear maximum princi-
ple of Pucci-Serrin [24, pp. 111,120]. They are weaker than the ones used by Gasinski-
O’Regan-Papageorgiou [9] to describe their nonlinear nonhomogeneous differential
operator. If

Go(t) = /Otsao(s) ds,
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then G, is strictly increasing and strictly convex. Weset G(y) = Go(|y|) forall y € R,
Evidently, the map y = G(y) is convex and differentiable, with

VG(y) = G(ﬁ(ly\)ﬁ| =ao(ly)y=a(y) foryeRY {0}, VG(0)=0.

So G is the primitive of a.
By virtue of the convexity of G and since G(0) = 0, we have

(2.3) G(y) < (a(y),y)gy foryeRY.

The next lemma summarizes the main properties of a( - ) and is a straightforward
consequence of hypotheses H(a).

Lemma 2.3 If hypotheses H(a) hold, then

(i) the map y — a(y) is continuous, strictly monotone, hence also maximal mono-
tone;

(ii) there exists cy > 0, such that |a(y)| < c4(1+ |y|P™!) for all y e RN;

(i) (a(y),y)ey > ;24[y[P forall y € RN.

This lemma together with (2.1), (2.2), and (2.3) leads to the following growth con-
ditions on the primitive G.

Corollary 2.4  If hypotheses H(a) hold, then
a1

p(p-

<G <es(1+ ) fory <R,
for some c5 > 0.

Example 2.5 'The following maps satisfy hypotheses H(a).
(i) a(y) = |y|P"%y, with 1 < p < +oo. This map corresponds to the p-Laplace
differential operator

Apu =div([VulP>Vu) forue WP (Q).

(i) a(y) = |y|P~2y +|y|972y with 1 < q < p < +o0. This map corresponds to the
(p, q)-Laplace differential operator, defined by

Apu+Aqu  foruce WS’P(Q).

These operators arise in many physical applications (see Cherfils-Il'yasov [4]),
and equations driven by such operators were studied by Gasinski-Papageorgiou
[15], Mugnai-Papageorgiou [21], Papageorgiou-Radulescu [22], and Papageorgiou-
Winkert [23].

(iii) a(y)=(1+ |y|2)p74y with 1 < p < +00. This map corresponds to the general-
ized p-mean curvature differential operator, defined by

p2
div((1+|Vul*) * Vu) forue WJ’P(Q).

(iv) a(y) =|y[P2y(1+ ﬁ) with 1 < p < +o0.
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) aly) - {2|y if [y] <1,

™2y

withl1< g <p, 7= 21,

I[Py +y117%y if1< ]y,

We consider the nonlinear map A: Wg’p(Q) - Wb (Q) = (Wé’p(Q))* (where

1,1 _
R 1), defined by

(A(u), h) :fQ(a(Vu),Vh)RN dz  foru,he Wyt (Q).

For every { € R, we set {* = max{+(,0}. Then for every u ¢ WOI’P(Q), we define
u*(+) = u(-)*. We know that
ut e WoP(Q), wo=ut-uT, |ul = ut+u.
We denote the Lebesgue measure on RN by |-|y. Finally, if h: Q x R — R is a mea-
surable function (for example a Carathéodory function), then
Nu()(-) = h(-ou(-))  forue WR(Q)

(the Nemytskii map corresponding to h).
Let fo: Q x R > R be a Carathéodory function such that |fy(z, {)| < ao(z)(1+
|¢]"!) for almost all z € Q all { € R, with ag € L™ (Q), and 1< r < p*. We set

¢
Fo(2,0) = [0 folz,s) ds
and consider the C'-functional ¢: WO1 P(Q) - R, defined by
o(u) = /Q G(Vu(z)) dz- /QFO(z,u(z)) dz forue Wyt (Q).

From Gasinski-Papageorgiou [12], we have the following result.

Proposition 2.6 If hypotheses H(a) hold and u, € Wy'* (Q) is a local Cl(Q)-mi-
nimizer of ¢, i.e., there exists py > 0 such that ¢o(ug) < ¢o(uo + h) forall h €
Cci(Q), Hthl(Q) po, then ug € Cy*(Q) for some a € (0,1) and uy is also a local

l‘u(Q) -minimizer of §o, i.e., there exists p; > 0, such that ¢o(uo) < ¢po(uo + h) for
allh e WP (Q), |k < pr.

Let 71, h € L®(Q). We write h < h if for every compact set K € €, there exists
e =¢(K) > 0suchthat h(z)+e < < h(z) foralmostall z € K. Clearly, ifh,h e C(Q) and
h(z) < h(z) forall z € Q, then 1 < h. Using this notion, we can have a strong com-
parison principle that extends Arcoya-Ruiz [2, Proposition 2.6] and Cuesta-Takac
[5, Theorem 2.1]. For the proof we refer to Gasinski-Papageorgiou [15, Lemma 2.9,
p- 195].

Proposition 2.7  Suppose hypotheses H(a) hold, & > 0, hhe L=(Q), h < h, and
u,ve WJ’P(Q) are solutions of the problems

—diva( vu) + &ulP~?u = hoinQ, ulyn =0,
—diva(vv) +Ev[P2v=h inQ,v|0=0,
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andv eintC,. Thenv —u € intC,.

3 Positive Solutions

The hypotheses on the functions g and f are the following.

H(g): g QxR - Risa Carathéodory function, such that g(z,0) = 0 for

almost all z € ) and
(i) thereexista e L*(Q), and r e (p, p*), such that

2z, ) <a(z)(1+ ) foralmostallz e Q, all { > 0;

(if) there exists g > p such that

0<f< 11m1nf 8z () <limsup =—+ 8(z ()
{—+o0 C {—+00 (

<B.

uniformly for almost all z € Q;
(iii) we have
g(z0)

(Lm {P 1

=0 uniformly for almost z € Q;

(iv) for every p > 0, we can find #, > 0, such that g(z, () > 7, for

almostall z e Qand all { > p.

H(f): f:Q xR — Risa Carathéodory function, such that f(z,0) = 0 for

almostall z € Q, f(z,{) > 0forall { > 0 and almost all z € Q, and
(i) thereexist ag € L(Q), and rg € (p, p*), such that

f(2,0) <ap(z)(1+ ") foralmostall z € Q, all { > 0;

(ii) if g > pis asin hypothesis H(g)(ii), then

(l m fgj’ 1() =+oo uniformly for almost z € Q;
—>+00
(iii) we have

0 < liminf ALY < lim sup f(z4) < fos

(»o+ (Pl 1(—»0* (r1
uniformly for almost all z € Q.

Hp: for every A > 0 and every p > 0, there exists EI),L > 0 such that for
almost all z € Q the function { —» Ag(z,{) - f(z,{) + fﬁ(f’_l is
nondecreasing on [0, p].

Remark 3.1 Since we are looking for positive solutions and all the above hypothe-
ses concern the positive semiaxis, we may assume without any loss of generality that

2(2,¢) = f(z,{) = 0 for almost all z € Q, all { < 0.

Example 3.2 'The following functions satisfy the above hypotheses:

() g(0) =¢1"and f({) = (" forall { > 0with p < g < r < p*. This pair

corresponds to the classical superdiffusive reaction (see (1.1))).
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¢t if € [0,1],

(' if1<{, with p<q <p’-

(i) g({)=¢1"forall{>0and f({) = {

¢t =gt ifgefo,),
(iii) g(¢) = {(4—1_(1)—1 if1<¢,

{{P-l if ¢ € [0,1]

with p <7< yand p < g < p*and f({) =

o i1t “with p <1< p*.

We introduce
L= {A > 0 : problem (P)) has a positive solution}

and let S(1) be the set of positive solutions of (P) ). Also, we set 1, = inf £ (as always,
if L = @, then inf £ = +00).

Proposition 3.3 If hypotheses H(a), H(g), H(f), and Hy hold, then for all A > 0,
S(A) cintCy and A, > 0.

Proof Clearly, we can assume that A € £. Let uy € S(1). Then

—diva(Vu,\(z)) =1g(z,uy(2)) —f(z, ul(z)) foraa.z€Q,
Uloq =0,

(see [12]). From Ladyzhenskaya-Uraltseva [18, p. 288], we have u, € L*(Q). So, the
regularity result of Lieberman [20, p. 320], implies uy € C, \ {0}. Let p = ||u; | o and
let fﬁ > 0 be as postulated by hypothesis Hy. We have

—diva(Vup(2)) + Eur(2)?™ = Ag(z,ur(2)) - f(2ur(2)) + Egua(2)P1 20
for almost all z € Q, so
diva(vu(2)) < fﬁul(z)P_l for almost all z € Q.
Let y(t) = tao(t) for all t > 0. Hypothesis H(a)(ii) and (2.1)-(2.2) entail that
ty'(t) = Pay(t) + tag(t) > cit?™ forall t > 0.
Integrating by parts, we obtain
t t
(3.1) f sy (s)ds =ty(t) - f y(t)dt
0 0

= t2ay(t) - Go(t) > %tf’ forall t > 0.

Let
H(t) = f2ag(t) - Go(t) and Ho(t):%tp for all £ > 0.

Both are strictly increasing functions. Let 7 > 0. We introduce the sets

Ci(7) = {te (0,1): H(t) > T} and Cy(1) = {te (0,1) : Ho(t) > T}.

https://doi.org/10.4153/CMB-2015-064-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2015-064-8

80 L. Gasinski and N. S. Papageorgiou

Evidently, C,(7) ¢ Ci(7) and so inf C;(7) < inf C3(7). Then from Leoni [19, p. 6],
we have H™'(7) < Hy'(7). It follows that for & € (0,1) we have
9 1

0 1 31
6y [t [l e [Tt o
DGy ) !

for some ¢ > 0. Because of (3.1) and (3.2), we can apply the strong maximum principle
of Pucci-Serrin [24, p. 111] and infer that u; (z) > 0 for all z € Q. Then, applying the
boundary point theorem of Pucci-Serrin [24, p. 120], we conclude that u, € intC,.
So, we have that S(A) c int C, forall A > 0.

Hypotheses H(g)(i)-(iii) and H(f)(i)-(iii) imply that we can find Ay > 0 such
that

(3.3) Mgz, () - f(z,0) <

pC_1 1’)[1(‘0)(?_1 foraa.zeQ, all{ >0,

with A;(p) > 0 being the principal eigenvalue of (=4, W, (Q)). Let A € (0,10)
and suppose that A € £. Then we can find u € S(1) ¢ int C, such that

(3.4) A(u) = ANg(u) - N¢(u).
We act on (3.4) with u € W, (Q). Then

p%llHVquS'/;Z(Ag(z,u)—g(z,u))udz</(;(Aog(z,u)—f(z,u))udz

IS
S T(p) Jul

<

(see Lemma 2.3, hypothesis H(g)(iv), (3.3) and recall that A < 1), so
[vulh < Xu(p)lul,

which contradicts the variational characterization of the principal eigenvalue A, (p) >
0 (see e.g., Gasinski-Papageorgiou [11, p. 732]). Therefore, A ¢ £ and so we conclude
that 0 < Ay < A, =inf L. [ |

Proposition 3.4  If hypotheses H(a), H(g), H(f), and Hy hold and A € L, then
[A,+00) € L.

Proof Lety > A. Since A € £, we can find u) € S(1) < int C, (see Proposition 3.3).
We have

(3.5)  —diva(Vua(2)) = Ag(zur(2)) - f(z,ur(2))
<ug(zur(2)) - f(z,ur(z)) foralmostall z € Q.
We consider the following truncation of the reaction of problem (P, ):
kg2 (2) - fzm(2) i< (2),
#8(2,¢) = f(2.0) if uy(z) < ¢.

This is a Carathéodory function. We set

¢
K, (20) = fo ku(z,s) ds

(3.6) ku(z,{) = {
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and consider the C'-functional y,: Wé’p (Q) - R, defined by
vu(u) = fn G(Vu(z)) dz - /(;K,,(z,u(z)) dz, ue Wol’p(Q).

From (3.6) and hypotheses H(g)(ii), H(f)(ii), we see that v, is coercive. Also, using
the Sobolev embedding theorem, we see that v, is sequentially weakly lower semi-

continuous. So, by the Weierstrass theorem, we can find u, € Wg 'P(Q) such that

‘/’y(”y) = inf '/’y(“)’

ueWy? (Q)
so ¥, (u,) = 0, and thus
(3.7) A(uy) = Ny, (uy)-
On (3.7) we act with (uy —u,)* € Wy'?(Q) and obtain
(A(up), (ur - u,)*) = fﬂky(z,uy)(u;t—uﬂ)*dz

- fQ (ug(zu2) - f(zwn)) (ur - )" dz

2 (A(”A)> (ur - ”/4)+>
(see (3.6), (3.5)), so

f{upuy} (a(Vu;L) —a(Vuy),Vuy - Vu,,)RN <0.

Thus [{u) > u, }|n = 0 (see Lemma 2.3), and hence u < u,,.
Using (3.6), equation (3.7) becomes

A(u”) = ."‘Ng(“y) - Nf(uy),
souy, € S(u) cintCy, hence y € £, and thus [A, +00) € L. [ |
As a consequence of Proposition 3.4, we have (1., +00) C L.

Proposition 3.5  If hypotheses H(a), H(g), H(f), and Hy hold and yu > A, then
problem (P,) has at least two positive solutions o, U € int C,.

Proof LetA € (A,,u) and let uy € S(1) € intC, (see Proposition 3.3 and recall
that (A, +00) € £). From the proof of Proposition 3.4, we know that we can find
ug € S(u) < int C,, such that u) < ug. Moreover, we know that u is a minimizer of
the functional v, (see the proof of Proposition 3.4). Let p = | | and let Ef,‘ > 0 be
as postulated by hypothesis H,. We have

(3.8) —diva(Vu,\(z)) + EzuA(z)P_l
= Ag(z,uy(2)) —f(z, u,\(z)) + fguA(z)P_l
< )Lg(z, uo(z)) —f(z, uo(z)) + ff,uo(z)p"l
= ug(z,u0(2)) - f(zuo(2)) + Euo(2)"™" = (= 1)g( 2, uo(2))
<ug(z,u0(2)) - f(zuo(2)) + Euo(2)"™!
= —diva(Vue(z)) + f;,\uo(z)p_l for almost all z € Q
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(see hypothesis Hy, H(g)(iv) and recall that u; < up, A < p and ug € S(u)). Recall

that ug € int C,. So, for K € Q) compact, we have uo(z) > mg > 0 forall z € K, so
g(z,u9(2)) 2nx > 0 foralmostallze K

(see hypothesis H(g)(iv)). This fact and (3.8) permit the use of Proposition 2.7, from
which we infer that

(3.9) ug—uy €intC,.
Let

—~ ¢ ¢
G(z.0) = f 2(z.5)ds, F(z,0)= [ F(2,5) ds
0 0
and consider ¢,: W(} ?(Q)) — R the energy functional for problem (P, ) defined by
— _ Il Lp
¢y(u)—[QG(Vu(z))dz y[)G(z,u(z))dz+/QF(z,u(z))dz, ue Wy (Q).
We have ¢, € Cl(Wol’p(Q)). We define

[uy) = {u e WP (Q) : uy(2) < u(z) for almost all z € Q}

From (3.6) we see that

(310) (pﬂ’[,”) = ‘/’y|[,“) + Ei;

with &} € R. Recall that ug € int C, is a minimizer of y,. Then from (3.9) and (3.10),
it follows that uy is a local C(Q)-minimizer of ¢, and from Proposition 2.6, we get

(3.11) ug is a local W(}’P(Q)—minimizer of .
Hypotheses H(g)(iii) and H(f)(iii) imply that given ¢ > 0, we can find § = §(¢) > 0
such that

(3.12) G(z.0) < ;:1’ and F(z,0) > -%cl’ for almost all z € Q, all ¢ € [0, &].

Letu € C5(Q) with |u]| a@) S 0. Then using (3.12), Corollary 2.4, and the variational

characterization of A;(p) > 0, we have

o p (u+le, », 1/ (p+1)e »
(B13)  ¢u(u)> [Vl - lulp > - - = [Vul,.
0> ey Il =S (5 hi(p) Jivuls

If we choose ¢ € (0, (;_‘lx)‘% ), then from (3.13) it follows that u = 0 is a local C} (Q)-

minimizer of ¢, so
. 1, L.
u = 01isalocal W, P (Q)-minimizer of Gy

Without any loss of generality, we may assume that 0 = ¢,(0) < ¢,(uo) (the rea-
soning is similar if the opposite inequality holds). Also, we assume that the set Ky,
of critical points of ¢, is finite (otherwise, we already have infinitely many positive
solutions). Then because of (3.11), we can find p € (0,1) small, such that

(314)  0=¢2(0) <¢a(uo) <inf{$s(u): [u—uol =p}=mp [uol >p
(see the proof of Aizicovici-Papageorgiou-Staicu [1, Proposition 29] or proof of Ga-
sifiski-Papageorgiou [10, Theorem 3.4]). From hypotheses H(g)(ii) and (H(f)(ii)),

https://doi.org/10.4153/CMB-2015-064-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2015-064-8

Positive Solutions for the Generalized Nonlinear Logistic Equations 83

it follows that ¢, is coercive. So, it satisfies the Palais—-Smale condition. This fact and
(3.14) permit the use of the mountain pass theorem (see Theorem 2.1). So, we can find
e Wy (Q) such that

(3.15) wekKy, and m, < ¢,(u).

From (3.14) and (3.15) we see that 7 ¢ {0, 1o} and @ e S(u) C intC,. [ |

In fact we can show that for every A > A,, problem (P)) has a smallest positive
solution.

Proposition 3.6  If hypotheses H(a), H(g), H(f), and Hy hold and A > A, then
problem (Py) admits a smallest positive solution u) € S(A) ¢ intC,, and the map
(As,+00) 3 A = uy € Cy(Q) is strictly increasing (that is, if A < p, then u, — u, €
intC,).

Proof As in Filippakis—Kristaly-Papageorgiou [7], exploiting the monotonicity of
the map A, we have that the solution set S(1) is downward directed (i.e., if uy, u, €
S(1), then we can find u € S(1) such that u < u;, u < u,). Then since we want to
produce the minimal element of S(1), without any loss of generality, we can assume
that

(3.16) [t]oo € ¢;  forueS(A)

for some c¢; > 0. From Hu-Papageorgiou [17, p. 178], we know that we can find a
sequence {u, 431 € S(A) such that

inf S(A) = inrgun.
We have
(3.17) A(un) = ANg(u) = Nf(u,) forn>1

From (3.16), (3.17), and Lieberman [20, p. 320], we know that we can find « € (0,1)
and cg > 0 such that u, € Cy*(Q) and H”"HC},"”@LS cg for all n > 1. Exploiting
the compactness of the embedding Cy*(Q) ¢ CJ(Q) and by passing to a suitable
subsequence if necessary, we can say that

(3.18) u, — 4, inCy(Q).

Suppose that ) = 0. Using hypotheses H(g)(iii) and H(f)(iii), we see that given
€ >0, we can find § = §(&) > 0 such that

(3.19) g(z, ) <elP and  f(z,{) > —e(?!

for almost all z € Q, all { € [0, §]. From (3.18) and since we have assumed that u, = 0,
we can find ng € N such that

(3.20) u,(z) €[0,8] forn>ng,zeQ.
On (3.17) we act with u, and using Lemma 2.3 and (3.19), (3.20), we obtain

1
p-1

||Vu||§ < (/\+1)s||un\|§ for all n > ny.
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L’Xl(p)

Choosing ¢ € (0, 25 T

), we obtain
IVunlh <Xa(p)|unlh  foralln> no,

which contradicts the variational characterization of A;(p) (see Gasiniski-Papageor-
giou [11, p. 732]). This proves that u, # 0.
If in (3.17) we pass to the limit as # — +o0 and use (3.18), then

A(ﬂ,{) = )LNg(ﬁ,\) - Nf(ﬁ,\),

souy € S(A) ¢ intC, and u, = inf S(1). Moreover, if A < g, then as in the proof
of Proposition 3.5, using hypothesis Hy and Proposition 2.7 (the strong comparison
principle), we obtain

ﬁ}, —u €intCy,

so the map A ~ u) is strictly increasing. ]

Proposition 3.7  If hypotheses H(a), H(g), H(f), and Hy hold, then A, € £ and so
L =[A,+00).

Proof Let, € (A.,+o0) besuch that A, ~ A,. Letu, = uy, € intC, forn > 1
be the corresponding minimal positive solution of problem (Py,) for n > 1. From
Proposition 3.6 we know that the sequence {u, } C int C, is strictly decreasing. So,

we have

(3.21) [4nleo < lth]eo  forn>1.

We have

(3.22) A(un) = AyNg(uy) - Ny(u,) forn>1

From (3.21) and the regularity result of Lieberman [20, p. 320], we know that there
exists « € (0,1) and ¢y > 0 such that

U, eCy*(Q) and |u, Hc(ll,u(ﬁ) <cg forn>l.
So, we can assume that
(3.23) U, —> u,  in Cy(Q).

As in the proof of Proposition 3.6, using (3.23) and hypothesis H(g) (iii) and H( f)(iii),
we can show that u, # 0. Therefore, by passing to the limit as n - +o0 in (3.22) and
using (3.23), we obtain that u, € S(A.) € int C,, hence A, € L. [ |

Reasoning as in the proof of Proposition 3.6, we can produce a minimal solution
for problem (P, ).

Proposition 3.8 If hypotheses H(a), H(g), H(f), and Hy hold, then problem (Py )
admits a smallest positive solution u), € S(A,) € intC,. The map [A.,+o0) 3 A —
), € Cy(Q) is strictly increasing.

Proposition 3.9  If hypotheses H(a), H(g), H(f), and Hy hold, then the map
(As, +00) 3 A = Uy € CY(Q) is left continuous.
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Proof Let{A,},>1 € (As,+00) be a sequence such that A,, # A and n — +oo. Let
u, =uy, € S(A,) CintC, for all n > 1 (see Proposition 3.6). We have

[Unlloo € |Uplloo fornm>1.
So, as before (see e.g, the proof of Proposition 3.7), we have
(3.24) U, 7% inCy(Q) and ue S(1)cintC,.

Suppose that @ # u,. Then we can find z, € Q such that u, (zp) < %i(2), so for some
no > 1, we have u(z9) < un(z9) forn > ng (see (3.24)), which contradicts the
strict monotonicity of A — u, (see Proposition 3.6). Therefore, % = u) and so we have
proved the left-continuity of the map A — u). ]

So, we can state the following bifurcation type result, summarizing the situation
for the positive solutions of problem (P, ) as the parameter A > 0 varies.

Theorem 3.10  If hypotheses H(a), H(g), H(f), and Hy hold, then there exists 1, >
0, such that

(i) forall A > A, problem (Py) has at least two positive solutions ug, U € int C,;
(ii) for A = A, problem (Py) has at least one positive solution u, € int C,;
(iii) for A € (0, ,) problem (Py) has no positive solution.

Moreover, for every A > A, problem (Py) has a smallest positive solution u € int C,;
if u>A> Ay, thenu, — u, € intC, and the map (A.,+00) 3 A > uy € Cy(Q) is left
continuous.
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