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Abstract

Upper deviation results are obtained for the split time of a supercritical continuous-time
Markov branching process. More precisely, we establish the existence of logarithmic
limits for the likelihood that the split times of the process are greater than an identified
value and determine an expression for the limiting quantity. We also give an estimation
for the lower deviation probability of the split times, which shows that the scaling is
completely different from the upper deviations.
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1. Introduction

We consider a one-dimensional continuous-time Markov branching process {Z(¢); t > 0}
with infinitesimal generating function f(s) — s, where f(s) = > .. pis’ with p; > 0 for all
i >0and) ;. ,pi =1 (see, eg. [3]). We recall the construction of the process {Z(#)} and
introduce some required notation. Let {£;, i > 1} be a sequence of independent and identically
distributed (i.i.d.) random variables with generating function f, and let n; = & — 1. We define
Sk =2Z0)=kfork > 1,and S* =k+ Y7, n; forn > 1. Let I := inf{n € N; S¥ = 0}.
If S,'§ # 0 for all n € N then I = oco. Given the sequence {&;}, let t{‘, e, t;‘ be mutually
independent exponential random variables with means

E[zf _ !
[Tj | {&i}] = Sk_
-1
We define the sequence of split times by Té‘ = 0 and Tnk = rlk + -4 r,]l‘ forl <n <1, and
let
Sk, forTF <t <Tk 1<n<1,

7(1) = n—1
®) 0 for le <t.

On the event I < oo, we employ the convention that T,{‘ = +4oo forany n > [ + 1. This
event corresponds to the extinction of the branching process. Let A denote its probability, which
is the smallest root in [0, 1] to s = f(s). We also define A, = f'(L).

We can now state our main theorem.
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Theorem 1. In the above setting with 1 < f'(1) < 0o, we define Emin = min{i, p; > 0}. For
any x > 0 and k > 1, we have

lim
n—oo logn

k _r o vo(b
10gP<oo > T, > (x + )= 1>10gn) = —xg(min, k), (1
with
g(émin, k) = kl(%-min = 2) + k(l - pl) 1(§min = 1) + (1 - )\*) 1(§min = O)-

Although split times have been studied in [2] (in the case where &nin, > 2) and very precise
large deviations are known for supercritical Galton—Watson processes [4], [5], [8], [10], [11],
to the best of our knowledge, (1) cannot be obtained directly from results in the literature and
so we provide a complete proof in the next section.

To gain some insights about (1), we interpret the process Z(¢) as a population process
describing living particles at time ¢. Note that if £y,;, > 2 then Tnk is exactly the first time when
the population increased by an amount n, starting with an initial population of k. Thanks to
[2], the growth rate of Tnk is of the order logn/(f’(1) — 1). Hence, the upper deviation for T,{‘
analysed in (1) corresponds to an event where the population remains small for a large amount
of time. Since each initial particle gives rise to a population which cannot become extinct, each
of these subpopulations has to remain small and the linearity of g in k is then easy to understand.
When &pin = 1, note that some split times are not real split times for the population since a
particle can replicate itself at a split. An easy change-of-time argument allows us to reduce this
case to the previous case and introduces a factor 1 — p;. Finally, when &, = 0, the situation
is radically different as extinction is possible. In this case, the function g does not depend on k.
Indeed, the typical event for a population starting with k particles to remain small but positive
for a long time is that kK — 1 of these particles become extinct while only one particle replicates
itself for a very long time. This can be seen by the following argument giving an interpretation
of A*.

Let X, be a Galton—Watson tree with offspring distribution p = (p;);>0, i.e. arandom tree
where the root and all successive descendants have a random number of children independent
from the rest and with distribution p. Let x;; C X, be the set of particles of X, that survive,
i.e. have descendants in all future generations. Then X;,r contains the root of the original
branching process with probability 1 — A, and is empty otherwise. We denote by & the random
variable with distribution P(§ = k) = py. For n € [0, 1], we let &, be the thinning of &
obtained by taking & points and then randomly and independently keeping each of them with

probability n, i.e.
o
r _
P, =k = Xgpr <k>nk(1 -k
r=

Note that the number of surviving children has the distribution £ _;. Let& " denote the offspring
distribution in X;. Conditioning on a particle being in X ; is exactly the same as conditioning
on at least one of its children surviving, so that

> pm0 ko (1 — )F!
A

PET=1)=PE 5 =1]&,>1) = = f'() = A

Hence, the factor 1 — A, in (1) is obtained by the same kind of change of time that led to the
factor 1 — pp in the case &pin = 1.
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Theorem 1 will be used to establish the asymptotic of the diameter in random graphs with
exponential edge weights (see [6] for regular graphs corresponding to p, = 1 for some r > 2),
which is the subject of our forthcoming paper [1]. We think that it is of independent interest as
it gives some insights into how slow the growth of a continuous-time branching process can be.

Remark 1. We describe here how to heuristically derive our main result using known
properties of continuous-time Markov branching processes. It is well known (see, e.g. [3,
Theorem 1, p. 111]) that Z(t)e’(fl(])*l)‘ has an almost-sure limit W. The limiting random
variable W has an atom at O of size A. Furthermore, the random variable W, conditioned to be
positive, admits a continuous density on R™, and we define W), 2 (W | W > 0). The random
variable W, is given by (see, e.g. [3, Theorem 3, p. 116], [9], and [12])

=3 Wie '®-DE

~

vyhere the E;s are i.i.d. Exp(1), independent of the W,- which are i.i.d. with Laplace transform
¢ (t) = E[e”"W] whose inverse function is given by

q;l(x)z(l—X)exp(/l <j;((sl)):sl+lis>ds), A<x<l. 2

1
P( (” - )k’g")
( (( )logn><n,1<oo)
f (1) -1
1
P(o(-' 0 = s+ 7= ) oun)
x Z((x + m) logn) <n¥O=D oo).

Since the left-hand term in the above probability converges to W as n goes to 0o, it is reasonable
to analyze P(W, < n=* M=y Note that

Note that

¥(s) = Ele™"] = (Elexp (—sWe ™/ (DDEE,
where E is an Exp(1) random variable and v (-) is the Laplace transform of W,. Moreover,
~ / o0 ~ !
Elexp (—sWe™/ (D=DEy] = / e g(se” D7Dy gy,
0
Combining (2) together with the Tauberian theorem [7, Section XIII.5], it is easy to infer that
P(W;, < 0~ D=1y x =28 Gmin )
In the next section we present the proof of Theorem 1. For completeness, in Section 3 we

give an estimation for the lower deviation probability of the split times which shows that the
scaling is completely different from the upper deviations.
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2. Proof of Theorem 1

Let us define o, := |log>n]. In the sequel, we will use the following property of the
exponential random variables, sometimes without mention. If Y is an exponential random
variable of rate y then, for any § < y, we have E[e?Y] = y/(y — 6).

We first assume that po = p; = 0, 50 &min > 2. Thus, n; > 1 for all i, so S,'§ is increasing
inn and I = oo. In this case, all the elements of the sequence {r,’f} are finite and this sequence
has been studied in [2].

‘We now prove the upper bound in (1) for this specific case. Note that, since Sffl >k+i—-1
foralli > 1, we have, for any 6 < k + 1,

Sk P
i|< k+i—1 3)

Elexp(075)] =E|: - il < - .
! Sk, -0 k+i—1-0

We have, for any ¢ > 0,

k
P<T" - ( f/(l) >logn)
-

< P(Z T > x(¢e) logn) < Z rl-k > %10@1), )

i<y, i=ap+1

where x(¢) = x —¢/(f'(1) — 1).
For the first term, we have

x(e)logn
P(Z ' > x(e) logn> =/0 P( Z ¥ > x(e) logn — y)keky dy,

i<oy 2<i<ap
since r{‘ is an exponential random variable with mean k independent of the rl.ks withi > 2. We

need to bound the right-hand term and we proceed as follows:

P< Z tl-k > x(s)logn — y> < n_kx(e)ekyE[exp<k Z tl-k>:| (by Chernoff’s bound)

2<i<ay 2<i<ay

Q,
Sk+i—1
< n O [ by 3)
-
i=2

[07
n k
<n —kx(e) gky eXP(Z —) (since 1 +x <e¥)
i 1

n@ekvgk 1091 for sufficiently large n.
Hence, we obtain (for sufficiently large n)
P(Z rik > x(s)logn) < kx(e)n *x@® klog n<n kx(g)otﬁ“.
i<ay,

We now give an upper bound for the second term in (4). We first recall a basic result of
probability: for any ¢ > 0, there is a constant y > 0 such that, for large enough n, we have

1) -1
P<S,’f < k+n%) <e 7,
e
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We define the event &, = {Sf >k+i(f'A) = 1)/ +¢/3), oy <i < n}, so that (by the
union bound) we have P(§,) > 1 — o(n~'°¢"). Using the fact that /@ = o(ay), we have, for
sufficiently large n,

n n—1
k Vo
E[exp<m. 2 ) ‘ 8} =11 <1 T i D - D/ +e/3) = Ja_>

i=a,+1 1=0p

n—1
T <1 s m<1+8/2>)

e, i(f (-1
< exp(M log n)
B S -1 '

Now we have (by Markov’s inequality)

(Z Wz _f(l) ploe”

n)
i=oy+1

oo 5 ) el
i=ap,+1
= (3757 e

S o(n—logn)'

Hence, we obtain

i

Note that in order to get (5), we only used the fact that pg = p; = 0 to ensure that Tnk < 00
for all n. In particular, the argument is still valid if pg = 0.
To summarize in the case pg = p; = 0, we obtain, for any ¢ > 0 and with x(¢) =

x—¢g/(f' () =D,

1
P(T”k = <x " W) 10%”) e O

and the upper bound for (1) follows.
We now prove a lower bound for (1). We start with (for any & > 0)

P(Tk (x + ;) logn> > P(zf > i(e) logn)P(Zr 1—10gn>
" =1 LT

where X(¢) = x +&/(f'(1) — 1). Since P(rf > %(g) logn) = n=*® we need to show that

Z Wz f(l) 10%”) S 1=P(&) +o(n™ ") = o™ %", (5)

i=op+1

1
ligg%fP(Z T > Wlogn) > 0.
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This follows from the almost-sure convergence of (1/logn) Z?:z tik to (f'(1) — D! (see,
e.g. Corollary 1 in Section 2 of [2]).

We now consider the case where p; > 0 while pg = 0. We start with the upper bound and
decomposition (4). Note that f/(1) > 1 implies that p; < 1. Let the fl.k be the real split times
of the process Z(t), i.e. the times where Z (¢) increases. Let N be a geometric random variable
with parameter pp,i.e. P(N = j) = p{ (1 — p1), independent of everything else. Then f{‘ has
the same law as a sum of N mutually independent exponential random variables with mean k.
Hence, it is distributed as an exponential random variable with mean 1/k(1 — py). For the first

k 'so we obtain

term, note that fik > 15,
P(Z rl.k > x(g) logn) < P(Z f,.k > x(g) logn).

i<ap i<ay

It was shown in [3, Section II1.9] that the branching process Z(¢) associated to the split times
fl.k is still a Markov branching process with the same infinitesimal generating function but with
p1 = 0 and with

EL7] | (&} = TR
i

where {;} is a sequence of i.i.d. random variables with generating function

7 fG)—pis
fs) = s/
1= P Z Pj
and with $§ =k +Y/_ & — j
Thanks to previous analysis, we therefore obtain

P(Z fik > x(e) logn) < n_k(l_p‘)x(s)a,(,l_pl)k"_l.

i<ap

Since (5) is still valid, the upper bound follows from (4).
The lower bound also follows from a simple adaptation of the argument above:

P(Tk - <x + ;> logn> > P(rl > %(e) logn, Zr 1;logrz)
=TT P - CEP

Attime ‘L’l we have Z (‘L’l ) = k+1, where the random variable 7 is distributed as 1 conditioned
on being greater than 1. Let j be such that P( < j) > l The process {Z(t); t > rlk} has the

same law as the original process starting with k + 7 partlcles and is independent of T rl . Since

rik is stochastically decreasing in k, we have

P(Tk > (x + ;> 10gn>
" fra—1

n—aoy,
> P(if > %(e)logn, N < a,,)P(ﬁ <i > ot > %bgn)
i=1

n—oy
— — X n k 1-=
> (n K1=pDTE) _ oy p(Z T, S leogn)
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Since we still have the almost-sure convergence of (1/logn) Z:’:—f‘ " rik o (f(1) — DL
we obtain the lower bound.

We now consider the case where pg > 0, so that the probability of extinction P(/ < 00) = A
is positive and strictly less than 1 (because f'(1) > 1). Following [3], we define

0 if I < oo,
Z (t) = { the number of particles among Z; which have
an infinite line of descent if I = oc.

We have Z(O) = Bin(k,1 —A) and, for 1 < j <k,

1 —a)/ak=i

N L
P(Z(O)—JII—OO)—<J.) Y (6)

By Theorem 1.12.1 of [3], the process {Z(t); t > 0} conditioned~0n the event I = oo is a
Markov branching process with infinitesimal generating function f(s) — s, where

= - i fA=Ms+Ar)—A
f(S)—ZPiS = T3 forO<s <1.
1
Clearly, f (0) = po = 0, so this process survives and we define the corresponding split times
T, = %+ -+ 1%, forall n > 1 as we did for the original process Z(t) (but now with
a random number of initial particles given by (6)). Note that we have f (1) = f'(1) and
p1=f'0) =21 €(0,1).
On the event I = oo, we clearly have 7, > t, for all n > 1; hence, thanks to the previous

analysis, we have, forany 1 < j <k,

) 1 & 1

lim nS_l)lgo Togn logP(Tn > (x + W) logn
and the upper bound follows in the case I = co. We now consider the case I < oco. First note
that T,f < Tn1 ; hence, we need to consider only the case k = 1. It follows from Theorem 1.12.3
of [3] that, conditioned on the event I < oo, the branching process has the same law as a Markov
branching process Z (¢) with infinitesimal generating function f(s)—s, where f(s) = A~' f(A).
The total progeny is finite and f'(1) = f'(L) = Ay < 1. Moreover, we have

P(Tn1 > <x+ ﬁ) logn | I < oo> < P(Z((x—i— m) logn) > O>
_ 1
= E[Z«x O 1) m"ﬂ

— n*X(lfk*)f(lfk*)/(f’(l)*l)’

I =00, Z(0) = j) < —xj(1 =Xy,

and the upper bound follows.

We now derive a lower bound. First note that, using the Markov property, given Z(t) = j
for j > 1, the random variable Z(t) is distributed as a binomial random variable with j trials
and probability of ‘success’ 1 — A. Let {X;, i > 1} be a sequence of independent Bernoulli
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random variables with E[X{] = 1 — A. To ease notation, let x, = (x + 1/(f'(1) — 1)) logn
and, for ¢ > 0, let § be the event & = {Z;":l Xi > (1 —A—¢e)mforallm > 1}. We have

P(oo > T, = x,) = P(Z(xy) <n, I =00 | Z(0) = k)
Z(xpn)

> P<Z(x,,) <n, Z(xy) = Z X;, I =00, & ‘ Z(0) =k>.

i=1
On the event &, we have Z,'Z:()f") X; > (1 —x—¢)Z(xy). Thus,

P(co > T,f > x,)

2P<Z(xn) L Y ‘ Z(O)=k)
1—A—c¢

> P<Z(xn) < 1+

— ’ Z(0) = 1) P(Z(0)=1| Z(©0) = k)P | Z(0) = k).

We have P(Z(O) = 1| ~Z(O) = k)P(& | Z(0) = k) > 0, and the process {Z(t);t > 0}
conditioned on the event Z(0) = 1 is a Markov branching process with infinitesimal generating
function f(s) — s with p; = A,. Hence, the lower bound follows from the previous analysis.

3. On the lower deviation probability

In this section we consider the lower deviation probability for the split time of a branching
process.

Proposition 1. In the setting outlined in the introduction with 1 < f'(1) < oo, for any x > 0,
k > 1, and a sufficiently large constant C, we have

P(Tnk < (%) 10gn> = o(nCe™).

The proof relies on the following lemma.

Lemma 1. Let X1, ..., X; be arandom process adapted to afiltration ¥y = o (2], F1, ..., F,
andlet uj =EX;, L = X1+ -+ X, and Aj = u1 + --- + pi. Let Y; ~ Exp(%;) and
Z; ~ Exp(A;), where all exponential variables are independent. Then we have

Vit Y 2a Zit o+ Ze

Proof. By Jensen’s inequality, it is easy to see that, for a positive random variable X, we
have

Exp(X) >4 Exp(E X).

Then, by induction, it suffices to prove that, for a pair of random variables X and X, we have
Y1+ Y2 >4 Z1 + Z;. We have

P(Y1 + Y2 >s) =Ex,[P1+ Y2 > 5 | X1)]
> Ex, [P(Exp(X1) + Exp(X1 + u2) > 5)]
>P(Z1+ Z > ).
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We infer, by Lemma 1,
n
T¥ >a Y Explk + (f'(1) = D),
i=1
where all exponential variables are independent. Thus, we have

P(T, < 1) s/z exp(—Z((f’(l)—l)i+k)x,-> dxp o [ JCF/(D) = Di k)
Xi =t i=1

i=1

n
:/ eXp(—(f/(l) - DZM)G"‘”’ dyi---dyy
Ofylf"'f)‘nft i=1

< [ ]y = bi+ k),

i=1

where y, = Z;‘;& x,—i. Letting y play the role of y,, and accounting for all permutations over
Y1, ..., Yn—1 (giving each such variable the range [0, y]), we obtain

[Tm G +k/(f/(1) = 1)
(n—1)!

t n—1
b /0 e (f/(=1+k)y (/o 1 exp(—(f/(l) -1 Zyi) dyr-- .dyn—l) dy
0.y~ i=1

_ nl_lﬁ'zl(i +k/(f'(D) = D)

n!

t n—1
x / e—(f/(l)—1+k)y<l_[ /y(f/(l) _ l)e—(f’(l)—l)yi dyi> dy
0 i Jo
n

k
= 14+ ——— 1) — 1
”11( +(f/(1)—1)i>(f() :

t
X/ e~ (' (D=140y (] _ o=(F(D=Dyyn=1 4y
0

P(TF <)< (f/()—1)"

(f'H =1

t
< cenkl (1)—1)+1(f/(1) _ 1)/ e~ (f (1)—1+k)J’(1 _e U (1)—1))1)'1—1 dy,
0
where ¢ > 0 is an absolute constant. Now we use the fact that
, i x 1-—
1 - e (1)_1)})"_1 <e " foral0<y<——— logn
f (1)

We infer that (for C > k/(f'(1) — 1) + 1)

ty
P(Tk <l—> logn) <c(f'() - 1)n’</<f'<‘>*‘>+‘f e dy = o(ne™).
f 0
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