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Weak Amenability of a Class of Banach
Algebras

Yong Zhang

Abstract. We show that, if a Banach algebra U is a left ideal in its second dual algebra and has a left
bounded approximate identity, then the weak amenability of 2 implies the (2m + 1)-weak amenability
of Aforallm > 1.

In a recent paper [2] Dales, Ghahramani and Grebzk have introduced the concept
of n-weak amenability for Banach algebras. They point out the fact that, forn > 1,
(n + 2)-weak amenability always implies n-weak amenability, and prove further that
if a Banach algebra U is an ideal in A**, then the weak amenability of U also implies
the (2m + 1)-weak amenability of U for all m > 0. As to the general case, they have
raised an open question: Does weak amenability imply 3-weak amenability? This
question has been answered in negative by the author in [5]. In this note we consider
the Banach algebras which are one sided ideals in their second dual algebras, and
discuss sufficient conditions under which weak amenability will imply (2m + 1)-weak
amenability for m > 0. We shall also consider an example to show the use of our
result.

Let A be a Banach algebra and X be a Banach U-bimodule. A linear mapping
D: A — X is a derivation if D(ab) = a - D(b) + D(a) - b for a,b € U. For any
x € X, the mapping 6,: a — ax — xa, a € U, is a continuous derivation, called
an inner derivation. Let B'(2, X) be the space of all continuous derivations from A
into X and let Z!(, X) be the space of all inner derivations from 2 into X. Then the
first cohomology group of A with coefficients in X is the quotient space H'(A, X) =
BLHA, X) /21U, X).

For each 1 > 1, A™, the n-th conjugate space of 2, is a Banach UA-bimodule, with
the module actions defined inductively by

(u,F-a)=(a-u,F), (wa-F)=(u-a,F), FeA" yucA" Y qgec

A Banach algebra U is called n-weakly amenable if 3* (U, A™) = {0}. Usually, 1-
weakly amenable Banach algebras are called weakly amenable.

Recall that for a Banach algebra ¥, its second dual 2** is a Banach algebra when
equipped with the first Arens product which is given by the following formula

(f,@0) =(¥f,®), feUA, &TcA,
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where ¥ f € U* is defined by
(a,0f) = (fa,¥), acL

We refer to Arens’ original paper [1] and the survey paper [3] for properties and
references about Arens products. In this note, for m > 1, we always equip A*™ with
the first Arens product.

For a Banach space X we will denote by X (resp. %) the image of X (resp. x € X)
in X®™ under the canonical mapping. But if no confusion may occur we will keep
using X to denote this image. For m > 0, the subspace of X**!) annihilating X will
be denoted by X, i.e., Xt = {F € X1 ; F|¢ = 0}. Concerning the Banach
algebra A?™ we have:

Lemma 1  Suppose that W is a left, right or two sided ideal in W**. Then it is also a
left, right or two sided ideal in A*™ for allm > 1.

Proof Assume that U is a left ideal of AC™, m > 1. We prove that it is also a left
ideal of A2 First we have the following A-bimodule direct sum decompositions

(1) QI(ZerZ) _ (QI*)J_ i (QI**)A
and
(2) 91(2m+1) — (;ZI)L i (QI*)A

Forany F € APV let F = fi + fo, fi € AL, f, € A*. Thenaf; = 0fora € U,
since A is a left ideal in AR™_ So

aF = aﬁ = (af)"
Forany ® € A2 let & = ¢ + i1, ¢ € (W*)+, u € A**. Then
(F,@a) = ((af2), ¢+ i) = ((af2)",0) = (F, (ua)").

This shows that ®a = (ua)" € A fora € Aand & € A2 Therefore A is a left
ideal of M2 So the lemma is true when U is a left ideal of A**. For the other two
cases the proof is similar. ]

It is known that for a Banach algebra A with a bounded approximate identity
(b.a.i. in short), if X is a Banach A-bimodule in which 2 acts trivially on one side,
then H'(A, X*) = {0} (see [4, Proposition 1.5]). The following lemma can be
viewed as an extension of this result.

Lemma 2  Suppose that W is a Banach algebra with a left (right) b.a.i.. Suppose that

X is a Banach A-bimodule and Y is a weak™ closed submodule of the dual module X*.
If the left (resp. right) W-module action on Y is trivial, then H'(A,Y) = {0}.
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Proof The proof is quite standard. Here we give the proof in the case that U has a
left b.a.i. and W acts trivially on the left in Y. Suppose that D: A — Y is a continuous
derivation. Let (¢;) be aleftb.a.i. of U, and f € Y be a weak™ cluster point of (D(ei)) .
Since AY = {0}, we have

D(a) =limD(eja) = fa= fa—af, acU.

Hence D is inner. This shows that H!(A,Y) = {0}. [ |

With the preceding two lemmas, we can now prove a partial converse to [2, Propo-
sition 1.2] as follows.

Theorem 3  Suppose that W is a weakly amenable Banach algebra. If U has a left
(right) b.a.i. and is a left (resp. right) ideal in W**, then W is (2m + 1)-weakly amenable
form > 1.

Proof We give the prove in the case that U has a left b.a.i. and is a left ideal in 2**.
The proof for the other case is similar. First, from the A-bimodule decomposition (2)
we have the cohomology group decomposition

F,ACEDY = FHQA*) + FHQA,A).
If A is weakly amenable, we have J' (U, A*) = {0}. AL is clearly weak* closed
submodule of AV Since A is a left ideal in A**, it is a left ideal in A" from
Lemma 1. It follows that the left Q-module action on A+ is trivial. Then Lemma 2

leads to J' (2, A+) = {0}. As a consequence we have ' (2, A1) = {0}, i.e., A
is (2m + 1)-weakly amenable. [ |

Now let us consider an example. Suppose that S is an infinite set and sy a fixed
element in S. Define an algebra product in £!(S) in the following way.

(3) a-b=a(s)b, a,bels).

It is easily verified that with this product £!(S) is a Banach algebra. We shall denote it
by (£1(S), "), or £1(S) in short. It has a left identity e, defined by

1 ifs=ys
eo(s) = .
0 ifs+# s.

But it has no right approximate identity. £(S) is also a left ideal in £!(S)**. In fact,
for u € 01(S)**, u = wk™-lim a,, with (a,) a bounded net in £!(S), we have

u-a=wk"lima, -a=1lima,(so)a € £1(S), a < £(S).

Here we have used the fact that lim a,, (sy) exists. It is also easy to see that £!(S) is not
a right ideal of £!(S)**. The £!(S)-bimodule actions on the dual module £!(S)* =
£2°(8) are in fact formulated as follows.

(4) a-f=(afe, f-a=als)f, acll(s),felx(),

where ¢ is the element of £°°(S) satisfying ej (so) = 1, and ¢ (s) = 0 for s # so.
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Assertion 1  The Banach algebra (El (S), ) is weakly amenable.

Proof Suppose that D: £'(S) — £°°(S) is a derivation. Then for a, b € £'(S), from
equations (3) and (4),

a(sg)D(b) = D(a-b) =a-D(b) +D(a) - b
= (a,D(b))e; + b(so)D(a).

By taking b = a, we see (a, D(a)) = 0 for all a € £'(S). This in turn implies that
(a,D(b)) = —(b,D(a)), a,be L'(S).
So

D(a) = D(ey - a) = (ey, D(a))ey + a(sy)D(e)
= —(a, D(ey))ey + a(so)D(eo)
=D(ey)-a—a-D(e), ac/t(S).

Therefore D is inner. This shows that (é 1), ) is weakly amenable and the proof is
complete. ]

By using Theorem 3, Assertion 1 induces immediately the following:

Assertion 2 Form >0, (£'(S),-) is (2m + 1)-weakly amenable.

Note The algebra (61 (S), ) is not 2m-weakly amenable for any m > 1.

Proof From [2, Proposition 1.2] it suffices to show that (EI(S), ) is not 2-weakly
amenable. Let E = {e;}+ C £'(S)**. Then for every u € E and every a € ¥, from
equation (4), u - a = 0. This implies that any linear mapping from £!(S) into E is a
derivation. Especially D: a — a(s;)u for some nonzero u € E and s, (5 sp) € Sisa
continuous non-inner derivation from ¢'(S) into £'(S)**. Therefore (£'(S), -) is not
2-weakly amenable. ]
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