CHARACTER SUMS AND SMALL EIGENVALUES FOR T,(p)
by HENRYK IWANIECt

Dedicated to Robert Rankin

1. Introduction. Statement of results. Let A denote the Laplace operator acting on
the space L*(I'/H) of automorphic functions with respect to a congruence group I', square
integrable over the fundamental domain F=T/H. It is known that A has a point spectrum

Apg=0<A =A=. ..
with (Weyl’s law)

T
Th as hn—>®

A~
|F|

and it has a purely continuous spectrum on [3, ) of finite multiplicity equal to the number
of inequivalent cusps. The eigenpacket of the continuous spectrum is formed by the
Eisenstein series E,(z,s) on s=3+it where a ranges over inequivalent cusps. The
eigenfunctions u;(z) with positive eigenvalues are Maass cusp forms.

A. Selberg’s celebrated conjecture [9] asserts that all positive eigenvalues lie on the
continuous spectrum, i.e.

A=1 (1.1
Selberg [9] succeeded to show that :
M= (1.2)
by using A. Weil’s upper bound for Kloosterman sums
|P(m, n; o) <(m, n, c)"*c**(c), (1.3)

and S. S. Gelbart and H. Jacquet [2] have proved the strict inequality A,>3/16 by a
different method (lifting from GL(2) to GL(3)). The conjecture (1.1) is known to be true
for subgroups of small index of the modular group, cf. Huxley [3].

Let us call exceptional the eigenvalues which do not satisfy the Selberg conjecture,
i.e. those with

0<\<z

They play a similar role to the real zeros of Dirichlet’s L-series in the multiplicative
number theory. In fact letting

/\]' = Sj(l_sj')

it turns out that s; are zeros of the Selberg zeta-function; thus the exceptional eigenvalues
correspond to the real zeros in the segment

3<§<1.

t Supported in part by NSF grant DMS-8201602.

Glasgow Math. J. 27 (1985) 99-116.

https://doi.org/10.1017/5001708950000611X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950000611X

100 HENRYK IWANIEC

The remaining zeros s; satisfy the Riemann hypothesis, i.e. they lie on the line
s;=3+it, ¢ real

Being unable to prove the Selberg eigenvalue conjecture J.-M. Deshouillers and H.
Iwaniec [1] began to establish statistical results showing a rarity of the s; in much the same
form as the density theorems about the zeros of Dirichlet’s L-series. Some of their results
proved to be powerful enough to go around the conjecture in a number of important
applications. It is not surprising that the matter has something to do with character sums.
The first transparent connection was pointed out in [6] where the following kind of density
theorems were established

Z |FlA(si—1/2)<< |F‘1+e, (1.4)

1/2<s5;<1

the constant implied in « depending on ¢ alone. The larger A is the less often exceptional
eigenvalues of ' may occur. J. Szmidt and H. Iwaniec [6] considered the Hecke
congruence group I'=Ty(q) of level q (for technical reason we assumed g be prime)
showing (1.4) with A =24/11. Here the point is that A =24/11> 2 because the result with
A =2 follows simply by applying Selberg’s trace formula with an appropriate test
function, see M. N. Huxley [4] for example. It is natural to conjecture that (1.4) holds
with A =4 (density conjecture). This would contain the Selberg lower bound (1.2) for an
individual eigenvalue.

The character sums in question are of the type

g%@tﬂ. 1.5)

In order to estimate them in [6] we used A. Weil’s (see (3.3)) and D. Burgess’ bounds for
character sums. The first replaces (1.3) while the second is vital and it yields the desired
saving to effect A >2. If the Lindeldf hypothesis for Dirichlet’s L-series was used instead
of Burgess’ bound then we could get the density theorem with A =3.

The problem is also related with the Lindeldf hypothesis for the Rankin zeta-
functions. Let us define them. Given a cusp a of T take o,€SL(2,R) (once and for all)
such that

o, °=a and o;T,0,=T, (1.6)

where T, is the stabilizer of a in I'. Each cusp form u;(z), being an eigenfunction of A

Ay; = A,
has the Fourier expansion at o of type
1(0.2) =y X pja(n)K, 1227 1] y)e(nx) (1.7)
n#0

where the numbers p;,(n) are called the Fourier coefficients and K, (y) is the McDonald-
Bessel function. We assume that the cusp forms u; form an orthonormal system

o )= | 020 (2) dz =5,
F
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The Rankin zeta-functions are defined by
Ri(s)=Y lp(mPn™, Res>1.
1

They possess meromorphic continuation to the whole complex plane and they satisfy a
(vector) functional equation which connects values at s with those at 1—s. It is reasonable
to expect that

ch

T\ 1?2
p ’) ()\iq)'3

o

and that the analogue of the Lindel6f hypothesis is true

R(5)< (274) g b 1.8

on Re s =3. This would imply the density theorem with A =3. What we actually need is a
consequence of (1.8), namely that

AuM)= T lomP> o (1.9)
naN |F|
for N=q° If (1.9) is true for N=q° with 0 <6 <2 then the density theorem holds with
A =2(2-6). Therefore the density conjecture is a consequence of another conjecture,
that (1.9) is true for all N=gq°*. It is disappointing that by present means we are able to
show (1.9) only when N » q'*®, compare with Theorem 7.
In this paper we give another treatment of the character sums (1.5) which yields the
following improvement over [6].

THEOREM 1. The density theorem (1.4) holds for groups T'o(p) with A =12/5.

The present method of estimating the relevant character sums does not depend on
the Burgess inequality and is more general.

I benefited a lot from discussions on the subject with H. L. Montgomery to whom I
wish to express my thanks as well as to the Mathematics Department of the University of
Michigan in Ann Arbor for financial support and a nice atmosphere to work.

2. Estimates for character sums. Let & be a finite sequence of positive integers (not
necessarily distinct) from the interval [D,4D] with some D =1. For any sequence of
complex numbers B =(B,)1<p<p We consider the sum

d 2
ue =1 | T aff)
de® 1=<b=<B
with the aim of showing that
'/%(37 @) Sh(By Da Al, A2) "B"2 (21)
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where d(B, D, Ay, A,) depends at most on B, D and two other parameters A,, A, defined
by
A=Y 02|,
1
and

A,=max r'?|g,|.
r

Here 9, stands for the subsequence of those elements in & which are divisible by r and
|%,| denotes its cardinality. While the first parameter A; measures how much @ differs
from the sequence of squares (on which the characters are trivial) the second one A,
controls the multiplicity A(d) of elements d in @, namely it yields

AMd)sd A, =D A,
Our main result in this section is
THEOREM 2. We have (2.1) with
8(B, D, Ay, A,) = c(e)(BD)® A?*{B+ AY°D'*+ A}*D~V*B}
where ¢ is any positive number and c(g) depends on € alone.
As a corollary to Theorem 2 we shall deduce

THEOREM 3. For any A, B=1 and £ >0 we have
y|ly e (i‘.‘l)
1=b=B b b

1=a=<A
the constant implied in < depending on & alone.

2
< (AB)*(A**+A*’B)|BI7,

By Cauchy’s inequality Theorem 3 yields
CoroLLARY. For any A, B=1 and £€>0 we have

D) Bb(“zb— 4)

l=a=A '1=b=B

<(AB)*(A¥*+AY°B")],

the constant implied in « depending on ¢ alone.
In the proof of Theorem 2 we shall appeal to the following simpler result.

THEOREM 4. Let & be a sequence of squarefree positive integers d <D (not necessarily
distinct). We then have

)

1=b=B

) v<§)' <c()(BD) (2| D> +|2]"2B) .

de®D

For clarity we split up the arguments into several lemmas.
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Lemma 1 (Polya—Vinogradov). If x is a nonprincipal character (mod q) then

Y x(n)«q"logg.

1=n=<N

LemMa 2 (Poisson summation formula). Let f(x) be a smooth function on R such that
xf'(x) is bounded. We then have

1 am\afm
L fm=2Te(-2)(%)
n=a(mod q) q q
where e(z)= e and f(y) is the Fourier transform of f(x).
Lemma 3. For q>1, q=1 (mod 8), q squarefree, put

ciam-,Z ()

a(mox a q
We have mod @
G(q,0)=0

and for m# 0, we have
Glam=(L)/a
m

Proof. This follows immediately from the quadratic reciprocity law and the well
known formula for the Gaussian sum G(q, 1)=+Vq
Combining Lemmas 2 and 3 we infer

LemMa 4. Let f(x) be a smooth function on R such that xf'(x) is bounded, r=1, g>1,
q=1 (mod 8), q squarefree. We then have

2 ro(®)-5 252 (GE) 02

Proof. By Mébius inversion formula our sum is equal to
q q
(&) T feem(2).
2wy ) 2 k)

By Lemma 2 the innermost sum is equal to

L (9 T stkn)=Gar T Glamitmika)

a(mod q) a n=a(mod q)

On applying Lemma 3 we complete the proof.

For the purpose of the proof of Theorem 2 it is convenient to take

e =exp(-(Z)) 3
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with some N= 1, so .
f(y)=Nexp(-m(yN)?)
<y exp(-(yN)?).
Hence, for |m|> tkqN~" with some 7=1 to be chosen later, we have

A kqg\2
f(ﬂ> < (ﬂ) exp(—T?).
kq m
For the remaining m’s we want to separate the variables in f(m/kq), so we write f(y) as
the Mellin transform of the gamma function

. 1

F) =50 [ TNy ds.
2mi (e)

At this occasion notice that by Stirling’s formula

T
rl«e exp( -2 lsl).
Now gathering together the above results we obtain a truncated form of (2.2).

LEMMA 5. Let g>1, gq=1 (mod 8) q square free, f(x) be given by (2.3) and M, =
tkqgN~'. We then have (with some |0|<1)

T f(2) =460 exp(-r)

(n,r)=1
1 J _ s _ q
+— T S’ZF(-->N1 s w(k)ks"1qgs V2 m‘s(—> ds.
2mi (2¢) 2 kzlr IszsMk km
By Lemma 5 we immediately obtain
LemMA 6. Let f(x) be given by (2.4), Q=1, M, =tkQ*N" and a, be any complex

numbers supported in one of the four arithmetic progressions q =1, 3, 5, 7 (mod 8). We then
have (with some |0|=<1)

Y waaa L [0 L%) =40 exp-r)r70* fal?

1<q,,9:=Q (nn=1
1 J' —s/2 (S) 1- -1 251
+— | #7T|= )N ) uk)k® w(e)e™
2mi (e) 2 kzlr lseZsQ
(e, k)=1
h 2
X z m—s( Z uz(eh)aehhs_1/2(—>) ds.

1=m=M, l<eh=Q km
(m,e)=1

LemMma 7 (duality principle). The following two statements are equivalent

(i) for all complex numbers a,,

Z z a,f(m,n)

n m

2
=vs L lel?
m
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(i) for all complex numbers B,

z

m

I. Proof of Theorem 4. We have

MB, D)= Z By, Bo,|

1=b,.b,=B

Y. B.f(m, n)

n

2
=y ) 1B
n

PAGL

By Cauchy’s inequality and since 7(n)< n® we get

20

2

M2B, D)< |BI*B® Y

1=sn=B?
<tgiss T | T (2%)]
didoe® I1=n=p2\ N

If d, = d, then we use the trivial bound ¥, « B? and if d, # d, then d.d, is not a square, so
by Lemma 1 X, « D log 2D. Gathering these results together we obtain

M(B, D)= c(e)(BD)*(2| D'*+|2|" B) |IBIP.

The dual form of the above (see Lemma 7) is just the assertion of Theorem 4.

II. Proof of Theorem 2. Every d €% can be factored uniquely as d = uv? or 2uv?

where u is odd and squarefree. Therefore & can be split up into 8 disjoint subsequences
according to the residue class u (mod 8). Clearly it is enough to show (2.1) for each of
such subsequences separately. The case of 4 subsequences of numbers 2uv? can be
reduced to the case of 4 subsequences of numbers uv? simply by changing the coefficients

2 .
B, into (E) Bs. In other words we may assume, without loss of generality, that all elements

d in @ have the squarefree parts odd and congruent (mod 8).
Now, we can write

MB.D)=Y 2 leu,v)f

v ue@(v)

where @(v)={u; uv*e P, u squarefree} and
u
cwv)= Y Bb(g)-
1=sb=B
{b,v)=1

Hence by Cauchy’s inequality we get
MB,DY=A Y 07 Y Jelu, o)

ued(v)

=A, Z v Z |Bs,Bb,Bs,|

1=<b,,b,,by=B

u
c(u, v)( )
ueg(u) b1b2b3
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By Cauchy’s inequality again we obtain

g 2)=loray I 3)oe ) .4

1=v=2D

u
s@2)= ¥ Y mn ueg(v)cw,u)(;)

1=v=2D l=n=<B?
Here we have 75(n)« n®f(n) where f(x) is given by (2.3) with N = B3, Accordingly we
obtain 9(8.9)« B*%(p, ), @.5)

say. Squaring out the innermost sum in (B, @) and changing the order of summation we
get

where 2

Uils

%EB9)=F T clw, v f0)(L2) 0BG 2).  @6)

v U ueD(v)
u ¥ Uy

n

Put r=(uy, uy), u;=rq,, u=rq,, so 1<q;, g,=Q = Q(r,v)=4D/r> By Lemma 6 we
deduce that

Y cluy, v)c(uz v) Y f(n)<ul—u2)

U, u2€R(v) n
uFuy
q
=2 XX p2(q192¢(rqs, V)c(rq, v) Y, f(n)(l_q%>
r 1<q,.q,=Q(v) (=1 n

rq,rd2€ D (v)

«r?exp(-12) Y, r*2Q%rv) Y. lc(rg, v)P

rqe@(v)
2

o5 L YE Y 2 % | T )] @)
1=r=Dk|r k 1=e=D € 1=m=M ﬁshs(H) m
ehreg (v

with
M = M(k/r*v¥) = tkr v *D?B3,
H = H(erv? =4D]erv?
and some A, independent of m such that
[Anl=h™"*|c(ehr, v)|.

For the innermost sum we apply Theorem 4 giving
h
2% a(2)
m Vh m
If ehre P(v) then ehrv’e @ so D <ehrv®*<4D. This yields
Y AP<en?D Y |c(ehr, v

ehre@®(v) ehre®@(v)

2
«D* Y M| Deel HY(er0) + | D> M(k/r0%).

ehre@(v)
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Moreover we have |@,.¢ <(erv?)~2 A,. Hence we conclude that
h

z Z Al —

. m

Inserting this into (2.7) by (2.6) we infer

2
<« D*{A,D™ 241k AY2DB™3} Y. |c(ehr, v)]%.
ehre@B(v)

(B, D)« % exp (—73)D* y Zz lc(rg, v)|?

v rqe@(v)

+D{A,D"?B3+7 AY?D} Y. Y XY |c(ehr, v)[?

v ehre@(v)
« D*{A,D"2B*+ AY’DYM(B, D)
by taking 7 =log 4D. Finally combining (2.4)-(2.6) we complete the proof of Theorem 2.
III. Proof of Theorem 3. We apply Theorem 2 for the sequence
g={a’*-4;A<a=2A}.

Therefore D= A? and it remains to determine the parameters A, and A,.

If a2=4 (mod r) then there exists a decomposition r = r,r, such that a=2 (mod r,)
and a =-2 (mod r,). Hence (ry, r,) | 4 and if r=v? then r,=v? or 203 and r, =03 or 2v3.
This yields

Z v'2|gq| = Z (rirp)" Z 1

rura a=2(mod ry)
a=s=—2(mod ry)
A<a=s2A

=Yri2 Y r@+2)+yrr? Y 1(a-2)

a=2(modr,) Ty as=-2(mod r;)
A<a=2A A<as2A

<<A1+e<z r;1/2+z r;1/2) < AT log 2A.
We also have
A —1/2 p 1+4e
1D |« 7| —+1)<r 1 2AM
r
Therefore A;, A,« A'* and the rest of the proof follows from Theorem 2.

3. Quadratic congruences. Let a and ¢ =1 be integers and let p(c, a) stand for the
number of incongruent solutions x(mod ¢) of

x2—ax+1=0 (mod ¢). 3.1
Our aim here is to evaluate p(c, a) on average with respect to a and c. We have
Y ol a)=¢() (3.2)
a(mod ¢)
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so trivially

Y plca)= d>ic)

l=a=A

The error term O(c) proves to be too big for our applications in mind. On applying A.
Weil’s bounds for character sums (see Lemma 8) we can reduce the error term to
O(c*?1(c)) which is still not satisfactory. In two papers [5], [6] sharper results were
established on average with respect to ¢ by means of D. Burgess’ inequality.

In this section we improve the result (25) of [6] by an appeal to the corollary to
Theorem 3.

THEOREM 5. Let A, C=1 and q=1, q squarefree. For any € >0 we have

BA,C;q)= ), Y ole qb(c)

1=c=C 2<a=A
¢=0(mod q)

& (AC)E{A5/6+q1/4A5/8+A1/3C1/6}E
q

the constant implied in < depending on ¢ alone.

Proof. Every ¢ can be uniquely factored as ¢ =kl where k is squarefree, 4] is
squareful and (k, 41)=1. For notational simplicity in the sequel we do not repeat these
properties of k and [, so the reader should keep them in mind to the end of the proof.
Since p(c, a) is multiplicative in ¢ and k is squarefree and odd we have

(e )=l )p(k @) =p(l ) ¥, (22).

blk b

For a parameter X to be chosen later we partition p(c, a) = pi{c, a) + p,(c, a) where

pilc,a)=p(La) Y <a2b—4>

bk, bl=X

and

palc,a)=p(la) % (a2—4>-

b |k, bl>X b

The first term p,(c, @) contributes to the main term. We have

Y olca)=Y X ol a)( )

2<a=<A blk 2<a=A
bl=X
2
a —4
-% T oean T (5
blk A@modl) 2<a=A b
bl=X a=A(mod )
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We evaluate the innermost sum by
LemMa 8. If b, I=1, (b, )= 1, b squarefree then

2_
Y (u> “(b)A+O(T(b)b1/2log 24).
2<a<A b bl

a=A(mod1l)

109

Proof. It follows in a standard way from A. Weil’s bounds for character sums,

precisely from (see [8])

=b¥27(b)

L)

and that for h =0 the sum is equal to w(b).

By Lemma 8 and (3.2) we further infer

L olea=aP T uewt+ 0w acy)

2<<a=A blk

bl=X
b (c) s
—"—C—A-*-O{( +({IX) ! )(AC) }
Hence

B1= Z Z pi(c, a)—M |

1=c=C 2<a=A

c=0(mod q)

<(AC)E Y {AXT'+(IX)VR

kl—%l(i(o:dq)

«(AC)C) >+ (l {lAX‘1+(lX)”2}

l=C

& (Ac)e{Acl/2x—l+X1/2} g
q

Now it remains to estimate

RBa= Z Z p2(c, a)|.
l=c=C 2<a=A
c=0(mod q)}

(3.3)

3.4

Let L =1 be a parameter to be chosen later. We split up the summation over c into two

sums
B= ) Y pakla)
kl=Cl=L 2<a=A
ki=0(mod q)
and
Ba= L, Y palkl, ).
kl=Cl>L WR2<a=A
ki=0(mod q)
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First we estimate %, by essentially elementary means. We have |p,(kl, 0)|=<

p(l, a)r(k) and Z 0« LD (l q) Cive,
k=C/l
- k=0(mod g/(l, q))
cnce

Clte l
Bak Z ba) Z
4 rL<=c l 2<asA
Since ! is squareful the smallest n such that I|n? satisfies [Y>=n=<[** Moreover
p(l,a)=p(n? a)«(a®-4,n%)"?n", so

B« q_lC”E Z (n, q)n—4’3 z (a2—4, nz)uz

L'2<n=C34 2<a=<A
K q 'CYELTYeA, (3.5)

This bound is admissible for L = A.
Now it remains to estimate %B,. Letting v(c) be the sign of the innermost sum we

obtain a?—
Bs= 2o, vkl Y pla) X (——4)

ki=Cl<L 2<a=A blk b
ki=0(mod q) b>X]/l

Then writing k = br we get by Cauchy’s inequality

Y T oeta) X v(brz)(“zb“ Y

rl=C 2<asA X/l<b<<C/lr
I<L,yr<C/X . brl=0(mod q)
2_4 231/2
ST {40 2 | T voanor a2 (3.6)
n=C 2<a=A I1B,<b=B, b

l<L,r<C/X

where B, = X(rl, q)/lq, B,= C(tl, q)/lq and

A= Y p2(1,a)52;3 Y 0%, a).

2<a=A a(mod 1)
For any ¢=1 we have

Y pc,a)=#{x, y(mod c); (xy, ¢) =1, (x— y)(xy + 1) =0(mod c)}« c'**.
a(mod ¢)
Therefore
A« Al*e, 3.7
By (3.6), (3.7) and Theorem 3 we obtain

B <(AC) L L {AS"‘CI’Z((”’—‘*))I/2+A5/6CM}

<L r<C/X riq tlq
<(AC) ¥ {AS"‘CX‘”Z(—(L q)>1/2+A5’6C ¢ q)}
(<L lq lq
& (AC)E{A5/4CX_1/2q_l/2+AS/GCq_l}. (3.8)

https://doi.org/10.1017/5001708950000611X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950000611X

CHARACTER SUMS AND SMALL EIGENVALUES FOR TI'y(p) 111
Combining (3.4)-(3.8) we obtain
B(A, C; q)< (ACY{AS +q A X124 X124 ACY2X 1} €
q

for any X>0. On putting X = q"2A%*+ A?3C"* we complete the proof.
By partial summation we infer from Theorem 5 the following
COROLLARY. Let 0<a =1, ¢=0, q=1, q squarefree and C=1. We then have

|5 detea-2)

1=c=C lal=ac c
cmO(mod q)

«(1+ a§){<§)”2 +(@C)*"®+ gV aC)*8 + (aC)”sC”G} % . (3.9

ReEMARK. We included the terms with |a|=<2 using trivial bounds p(qco, a)<
cdP(co, 9)V*(qco)® for q squarefree.

4. Estimates for sums of Kloosterman sums. In this section we apply the corollary
to Theorem 5 to estimate sums of Kloosterman sums &(n, n; ¢) over moduli ¢ =0 (mod q)
as well as over the coeflicients n. It is the latter parameter which yields an extra saving
compared to the Weil upper bound (1.3). By contrast the conjecture of Y. V. Linnik [7]
and A. Selberg [9] predicts a cancellation of terms $(m, n; c¢) in sums over the moduli c.
In fact the analogue of the Linnik-Selberg conjecture, namely the following statement

Y g(f).ﬁ/’(m, n;c)< Xt

c=0(mod q)

for a smooth function g(¢) compactly supported in R*, and any X =1 is equivalent to the
eigenvalue conjecture (1.1).
We first prove the following general result.

THEOREM 6. Let fo(£) be a smooth function supported in [1,2], N=1, C=4N,q=1,q
squarefree. Put f(n)= fo(n/N). We then have

s 5/8 13 i+e
z LB ()9 e e
C<c=2C q N N N q

cwm0(mod q)

Proof. We have

2 )P, n;c)

n

Pnn;c)= Y, e(? n)p(c, a).

a(mod ¢)
By Poisson’s formula

St ie+)

Suppose that la/c|=3, then

f(h +§)« (WN)2 it h#0
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and

f(g><<N‘2 if |a/c|za=N°"""
c
Hence

L fogtnnie)= 1@ T o(2e)otc ) de+owen.
laj<ac C
Now, by (3.9) our sum is equal to

[r© T d24)a

lal=ac

C\1/2 (C>5/6 1/4(c>5/8 (C)I/B Ve ’ C } (CN)]+E)
+ — — — — +— .
O({(q> "\~ TT\N) \N) TR T

Here, the innermost sum is equal to

e(aé)—e(—af)
e(¢c)—-1

Notice that &c¢=<2N/C =<3 and ¢ = N*. Therefore integrating over ¢ yields

jf(g) )) (C )df:

lal=ac

Z ¢(C)

C<c=2c C
c=0(mod q)

+0(1).

<« N.

Gathering the above results together we complete the proof.
From Theorem 6 it is easy to deduce the following

COROLLARY. Let g(£€) be a smooth function supported in (1, 2]. For q=1, q squarefree
and X =2q we have

1

- Z l exp(—%)g(-k; X)g’(n, n;c)

c=0(modg) ¢ n 1

& (X5/6+ q1/4x5/8) _)_;_E’

the constant implied in < depending on g(&¢) and e at most.
Proof. The partial sum with ¢ <C,; =X*? by Weil’s upper bound (1.3) is
Z « q—lX2/3+e

c=C,
and the partial sum with ¢ > C,=gXlog X by the trivial estimate |$(n, n;c)|<c is
1
=— Z Z exp(— n)<<——
e>C; 4 c>XlogX nX>c

We split the remaining range of summation over ¢ into « log X subintervals of the type
(C,v2C) with C;<C=C,. For each of the resulting sums separately Theorem 6 is
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applicable with N= C/4wX and

- 2=

giving
1 1 4
g Z _exp(—£>g(—’n‘—'nx)y(n, n; C)
c<c=2c C 50 q ¢
cmO(mod q)
« {(g)lﬂ +X5/6+q1/4Xs/8+X1/3cl/6 +£} g .
a Cla

Gathering the above results together we complete the proof.

5. Lower bounds for Fourier coefficients of cusp forms. We shall show a prototype
of (1.9). Our method is so special that it requires q be prime. Thus I',(q) has two
inequivalent cusps « and 0. Let u;(z) be a Maass cusp form whose Fourier expansions at
a=0 and a = are given by (1.7). Put

3

0= ; S CXP( —3) Ipio(")lz

C

and

Cjoo= ; % exp(—n) |p(n) .
THEOREM 7. If A; is an exceptional eigenvalue then
C = Ciot = V3.
Proof. This result is Lemma 3 of [6]. Let P(Y) stand for the euclidean strip
P(Y)={z=x+iy;|x|=3,y= Y}
One can find positive numbers Y, such that

FcU o.P(Y)). (5.1)
Hence and by the Fourier expansions (1.7) we obtain

= L lu;(z)? dzsz I e |u,-(z)|2 dz
n) j

a “P(Y,)

uofdz=25 Lo | KimY

27nY,

because pj(n) = p,.(—n). We have 0<if; <3, so

® dy 'nj 2 dy R
_.< Yy _Z
j ll,(y) J /2(y y 2 A € y2_2 A .
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This yields

=1
) =l Y —exp(—4mnY,) p(n)P=2. (5.2)
a Ya 1 n

YN
0 -V q) satisfy (1.6) and that Y.=+3/2 and
vq 0

Y,=+/3/2q satisfy (5.1) completing the proof of Theorem 7.

1 0
Now notice that o= (0 1) and o, =<

6. Proof of the density theorem. We begin by applying Kuznetsov’s formula for the
Hecke group I'=T(q), see [1]. Let {y;(z)} be the orthonormal basis of Maass cusp forms
whose Fourier expansions at a cusp a are given by (1.7). Let E(z, s) be the Eisenstein
series associated with the cusp ¢ whose Fourier expansion at a is given by

E(o0,z, s) = constant term +Vy Z Pean 8)K 127 1| y)e(nx).

n#0

Let {¥; (2)};<j<e, be an orthonormal basis of the space IMT) of holomorphic cusp forms
of weight k whose Fourier expansion at a is given by

Ui (0,2) = j(00, 2)* X Uyela, n)e(nz).

Let f(x) be a smooth function supported in (0, ). Define

F0=5a | D)= Ll 5

25h

f(k)=[0 R0 S,

Vo= 3 {ft) )l
0<)\<1/4
Via,n)= . ];l(t) lpia(n)?,
A21/4
k-1
Vaa, ”)—Zkz i*f(k-1) ( )) Y |, )P,
even 1=<j=6,

Voo m=— T [ 70 un it i s

9= T Lgumnmsof(*2).

Here %,,(n, n;c) is the generalized Kloosterman sum. In case of I'=T4(g), a=0 or » we
have ¢=0 (mod q) and the Kloosterman sums %,,(n, n; ¢) coincide with the classical ones
F(n,n;c).
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The sum formula of Kuznetsov says that

3
Z Vi(a, n) = %(a, n). (6.1)

i=0

We take f(x)= g(xX) where g(£) is a smooth function whose graph is
1 V2

and X =2q. We have f(k— 1)« k™2 and for real t, f‘(t) « (t2+ 1) 'log X. This together with
Theorem 2 of Deshouillers and Iwaniec [1] shows that the series Vi(a, n) with i=1, 2, 3
converges rapidly and that

Vi(a, n)< (1+f)(nX)ﬂ, i=1,2,3. (6.2)
q
Hence by (6.1)
n e
Vola, n)=F(a, n)+ O((1+a—)(nX) ) (6.3)

Multiply both sides of (6.3) by

gexp(—ﬁ> it a=0
q

n
and by

1
—exp(—n) if a=o
n

and sum over n=1,2,..., and a =0, = getting (see Theorem 7)

fw) _§ ﬂexp(_g)y(o, n)

oan<ys Chwt Tn

- 1
+Z —exp(—n)P(«, n)
T n
+0(gX*®)
& (X4 gV X+ gX®),

the last inequality following from the Corollary to Theorem 6.
On the left hand side the arguments ¢ of f(f;) are purely imaginary. Using the
power series expansion of the Bessel functions Jy;, (x) we deduce that

f(‘i) » X2 = x2s~12)
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Combining this with (6.4) and Theorem 6 we conclude that

Z )('2(sl.~1/2)<< (X5/6+q1/4x5/8+q)Xs

1/2<s<1

Putting X =q°° we complete the proof.
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