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Abstract

Given I'-rings N, and N, , a construction similar to the Everett sum of rings to find all possible
extensions of N, by N, is given. Unlike the case of rings, it is not possible to find for any
I'-ring M an ideal extension that has a unity. Furthermore, contrary to the ring case, a I'-ring
with unity can not be characterized as a I'-ring which is a direct summand in every extension
thereof.

1991 Mathematics subject classification (Amer. Math. Soc.): 16 Y 99.

1. Introduction

The extension problem is a central one in the study of a specific algebraic
structure. It is our purpose here to give a solution to this problem for I'-rings.
I'-rings were introduced by Nobusawa [5] to provide an algebraic home for the
groups Hom (4, B) and Hom (B, A) (where 4 and B are abelian groups)
and the relationship between them. Since its inception, I'-rings have received
much attention, see our references and their references, (for example, Booth
and Groenewald [2] and Kyuno [4]).

An extension E of a I'-ring M by a I'-ring N isa I'-ring E satisfying
the following conditions: (i) M is isomorphic to an ideal I of E and (ii)
E/I is isomorphic to N. An extension E of M by N will be denoted by
a triple (f, E, g) where f is the I'-ring isomorphism mapping M onto
the ideal 7 of E and g is the I'-ring homomorphism from E onto N
with M (or its isomorphic image / in E) as its kernel. The functions f
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and g will be referred to as the functions associated with the extension. In
most cases we identify M with I and N with E/I. The solutions for the
corresponding problem for groups and rings were given by Schreir [8] and
Everett [3] respectively (but see also Rédei [7] for an account of both).

As a generalization of rings, it can be expected that the solution of the
extension problem for I'-rings should be along the lines of the ring case.
Using the ideas of Petrich [6], who reformulated the ring extension theorem
in terms of what he calls the translational hull of a ring this is to an extent
the case. But there are some striking differences as well. In Section 2, the
translational hull of a I'-ring is described. This is then used in Section 3 to
construct extensions of I'-rings. The solution to the extension problem for
I'-rings as well as criteria for the equivalence of extensions are given. Using
the concepts of double homothetisms and holomorphs developed in Sections
4 and 5, a discussion on extensions of I'-rings to I'-rings with unity is given
in Section 6. The main result here is that, unlike the case for rings, it is not
possible to embed any I'-ring as an ideal in a I'-ring with unity. Furthermore,
contrary to the ring case, where a ring with an identity can be characterized
as a ring which is a direct summand in every extension thereof, an example
is given to show that this is not the case for I'-rings.

2. Translational hull of a I'-ring

I'-rings as a generalization of rings were first defined by Nobusawa [3].
The definition that we will use is the somewhat weaker one due to Barnes
[1]. In the sequel M denotes a I'-ring. We now introduce the translational
hull of M along the lines of the ring case (cf. Petrich [6]).

DeFINITION 2.1. Let &(M) = {p: T — End(M *)|p is a group homomor-
phism} .

(1) If r € &(M) then r is a left translation of M (in which case the
argument is written on the right and 7(y) is denoted by r, ) if

r,(mum,) = (r,(m,))um, forallm, ,m,eM,y, pel.

(2) If ¢ € &(M) then q is a right translation of M, (in which case the

argument is written on the left and (y)g is denoted by yq) if
(myum,),q = mu((m,),q) forallm, ,myeM,y,pel.

(3) A pair p=(r, q) € &M) x &(M) is called a bitranslation of M if r
is a left translation, ¢ is a right translation and forany m,, m, e M, y, u €
r m,y(r,(m,)) = ((m,),q)um, , in which case (r, q) is said to be linked.

A bitranslation p will be considered as a double operator with p(y) =
p,=r,and (y)p=,p= 4.
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THEOREM 2.2. Let M be a I'-ring. Both the sets &,(M) and & (M) of
all the left and right translations of M respectively are T -rings.

PrOOF. Let &,(M) = {p € &(M)|p is a left translation} . The set &,(M)
is not empty, cf. Example 2.5. Define addition on &,(M) by '+ pz)y =
p; +p: for all pl,p2 € &(M) and any y € I'. Then &, (M) is an
abelian group with zero element O defined by 0,(m) = 0 and the addi-
tive inverse —p of p € £,(M), defined by (—p)y(m) = —py(m). Define the
map (-, —, =): & (M)xT'x&,(M) — &,(M) by (p'yp’), = p, op, forall
p1 s p2 €&, (M),y,uel, where o is the usual composition of functions.

This mapping is well defined and straightforward calculations will confirm
that &,(M) is a I'-ring with respect to the operations defined above. By

defining, for any ql , q2 €&.(M) and yeT, quq2 to be the right transla-
tion given by A(ql,lqz) = Aql ) J,qz for all A €I, we can show similarly that
& (M) is a T-ring.

DEFINITION 2.3. The set &,(M) of all bitranslations of M is called the
translational hull of M .

THEOREM 2.4. The translational hull &,(M) of a T -ring M is a T-ring
with respect to the operations defined by (p +4q), = p, +4,,,(p+q) =
P+,4, (p74), =p,0q; and ,(pyq) = ;po,q forall p,qe &(M), v, 4, €T.

ProOF. The set &,(M) is not empty (cf. Example 2.5) and &,(M) is an
abelian group: We only show &,(M) is closed under addition: Let p, g €
&EWM). If p= (rl,sl) and g = (r2, s2), then p+4g = (r1 +r7, s +s2).
Theorem 2.2 yields that r' +r* and s' +5° are left and right translations

respectively. To see that p+q € & (M), let m;,m, € M and y,p€eT.
Then

m,u(p + 9),(my)) = m p(p,(my)) + m (g, (ms))
= ((ml)”p)ymz + ((ml)ﬂq)ymz
=((m,), (P +q))ym,.

Thus p + ¢ is linked and so p + g € &,(M).

Define the map (—, —, —): &(M) x T x &(M) — &(M) by (pyq); =
p,oq, and ,(pyq) = ,po.q. Let p,g € &M). If p = (r',s') and
qg= (r2 , s2) , then pyg = (rlyr2 , slysz) where rlyr2 and slys2 are defined
by (rlyrz)l = 4; orf and l(slysz) = Asl oysz. Then r'yr* € &(M) and
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s'yst e & (M) (from Theorem 2.2). Forany m ,m,e M, A, ueT,

m,u((pyq),(m,)) = mu(p,(4,(m,))) = ((m,),p)r(q;(m,))
and
((m,) (0ra))ymy = ((m)) p),@)Amy = ((m,) P)¥(d;(my).
Hence pyq is linked so that pyq € &,(M). The rest of the proof that

&,(M) is a I'-ring follows directly from the proofs that &,(M) and & (M)
are I'-rings.

The I-ring &,(M) will be used in Section 3 to construct extensions of
I-rings, while &,(M) and &, (M) are of good use when considering I'-ring
extensions with unity (cf. Section 6). The next example shows that &,(M)
(and also &,(M) and & (M)) is not empty for any I'-ring M .

EXAMPLE 2.5. Any m € M determines a bitranslation of M as follows:
Define p™: T — End(M") and ¢™:T — End(M") by p”(y) = p;’ and
()g" = yq'" where p;”(n) = myn and (n)yq’" =nym forall m,ne M
and y € I'. It is clear that p™ is a left translation and g™ is a right transla-
tion of M . The pair (p™, q™) is linked; hence (p™, ¢™) is a bitranslation
of M which we will denote by [m] = (p™, ¢™).

DEerFINITION 2.6. The bitranslation [m] constructed in Example 2.5 is
called the inner bitranslation of M induced by m. The set of all inner bi-
translations of M will be denoted by ¥ (M).

The inner bitranslations play an important role in the theory of I'-rings
with unities (cf. Sections 4 and 6).

DEFINITION 2.7. (i) Two bitranslations p and g of M are amicable if
forany y, uel and me M

p,(m),4) = (p,(m)),q and g,((m),p) = (a,(m)),p-

(ii) An amicable set of bitranslations of M is a set of bitranslations of M
for which all the elements are pairwise amicable.

THEOREM 2.8. .# (M) is a set of amicable bitranslations of M and .7 (M)
is an ideal of the T -ring &,(M) of bitranslations of M .

ProoF. It is straightforward to verify that .7 (M ) is an ideal of &,(M).
Any two elements of .# (M) are amicable: Let [n,], [n,] € #(M). Then
forany me M, y,uel:

[nlly((m),,[nzl) = nly(mﬂnz) = (nlym)ﬂnz = ([nlly(m))”[nzl and
[1,), () [, ]) = nyp(mpn,) = (nyym)un, = ([n,], (m)),[n,].
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3. Extensions of I'-rings

A T'-ring can be considered as an Q-group. As such we immediately have
at our disposal the concepts homomorphism, isomorphism, kernel and the
isomorphism theorems. The following construction will show, given I'-rings
M and N, how an extension of M by N can be constructed. Recall, for
m € M, [m] is the inner bitranslation of M induced by m.

CONSTRUCTION 3.1. Let M and N be two I'-rings. Let (p, F, G) be a
triple of functions with p: N — &,(M) denoting p(n) by p"e&M),F: N
xN—> M and g: N xI' x N - M satisfying the following conditions for
all n,n,,n,,n, €N and y,uerl:

(E1) F(n,0)=F(0,n)=G(0,7,n)=G(n,y,0)=0; p°=[0];

(E2) p™ is amicable with p™;

(E3) p" +p™ —p"™ = [F(n,, n)];

(E4) p"yp™ - p™" =[G(n,, 7, m)];

(E5) F(n,,n,)=F(n,,n));

(E6) F(n,,n))+F(n +n,,n)=F(n,n,+n3)+F(n,,n,);

(E7) G(nlynz’ Q, n3) - G(nl s V> Ny, .un3) = p;l(G(nz » M n3))

—(G(n] > Vs nz))upn3 >
(E8) G(n,,y,n)+G(n,,y,n)—G(n +n,,y,ny)=(F(n,, nz))yp"3 -
F(nyyny, nyyn,);
(E9) G(n,7,n)+G(n,,y,n)—G(n,, vy, n,+ny) =p;"(F(n2, n,)) -
F(n,yn,, n,yny);
(E10) G(ny,y+u,ny)=G(n,,7,n)+G(n,, u,ny)+F(nyn,, nun,).
Let E = N x M with addition defined on E by

(ny, m)+(n,, my) =(n, +n,y, F(n,, n,) + m, + m,)
and a mapping (—, —, —): E xI'x E — E defined by
(ny, my)p(ny, my) = (nyyny, G(ny, ¥, ny) +py'(my) + (my),p" + m ym,).
Define the functions:

S:M—E by f(m)=(0,m) forallmeM and
g8:E—-N byg(n,m)=n forall (n,m)eE.

DEeFINITION 3.2. The triple (f, E, g) of Construction 3.1 is denoted by
E(p, F, G) and is called an E-sum of the I'-rings N and M.

THEOREM 3.3. The E-sum E(p, F, G) of the T'-rings N and M is an
extension of M by N.
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Proor. Using conditions (E1), (ES) and (E6), it can be verified that E is
an abelian group with zero element (0, 0) and —(n, m) = (—n, —F(n, —n)
~m). E isa I'ring: Let (n,, m,), (n,, my),(n;,my) € E,y,pn€l.
Then

@) ((ny, m) + (ny, my))y(ny, my)

= ((n, + ny)yny, G(n, +n,, 7, ny) +p"'+"2(m3)
+(F(ny, ny) +my +my).p™ + (F(ng, n,) + m, +my)ym;)

= (n,yny + nyyns, G(n, +n,, y, ny) +p;"(m3) +p,*(m,)
- [F(nl s nz)]y(m3)
+(F(ny, n,)),p"™ + (m),p"™ + (m,),p™ + F(n,, n,)ym,
+m,ym; + m,ym,) (Condition (E3))

= (nyyny +nyyn,, F(nyny, nyyny) + G(n,, 7, ny)
+G(ny, ¥, 1) +p, (m3) + p,2(m3) + (m,),p"™ + (my) p™
+ m ym, + m,ym,) (Condition (E8))

= (n;, m)y(ny, my) +(n,, my)y(n;, my).

() (ng, m)(y + pu)(ny, my)
= (n,yn, + n,un,, F(n,yn,, nun,) + G(n, 7, n,)
+G(ny, 1, ny) +py' (my)
+ D (my) + (m),p™ + (m) ™ + m ymy + m um,)
(Condition (E10))

= (n1 ’ m[)y(nz » mz) + (nl » ml).u(nz s mz) .

(iii) (nys m)y((ny, my) + (ny, my))
= (n,, m)y(n,, my) +(n,, m)y(ny, my)

is similar to (i) using conditions (E3) and (E9).

(iv) (1), m)y((ny, my)u(ny, my))
= (nyy(nyuny), G(ny, v, nyuny) + p;' (G(ny, , n3) +p,2(my)
+ (mz)”p"3 + myum,)
+(my),p" uny + my(G(ny, 1, n3) +p,2(ms)
+(my) p™ + myum,))
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= ((n,yn)uny, G(n,, v, nyuns) + p) (G(ny, 1, n3)) +p,' (p,2(my))
+ 0, ((m,),p") + ;" (myums) + (m,), (0" up™)
— (m)),[G(ny, ., 1)1+ m,yG(ny, u, ny) + myyp,*(my)
+ mly((mz)#p"’) + m,y(myum,)) (Condition (E4))
= ((n,yny)uny, G(ny, v, nyuny) + p) (G(ny s 1, 1))
+ (" yp™) (m3) + p) ((m,) ™), by (myums)
+((m),p;2 =, P —myG(ny, u, n3)
+myG(ny, p, ny) + myyp,r(ms) +my((m,) p™)
+ m,y(myum,))
= ((nny)uny. Gnypny, o m) + (G, 7. 1,)) 0™ + P07 (my)
16, 7, m), (m3) + (5] ()™ + (B (m,) ),
+((m)),p") 0" + (m,), p"umy + (m ym,) p"
+ (m,;ym,)um,) (Conditions (E7), (E4) and (E2))
= ((nyym)uny, G(nyyny, u, n3) +p,""(my) +(G(n, , 7, ny)) p"
+ (9, (my)) 0" + ((my),p"™) 0™ + (m,ym,) p™
+G(n,, 7, ny)um,
+ (0 (my))umy + (my) p" umy + (m ym,)um,
= ((ny, m)y(ny, my))u(n,, my).

Let I = {(0, m){m € M}. Then I «M and the function f: M — E
defined by f(m) = (0, m) forall m € M is a I'-ring isomorphism from M
onto the ideal I of E. Furthermore, g: E — N defined by g(n, m)=n
for all (n, m) € E is a surjective I'-ring homomorphism with ker(g) =1.
Thus E/M = N and E(p, F, G) is an extension of M by N.

DEFINITION 3.4. Two extensions (f, E, g) and (f', E', g') of a I'-ring
M bya I'-ring N are equivalent if there exists a I'-ring isomorphism 4: E —
E' such that the following diagram commutes:

f’l/lg

The next construction shows how an E-sum equivalent to a given extension
of M by N can be found.
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CONSTRUCTION 3.5. Let 4 be an extension of a I'-ring M by a I'-ring
N, with M a4 and A/M = N. The elements of N will be regarded as
cosets determined by M in 4. Let k: N — A4 be a function on N with
k(n) € n such that g o k is the identity function on N where g is the
natural homomorphism of 4 onto N = A/M , subject to k(0) = 0. Define
the following functions:

(i) p: N — &(M), we write n+— p", by p](m) = k(n)ym and (m),p" =
myk(n) forany m € M and y €. In a sense p" can be regarded as the
restriction of [k(n)] to M ; hence we sometimes write p”" = [k(n)]|M .

(ii) F: NxN — M by F(n,, n,) = k(n)+k(n,)—k(n,+n,) foralln,,
n,€N.

(iii) G: NxI'x N — M by G(n,, v, n,) = k(n,)yk(n,)—k(n,yn,) for all
n,n€N,yel.

THEOREM 3.6. The functions p, F and G of Construction 3.5 satisfy the
conditions of Construction 3.1 to be an E -sum E = E(p, F,G) of N and
M . Furthermore, the extension A is equivalent to the E -sum by the equiva-
lence isomorphism [: A — E defined by

l(a)=(g(a),a—-k(g(a))) forallac A.

ProOF. To see that p, F and G are well defined we observe that:
(i) n € N = k(n) € A = [k(n)] € &,(A) and thus [k(n)]|M € &(M),
since M aA.

(ii) g(k(n,) + k(ny) — k(n; + n,)) = g(k(n,)) + g(k(n,)) — g(k(n, + n,))
=n,+n,—(n +n,)=0,
that is, k(n,) + k(n,) —k(n, +n,) € ker(g) =M forany n,,n, e N.
(iii) g(k(n,)vk(ny) — k(n yn,)) = g(k(n))yg(k(ny)) — g(k(n yn,))
=nyn,—n;yn, =0,

that is, k(n,)yk(n,) — k(n,yn,) € ker(g)=M forany n,,n,e N,yerl.
Forany n,n ,n,,n, € N, y,p € I', m € M, the conditions of Con-
struction 3.1 are satisfied (using the definitions of p, F and G in Construc-
tion 3.5):
(E1) Follows directly from the definitions.

(E2) p,'((m),p") = k(n,)y(mpk(ny)) = (k(n,)ym)uk(n,)
= (p,"(m)) p"™;
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(E3) p™ +p" —p"""™ = [k(n))] + [k(n,)] - [k(n, + )]
= [k(nl) + k(nz) - k(nl + ”2)] = [F(nl ’ ”2)];

(E4) pn, yp"z _pnlynz = [k(nl)]y[k(nz)] - [k(nlynz)]
= [k(n))yk(ny) — k(nyyn,)1=[G(n, v, n,y)l;

(ES) F(n,, n,) = k(n))+k(n,) — k(n, +n,)
=k(n,) +k(n,)—k(n,+n,)=F(n,, n));

(E6)

F(n,, ny)+ F(n, +n,, n;)
= k(n,) + k(n,) — k(n, + ny) + k(n, + ny) + k(ny) — k((n; + n,) + n,
=k(n,)+k(n, + ny) —k(n, + (n, + ny)) + k(n,) + k(ny) — k(n, + n,)
=F(n,, n, +ny)+ F(n,, n;);

(E7)
G(n,yn,, u, ny) —G(n,, v, nyung
= k(n,yny)uk(ny) — k(n)y(k(nyyny) + k(n,)y(k(ny) uk(n,))
— (k(n)vk(n,))pk(ny)
= k(n,)y(k(ny)uk(ny) — k(nyuny)) — (k(n,)vk(ny) — k(n yn,))uk(n,)
= [k(n)]1,(G(ny, u, ny)) = (G(ny, 7, ny)),[k(n,)]
=P} Gy, s 1)) = (G(ny, 7, 1)), p™

(E8) G(n,, v, ny)+G(n,, y, n)—G(n, +n,, 7, n,)
= (k(nl) + k(nz) - k(n| + nz))yk(n3) - (k(n17n3) + k(n27n3)
—k(n,yny +n,yn,))
= (F(ny, ny)),[k(ny)] = F(n,yny, nyyns)
= (F(n;, ny),p™ — F(nyny, nyyn,);

(E9) G(n,y,n)+G(n,y,n)—G(n, v, n,+ny)
= p;" (F(ny, ny)) — F(n,yn,, n,yn,).
As in (E8),
(E10) (G(n), v+ 1, ny) = G(n, 7, m) —G(n, u, n,)
= k(n,)yk(n,) + k(n,)uk(n,) — k(n,yn, + n un,) — k(n,)vk(n,)
+ k(n,yn,) — k(n)uk(n,) + k(n,un,)
= k(n,yny) + k(n,un,) — k(n,yn, + n,un,) = F(n,yn,, n un,).
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Thus E = E(p, F, G) is an E-sum of N and M with associated func-
tions f:M - NxM and g': Nx M — N with f(m) = (0, m) for
all me M and g'(n,m) =n forall (n,m) € Nx M. From Theorem
3.3, E(p, F, G) is an extension of M by N. The mapping / is a I'-ring
isomorphism: [/ is well defined since a € 4 = g(a) € N = k(g(a)) € A and

gla—k(g(a)) = g(a)—g(k(g(a))) = g(a)—g(a) = 0. Thus a—k(g(a+M)) €
ker(g) =M forany ac A. Let a,,a, € E, y €T, then

l(a,) +l(a,)
= (8(a,) + 2(ay), F(2(ay), 8(ay)) +a, - k(g(a))) +a, - k(g(a,)))
= (g(a, +a,), k(g(a,)) + k(g(ay)) - k(g(a,) + g(a,))
+a, —k(g(a,)) +a, —k(g(a,))
=(gla, +a,)),a, +a,—k(g(a, +a,)) =l(a+a,) and
la,)yl(a,) = (g(a))v8(a,), G(g(a,), 7, &(ay))
+ 05 (@, - k(g(a,))) + (a, - k(g(a,))),p*"?
+(a; —kg(a)))y(a, — k(g(ay)))
= (g(a,va,), k(g(a,))vk(g(a,)) — k(g(a))vg(a,) + k(g(a|))ra,
— k(g(a,)))vk(g(a,)) + a,vk(g(a,)) — k(g(a,))rk(g(a,))
+a,7a, — a,7k(g(a,)) + k(g(a,))rk(g(a,))
= (g(a,va,), ayya, — k(g(a,ya,)))
= l(a,ya,).
It is straightforward to verify that / is a bijection. Lastly, consider the

diagram
fJ l / l -4

where i: M — A is the inclusion. If me M, then (/oi)(m) =1Im) =
(g(m+ M), m—k(g(m+ M)))=(g(M), m-k(g(M)))=(0, m—k(0)) =
(0,m)= fi(m). Thus loi=f.1If ac A4, then (g’ ol)(a) = g'(l(a)) =
g'(gla+M), a—k(g(a+M))) = g(a+M) = g(a). Thus g'ol = g. Hence the
diagram commutes, which shows that the extensions 4 and E = E(p, F, G)
are equivalent.

To conclude this section, we give necessary and sufficient conditions for
the equivalence of any two E-sums, thus also for any two extensions of a
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I'-ring M by a I'-ring N. In fact, we determine all equivalences between
two extensions of M by N.

THEOREM 3.7. Let E(p, F, G) and E'(p’, F', G') be any two E -sums
of the T'-rings N and M. Let k: N — M be any function with k(0) =0
satisfying the following conditions for any n,n,,n,e N,y €T

(I1) F'(n,, ny) — F(n,, n,) = k(n,) + k(ny) = k(n, +n,);

(12) G’(nl s Vs nz)—G(nl s Vs nz) = k(nl)}'k(nz)"k(nlynz)"'p;l(k(nz))+

(k(ny)),p™;

(13) (p)" -p" =[k(n)].

Then the function 1: E(p,F,G) — E'(p', F', G') defined by l(n, m) =
(n, m — k(n)) is an equivalence isomorphism. Conversely, every equivalence
isomorphism between two extensions of M by N s of this form for some
SJunction k satisfying the conditions (I1) to (13) above.

ProoF. It is clear that / is a bijection. We show [/ is a homomorphism:
If (n,,m),(ny,,my)€E,yeTl, then
I(n,, m)+1(n,, my)=(n +n,, F'(nl , ny) +my —k(n) +m, - k(n,))
=(n,+n,, F(n,, ny)) —k(n, +n,) +m; + m,)
(Condition (I1))
= I((nl » ml) + ("2 ’ mz))
and
I(ny, m)yl(ny, my) = (myyny, G'(ny, 7, ny) + )y (m, — k(ny))
+(m, — k(n))), (@)™
+(my — k(n,))y(m, — k(n,)))
= (nyyny, G'(ny, 7, 1)+ (0)y(my) — (0)y (k(ny))
+(m,),(0")"™ = (k(n)), ()"
+myym, — m yk(n,) — k(n,)ym, + k(n|)vk(n,))
= (nyyny, G(n,, v, n,) + k(n,)vk(n,) — k(n,yn,)
+p;ll (k(nz)) + (k(nl))yp"z +p;l(m2)
+Lk(n,)], (my)—pl (k(n)) Tk (n,)], (k(ny)+(m,) p™
+ (m,), [k(ny)] - (k(n,)),p™
= (k(n)),k(n)]+ myym, — myk(n,) — k(n,)ym,
+ f(n,)7f(n,) (Conditions (I12) and (I3))
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= (n,yny, G(ny, v, n,) — k(n,yn,) + py' (my)
+(m,),p"™ +m ym,)

=l(n,yn,y, G(n,, v, n,) +p;"(m2) + (ml)},p"2 +m ym,

=1l(n,, m)y(n,, m,)).

Consider the diagram

fl/lg

where f, g, f and g’ are the functions associated with the extensions E
and E’ respectively. If m € M, then (/o f)(m) = I(f(m)) = (0, m) =
(0, m — k(0)) = (0, m) = f (m) and, if (n, m) € E, then (g ol)(n, m) =
g((n,m)=g'(n, m—k(n)) = n=g(n, m). Thus the diagram commutes
and / is an equivalence isomorphism. Conversely, let /: E — E' be any
equivalence isomorphism between two extensions E and E of M and N.
If f,f,g and g’ are as before, the diagram

f‘l/lg

will commute. Thus g'(/(n, m)) = g(n, m) = n for any (n, m) € E. To
satisfy this, /(n, m) must be of the form (n, h(n, m)) where s is some
function from N x M into M. But I(f(m)) = f(m) for any m € M, that
is, /(0, m) = (0, m). Thus /(0, m) = (0, h(0, m)) so that h(0, m) =
Consequently, we have the existence of a function h: N x M — M satisfying
h(0, m) =m for all m € M. Define k: N - M by k(n) = —h(n, 0) for
all ne N. Then I(n, m)=1(0+n, F(0,n)+m+0)=1(0, m)+(n, 0)) =
(0, m)+I(n,0) = (0, h(0, m)) + (n, h(n, 0)) = (0, m) + (n, —k(n)) =
(n, m—k(n)). Hence [ is of the required form and it remains to be shown
that k satisfies conditions (I1) to (I3).

Iy  Un,, m)+1l(n,, my) =1((n,, m)+(n,, my))
= (n,+ny, F'(n,, ny) +m, —k(n))+m,— k(n,))
=(n, +ny, F(n,, n,)+m; +m,—k(n +n,))
= F'(n,, ny) — k(n,) = k(n,) = F(n,, ny) — k(n, + n,)
= F'(n1 » Ny) — F(ny, ny)) =k(n)+k(n,) — k(n, +n,)
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13)
(0, p;(m)) = (0, p, (m) — k(0)) = /(0, p;(m))
=1(ny0, G(n, 7, 0) + p;(m) + (0),170 +0ym) =I((n, 0)y(0, m))
=1(n, 0)1(0, m) = (n, 0—k(n))y(0, m — k(0)) = (n, —k(n))y(0, m)
= (n0, G'(n, v, 0) +p,"(m) + (=k(n)),p" — k(n)ym)
= (0, p,'(m) — [k(n)],(m)).
Thus p}(m) = p,"(m) — [k(n)),(m), that is, (p"”" — p"), = [k(n)), . Simi-
larly, ,(p" —p") = ,[k(n)]. Hence p" — p" = [k(n)].
(12) l(nl ’ ml)yl(nza mz) = l((nl ’ ml)y(nz’ mz))
= (n,7ny, G(ny, 7, ny) +p," (my — k(ny)) + (m; — k(n,)),p"™
+ (my — k(n)))y(m, — k(n,))
= (n,yn,, G(n,, v, n) +p,' (my) + (m) p"
+m,ym, — k(n,yn,))
= (n,yny, G (ny, 7, ny) +p,' (my) + k(n))ym, - p} (k(n,))
— k(ny)yk(ny) + (m,),p"™
+ m,yk(n,) — (k(n))),p"™ — k(n,)yk(n,) + m;ym, — m yk(n,)
- k(nl)ymz + k(nl)yk(nz))
= (n,yny, G(ny, 7, ny) +p, (m,) + (m) p"
+ m,ym, — k(n,yn,)) (using Condition (13))
= G'(n), 7, ny) = " (k(n,)) = (k(n,)),p"™ - k(n,)yk(n,)
=G(ny, v, ny) ~ k(n,yn,)
= G'(ny, 7, m) = Gny, v, n) = k(n,)vk(n,) - k(n,yn,)
+ 0 (k(ny)) + (k(n))),p™ .

ExAMPLE 3.8. Let M and N be any I'-rings. Define the functions F, G
and p for an extension of M by N by F(n , n,) = G(n,, 7, n,) =0 and
p" =[0] for any n, n,n, € N, ye€I'. Then the E-sum of N and M
defined by these functions is the same as the direct sum N & M of N and
M . Therefore, there always exists at least one extension of M by N. From
Theorem 3.7 it follows that any extension E of M by N will be equivalent
to N @ M iff there exists a function k: N - M with k(0) = 0 satisfying
forall n,n,,n,eN, yerl:

(i) F'(n,,n,) =k(n)+k(n,)—kn +n,);
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(i) G'(ny,7,n,)=k(n)yk(n,) —k(nyn,);

(i) p" =[k(n)].

DEFINITION 3.9. Let M and N be any I'-rings. An extension of M by
N for which F(n,,n,) = G(n,,y,n,) =0 forall n,,n, e N, yeTl,is
called a factor free extension of M by N and will be denoted by N#M .

4. Double homothetisms of a I'-ring

The double homothetism of a ring (cf. Rédei [7]) is an important tool in
the study of rings with identity. It is also of much use in the I'-ring case.

DEFINITION 4.1. A double homothetism p of a I'-ring M is a bitranslation
of M that is amicable with itself.

It is hard not to find double homothetisms of a I'-ring M : from Theorem
2.8 we have that the set .# (M) of all inner bitranslations of a I'-ring M isa
I'-ring of amicable double homothetisms of M . For this reason the elements
of # (M) will be called the inner double homothetisms of M .

The proof of the next result is a straightforward application of Zorn’s
Lemma:

THEOREM 4.2. Every set of amicable double homothetisms of a T -ring M
is contained in a maximal set of amicable double homothetisms of a P-ring
M.

THEOREM 4.3. The sub I'-ring of &,(M) generated by any set of amicable
double homothetisms of M is always a T -ring of amicable double homoth-
etisms of M .

PrOOF. Let 4 be a set of pair wise amicable bitranslations of M , and
let B be the sub I'-ring of &,(M) generated by A. Then B consists of all
sums of the form Y a,-% b,+3 ¢c,v4d;, a;, b;, c;, d;, € A. It can be proved
by straightforward calculation that the elements of B are pairwise amicable,
and hence are in particular double homothetism.

In view of the above result, any maximal set of amicable double homo-
thetisms of a I'-ring M must be a I'-ring and it will be called a maximal
I' -ring of amicable double homothetisms of M.

From Theorem 4.2 it follows that any set of amicable double homothetisms
of a P-ring M is contained in at least one maximal I'-ring of amicable
double homothetisms of M .
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THEOREM 4.4. For any I'-ring M, # (M) is contained in every maximal
I" -ring of amicable double homothetisms of M .

PrROOF. Let p be any double homothetism of M, [n]e F(M),me M
and y € I'. Then

p,((m) [n]) = p,(mun) = (p,(m))un = (p,(m)),[n] and
[n],((m),p) = ny((m) p) = (nym),p = ([n),(m)),p.
Thus [#]) and p are amicable. Hence if A4 is a maximal I'-ring of amicable
double homothetism of M, then AU .7 (M) is a set of amicable double
homothetisms of M. Let B be the sub I'ring of &,(M) generated by
AUZ (M). Then B is a I'-ring of amicable double homothetisms of M by

Theorem 4.3 and A C B. Hence A = B, by the maximality of 4, whence
F (M) C A, as required.

THEOREM 4.5. If P is any I -ring of amicable double homothetisms of
M, define the functions:
(1) Fr#x%P — M by F(p,,p,)=0 forall p,p, e,
(i) G: P xI'x P - M by G(p,,7,p,) =0 forall p,p,e P, yeTl
and
(iii) p: P - &(M) by p(p,) =p” =p, forall p e .
Then the triple (p, F, G) defines a factor free extension P#M of M by P .

Proor. Because every amicable double homothetism of M is a bitransla-
tion of M, p is well defined. The conditions of Construction 3.1 are clearly
satisfied.

The operations in the I'-ring #M of Theorem 4.5 are given, for all
Py, my), (p,, my)) €EP xM and y €T by:
(Pl ’ ml) + (pz, mz) = (Pl +Dy, m + mz) and
(1’1 > ml))’(Pz > mz) = (Pl)’pz, ply(mz) + (ml)ypz + mlymz) -

THEOREM 4.6. The inner double homothetisms of all the extensions of a
I'-ring M induce all the double homothetisms of M .

ProoOF. Let M be a I'-ring and let E be any extension of M . Let [a] €
F(E), then [a] = (p°, ¢”) where p® and ¢” is a left and a right translation
of E respectively, with p;'(b) = ayb and (b)ypa = bya forall be E. Let
me M. Then p;'(m) =aym e M and (m)yq“ = mya € M because M<E .
Hence the restrictions of both p® and ¢° to M, say p°|M and ¢°|M, are

https://doi.org/10.1017/51446788700031840 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031840

[16] Ideal extensions of I'-rings 383

left and right translations respectively of M and p = (p*|M, ¢°|M) is a
double homothetism of M .

Conversely, let p be any double homothetism of M. We show that
p is induced by an inner double homothetism of some extension of M .
Because any double homothetism is amicable with itself, {p} is a set of
amicable double homothetisms. From Theorem 4.2, p is an element of
some maximal I'-ring & of amicable double homothetisms. Form the fac-
tor free extension I'-ring P#M . Then (p,0) € P#M ; thus [(p, 0)] €
F(P#M) where [(p, 0)],(g, m) = (p, 0)y(¢, m) and (¢, m)[(p,0)] =
(g, m)y(p, 0). Consider [(p, 0)]|M and _[(p, 0)]|]M. We identify M
with the subset {(0, m)im € M} of P#M. Then [((p,0)1(0,m) =
(,0)y(0,m) = (0,p,(m)) and (0,m)[(p,0)] = (0, m)y(p,0)
0, (m)yp). Hence [(p, 0)],|M = p, and @5 0)]lM = ,p. Thus p is
induced by the inner double homothetism [(p, 0)] of F#M .

5. The holomorph of a I'-ring

DeFINITION 5.1. A sub I'-ring I of a I'-ring M is called characteristic
if it is invariant under any double homothetism of M, that is, if p is any
double homothetism of M, then p,( )SI and(I) pC1I forall yeT.

THEOREM 5.2. A sub T -ring I of a I'-ring M is characteristic iff it is an
ideal in every extension of M .

ProoF. Use definition 5.1 and Theorem 4.6.

If I is a characteristic sub I'-ringof M,ic I, me M, y € I', then
[m] € F (M), that is, iym = (i)y[m] € I and myi = [m]y(i) € I. Thus
IaM . Also, if I is a characteristic sub I'-ring of M and p is any double
homothetism of M , p will induce a double homothetism of I, since py(I ) C
I and (I)rp clI.

DEFINITION 5.3. A holomorph of a T'-ring M is a factor free extension
P#M of M by any maximal I'-ring & of amicable double homothetisms
of M.

THEOREM 5.4. The inner double homothetisms of all the holomorphs of a
I'-ring M induce all the double homothetisms of M .

PROOF. As in the proof of Theorem 4.6.
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THEOREM 5.5. A sub I'-ring of a T -ring M is characteristic iff it is an
ideal in all the homomorphs of M .

Proor. Follows directly from Definition 5.1 and Theorem 5.4.

6. Unities of I'-rings

Unities in I'-rings differ from unities in rings in the very important way
that they are not necessarily unique. Contrary to the ring case, we will show
that not every I'-ring can be embedded as an ideal in a I'-ring with unity. A
I-ring M has a left (right) unity if there exists elements e, ,e,,..., e, € M
and y,,7,,...,7, €I suchthat 3;_ e,;y;m=m(3;_, mye;, = m) for any
m € M. For examples see Kyuno [4]. It is possible for a I'-ring to have
more than one unity.

DEFINITION 6.1. A I'-ring M has a left (right) double homothetism unity if
there exist double homothetisms pl , p2 ,...,p of M and YisVas---s ¥ €
T" such that

s

s .
> p,(m)=m (Z(m)y_p' = m) forallme M.
i=1 i=1

A ring has a unity iff it has only inner double homothetisms (cf. Réidei
[7, p. 197]). The next theorem and the following examples show that this is
not the case for I'-rings.

THEOREM 6.2. A I'-ring has a left and a right unity iff it has a left and
right double homothetism unity and only inner double homothetisms.

PROOF. Assume M has a left and a right unity, that is, there exist ¢, e,,
., €M,y ,7,....,7,€land a,,a,,...,a, e M, A ,4,,...,4€
I" such that

s t
Y eym=m and Zmljaj=m forall me M.
i=1 =1

i=1"i
m forall m € M. Hence the double homothetisms [e|], [e,], ..., [e,] of M
and y,, 7,,..., 7, €I form a left double homothetism unity for M . Like-
wise the double homothetism [q|], [a,], ..., [a] of M and 4,,4,, ..., 4,

€ I' form a right double homothetism unity for M. Let p be any double

Foreach i=1,2,...,s, [¢]€ F (M) and 3°_le;], (m) =T, e7;m =
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homothetism of M, me M, ueI'. Then

Zey Z( , PIHm = (Z(ei)yip> um
i=1
= [Z(é’i)yil’] (m).
u

i=1
Also,

(m),p =Y ((m),p)ia;= Zmu(pl a;)) = my (Zm a; ))

Jj=1 j=1

t
= (m), [Zp%_(a,)] :
j=1

We now show that EL;(“);.P = 25.:1 p; (@)

Z (€),P = Z (Z )A a. = Zieiri(pyj(aj))

i=1 i=1 j=1

Hence p is the inner double homothetism of M induced by ¥;_(e,), p =
E;‘=1 p; (a;). Therefore, M has only inner double homothetisms. Con-
J

versely, suppose M has only inner double homothetisms and M has a left
and a right double homothetism unity. Let pl , p2 yees p’ be the double
homothetisms and 7,, 7,, ..., 7, €I' for which ZLI p;‘_(m) = m. Because
M has only inner double homothetisms, there exists ¢, e,,...,e, € M
such that p' = [e;]. Similarly, if ql , q2, ..., q" and Aysdy, ..., A €l isa
right double homothetism unity of M there exists a,, a,, ..., @, € M such
that ¢’ = [a,]. If me M, then

Senm=3lel, (m) =3 ol (m)=m and
=1 i=1 i=1

t t ‘ '
>_mi;a; = Z(’")A,[a,-] =) (m),ljp’ =m.
=l J=t j=1
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Thus ¢,,e,,...,e,€ M and 7,,7,,...,7, €T form a left unity of M,
while a,,a,,...,a,€ M and A, Ay, ..., 4, €T form aright unity of M.

The next two examples will show that the two conditions required in The-
orem 6.2 are independent.

EXAMPLE 6.3. Let M =Z, = {0, 1} and I' = {y} = Z, = {0}. Define
the mapping (—, —, —=): M xI'x M - M by m;ym, =0 forall m,, m, €
M,y eT. Then M is a I'ring. End(M") = {f;, f;}, where fy(m) =0
and fi(m) = m for all m € M. Then &(M) = {p,} where py(y) = f,
for all ¥ € I'. It follows that M has only one double homothetism p with
p,(m)=(m)p =0 forany me M, y € I'. Moreover, p is the inner
double homothetism induced by both 0 and 1 in M. Thus M has only
inner double homothetisms. Since py(m) =0 forany me M, yeTI, we

have 3 p, (1) =0# 1 for any y, € T and any double homothetisms p’
of M. Hence M does not have a left double homothetism unity. Similarly,
it does not have a right double homothetism unity. It is also clear from the
definition that A does not have a unity although all its double homothetisms
are inner double homothetisms.

The next example shows that the existence of a left and a right double
homothetism unity is not sufficient to ensure the existence of a left and a

right unity.
EXAMPLE 6.4. Let M =Z, = {0, 1} and I'=2Z, = {0, 1} and define the
mapping (-, —, =): MxI'xM — M by mym, =0 forall m ,m,e M,

ye€T'. Then M is a I'ring. EndM") = {fy, fi} with fy(m) = 0 and
fi(m) =m for all m € M. Define a double homothetism p as follows:

py(m) = (m)yp = f(m) =0 and
p(m)=(m),p=fiim)=m forallmeM.

Simple calculations will verify that p is a double homothetism of A/ . Since
p,(m) = m for any m from M, the double homothetism p with 1 €T is
a left double homothetism unity of M . Similarly, p and 1 € I" is also a
right double homothetism unity of M. Forany n € M, [n],(1) =0#1,
while p,(1) =1, hence p is not an inner double homothetism of M . As in
Example 6.3, this I'-ring does not have a left nor a right unity.

THEOREM 6.5. If M is a T -ring that has a left or a right unity, then M
is isomorphic to the T -ring ¥ (M) of all inner double homothetisms of M .

ProoF. Define the mapping f: M — .#(M) by f(m)=[m].

Straightforward calculations will show that f is a surjective I'-ring ho-
momorphism. f is injective: let e,,e,,...,e, € M, y,,7,,...,7 €T
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be a right unity of M. If m,, m, € M such that f(m,) = f(m,), then
[m,]=[m,], that is, [ml]r,(ei) = [m2]7_(ei) for i=1,2,...,s. Thus

N s

Z[ml]yi(ei) = Z[m2]yi(ei)

i=1 i=1

s S

= Z m,y,(e;) = ZmZyi(ei)
i=1 i=1

>m =m,.

Hence f is an isomorphism from M onto .#(M). The result follows sim-
ilarly if M has a left unity.

THEOREM 6.6. A T -ring has a left and right unity iff it has a left and a right
double homothetism unity and it is a direct summand in all its extensions.

Proor. If M has a left and right unity, then M has a left and a right
double homothetism unity (Theorem 6.2). Let E be any extension of M
and let a € E. Then [a] € #(E). In view of Theorem 4.6 there exists a
double homothetism p of M with p,(m) = [a],(m) and (m),p = (m),la]
forall me M and y €I'. Since M has a left and a right unity, it has only
inner double homothetisms (Theorem 6.2). Hence there exists an m € M
such that

[al,(n) = p,(n) =[m],(n) and (n),[a]=(n),p = (n),[m)]
forallnmeM, AeT.

This m is uniquely determined by a. Indeed, if m' € M with [a] J(n) =
[m']l(n) and (n),[a] = (n)l[m'] forall ne M and A €T, then [m],(n) =
[m'],(n) forall ne M, 2€T. Thus,if e,e,,...,e, € M and 7, 7,,
.., 7, €I is a right unity of M, then

m= Zmy,.ei = Z[m]y‘_(ei) — Z[m']}’i(ei) _ z m:yiei '
=1 i=1 i=1 i=1

Since [a],(n) = [m],(n) and (n),[a] = (n),[m], ain = mAn and nia =
nim or (a—m)in =ni(a—m) =0 forall AeI', n e M. Because m
is uniquely determined by a, the element b = a — m of E is uniquely
determined by a. Thus b is an element of M for which bAn = ndb =0
forall ne M and A €T, thatis, bAM = MAb =0 for all A € I'. Hence
beB={ce E|cAM = Mic =0forall A € I'}. From the definition of
b, we have that a = b+ m where both b € B and m € M are uniquely
determined by a. Since a was an arbitrary element of E, it follows that
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every element of E can be written as a unique expression as a sum of an
element of B and an element of M . To complete the proof, we show that
B isanidealof E: Let b,b,,b,€ B, ac E, u€l, then
(b = b)AM = bAM —b,AM =0-0=0 and
Mi(b, - b,) =MAb, — Mib,=0-0=0 forallAeT.
Hence b, — b, € B. Also, (bua)AM = bu(aiM) C buM =0 and
MA(bua) = (Mib)ua=0ua=0 forallderl.

Hence bua € B. Likewise aub € B and hence E = B & M. Conversely,
suppose that M is a direct summand in all its extensions. In particular, it
is also a direct summand in any holomorph F##M of M. Thus ##M isa
factor-free E-sum of & (any maximal set of amicable double homothetisms
of M) and M . Let the functions of ##M be given by

F':PxP M byF(p,p,)=0 foralp, ,p, e,
G:PxI'xP M byG'(pl, y,p,) =0 foralp ,p,e#,yel and
PP -&M) byp'(p)=p" =p, foralp e.
Because M is a direct summand of P#M , ZP#M is equivalent to the direct
sum P oM of % and M. The latter is an extension of M by & with
respect to the functions defined as follows:
F:#PxP—-M byF(p,p,)=0 forallp,kp,eZ,
G:PxI'xP—-M byGp,,7,p,) =0 forallp ,p,e#,yel and
p:P—-&(M) byp(p)=p"=0 forallp €P.

Thus Theorem 3.7 shows the existence of a function f: % — M with
f(0) = 0, satisfying the following conditions for all p,,p, € &, yeTI:

(i) F'(p,,p)) — F(py, py) = f(0) + f(0,) — f(p, +py), that is, f(p))+
f(oy) = (b, +Py):

(ii) G'(py,7,p,)) =Gy, 7, py) = f0)7S(p,) — f(py7P,) + P (f(p,)) +
(f(pl))ypl’z , that is, f(p1)7f(p2) = f(Plypz) >

(iii) p” —pP =[f(p))}, thatis, p, = [f(p,)]. From Condition (iii) above
it follows that forany pe %, yeI' and me M

p,(m) =[f(®)],(m) and (m),p = (m),Lf(P)].

Hence p is the inner double homothetism of M induced by f(p). Therefore
any % consists of only inner double homothetisms of M. Let p be any
double homothetism of M . Then p is amicable with itself. Hence {p} is
a set of amicable double homothetisms of M . Thus it is contained in some
maximal set &, of amicable double homothetisms of M (Theorem 4.2).
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From the previous part of the proof p must be an inner double homothetism
of M. Hence M have only inner double homothetisms. Since M has both
a left and a right double homothetism unity, it must have both a left and a
right unity (Theorem 6.2).

COROLLARY 6.7. Every I -ring that has both a left and a right unity has
only one holomorph.

PROOF. Let Z# #M and Z#M be two holomorphs of M, where &
and %, are maximal sets of amicable double homothetisms of M . Because
M has both a left and a right unity, it has only inner double homothetisms
(Theorem 6.2). Hence &, &, C F(M). But (M) C % and S (M) C
&, (Theorem 4.4), which yields &, = 7 (M) = %,. Thus P #M = P #M
so that M has only one holomorph.

COROLLARY 6.8. In a T -ring that has both a left and a right unity, all
ideals are characteristic.

ProoF. Let M be a I'-ring that has both a left and a right unity. Let
I<M . Theorem 6.6 yields that M is a direct summand in all its holomorphs
PH#M . Thus P#M = PO M. Since I« M, {0} @I« L &M = P#M
with 7 = {0} @ I. Thus I is an ideal in every holomorph of M . Hence I
is a characteristic sub I'-ring of M .

Corollaries 6.7 and 6.8 coincide with the corresponding results for rings
(cf. Rédei [7]). The next result gives a necessary condition for a I'-ring to
be embedded in an ideal in a I'-ring with a left or a right unity.

THEOREM 6.9. Let M beany I -ring. If M can be embedded as an ideal in
a T -ring with left (right) unity, then M has a left (right) double homothetism

unity.

PRrROOF. Suppose M can be embedded as an ideal in a I'-ring E that has

a left unity. Then there exists ¢,,e,,...,e, € E and 7,,%,,...,7, €T
such that 7}, e;y;a=a forall a € E. Since ¢, € E, each [¢,] € F(E).
Thus there exists for each i =1, 2, ..., s a double homothetism p’' of M

such that p;(m) =[e]),(m) forall me M, y € I’ (Theorem 4.6). Hence
for any m € M we have that

Zp;i(m) = Z[ei]yi(m) = Zeiyim =m.
=t i=1 i=1
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This shows that the double homothetisms p,, p,, ..., p’ of M and Y15 V2o

.., ¥, €' form a left double homothetism unity of M . Similar arguments
show that if E has a right unity, then M must have a right double homo-
thetism unity.

For the special case where M isa I'-ring with myn =0 forall m,ne M
and y € I', we have the converse:

THEOREM 6.10. If M is a T -ring that has a left (ring) double homothetism
unity and myn=0 forall m,ne M, yeT', then M can be embedded as
an ideal in a T -ring with a left (right) unity.

PRrOOF. Suppose M is a I'-ring that has a left double homothetism unity.
Let E, be the direct sum of the groups &, (M) (all left translations of M)
and M ,thatis, E, = & (M)®M . Define the mapping (-, —, ): E,xI'xE,
by

2 2
@', m)r®”, my) = @'y’ p,(my) forall (p', m,), (p°, m,)
€& (M)x M.
E, is a I'-ring: we only show one of the requirements, the others being easy
to verify. Let (pl ,m), (pz, m,), (p3, my,)€E, y,uel. Then
1 2 3 1 2 3 2
(", m)Y(p”", my)ulp™, my)l=(p", m)y(p"up”, p,(my))
1 2 3 i, 2
=y up’), p,(p,(my)))
12 3 2
= ("M up’, (0'7p%),(my))
I 2 1 3
=(p yp", p,(m))u(p”, my)
1 2 3
=[p , m)y(p", my)lup™, my).

The subset M’ = {(0, m)jm € M} of E, is an ideal of E, and is isomor-
phic (as a I-ring) to M. Let the double homothetisms p', p*, ..., p° of
M and y,,7,,..., 7, €I form a left double homothetism of M. Define
foreach i=1, 2, ..., s aneclement qi of & (M) by q; =p; forall yeT.

Then forany pe E,, me M :
s .
1
[Zq r,p]
i=1

Thus, Z?=1 qiyip =p forall p e &(M). Also, foreach i =1,2...,s5,

(m) =Y (@' vp)y(m) = 4, (0, (m) = p;(m).
i=1 i=1

A
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(qi, 0)e E,. If (p, m) is any element of E,, then

s

;w", 0)7,(p, m)=">"(a'v,p, q, (m)) = (Zl arnp, > qj,_(m))

i=1 i=1

=, Y p,(m)=(p, m).
i=1

Thus, (¢', 0), (¢°,0),...,(¢°,0) € E, and y,,7,,...,7, € T form a
left unity of E,. Hence M can be embedded as an ideal in a I'-ring with
left unity. Similarly, if M has a right double homothetism unity, then M
is isomorphic to an ideal of E, = M ® & (M), which is a I'-ring with right
unity where &, is the set of right translations of M .

COROLLARY 6.11. A T -ring that does not have a left (right) double homo-
thetism unity, cannot be embedded as an ideal in a T -ring with left or right
unity.

COROLLARY 6.12. If M is any T -ring that has only inner double homoth-
etisms and there exists a I"-ring E with a left (right) unity such that M < E,
then M has a left (right) unity.

The TI'-ring of Example 6.3 is an example of a I'-ring that does not have a
left nor a right double homothetism unity. Consequently it is also an example
of a I'-ring that cannot be embedded as an ideal in a I'-ring with left or right
unity. In the same way it can be shown that any I'-ring M with M # {0}
and T = {0} has only one double homothetism, namely the inner double
homothetism induced by 0. Thus any such I'-ring has neither a left nor a
right double homothetism unity and cannot, therefore, be embedded as an
ideal in a I'-ring with left or right unity.

EXAMPLE 6.13. Let M = Z, = {0,1,2,3} and T = {y,, 7,} = Z,.
Define a mapping (—, —, =): M xI'x M — M with m ym, for any
m,,m,e M, yel given by

my,n=0 forallm,ne M and

myon = 2 ifm,ne{l,3}
W =10 otherwise ;

Then M isa I-ring. End(M™) = {f,, f,, f,, f3} , where
fo(m)=0 and fi(m)=m foralmeM,
£L0)=0, f£(1)=3, f(2)=2and f,(3)=1,
£,0)=£,(2)=0 and f;(1) = £,(3) =2.
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&(M)={p,,p,}, where

p,(y)=f, forallyeTl, p(y) =1y and p,(y)=1£.

Thus, for any double homothetism p of M, py(m) is either equal to
fo(m) or fy(m) for any m € M. Thus p,(m) =0 or p,(m)=2 for any
me M, y €' and any double homothetism p of M . Hence py(l) =0 or
p(1)=2 for any y and p. Also, any finite sum of elements from the subset
{0, 2} of M is always equal to 0 or 2. Thus for any double homothetisms
p', 0%, ...,p° of M and any Yy»Pyree-s I €T

Zp;i(l) =0#1 or Zp;‘_(l) =2#1.
i=1 i=1

Hence M does not have a left double homothetism unity so that it cannot
be embedded as an ideal in a I'-ring with a left unity. Similarly, M does not
have a right double homothetism unity so that M also cannot be embedded
as an ideal in a I'-ring with a right unity.
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