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AN ALGEBRO-GEOMETRIC STUDY OF SPECIAL
VALUES OF HYPERGEOMETRIC FUNCTIONS 3F,
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To Professor Shuji Saito

Abstract. For a certain class of hypergeometric functions 3 F» with rational
parameters, we give a sufficient condition for the special value at 1 to be
expressed in terms of logarithms of algebraic numbers. We give two proofs,
both of which are algebro-geometric and related to higher regulators.

81. Introduction

Special values of hypergeometric functions ,Fj are sometimes expressed
as an elementary function of their parameters. For example, we have the
Euler—Gauss formula

Ble.c—a—
JF (a,b;1>: (c,e—a b)'
c

B(c—a,c—b)
Here, B(a,b) = f U b L dt is the beta function. In this paper, we
study the special Values of 3F2 functions
a,b,q

for nonintegral rational numbers a, b, g. There is a very classical formula of
Watson [11] (see also [5, page 98, Example 9])

a. b a+12)—1
B(a,b)'3F2< 2 1;1>
a+ b, 5
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48 M. ASAKURA ET AL.

where ¢(z) =I''(z)/T'(z) is the digamma function. In view of Gauss’ formula
on the values of ¥ (z) at rational numbers (see [7, 1.7.3, page 18-19]),
Watson’s formula implies that, when ¢ = (a +b—1)/2, the value (1.1) is
a Q-linear combination of finitely many log o with o € Q(feo)-

On the other hand, the recent works [3, 4] by the first and second authors
show that the value (1.1) appears as Beilinson’s regulator on the motivic
cohomology of “hypergeometric fibrations” (see Theorem 3.1), which is an
algebro-geometric invariant related conjecturally with special values of L-
functions. Under a certain geometric assumption concerning the Hodge type,
the regulator is written in terms of logarithms. Hence one obtains a sufficient
condition for (1.1) to be written in terms of the logarithms of algebraic
numbers, which is the main result of this paper Theorem 2.1. After the
works mentioned above, the third author pointed out that the theorem can
also be deduced from the study of Fermat surfaces. In this paper, we explain
both methods, as each one has its advantage and would be useful for future
studies.

The class of (a,b,q) we consider is wider than Watson’s formula (see
Section 5). For example, one shows

151
om-sFy [ 676141

3/4 5/4 _ 23/4 5/4  23/4
_ 12 -log (3 5 +\/§> —12%/%. Cos~! <3+3> .

2 35/4 — 33/4 _ \/2 5+3V3

Here appear, contrary to Watson’s formula, the logarithms of noncyclotomic
numbers. See also the examples (5.1).

This paper is organized as follows. The main theorem is stated in
Section 2. We give two proofs of the main theorem in Sections 3 and 4.
The first proof, due to the first and second authors, uses the regulator of
hypergeometric fibrations. The second one, due to the third author, uses
the regulator of Fermat surfaces. In Section 5, open questions are discussed.

Notations
Throughout this paper, I'(s) and B(s,t) denote the gamma and beta
functions, respectively. The hypergeometric function gF> is defined by

a,b,c a"bn n _n = .
on (") = e o= e+o

1=0
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It converges as x — 17 if and only if d4+ e —a — b — ¢ > 0. We write

r (al, . ,am> _ [T, T(a)
by b ) T I, T(Gy)

For a positive integer N, uny C @X denotes the group of Nth roots of unity.

§2. Main theorem

For x € Q, {z}:=x — [z] denotes the fractional part. The map {—}:
Q — [0, 1) factors through Q/Z, which we denote by the same notation. Let
Z=lim Z/NZ be the profinite completion and 2 =lim (Z/NZ)* the
group of units. The ring Z acts naturally on the additive group Q/Z, and
induces an isomorphism Z* = Aut(Q/Z).

Our main theorem is the following.

THEOREM 2.1. Let a,b,q € Q such that a,b,q,q—a,q—b,q—a—b¢
Z. Assume that

(2.1) {s¢} +{s(g—a—b)}={s(g—a)} +{s(g—b)}, se€Z*.

Then we have

a,b,q — = —x
(22) B(a,b)-gFQ <a+b’q+1,1)€(@+@10g@ .
Here, Q + Qlog @X denotes the Q-linear subspace of C spanned by 1, 2mi

and log a for all o € @X.

We note that the action of Z on the subgroup %Z/Z factors through
the finite quotient (Z/NZ)*. Therefore, taking N so that a, b, q € %Z, the
assumption (2.1) is verified by taking as s the integers 1,2, ..., N — 1 prime
to N. When ¢ = (a + b)/2, the assumption is satisfied since {z} + {1 — z} =
1 for any z € R\ Z. Since (2.1) is also written as

~

{sa} +{s(¢—a-0)} +{sa—q)} +{s(b-q)} =2, s€Z7,

the condition is symmetric in {q,¢q —a—b,a—q,b—q}. As well as the
assumption, the conclusion of the theorem depends only on the classes
of a, b, ¢ mod Z. This is because of the functional equation of the beta
function, for example, (a+b)B(a+ 1,b) =aB(a,b), and the contiguous

https://doi.org/10.1017/nmj.2018.36 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.36

50 M. ASAKURA ET AL.

relations among 3 Fy-functions (see [4, Section 7.3]). The latter is the reason
why we need to consider the values in Q + Q log @X, not only in Q log Q~.

By using Thomae’s formula (see [5, Chapter III, 3.2(1)]) repeatedly, we
obtain other expressions of (1.1) as follows:

a/’ b7
B(a,b) -3l <a—|—b qq+ 1;1>

_q 1,1,a+b—gq
= #5<a+Lb+1’1 (¢>0)

a,qg+1—->5,1
i1 b
(a—l—l,q—i—l7 > (b>0)

b,g+1—a,l
- g Ft : 1
3 2< b+1g+1 > (a>0)

B B(a,b) 7 a,a,a+b—q
T aBla,g+1-a) P\ a+la+b’
B(a, b) b,b,a+b—q
. 01 1-5
bB(b,q+1—b) <b+La+b’> (q+ > 0)
B(a, b) g+l-aq+1-byq )
= -3k ;1 +b—q>0),
qB(a+b—gq,q) ( g+1lqg+1 @ 7>0)

1) (g+1—a>0)

where the positivity condition in each line is needed for the convergence.

83. First proof: hypergeometric fibrations

We derive Theorem 2.1 from the regulator formula in [4] for what we
call hypergeometric fibrations. In Sections 3.1 and 3.2, we recall necessary
materials from [4].

3.1 Hypergeometric fibrations

Let X be a smooth projective variety over Q and f: X — P! be a
surjective morphism. Let ¢ be the coordinate of A C P!, X, be the general
fiber of f, and H*(Xy, Q) denote the Betti cohomology of X;(C). Let Ry be
a semisimple finite-dimensional Q-algebra and eg: Ry — Ey be a projection
onto a number field. We say that f is a hypergeometric fibration with respect
to eq if the following conditions are satisfied:
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(a) f is smooth over P!\ {0, 1, co}.
(b) After restricting to a nonempty Zariski open subset of P!, there is a
ring homomorphism Ry — End(R!f.Q), such that

dimp, egH'(X;, Q) =2,

where we put egM = Ey ®Rr,,e, M for an Ro-module M.
(c) The local monodromy 7} at t =1 on egH'(X;, Q) is unipotent, and

rank(log T7) = [Ep : Q).

For each embedding x: Ey < Q, let (R!f.Q)X denote the y-part which is
by definition the subspace on which g € Ey acts as multiplication by x(g).
Let T}, be the local monodromy at ¢t =p € {0, oo} on the rank-two Q-local
system (R!f.Q)X. Then the eigenvalues of Ty (resp. Tw,) are written as
e2miol | 2miog (regp. e2MAY | 270y where aX, BX e Q.

3.2 Regulator formula
Now, take a positive integer I, and let 7: P! — P! be the map given by
7(t) = t'. We consider the variation of Hodge-de Rham structures

MY :=1,Q® R f.Q,
and the cohomology groups
HO = H'®", V),  MO:=H'P"\{0,1,00},.4Y),

where j: P\ {0,1,00} < P! is the immersion. Then, there is an exact
sequence of mixed Hodge—de Rham structures (see [4, Section 4.2])

(3.1) 0— HO — MO s c0) g,

where
e @ o
p=0,1,00

O = (R ot 0), = Coker [T, —1: a0) — "]

We recall that a Hodge-de Rham structure is a quadruple H =
(Hp, Hqr, F*, 1) of finite-dimensional vector spaces over Q, a descending

filtration of Hyr, and a comparison isomorphism Hp ¢ = Hgr ¢ satisfying
standard properties (see [4, Section 2.1]).
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Since Aut(m) = , the group ring R := R[] acts on the exact sequence
(3.1). Let e: R— E be a projection onto a number field £ which extends
eo: Ry — Ey. For each embedding x: E < Q, define kX € Z/IZ by x(¢) =
¢F* for ¢ € y, and put kKX = kX/l € Q/Z. We write the restriction of x to
Ey by the same letter and then «f, 8} € Q/Z are defined as above.

Now we suppose:

(3.2) KX + o, KX + o, KX — B, KX — By ¢ L.

Then, it is not hard to show that eC) = eC’fl), dimg eC® = dimp eH® =1,
and that eC'") (resp. eHW") is a pure Hodge structure of type (2,2) (resp.
of weight 2) (see [4, Section 4.3]). By an identification eC") = E(—2), we
obtain from (3.1) an exact sequence

0— eHD(2) — eM(2) — E — 0.

Throughout the remaining of this section, write for brevity H = eH®". We
have the connecting homomorphism

p: B — Ext'(Q, H(2))

to the Yoneda extension group of mixed Hodge—de Rham structures. Denote
by HX = (HY, H}y, F'*, 1) the x-part of H, that is, the subspace on which
cach o € G acts as multiplication by x(o). The period Per(HX) e C*/Q”"
in the sense of Deligne [6] is defined by t(H)g) = Per(HX)H}. Choose a

Q-basis 1 of (eH (glf){)x, and let ¢, be the composition of the following maps:

Ext!(Q, H(2)) — Harc/ (F*Hgg + ¢

(Hp(2)))
— Hig e/ (F2Hjy + «(Hj

H
HE(2)))
=5 ¢/ (Qd, + QPer(HY)),

where we put ¢, = 0 or 1 depending on whether F ’H gR =0 or not, and X is

the complex conjugate of y. Here, the first map is the Carlson isomorphism,

the second map is the projection to the y-part, and the last isomorphism

sends 7 to 1. Note that Per(HX) - Per(HX) € (2mi)?Q. Put pX =i, o p.
Now, our regulator formula is the following.
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THEOREM 3.1. [4, Theorem 4.7] Let the notation and assumption be as
above. Then there exist c1, co € Q, ca # 0, such that
(3.3)

B X X X X X X
pX(1) = c1 + e Bla} + B, o + BY) 3F2(a1+ﬁ1’“1+52’“ *“w)

200 4+ X+ B, kX +af + 1
in C/(Qdy, + QPer(HX)).
The period formula [4, Theorem 4.5] (see also [3, Theorem 5.4]) reads

X X X X
Per(HX) ~g- zm'-r(“ o, n +a2>.

KX — B%) KX — /65(
Note that the second term of the right-hand side of (3.3) is written as
cB(a,b) - 3Fy (afl;b(’]ﬂl; 1) by letting

a=af + B, b=aof+ 5%, q=rX+af.

Then, since of + o + Y + 85 € Z, we have

KX + af, KX + af g,q—a—>b
F X X NQX F .
’%X_Blvﬁx_ﬁQ q_avq_b
By Koblitz—Ogus [6, page 344, Theorem], the condition (2.1) implies that
squ(qiaib) ) e
T eQ
(8((1 —a),s(qg—b)
for any s € Z*, hence Per(HX) € Q(2mi) for any Y.

3.3 Algebraic cycles
The connecting homomorphism pX is related with Beilinson’s regulator
map from the motivic cohomology group. Consider the diagram

i

X0 —» x, — > X

e b

]P)l #Pl

where X;:=X Xp1 ¢ P! and i is the desingularization. Put D® :=

(mo f0)~1(1), a union of I copies of the fiber f~1(1). There are canonical
isomorphisms
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C%l) = HI(D(I)’ Q)(_2)7
HO = Ker[H2(XD, Q) /N, (XD) - H2(Xx", Q)]

where N} (X () € denotes the classes of fibral divisors for f*). Then we
have a commutative diagram [4, Proposition 4.8]

H%, o (XY, Q(2)) H3,(x0,Q(2))
reg 5 (1) \L l reg (1)

Ext'(Q, (H2(X", Q)/Ng,)(2)),

where the vertical maps are the regulators, with reg ) being surjective, and

HP (DY, Q)

the lower horizontal map is the connecting homomorphism induced by (3.1).

PROPOSITION 3.2. Suppose that H=eHWY is a Hodge structure of
type (1,1). Then we have Im(pX) C Qlog @X/@-Qm' for any embedding
x: E—=Q.

Proof. Recall that the target of pX is C/Q - 27i by the assumption and the
remark after Theorem 3.1. Since reg ) is surjective, it suffices to consider
the image of HE//,DU)(X(Z)’ Q(2)) under pX.

Let N"(XW)c H*(X®,Q) be the subspace generated by algebraic
cycles of codimension r. Note that it is generated by cycles defined over
Q. By the assumption and Lefschetz’s theorem (i.e., the Hodge conjecture
for H?), we have eH® c N'(X®). The intersection pairing N'(X®) ®
Ndim X—=1(x (l)) — Q is nondegenerate by the nondegeneracy of the pairing
on the Néron—Severi group. This implies that there is a smooth projective
curve C' (not necessarily connected) and a morphism C' — X such that the
image of C' intersects properly with D the pull-back H2(X®) — H2(C)
annihilates N}, (X®), and the composition

H— H*(XY)/Ngp (XD, Q) — H*(C, Q)

is injective. Then we have a commutative diagram

HY, 5o (X1, Q(2)) HS, hne(CQ(2)
poTeg 1 (1) l lporegD(l)nC
Ext'(Q, H(2)) — Ext!(Q, H*(X", Q)/Ng,(2)) — Ext'(Q, H*(C, Q(2))),

where the composite of the lower horizontal maps is injective.
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Since H2(C, Q(2)) = @ Q(1), where C(?) denotes the set of connected
components of C, the map reg,u~- is canonically identified with the
logarithm map

P 020 —Pc/Q- 2
DONC c)
Since H=Q(-1)%F: U we have Ext!(Q,H(2))=(C/Q - 2mi)®F: A
and this injects to @) C/Q - 27mi. Hence, taking the x-part, the lemma
follows. 0

ProproSITION 3.3. Let the notation and assumption be as in Theorem
3.1. Then H=eHW is a Hodge structure of type (1,1) if and only if

(3.4) (R + '} + Y+ ag ) = {s* = B} + {rX = 55}

for any x.

Proof. The first assertion follows from an explicit formula [2] of the
Hodge type of H, which is proven using the Riemann—Roch—Hirzebruch
theorem. For the hypergeometric fibration of Gauss type, which will be
used below to prove Theorem 2.1, this is computed in [3, Theorem 5.4] (the
situation in [3] is more restricted but the same argument works in general).

i

3.4 Hypergeometric fibration of Gauss type
We finish the proof of Theorem 2.1. In view of Theorem 3.1, Proposi-
tions 3.2 and 3.3, it suffices to find a fibration f such that

a=aof+ 65, b=af + 5%, g=af + KX (mod Z)

for some x, and the condition (3.4) is satisfied for any x. Note that the
condition (2.1) implies (3.4) for any x. The nonintegrality condition of
Theorem 2.1 is equivalent to a;f + ,BJX ¢7 (i,5 € {1,2}) and (3.2).

We may and do suppose 0 < a,b,q<1. Let N be the smallest positive
integer such that A:= Na, B:= NbecZ. Consider the hypergeometric
fibration of Gauss type

yNV =221 - 2)P(1 - ta)N B,

This is a principal example of hypergeometric fibrations studied in detail in
[3] and in [4, Section 3.2]. Let (x € un be a primitive Nth root of unity.
The group ring Ry := Q[un] acts on X by letting (x act by yHC&ly.
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Let eg: Ry — Ey = Q(un) be the natural projection. For each embedding
x: Ey = C, such that x({n) = (%, we have

A
af =0, ay={1-p5¢~p}, 51(:{8]\7}’ 65:{815}'

Hence we have a = af + 8§, b= af + 5 for the trivial embedding x (i.e.,
s=1). Let [ be the smallest positive integer such that @ :=1lq € Z and let
e: R= R[] — E = Eo(1) be an extension of ey given by (; — CZQ. Then,
for the trivial embedding y of E, we have ¢ = kX. Hence this fibration has
the desired property and Theorem 2.1 is proved.

84. Second proof: Fermat surfaces

We give the second proof of Theorem 2.1, by studying extensions of mixed
Hodge—de Rham structures coming from Fermat surfaces. Throughout this
section, we assume a, b, g€ Q and a,b,q,¢g —a,q—b,q—a—b<& 7Z.

4.1 Integral representation
Let us begin with the integral representation of 3F»-function (cf. [9]):

B(ay, 1 — 1) B, o — a2)3Fy <a15,1a26,2a3; z)

1 r1
—/ / 152 (1 — )AL (1 )2 (1 2ty9) Y iy dis.
0 JO

Set (a1, g, as, B1, B2) = (a,q,b,a+b,q+1). By the change of variables
rx=t1,y=(1—1t1)/(1 — zt1t2), we obtain

a,q,b - —q—1, b—q—1 -1
B F ca ) — q a—q q _1)¢
(a,b)3 2<a+b’q+1,2> qz /233 Yy (z+y—1)7" dzdy,
where E, is the domain in the xy-plane corresponding to {(t1,t2)]0 <
t1,ty < 1}. Suppose that a,b, q € %Z. We take new variables u, v, w such
that

uN =z, UN:y, wN:uN+vN—1:x+y—1.
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Then we have

a,q,b
B(a, b)3F3 <a+bqq+ Xk Z)

— NZqu/ uN(afq)fl,vN(bfq)flequ du dv,
Az

where A, is an arbitrary domain in the uv-plane which corresponds to F,.
Substitute z =1 and choose the domain as

(4.1) A:Alzz{(u,v)€R2|O<u,v<171<uN+vN}.
Then we obtain
(4.2)
a, g, b\ _ a2 N(a—q)—1, N(b—q)—1, Ng—N
B(a,b)3F2< ,1>—Nq/u L)) D=2 w1 du dv.
a+b,g+1 A

We shall give a motivic interpretation of this integral.

4.2 Fermat surface
The differential form

w 1= uN (=) =1y Nb=a) =1, Na=N g, gy,
defines a de Rham cohomology class n € Hd2R(S) of the Fermat surface

over Q
SoulN N —1=w".

Let the group G:=pu3; act on S by o(u,v,w) = (Ciu, (v, (3w) for o=
(C1, C2, (3) € G. This time, we first fix a Q-algebra homomorphism

X QG =T, x(C, G, Gg) = (N D N0 Na

Let E be the coimage of x, and e € Q[G] be the corresponding idempotent,
that is, e? = e and eQ[G] = E. Let D be the union of curves on S defined
by

W™ = 1) - Dw=0,

which is stable under the G-action.

LEMMA 4.1. We have
dimE eHl(D, Q):l, dimE BHQ(D, Q):O, dimE €HQ(S, Q):l.
Moreover, eH(D, Q) is a Hodge—de Rham structure of type (0,0).
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Proof.  The former statement is an easy exercise. To see the latter, let
m: D — D be the normalization, 3 be the set of singular points of D and
put ¥ =7 (X). Then there is an exact sequence

H°(D) — Qg/Qs, — HY(D) — H'(D) — 0,

where Qy, := Maps(X, Q). This remains exact after applying e. Since D is
a union of rational curves and the Fermat curve of degree N, and (1, 1, (3)
acts trivially on the latter, we have eH'(D) =0 by the assumption ¢ ¢ Z.

Hence the assertion follows. [
Put H =eH(S), a Hodge-de Rham structure of type (0, —2), (-1, —1),
(—2,0).

PROPOSITION 4.2. The Hodge type of H is (—1, —1) if and only if

{sq} +{s(¢—a—-0)} ={s(g—a)} +{s(¢g—b)}
holds for any s € 7.

Proof. As is well-known, the cohomology eH?(S, Q) is generated by the
classes of rational 2-forms

ns i= uV IS0 D=1y NsC=a)}=1, N{sa}=N g0, dyy s € (Z/NZ)*,
and 75 belongs to the Hodge (ps, 2 — ps)-component, where
psi={s(g—a)} +{s(¢ = b)} +{—sq} — {s(g—a—-0)}.

Since eHs(S, Q) has the Hodge type (—1, —1) if and only if e H?(S, Q) has
the Hodge type (1, 1), the assertion follows. 0

4.3 Extension of mixed Hodge—de Rham structures
By Lemma 4.1, we have an exact sequence

0— H — eHs(S, D; Q) -2 eH1 (D, Q) — 0

of mixed Hodge-de Rham structures. As before, we have the connecting
map
p: el{’(D,Q) — Ext'(Q, H)

to the Yoneda extension group of mixed Hodge-de Rham structures.
Regarding 1 € H3;(S)X as an element of HIR(S)X by the Poincaré duality,
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we obtain as before a map
in: Ext’(Q, H) — C/ (Q5, + QPer(HY)),

where we put ¢, = 0 or 1 depending on whether FOHé‘R =0 or not, and  is
the complex conjugate of y. One easily sees that the cycle A given in (4.1)
defines a homology cycle in HP (S, D;Z). Let 6 := d(eA) € eHP (D, Q) be
the boundary.

PROPOSITION 4.3. Write pX =1, o p. Then we have

1 a, b, q
X(§) = _ ) ) 0y .
pX(0) =c+ quB(a, b) - 3F» <a b+l 1)

for some c € Q in C/(Qd, + QPer(HX)).

Proof. Consider the exact sequence
0— eHly (D) L eH2: (S, D) — eH21(S) — 0.

Let 77 € eH3R (S, D)X be the unique lifting of n € eH3 (S)X contained in F.
Let

(,): eHP(S, D; Q) ® eH3R(S, D) — C,
<7>: €H1B(D,Q) ®6H5R(D) _>(C

be the natural pairings. By Lemma 4.1, the latter maps to Q. As is easily
seen from the definition, we have pX(§) = (eA,7) =(A,7) in C/(Qd, +
QPer(HX)). For an arbitrary lifting 77 € eH3, (S, D)X of 7, there exists £ €
eHls (D) such that h(¢) =7 — 7. Then we have ¢ =(A,n—1)=(5,¢) € Q.
As 77, we can choose the one represented by the Cech cocycle

(0,0,w) € C5/Cx, @ o1 (D) ® «7*(S),

where o7/9(M) denotes the space of smooth differential ¢-forms on M
with C-coefficients (see [3, Section A.1]). Then, by [3, Theorem A.3|, we
have (A, 1) = [, w in C/(Qé, + QPer(HX)). Hence the proposition follows
by (4.2). [

Now, by applying a similar argument as in Proposition 3.2, Theorem 2.1
follows from Propositions 4.2 and 4.3.
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85. Open problems

First, contrary to Wilson’s formula, our result does not generally give an
explicit formula expressing the value of 3F5 in terms of logarithms.

PROBLEM 5.1. Give an explicit description of (2.2) in terms of loga-
rithms.

In the study of Hodge cycles on Fermat surfaces, Shioda [8] gave a
conjecture which determines those (a, b, q) satisfying the condition (2.1),
and it was proved by Aoki [1]. Up to permutations of {¢,q —a — b, a — q,
b — q}, those are (modulo Z3):

(<a757a;8)7

(a,b,q) = (a,a—i—%,Qa), a, feqQ,
(204—1—%,2044—%,3&),

(3a+%,3a+%,4a) ,

except for a finite number of exceptional cases (see [10, Appendix| for
the list). Expanding the method in Section 3, Yabu [12] computes several
examples including:

15 1
o - 3 (6 6;ﬁ;1> =233 . loga — 27/3 . Cot ™' B,
3

(5.1) L s o
3m -3 <6,16’53; 1) =2%3V/3 log ar+ 2% . Cot ™! B,
» 3
with
B (22/3 — 1)2 + (22/3 4 /3)? 34 21/3 4 92/3 . 3
(223 —1)2 + (22/3 — /3)2 - 3 ’

Recently, expanding the method in Section 4, the third author [10] solved
the problem except for the exceptional cases.

Finally, as we have seen, (2.1) is a necessary and sufficient condition
for that eH® in Section 3 or eH in Section 4 is isomorphic to the Tate
object E® Q(—1) or F ® Q(1), respectively. If this is not the case, there
is no reason for and it seems rather weird that the regulator value (2.2) is
expressed in terms of logarithms of algebraic numbers. Hence it would be
fair to raise the following conjecture.
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CONJECTURE 5.2. Under the same assumption as in Theorem 2.1, (2.1)
is a necessary condition for (2.2).
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