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Classifying the Minimal Varieties of
Polynomial Growth

Antonio Giambruno, Daniela La Mattina, and Mikhail Zaicev

Abstract. Let Vbe a variety of associative algebras generated by an algebra with 1 over a field of charac-
teristic zero. This paper is devoted to the classification of the varieties 'V that are minimal of polynomial
growth (i.e., their sequence of codimensions grows like ¥, but any proper subvariety grows like n* with
t < k). These varieties are the building blocks of general varieties of polynomial growth.

It turns out that for k < 4 there are only a finite number of varieties of polynomial growth #¥, but
for each k > 4, the number of minimal varieties is at least |F|, the cardinality of the base field, and we
give a recipe for their construction.

1 Introduction

One of the more challenging problems in PI-theory is that of classifying the algebras,
up to PI-equivalence, by means of some numerical parameters (invariants) that can
be explicitly computed. In characteristic zero, unlike the Lie or Jordan case [1,5], the
sequence of codimensions of an associative algebra is exponentially bounded ([22]),
and few such parameters related to the asymptotic behavior of such a sequence have
been successfully applied.

For instance, the exponent (measuring the exponential growth of the sequence of
codimensions) has been used in order to classify the minimal varieties of algebras of
exponential growth. It turns out that for any given exponent d > 2, there are only
a finite number of Pl-algebras of exponent d, and they can be explicitly described as
upper block triangular matrix algebras with entries in the Grassmann algebra [12,
13].

In this paper we address the problem of classifying the minimal varieties of poly-
nomial growth. We recall that by [15, 16], given a PI-algebra A, its sequence of codi-
mensions either grows exponentially or is polynomially bounded. The exponential
growth of such a sequence was determined in [10,11], and it turns out to be an inte-
ger called the PI-exponent of A. In the language of varieties of algebras, the exponent
of a variety is the PI-exponent of a generating algebra.

Among varieties, prominent role is played by the minimal varieties. Recall that V
is a minimal variety of exponential growth d > 2 if exp(V) = d and exp(U) < d,
for every proper subvariery U. As we mentioned above, minimal varieties have been
classified.
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Now let V be a variety of algebras and let ¢,(V), n = 1,2,..., be its sequence of
codimensions. It is well known that if ¢, (V) is polynomially bounded, then ¢,(V) ~
gn* for some integer k and rational number g [7].

We say that V is a minimal variety of polynomial growth n¥ if ¢, (V) &~ an* asymp-
totically for some a # 0 and ¢,(U) = bn' with ¢ < k for any proper subvariety U
of V.

By a well-known theorem of Kemer, there are only two varieties of algebras of
almost polynomial growth (i.e., their growth is exponential but any proper subvari-
ety grows polynomially): the variety generated by the Grassmann algebra G and the
variety generated by the algebra of 2 x 2 upper triangular matrices U T5.

In [19, 20] the second author classified all minimal subvarieties of var(G) and
var(UT3), and it turns out that there are only a finite number of them. She also gave,
for each such variety, a finite dimensional generating algebra.

The relevance of such classification relies in the fact that these were the building
blocks that allowed the author to give a complete classification of the subvarieties of
var(G) and var(UT,).

Inspired by these positive results we shall try to classify the minimal varieties of
polynomial growth in general. We shall restrict ourselves to varieties generated by
algebras with 1.

We shall classify explicitly all minimal varieties of polynomial growth n* for k < 5
and give a recipe for classifying all minimal varieties of polynomial growth ¥, k > 5.
It will tuns out that for k < 4, there are only a finite number of minimal varieties of
polynomial growth n¥, but for k > 5, the number of minimal varieties is at least |F,
the cardinality of the base field.

2 Preliminaries

Throughout this paper F is a field of characteristic zero and A is an associative F-
algebra with 1. Let F(X) denote the free associative algebra over F on a countable
set X = {x1,x,...}. Forany n > 0, we denote by P, the space of multilinear
polynomials in x1, . . ., x, and we set Py = span{1}. For a PI-algebra A, we denote
by Id(A) = {f € F(X) | f = 0on A} the T-ideal of F(X) of polynomial identities
of A. Recall that

cu(A) = dimp n=0,1,2,...,

Py,
P, NId(A)’
is called the sequence of codimensions of A.

A distinguished subspace of P, is given by I',,, the space of proper polynomials
in xy,...,%,. Recall that f(xi,...,x,) € I', is a proper polynomial if it is a linear
combination of products of (long) left normed Lie commutators [x;,,...,x;]; we
also set 'y = span{1}.

Recall that the sequence

c(A) = dimp n=0,1,2,...,

_ D
I, NIdA)’
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is called the sequence of proper codimensions of A.

The relation between ordinary and proper codimensions of a unitary algebra A is
well known and was described by Drensky in [3]: we have ¢,(A) = Y1, (’Z) cf (A).

In [7] it was also proved that if A is a unitary algebra, then the sequence of (ordi-
nary) codimensions is polynomially bounded if and only if c5,(A) = 0 for some even
integer m > 2. Moreover, in such a case, e (A) = 0 for all n > m. Therefore, if A is
a unitary algebra whose codimensions are polynomially bounded, the codimensions
of A can be written as a finite sum

k

2.1) G =Y (’:) c(A).

i=0

Thus ¢, (A) is a polynomial in n with rational coefficients of degree k, whose leading
termisq = c,f (A) (Z) Moreover ¢ satisfies the inequality

[u—

>

k .
1 (—1)/
!gqgjgz i %E, k — oo.

In [9] the lower bound was improved for k odd (g > %), and it was shown that

these bounds are actually achieved.

It is well known that the symmetric group S, acts on the vector space P, by per-
muting the variables, and P, is isomorphic to the left regular S, -representation (see,
for instance, [14, Section 2.4]). Clearly, I', C P, is an S,-submodule, and, since
Id(A) is invariant under permutations of the variables, I,,/(I", N Id(A)) becomes an
S,-module. Its character, denoted X% (A) is called the proper n-th cocharacter of A. By
complete reducibility x} (A) decomposes into irreducibles. Let

Xo(A) = " mxa,

Abn

where Y, is the irreducible S,-character associated to the partition A and m, is the
corresponding multiplicity.
We recall the following terminology: if M and N are two S,,-modules and

Xa(M) = maxa,  XaN) =D mixa

A=n Abn

are the corresponding S,-characters, then we write x,,(M) < x,(N) if my < m] for
all A = n.

With this terminology in mind, we clearly have that for any PI-algebra A, x5 (A) <
x ('), where x(I',,) is the S,,-character of I,,.

In what follows we shall actually make use of the representation theory of the
general linear group, which is strictly related to that of S,,.

Let U = spang{xi,...,%,} and F(x;,...,x,) the free associative algebra in m
variables. The group GL(U) = GL,, acts naturally on the left on U, and we extend
this action diagonally to an action on F{xj, ..., X).
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The space F(xj, ..., X;) N Id(A) is invariant under this action, hence

F{x1,...,%m)

En(A) = F{x1,...,xm) N1d(A)

inherits a structure of left GL,,-module. If F, denotes the subspace of F{xi, ..., x,)
of homogeneous polynomials of degree n, then
n

F
Fn A — m
m(A) Fr N1d(A)

is a GL,,-submodule of F,,,(A) whose character is denoted by 1,,(A). Write

Ga(A) = Ty,

Abn

where 1, is the irreducible GL,,-character associated with the partition A and ), is
the corresponding multiplicity.

The S,-module structure of P,/(P, N Id(A)) and the GL,,-module structure of
F7 (A) are related by the following: if x,(A) = > ,_, max) is the decomposition of
the n-th cocharacter of A, then m) = ), for all A - n whose corresponding diagram
has height at most m (see for instance [6]).

It is also well known that any irreducible submodule of F}},(A) corresponding to A
is generated by a non-zero polynomial f, called highest weight vector (hwv), of the
form

Al
A= TSt @, xmn) Y a0,
i<
oES,

where o, € F, the right action of S,, on FJ},(A), is defined by place permutation, h;(\)
is the height of the i-th column of the diagram of A, and

Str(x1, .., %) = Z(sgn T)Xr(1) ** Xr(r)
TES,

is the standard polynomial of degree r. We have the following remark.

Remark If
Ua(A) = TNy
Abn
is the GL,,-character of F},(A), then 71, is equal to the maximal number of linearly
independent highest weight vectors f) in F}; (A).

3 Characterizing Minimal Varieties

Recall that if V is a variety of algebras, then ¢,(V) = ¢,(A), where V = var(A)

and the growth of V is the growth of the codimensions of A. Also recall that two

functions f(x) and g(x) are asymptotically equal, and we write f(x) =~ g(x), if
f&)

We start with the following definition.
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Definition 3.1 A variety V is minimal of polynomial growth n* if ¢, (V) ~ gn* for
some k > 1,q > 0, and for any proper subvariety U g V we have that ¢,(U) =~ q'n’
with t < k, for some ¢q’.

In the language of algebras, we have the following. Let A be an algebra of polyno-
mial codimension growth with ¢,(A) ~ qn*, k > 1,q > 0. Then A generates a min-
imal variety if for any algebra B such that Id(A) & 1d(B), we have that ¢,(B) ~ ¢'n',
for some q’, where t < k.

Remark Let V be a variety of polynomial growth r*. Then cf (V) # 0and cf (V) =
0,foralli > k+1.
This says that in the k-th proper cocharacter of A

XpA) = ma,

Ak

there exists ;1 - k such that m, # 0 and my = 0, forall A - k+i, i > 1. In other
words, I'ty; € Id(V), forall i > 1, and there exists a hwv f,, corresponding to 1 such
that f, ¢ Id(V).

We shall also use the following terminology.

Definition 3.2 A polynomial g is a consequence of a polynomial f, if g lies in (f)r,
the T-ideal generated by f. In this case we write f ~» g. Accordingly if Q is a T-ideal
and f,g ¢ Q, we say that g is a consequence of f (mod Q), and we write f ~> g
(mod Q)ifg € (Q, f)r.

We can now prove the following theorem.

Theorem 3.3 LetV be a variety of algebras of polynomial growth n* and let x5 (V) =
> \en MaX be its proper cocharacter. Then V is minimal if and only if the following
hold.

(i)  There exists A = k such that my = 1and m, = 0 forall p \= k, p # .
(ii) Let fy € Id(V), A =k, be a hwv. Then for every h < k and for every = h, if f,
is a hwv such that f,, ¢ 1d(V), we must have f, ~ f, (mod I1d(V)).

Proof We start by assuming that V is a minimal variety of polynomial growth #*. By
the above remark, I',; C Id(V) and there exists A - k such that m, # 0.

If my > 1 there exist two hwv’s, f| and f\’, that are linearly independent
mod Id(V). Since f) ¢ Id(V), the T-ideal Q = (f,Id("V))r properly contains Id(V).
Moreover the fact that f), and f|” are linearly independent mod Id(V) implies that

V' ¢ Q. This says that the variety corresponding to Q is a proper subvariety of V
and has polynomial growth r, a contradiction.

It is also clear that if for some p = k with © # X\ we have that m, # 0, then
there exists a hwv f, ¢ Id(V) and (f,,, Id('V))r corresponds to a proper subvariety of
polynomial growth n*. Thus m, = 1 and m,, = 0, for all y I k, 1 # \, proving (i).

Now let h < kand p = hwith f, hwv such that f, ¢ 1d(V), i.e.,, m, # 0. Suppose
that f, + f\ (mod Id(V)). This says that f\ ¢ Q = (Id(V), f,)r. But then the
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variety corresponding to Q is a proper subvariety of V and has polynomial growth
n*. This contradicts the minimality of V.

Conversely, let V be a variety of algebras satisfying (i) and (ii) and let W be a
proper subvariety of V. For simplicity we denote by 1, (W) and m,, (V) the multi-
plicities of x,,, v F n, in X5 (W) and x5 (V), respectively.

Since W is a proper subvariety of V, x5 (W) < x5(V), i.e., there exists u - h < k
such that m, (W) < m, (V). Now let A - k be such that m, (V) = 1. If m\(W) = 0,
then W would have polynomial growth n’, with + < k. Hence we may assume that
my(W) = 1.

It follows that if 1 = h is such that m, (W) < m,(V), then h < k. This says
that there exists a hwv f, such that f, & Id(V) but f, € Id(W). By hypothesis
fu ~ fr (mod Id(V)), and so f € (f,,Id(V))r C (fy, Id(W))r = Id(W). This
contradiction completes the proof. ]

We remind the reader that by a result of Kemer ([18]) any variety of polynomial
growth can be generated by a finite dimensional algebra.

Before starting our classification of varieties of polynomial growth, we record two
results that were proved in [9, 19].

Let UTy be the algebra of k x k upper triangular matrices over F and let E; =
Zi-:ll eii+1 € UTy denote the diagonal just above the main diagonal of U Ty, where
the e;;’s are the usual matrix units.

Let Ni be the subalgebra of U T defined in [9] as follows

2 k—2
Ny = span{E, E\,Ef,...,E| “en, e13,..., €k},

where E denotes the identity k x k matrix. Notice that if k = 2, then Id(Ny) = Id(F).
We next state the following result characterizing the polynomial identities and the
cocharacter of Ng.

Theorem 3.4 For any k > 3, Nj generates a minimal variety of polynomial growth
nk=1. Moreover,

(1) Id(Ni) = ([x1, ... %], [x1, x2][x3, xa]) 15
(i) xP_ (NK) = Xk—2.1)5

—1, . I
(iii) ¢,(Np) =1+ ijzl(] — 1)(?) ~ (15712)! 1l n— .

Proof The minimality of var(Nj) and (ii) were proved in [20, Theorem 11]; (i) and
(iii) were proved in [9, Theorem 3.4]. [ |

Fort > 1, let G; denote the Grassmann algebra with 1 on a ¢t-dimensional vector
space over F, i.e.,
G = (L,er,...,e | eiej = —eje;).

The following result characterizes the polynomial identities and the codimensions
of G,.

Theorem 3.5 Foranyk > 1, Gy generates a minimal variety of polynomial growth
n**. Moreover,
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(i) 1d(Gx) = ([, %2, %3], [x1,%2] - - [Xoks1, Xoki2]) 15

(i)  xk(Gax) = X(12%)5

(i) e (Go) = 35y (3) = g s n— o0,

Proof The minimality of var(Gy) was proved in [20, Theorem 12], and (i) and
(iii) were proved in [9, Theorem 3.5]. Since var(Gyx) is minimal, by Theorem 3.3
ng(GZk) = X, for some A = 2k. Since fjx) = Sty € 1d(Gy), we get that
X2k(Gak) = X124 u

4 Minimal Varieties of Polynomial Growth < n*

In this section we shall classify, up to PI-equivalence, the algebras with 1 generating
minimal varieties of polynomial growth < n*. In the sequel we shall use the following
notation.

Definition 4.1 Two algebras A and B are Pl-equivalent, and we write A ~p; B if
Id(A) = Id(B).

We start by classifying the minimal varieties of polynomial growth n*, k < 3.

Theorem 4.2 Let A be an algebra with 1 such that c,(A) < qn’. Then A generates a
minimal variety if and only if either A ~p; N3 or A ~p; Njy.

Proof Since A is an algebra with 1, by (2.1),

3
G =Y (’:) c(A).

i=0

Hence [x1,x,][x3,x4] = 0 is an identity of A and A € var(UT,). The result now
follows from [19, Corollary 5.4]. [ |

From the above theorem it follows that there are no minimal varieties of linear
growth generated by an algebra with 1. But actually a stronger result holds, since it
can be proved that there are no algebras with 1 of linear codimension growth (see
(8,9]).

Next we are going to determine all minimal varieties V of polynomial growth n*.
In all cases but one, we shall also determine a finite dimensional generating algebra.

We recall that x(I's) = x(2,1) and that f 1) = [x2,%1, ;] is a corresponding hwv.
Also,

X(T1) = X6, + X@) + X@12) T X4

and it can be easily checked that

f(s,l) = [x2, X1, X1, %11, f(zZ) = [Xl,x2]27

fory = [x1,%3, [x1,%]] fasy = Sta(x1, %2, %3, x4)

are hwv’s.

https://doi.org/10.4153/CJM-2013-016-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-016-5

632 A. Giambruno, D. La Mattina, and M. Zaicev

In the following theorem we give the decomposition of the proper cocharacter of
the varieties whose T-ideal is generated by a hwv of degree 4. For A = (3, 1), (22),
and (2, 12) the result is due to Drensky [2,4]. When A = (1%), the corresponding
result is due to Kemer [17].

Theorem 4.3 Let1d(V) = (fi)r, where A - 4. If

X3y, n=5
(i) A=(3,1), then xh(V) = < x4y, n=2k>5,
0, n=2k+1>5;

X1 + X2,1%)s n=>5,
(ll) A= (22), then XE(V) = § X(@2k—1,1) + Xaxy, n= 2k > 5,

X(2k,1)5 n=2k+1>5;
(i) A= (2, 12), then & (V) =  X@=10 ¥ Xaz, n=2k>5,
Y X(2k,1) n=2k+1>5;
X2, n=25
(iv) A= (1), then x5 (V) = x\A(Ma(F) + < X3y, n=6,
0, n> 6.

Let V be a minimal variety of polynomial growth n*, and notice that if [x;,x;] €
Id(V), i.e., T'; C Id(V), then ¢,(V) = 1. Hence we must have that [x;, x,] € Id(V).

By Theorem 3.3, since V is minimal of growth n*, we have Xf;) (V) = x», where
A= (3,1) or (2%) or (2, 1?) or (1*), and we examine the four cases separately.

Suppose first that X4p(\7) = X@). Then fi) = [x1,%]* ¢ Id(V), and since
[x1,%2,%3] ~ f2), we get that 4 is the least degree of a polynomial identity of V.
Hence, since by Theorem 4.3, I's and [x;, x;][x3, x4] [x5, %] belong to the T-ideal
generated by f(3 1), f2.12), and f(14), we get

Id(v) = <[x27x1ax17x1]7 [x17x37 [X],le] 7St4(x17x2)x37x4)>T'

Noticethat e, () = 551y ()l () = 1+ (2) +2() +2(2).
A finite dimensional algebra generating V is exhibited in the following theorem.

Theorem 4.4 Let

a7b7c7d)e7f7g)h7i€F

<

Il
S O O O
oo oa &
S O o
SO Q ot o
QS =

Then M generates a minimal variety of growth n* and x} (V) = x(22).
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Proof It is easily checked that [x;,x7,x1,x1], Sta, [x1, X3, [x1, x2]] are identities of
M, and so, by Theorem 4.3, I's and [x1,x;][x3,x4][x5, %] also belong to Id(M).
Moreover, since fi2y = [x1,2][x1, %] ¢ Id(M), we get that X4P(M) = X(2) and
(M) = gn*. Hence, Id(M) D 1d(V), and so, by minimality of V, M generates V. M

Now suppose that Xf(\?) = X(2.12)- Then, f;12) = [x1, %3, [%1,%2]] € V, and since
[x1, %2, %3] ~> [x1, %3, [x1,%2]], then also [x;,x,, x3] ¢ V. Hence,

1d(V) = (Do, x1, %1, %11, [y, %217, St )

Notice that in this case, ¢, (V) = E:‘l:o ('Z) cf(A) =1+ (;’) + 2(;) + 3(2).
Now let x4 (V) = x(3.1)- Then f;31) = [x1,%2,x1,%] € V and from Theorems 3.3
and 3.4 we deduce that V = var(N;). Hence

1d(V) = 1d(Ns) = ([x1, %] [x3, x4, [%1, %2, %3, %4, X51) 1

! n P n n n
c,(A) = ; (i)ci (A) =1+ <2> +2<3) +3(4>.

Finally, in case Xf(\?) = Xxa4)> Sta ¢ V and from Theorems 3.3 and 3.5 we deduce
that V = var(G,). Hence,

1d(V) = 1d(Gy) = ( [x1, %, 3], [x1, %21 [x3, x4] [x5, %6] ) .

We summarize the results obtained in the following theorem.

Theorem 4.5 Let A be a unitary algebra such that c,(A) ~ qn®, for some q > 0. Then
A generates a minimal variety if and only if Id(A) coincides with one of the following
T-ideals:

(i) ([xl,xz][x3,x4], [X17x2,9€37x4,x5]>T,

(ii) <[X17x27x3], [xlaxZ][x37x4][x5,x6]>T;
(iii) ([o, x1, 21,211, [x1, 23, [%1, %211, Sta) 7
(iv) ([x2,x1, %1, x1], [x1, %], Sta) 7.

In the first three cases we have that A ~p; Ns or A ~p; G, or A ~p; M, respectively.
5 Minimal Varieties of Polynomial Growth »’
In this section we shall classify the minimal varieties of polynomial growth #°. We

start by recalling the decomposition of the Ss-character of I's:

X(Ts) = x@,n +2X62 T 2X6.12) +2X0221) T 2X(2,19)-
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It can be easily checked that

fay = [x2, %1, %1, %1, %11,
(5.1)  fhy =[xz, x]lx, ] =[x, p,x][x, 2],
filey =[x, yllx,z,x] — [x,2][x, y, x],
(52) [y =y xllxyl,  fE) =[x yllx, y,x],
(53)  fooy) =[xy, 2l y1+ [y, %, yllx, 2] + [x, y, 6]y, 2],
(54)  fohay =[x, yllx, p,21 + [x, 2y, x, ] + [y, 21, p, %],
(55)  for =[x y.xllzt] — [x,2,x][y, t] + [y, z,x] [x, 1] + [x, £, x] [, 2]
— .t xllx, 2] + [z, 8, x][x, y],
(5.6) fé’m = [z, t][x, y,x] — [y, t][x, z,x] + [x,t] [y, 2z, x] + [y, 2] [x, t, x]

- [-x7 Z] [)’; tax] + [x7 )’] [Za tax]

are linearly independent hwv’s.

Given a minimal variety V of polynomial growth n°, we shall study five distinct
cases according as % (V) = x,, where X is one of the five partitions appearing in the
decomposition of x(I's). We shall classify the corresponding varieties and we shall
see that in four out of five cases there are infinitely many distinct varieties.

Let V be a minimal variety and assume that x£(V) = x, where ) is one of the
four characters appearing with multiplicity 2 in the decomposition of I's. If f, and

/" are linearly independent, since V is minimal, one of f; and f’, say f|’, is not an
identity of V. Hence there exist a,, 3 € F, not both zero and unique up to a scalar
such that af) + 8f]" = 0 is an identity of V.

Then define the following T-ideals:

Qs = (Lo, fi, £y ol + BA [ 5,17 N,
Qs =(Qs, fu | fu,v 4, hwvsuchthat f, »~ f’ (mod Qs)) ,.

Also, set Q3 = (Qu, fo)1 if fia1) #~ f{’ (mod Qu), and Q3 = Q4 otherwise. Fi-
nally, set Q, = (Qs, fuz)) 1 if fu2) ¥ f!’ (mod Qs3), and Q, = Qs otherwise. Notice
that Q, = Qs, since all proper polynomials of positive degree follow from f;;2).

We claim that Id(V) = Q,.

In fact we shall prove that the variety Q determined by Q; is minimal of growth n°.

First, Qs C Q; and f;" & Q; says that x2(Q) = 0and x£(Q) = x,. Moreover, if
fu, it B h < 4is a hwv such that f, & Q,, then since Q, C Q,, f, & Qu. Hence by
the definition of Qp, f, ~ f’ (mod Qy1). This means that f{" € (f,, Qu1)r C
(fu» Q2)1> e, fu ~ f!” (mod Q,). We have shown that the requirements of Theo-
rem 3.3 are fulfilled, and the claim is proved.

In light of the above, if V is a minimal variety of growth r° such that x£(V) = y,,
with A € {(3,2),(3,1%),(22,1),(2,1%)}, then V is uniquely determined, up to a
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scalar, by a linear combination af + 8/’ = 0 of two linearly independent hwv’s
that is an identity of V.

Then it is worth introducing the notation Id(V) = Q, FIABFL

Throughout, we let V be a minimal variety of polynomial growth #°, and we ex-
amine the following five distinct cases.

Case 1. Xé’(\?) = X(4.1
Then fu1) = [x2,%1,%1,%1,%1] &€ V and by Theorems 3.3 and 3.4 we deduce that
V = var(Ng). Hence,

Id(V) = Id(Né) = < [Xl,XZ][X3,X4], [x17x27x37x47x5;x6]> T

Case 2. X£(V) = X(3,12)-
We consider the two linearly independent hwv’s corresponding to the partition
(3,12) given in (5.1):

[y = %2, x10x, y] =[x, p,x1[x, 2], f5 2y = [x, 1%, 2, x] = [x, 2] [x, p, %]

Since 3 Pyy = X(3,12)» we deduce that one of them is not an identity of V.
Clearly
(5.7) f(lz)’ —f(zal) ~ f(/s,lz)’ f(gl,lz)v

(here we mean that each polynomial on the left-hand side implies each polynomial
on the right-hand side).
Also, by Theorem 4.3,

(5.8) T, fens fore) ~ f(3 12)s f(s 12)-

Finally, we consider f(;1y = St4. By [17] we deduce that

(5.9)  fasy ~ f(’3~12) — f3 12y and fay A f(3 125 f3 1) +af(’3flz) for any o # —1.

If we now collect the results obtained in (5.7)—(5.9) and combine them with The-
orem 3.3 and the above remark, we get the following.

Theorem 5.1 Suppose that either X3 Pyy = X(4,1) OF X5 vy = XG12). ThenVisa
minimal variety of growth n° if and only if 1d(V) coincides with one of the following
T-ideals:
(1) Id(Ne) = ([x1, x2] x5, x4], [x1, %2, X3, X4, X5, X6 ]) 7>
(11) Qf“z 312) <F6’f(4-,1)7f;fafpf/7f(;712)+f({°,i12) | ,U/l_SaM# (3a 12)7(4,1)>T;
(iii) Qf“z =

<f(14)u]~—‘67f(4,1)7f#/u f;, 12) f(312 |,U/|_5 M#(S 12) (4 1)>
(IV) Q (;’]2) - <F6af4 1)7]34/7]‘;;,”7]((/3/12 | 12 '_ 5 s K 7& (3 l ) (4 l)>T7
(V) Qf(;,lz)Jraf” <F67 ﬁ41 f,u’ " f/3 12) + af3 12) | 1% l_ 57 M 7é (37 12)7 (47 1)>T7
where a € F is any scalar such that oo # £1.

(3,12)
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Case 3. XE(V) = x(3.0)-
Take the two linearly independent hwv’s corresponding to the partition (3,2)
given in (5.2):

]((/3‘2) = [X, }’7 .X] [xay]7 ]((/3/2) = [x7}’][x, }’,x]~

Since x£(V) = X(3.2), one of them is not an identity.

Clearly fu2), fo,1) ~ f52)> f32)-
Also, by Theorem 4.3 and [17] we deduce that

fory, fons fany = £ f52)
and
fan A ]f(gfz), f(’ﬂ) +afy, foranya eF

By collecting the results obtained so far and combining them with Theorem 3.3 as
in the previous case, we get the following theorem.

Theorem 5.2 Let Xt (V) = x(32). Then V is a minimal variety of growth n° if and
only if 1d(V) coincides with one of the following T-ideals:

(1) Qf(;,z)‘*'f(g_'z) = <ﬁ14)7 F67 f(4,1)7 f;:a Hllv f(/372) + f(gtz) | w F 5’,“‘ # (35 2)7 (47 1)>T7

(ll) Qf(;,z)—f(g_'z) = <f(14)7 F67 f(4,1)7 f;{a fullv f(/3’2) - f(,3/72) | H + 57” 7& (372)7 (43 l)>T7

(iii) Qf(;'z) = <f(14)ar67 f(4.,1)7 f/llﬂ fyl,lv f(lsl,g) | H + 5,1 7é (33 2)7 (47 1)>T7

(1V) Qf(gyz)ﬂyf(;‘/z) = <ﬁ14)7r6; f(4.,1), f;;la }:/7 f(,372)+af(/3iz) | M F 57#’ 7£ (372)7 (43 1)>T7
where o« € F is any scalar such that oo # £1.

Case 4. Xg(\?) = X@.1)-
We consider the two linearly independent hwv’s corresponding to the partition
(22,1) given in (5.3) and (5.4):

foeny =[xy, 21lx, y] + [y, %, y1Ix, 2] + [x, y, x] [y, 21,

forny =l yllx y, 2] + [x, 2l [y, x, y] + [y, 2] [x, y, ).

Since X2(V) = X(22.1), one of them is not an identity of V.

Clearly fi2) ~ f(/22,1)>f(/2/2,1)~
Also, by Theorem 4.3,

fon, for, fon, faar) ~ foens foe)
and, by [17]
fasy ~ f</22.1) + f(/z/2.1)
fas f(lzéﬁl), ]((12271) + ozf(’zlyzyl), for any o # 1.

By collecting the results obtained so far and combining them with Theorem 3.3,
we get the following theorem.
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Theorem 5.3 Let x5(V) = X(2.1)- Then 'V is a minimal variety of growth n’ if and
only if Id('V) coincides with one of the following T-ideals
(i) szl 1) 22 y

<f(14)7]'—‘6’ﬁ411)7f;1/7f# vf(zz 1) +f(22 1 | 1% F5 s 7é (22 1), (4 1)>

(11) Qf22] 221 = <F6ﬂf(41 .f;t’?,f;lll7f22 f( 2.1) |NF5 .u# (22 1) (4 1)>
(lll) Qf” <F6af4l)7f;uf; |:u|—5 /J’7£(2'2 1) (4 l)>T7

(IV) Qf22] +(Yf22/1 <F67f(4.1 7f,u fN ’f(2271) + Oéf(zz"l) | M F S,M 7é (227 1)7 (4a 1)>T7
where o € Fis any such that oo # *1.

Case 5. X2 (V) = x(2.19)-
We take now the two linearly independent hwv’s corresponding to the partition
(2,1%) given in (5.5) and (5.6):
foum =[x,y xl[z,t] = [x,2,x] [y, t] + [y, 2, x] [, t] + [x, t, x] [y, 2]
- [yatax][x7z] + [Z7t7x][x7y]7
foly = Lz, tllx, . x] = [y, t)[x,2,x] + [x, ][y, 2, 6] + [, 2], 8, x]
- [xa Z] [)’; t;x] + [x7 )’] [Z7 t7x]'

Clearly fuz) ~ f5 15y f5 13y
By [2] we deduce that
fizy ~ f213 +f213 and f2) f213 f213 +O‘f(lzl.ﬁ)v forany a # 1;
fen ~ f(z,l3 f(z 15y and fi1) A f(z 13) f(z 13y T afz 13), forany a # —
fazy, fay ~ foams f3-

By collecting the results obtained so far and combining them with Theorem 3.3,
we get the following theorem.

Theorem 5.4 Let x5(V) = X(.1%)- Then 'V is a minimal variety of growth n’ if and

only if Id('V) coincides with one of the following T-ideals
(i) Qg

B <f(22)71—‘6; f(4,1)v fu/v f;t”’ f(lz,p) + ]((,2/,13) | M F 5, p ?é (27 13)» (4; 1)>T,
() Qg —pr, =

@13
<ga f(3,1)7r63f(4.1), ’u,,v m ,f(2 13) fz 13) | 1% '7 5 s W ?é (2 13) (4 1)>
(111) Qf(;’] <F6af4l)7fu7f; 213 |,u'_5 [L?é(z 1 ) (4 1)>T:
() Qqr vz = (Tos fan fis £ fo oy + @ ffisy L F 5,1 # (2,17), (4, D),
where o € F is any such that o # £1, where

rr
213 (2,13

§=fon € Q. o, if fon # S sy (mod Qg prr )

213) /(2,13)
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and g = 0 otherwise.
Here Qfé.ﬁffé./m is the T-ideal generated by the generators Ofo(;ﬁ)_ s except g.

(213

As the referee has pointed out, the list of generators of the T-ideals Q, f/+Bf!"s €an
be shortened by applying the results of Popov given in [21].

6 Minimal Varieties of Higher Growth

The procedure of the previous section can be generalized to higher growth.

Let V be a minimal variety of polynomial growth 1%, k > 2. Let By be the space of
homogeneous proper polynomials of degree k. Decompose By = ®,,+¢B", where B*
is the sum of the irreducible submodules of By with character x, and u runs over all
partitions of k corresponding to proper polynomials.

According to Theorem 3.3, Xf(\?) = X\, for some character ) and let x(I'y) =
syt -, e, my s the multiplicity of ) in x(I't); in other words, B is the
direct sum of m, irreducible submodules, each generated by a hwv that is a proper
polynomial. Fix these m1, linearly independent h.v.w’s say, fi,..., fn,, and let H*
denote the vector space generated by them.

Since dim H* N Id(V) = m, — 1, there is an m, x (my — 1) matrix (cij), with
entries in F of rank m, — 1 such that the polynomials

my my
= aufu s fpor =D Qimrf
i=1 i=1

span H* N 1d(V).

Let f" & span{f/,..., f,, _1} be another proper polynomial that is a h.v.w. cor-
responding to \. Clearly f ¢ 1d(V) as dim H* N Id(V) = m,, — 1.

Define the following sequence of T-ideals

Q= <rk+17Hu7f1/7"'7fn,1)\—1 | p ko # /\>T

andforl <i<k-2,

Qi = (Qi—i+1, fu | v E k—i, and f, hwy with f, »~ " (mod Q_i+1)) ;-

Hence
QS Q1S CQy,

and we claim that Id(V) = Q,.

Let Q be the variety determined by Q,. Now, I'xy; € Qi C Q; says that Xi Q) =
0. Also, by the construction of the T-ideals Qx_;, f/ & Qi implies that "' & Qx_,;
and by induction "’ € Q,. Thus, since f/, ..., f,,_; € Qy, we get that Xf(Q) = X

Next we check that the second condition of Theorem 3.3 is satisfied.

Let fu,;0 = h < k — 1 be a hwv such that f, € Q,. Then since Q, C Q»,
fu & Qu. Hence by the definition of Qy, f, ~» f'’ (mod Qp41). This means that
" e (fus Quir)r S (fu, Q)1 ey f ~» " (mod Q,). We have proved that the
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requirements of Theorem 3.3 are fulfilled and that Q is a minimal variety coinciding
with V.
Write
X(Tx) = Z MAXA-

Ak

The above construction point out that a minimal variety V of polynomial growth n*
is determined by
(a) apartition A - k,
(b) a subspace span{fi,..., fi,—1} C B where fi,..., fi,_1 € B*NI1d(V) are
linearly independent h.w.v’s.
Hence we introduce the notation Id(V) = Qy, .. foy 1+
We have proved the following theorem.

Theorem 6.1 LetV be a minimal variety of polynomial growth n*, k > 5. If x(I') =
> bk My Xy 15 the decomposition of the Sy-character of T'y into irreducibles, then there

exist a partition \ = n and my — 1 linearly independent h.w.v’s fi, ..., f,—1 € BN
1d(V) such that 1d(V) = Qfirosfony 1+
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