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Abstract

For a connected reductive group G over a finite field, we study automorphic vector bundles on the stack of G-zips.
In particular, we give a formula in the general case for the space of global sections of an automorphic vector bundle
in terms of the Brylinski-Kostant filtration. Moreover, we give an equivalence of categories between the category
of automorphic vector bundles on the stack of G-zips and a category of admissible modules with actions of a
0-dimensional algebraic subgroup a Levi subgroup and monodromy operators.

1. Introduction

The stack of G-zips was introduced by Pink-Wedhorn-Ziegler [PWZ11] and [PWZ15] based on the
notion of F-zip defined in the work of Moonen-Wedhorn ([MWO04]). In this article, we investigate vector
bundles on the stack of G-zips. Let G be a connected reductive group over a finite field F,; and let &
denote an algebraic closure of F,. For a cocharacter y1: Gy, x — Gy, Pink-Wedhorn-Ziegler have defined
a smooth finite stack G-Zip* over k, called the stack of G-zips of type u. Many authors have shown
that it is a useful tool to study the geometry of Shimura varieties in characteristic p. For example, let
Sh(G, X)k be a Shimura variety of Hodge type over a number field E with good reduction at a prime p.
Kisin [Kis10] and Vasiu [Vas99] have constructed an integral model Sk over Og, at all places v|p in E.
Denote by Sk the geometric special fibre of Sx and by G the special fibre over F, of G (in the context of
Shimura varieties, we take ¢ = p). Let u be the cocharacter attached naturally to X. Then Zhang [Zha8]
has shown that there exists a smooth morphism of stacks {: Sy — G-Zip*, which is also surjective.
The second author and Wedhorn have used the stack G-Zip* to construct u-ordinary Hasse invariants
in [KW 18], and this result was later generalised to all Ekedahl-Oort strata with Goldring [GK 19a].

In [Kos19], the second author studied the space of global sections of the family of vector bundles
(V1 (A))aex+(r). To explain what these vector bundles are, first recall that the cocharacter u yields a
parabolic subgroup P C G, as well as a Levi subgroup L C P, which is equal to the centraliser of u (see
Subsection 2.2.2 for details). Then for any algebraic P-representation (V, p) over k, there is a naturally
attached vector bundle V(p) of rank dim(V) on G-Zip* modelled on (V, p) (see Subsection 2.4). We
call V(p) an automorphic vector bundle on G-Zip* (cf. [Mil90, Chapter III, §2]).

The vector bundle V(1) (for 4 € X*(T) a character of a maximal torus 7 C G) is by definition
the vector bundle attached to the P-representation V; (1) = Indg (1), where B C P is a Borel subgroup
(containing T and appropriately chosen), Ind denotes induction and I denotes the set of simple roots
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of L. For a k-algebraic group H, we write Rep(H) for the category of finite-dimensional algebraic
representations of H over k. The natural projection P — L modulo the unipotent radical induces a
fully faithful functor Rep(L) — Rep(P). In particular, all representations of the form V; (1) lie in the
full subcategory Rep(L). In the case when G is split over F,,, we showed in a previous work [Kos19,
Theorem 1] that H%(G-Zip*, V; (1)) can be expressed as

H(G-Zip*, V(1) = Vi (DEEP) A vy (2)<o, (1.0.1)

where V7 (1)X®r) denotes the L(Fp)-invariant subspace of Vy (1) and Vy(4)<o C V;(4) is defined as
follows: It is the direct sum of the T-weight spaces V; (1), for the weights v satisfying (v, a") < 0 for
any simple root @ outside of L.

In this article, we vastly generalise the formula (1.0.1) to the most general case. We do not assume
that G is split over F, and, more important, we consider arbitrary representations in the larger category
Rep(P) as opposed to the subcategory Rep(L). In the context of Shimura varieties, there are many inter-
esting vector bundles other than the family (V;(1)),, which may not always arise from representations
in Rep(L). For example, in [Urb14], nearly holomorphic modular forms of weight k£ and order < r are
defined as sections of the vector bundle w®*~") ® Sym” (fHéR) on the modular curve X (N) for some
level N > 1. Here, iH(liR is the sheaf of relative de Rham cohomology of the universal elliptic curve
& — X(N),and0 Cc w C f){cllR is the usual Hodge filtration. In this context, the group G is GL,, P = B
is a Borel subgroup of G. The vector bundle CJ-CéR is attached to the dual of the standard representation
of GL, (viewed by restriction as a representation of P). Similarly, Sym’(ﬂ-(clm) is attached to the rth
symmetric power of that representation. More generally, on the Siegel-type Shimura variety </, (which
parametrise principally polarised abelian varieties of rank g), the universal abelian scheme yields a rank
2g vector bundle fHéR on &,. One can extend the definition of ﬁ}CéR to Hodge-type Shimura varieties
after choosing a Siegel embedding. Furthermore, it extends to a vector bundle on the integral model Sx
of Kisin and Vasiu. This example shows that it is desirable to also understand vector bundles that arise
from general representations of P. In this article, we determine the space H’(G-Zip#, V(p)) for any
cocharacter datum (G, w) (for the definition of cocharacter datum, see Subsection 2.2.2) and for any
representation (V, p) € Rep(P). By Zhang’s smooth surjective map £ : Sx — G-Zip#, this determines
a natural Hecke-equivariant subspace

HO(G-Zip", V(p)) = H(Sk. V(p)). (1.0.2)

In particular, we obtain Hecke-equivariant sections of V(p) on Sk . Furthermore, we can potentially study
sections on Ekedahl-Oort strata by the same method, as demonstrated in [GK19a]. Another motivation
for describing sections on G-Zip* is that we would like to determine which weights A admit nonzero
automorphic forms. Specifically, let Cx denote the set of 1 € X*(T) such that H(Sk,V; (1)) # 0.
Similarly, let C,p be the set of A such that H°(G-Zip#,V; (1)) # 0 (one can show that they are cones
in X*(T)). The inclusion (1.0.2) shows that Cy;, C Ck. Denote by (—)qg., the generated Qso-cones.
Then one can see [Kos19, Corollary 1.5.3] that Ck o, is independent of K, and we conjecture [GK 18,
Conjecture 2.1.6] that it coincides with Cyp g.,. Goldring and the second author proved this conjecture
in some case in [GK 18, Theorem D].

We show that the space H’(G-Zip#, V(p)) is given by the intersection of the L ,-invariants of V
with a generalised Brylinski-Kostant filtration (where L, C L is a certain 0-dimensional group, see
(3.2.1)). For the general statement, see Theorem 3.4.1. For the sake of brevity, we give a simplified
statement in this introduction. Assume here that P is defined over F, (in this case, L, = L(F;)).
Let p*: X*(T)x — X*(T)g be the map induced by the Lang torsor p: T — T; g +— ge(g)7!,
where ¢: G — G denotes the gth power Frobenius homomorphism. Let V = €5 V,, be the weight
decomposition of V. For y € X*(T)g, let Filf; V, be the Brylinski-Kostant filtration of V,, (see (3.4.2)).
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Theorem 1 (Corollary 3.4.2). Assume that P is defined over F,. For any (V, p) € Rep(P), we have

H°(G-zip#, V(p)) = VEFd) n @ Fﬂg*-l(v)VV'
veX*(T)

In the more simple case of [Kos19], the space Vj(1)<o appearing in equation (1.0.1) is a sum of
weight spaces of V. In the general case, H(G-Zip*, V(p)) cannot be written as an intersection of VX (Fa)
with a sum of weight spaces of V (see Examples 4.3.2 for a counterexample). We include examples of
concrete computations of the space H(G-ZipH, V(p)) in Section 6.

Our second result concerns the category BB(G-Zip#) of vector bundles on G-Zip#. As explained
above, there is a natural functor V: Rep(P) — BB(G-Zip*). Denote by BB p(G-Zip#) the full
subcategory that is equal to the essential image of V. We give an explicit description of the category
BBp(G-Zip”) of automorphic vector bundles. We define the category of L,-modules with AP-
monodromy (see Definition 5.2.2). Its objects are L,-modules W endowed with a set of monodromy
operators indexed by AP (where AP denotes the set of simple roots outside the parabolic P). There
is a natural functor Fyn: Rep(P) — Lo-MNyr (see (5.2.1)). An L,-module with AP -monodromy
is called admissible if it lies in the essential image of Fyn. The category of admissible L ,-modules

AP -monodromy is denoted by LW—MNZd,ﬂn.

Theorem 2 (Theorem 5.1.5). The functor V: Rep(P) — BB(G-Zip#) factors through the functor
Fun: Rep(P) — L,-MN Zd,‘,“ and induces an equivalence of categories

L,-MNY — B8 p(G-ZipH).

In particular, we deduce the following. Let Sx denote again the good reduction special fibre of a
Hodge-type Shimura variety. Similarly, there is a natural functor Rep(P) — BB(Sk ), where BB(Sk)
denotes the category of vector bundles on Sx. Write again BB p (Sk ) for the essential image of Rep(P).
In this context, we have the following.

Corollary 3 (Corollary 5.1.6). The functor V: Rep(P) — BBp(Sk) factors as

. .
Rep(P) —5 L,-MN¥m <, 8%, (S).

The results of this article will be used in the follow-up articles [IK21] and [GIK21], where we study

partial Hasse invariants for Shimura varieties of Hodge type.

2. Vector bundles on the stack of G-zips
2.1. Notation

Throughout the article, p is a prime number, g is a power of p and F; is the finite field with ¢ elements.
We write k = EI for an algebraic closure of F,. Write o € Gal(k/F,) for the gth power Frobenius. For
a k-scheme X and m € Z, we write X4 for the base change of X by o and ¢: X@") — X4
for the relative gth power Frobenius morphism. For an algebraic representation (V, p) of an algebraic
group H over k, let (V@) p(@)) denote the representation p o ¢: HY) 5 H - GL(V).

The notation G will denote a connected reductive group over F,. We will always write (B,T) for a
Borel pair defined over F; thatis, T C B C Gy are a maximal torus and a Borel subgroup defined over
F,. Let B* be the Borel subgroup of G opposite to B with respect to T (i.e., the unique Borel subgroup
of G such that B* N B = T). We will use the following notations:

m+l)

o Asusual, X*(T) (respectively X, (T)) denotes the group of characters (respectively cocharacters) of
T. The group Gal(k/F,) acts naturally on these groups. Let W = W(G, T) be the Weyl group of
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G. Similarly, Gal(k /F,) acts on W. Furthermore, the actions of Gal(k/F,) and W on X*(T) and
X..(T) are compatible in a natural sense.

o @ c X*(T): the set of T-roots of G.

o @, c ®: the system of positive roots with respect to B* (i.e., @ € ®, when the a-root group U, is
contained in B*). This convention may differ from other authors. We use it to match the conventions
of [Jan03, Chapter II, §1.8] and previous publications [GK 19a], [Kos19].

o A C @,: the set of simple roots.

o For @ € @, let s, € W be the corresponding reflection. The system (W, {sq}qea) is a Coxeter
system. Write £: W — N for the length function. Hence, £(s,) = 1 for all @ € ®. Let wy denote the
longest element of W.

o Forasubset K C A, let Wk denote the subgroup of W generated by {s4}qck. Write wg g for the
longest element in Wk .

o Let KW denote the subset of elements w € W that have minimal length in the coset Wx w. Then KW
is a set of representatives of Wx \W. The longest element in the set Kw is Wo,K Wo.

o Xi(T) denotes the set of dominant characters — that is, characters 1 € X*(T) — such that (1,a") > 0
forall @ € A.

o Forasubset/ C A, let X} ; (T) denote the set of characters A € X*(T) such that (1, @) > 0 for all
a € 1. We call them /-dominant characters.

Definition 2.1.1. Let P C Gy be a parabolic subgroup containing B and let L C P be the unique
Levi subgroup of P containing 7. Then we define a subset Ip C A as the unique subset such that
W(L,T) = Wy, . For an arbitrary parabolic subgroup P C G containing T, we put Ip = Ip- C A, where
P’ is the unique conjugate of P containing B.

o For a parabolic P ¢ Gy, we put A¥ = A\ Ip.

2.2. The stack of G-zips

In this section, we recall some facts about the stack of G-zips of Pink-Wedhorn-Ziegler.

2.2.1. Zip datum
Let G be a connected reductive group over . In this article, a zip datumis atuple Z = (G, P, L, O, M, ¢)
consisting of the following objects:

(i) P ¢ Gg and Q C Gy are parabolic subgroups of G.
(i) L c P and M c Q are Levi subgroups such that L(9) = M. In particular, the g-power Frobenius
isogeny induces an isogeny ¢: L — M.

If H is an algebraic group, denote by R,(H) the unipotent radical of H. For x € P, we can write
uniquely x = xu with x € L and u € Ry(P). This defines a projection map 92’: P> L; x> X
Similarly, we have a projection 91% : Q — M. The zip group is the subgroup of P x Q defined by

E:={(x,y) € Px Q| (67 (x)) = 6% (»)}. Q2.1

In other words, E is the subgroup of P x Q generated by R,(P) X Ry(Q) and elements of the form
(a,¢(a)) witha € L. Let G x G act on G, by (a,b) - g := agh™', and let E act on G by restricting this
action to E. The stack of G-zips of type Z can be defined as the quotient stack

G-Zip® = [E\G«] .

Although the above definition of G—Zipz’ may be the most concise one, there is a more useful, equivalent
definition in terms of torsors: By [PWZ15, §3C and 3D], the stack G-Zipz’ is the stack over k such
that for all k-scheme S, the groupoid G-Zip(S) is the category of tuples J = (J,Jp,Jp,t), where J
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is a Gg-torsor over S, Jp € Jand Jp C J are a P-subtorsor and a Q-subtorsor of J respectively and
t: (Jp/Ru(P))P) — Jo/Ru(Q) is an isomorphism of M-torsors.

2.2.2. Cocharacter datum

A convenient way to give a zip datum is using cocharacters. A cocharacter datum is a pair (G, u) where
G is a reductive connected group over F; and u: Gy x — Gy is a cocharacter. There is a natural way
to attach to (G, u) a zip datum Z,,, defined as follows. First, denote by P.(u) (respectively P_(u)) the
unique parabolic subgroup of G such that P, (u)(k) (respectively P_(u)(k)) consists of the elements
g € G (k) satisfying that the map

Gmix — G t— u(®gu()™"  (respectively 1 — u(r) ' gu(r))

extends to a morphism of varieties A,l( — Gg. This construction yields a pair of parabolics
(P+(u), P_(w)) in Gy such that the intersection P.(u) N P_(u) = L(u) is the centraliser of . It
is a common Levi subgroup of P, (u) and P_(u). Set P = P_(u), Q = (P4(u))9, L = L(u) and
M = (L(u))9. Then the tuple 2, := (G, P,L,Q, M, ¢) is a zip datum, which we call the zip datum
attached to the cocharacter datum (G, ). We write simply G-Zip* for G-Zip®#. For simplicity, we
will always consider zip data arising in this way from a cocharacter datum.

2.2.3. Frames
In this article, given a zip datum Z = (G, P, L, Q, M, ¢), a frame for Z is a triple (B, T, z) where (B, T)
is a Borel pair of G defined over FF,, satisfying the following conditions:

(i) One has the inclusion B C P.
(ii) z € W is an element satisfying the conditions

‘BcQ and BANM=BNM.

Remark 2.2.1. Let (B, T) be a Borel pair defined over F, such that B C P. Then we can find z € W
such that (B, T, z) is a frame. This follows from the proof of [PWZ11, Proposition 3.7].

A frame may not always exist. However, if (G, ) is a cocharacter datum and Z,, is the associated zip
datum (Subsection 2.2.2), then we can find a G (k)-conjugate u” = ad(g)ou (withg € G(k))suchthat 2,
admits a frame. This follows easily from Remark 2.2.1 and the fact that G is quasi-split over F,,. Hence,
it is harmless to assume that a frame exists, and we will only consider a zip datum that admits a frame.

Remark 2.2.2. If the cocharacter u is defined over F,, then so are P and Q. In particular, we have in
this case L = M and P, Q are opposite parabolic subgroups with common Levi subgroup L.

For a zip datum (G, P, L,Q, M, @), weput I = Ip C A.Note that AP = A\ I.

Lemma 2.2.3 ((GK19b, Lemma 2.3.4]). Let uu: G, x — Gi be a cocharacter, and let Z,, be the
attached zip datum. Assume that (B,T) is a Borel pair defined over F, such that B C P. We put
z =0 (wo,1)wo. Then (B,T, z) is a frame for Z,,.

2.2.4. Parametrisation of E-orbits
Recall that the group E from (2.2.1) acts on G. We review below the parametrisation of E-orbits
following [PWZ11].

Assume that Z has a frame (B,T,z). For w € W, fix a representative w € Ng(T), such that
(wiwp)" = 1wy whenever €(wiw;) = £(wy) + £(wy) (this is possible by choosing a Chevalley system,
[ABD+66, Exposé XXIII, §6]). For w € W, define G, as the E-orbit of wz~!. We note that G,, is inde-
pendent of the choices of w and a frame by [PWZ1 1, Proposition 5.8]. If no confusion occurs, we write
w instead of w. Define a twisted order on I W as follows. For w, w’ € IW, write w’ < w if there exists
w1 € Wz such that w’ < wywo (wy)~!. This defines a partial order on /W [PWZ1 1, Corollary 6.3].
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Theorem 2.2.4 ([PWZ11, Theorem 6.2, Theorem 7.5]). The map w — G, restricts to a bijection
'W — {E-orbits in G}. (2.2.2)

Forw € 'W, one has dim(G,,) = £(w)+dim(P). Furthermore, forw € 'W, the Zariski closure of G, is

Gw= || Gw

welw, w<sw

Each E-orbit is locally closed in G. Because E is smooth over k, all E-orbits are also smooth over
k. However, the Zariski closure G, of G,, may have highly complicated singularities; see [Kos18] for
a description of the normalisation of G,,. The closure of an E-orbit is a union of E-orbits; hence we
obtain a stratification of G.

In particular, there is a unique open E-orbit Uy, C G corresponding to the longest element wo ;wg €
W via (2.2.2). For an E-orbit G,, (with w € /W), we write X,, := [E\G,,] for the corresponding
locally closed substack of G-Zip* = [E\Gy].

If Z arises from a cocharacter datum (Subsection 2.2.2), we write U, for Uz, ,. Using the terminology
pertaining to the theory of Shimura varieties, we call U, the u-ordinary stratum of G-Zip*. The
corresponding substack U,, := [E\U,] is called the u-ordinary locus. It corresponds to the u-ordinary
locus in the good reduction of Shimura varieties, studied, for example, in [Wor13], [Moo04]. For more
details about Shimura varieties, we refer to Subsection 2.5.

2.3. Reminders about representation theory

If H is an algebraic group over a field K, denote by Rep(H) the category of algebraic representations of
H on finite-dimensional K-vector spaces. We will denote such a representation by (V, p) or sometimes
simply p or V.

Let H be a split connected reductive K-group and choose a Borel pair (By,T) defined over K.
Irreducible representations of H are in one-to-one correspondence with dominant characters X; (7).
This bijection is given by the highest weight of a representation. For 2 € X;(7T), let £, be the line
bundle attached to A on the flag variety H/Bpy by the usual associated sheaf construction [Jan03, §5.8].
Define an H-representation Vi (1) by

Vi () == H(H/By, L,). (2.3.1)

In other words, Vi (1) is the induced representation IndgH A. Then Vi (1) is a representation of highest
weight 1. We view elements of Vi (1) as functions f: H — A! satisfying the relation

f(hb) = A(b~Y)f(h), YheH,VbeBy. (23.2)
For dominant characters A, A, there is a natural surjective map
V() @ V(1) > Vg (a+ ). (2.3.3)
In the description given by (2.3.2), this map is simply given by mapping f ® f’ (where f € Vg (),
f’ € Vg (")) to the function f f’ € Vg (1+ ).

Denote by Wy := W(H, T) the Weyl group and wg g € Wy the longest element. Then V(1) has a
unique By -stable line, which is a weight space for the weight wo g A.
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2.4. Vector bundles on the stack of G-zips

2.4.1. General theory

For an algebraic stack X, write BB(X) for the category of vector bundles on X. Let X be a k-scheme
and H an affine k-group scheme acting on X. If p: H — GL(V) is a finite-dimensional algebraic
representation of H, it gives rise to a vector bundle Vg x (p) on the stack [H\X]. This vector bundle
can be defined geometrically as [ H\ (X X V)], where H acts diagonally on X X; V. We obtain a functor

Vu.x: Rep(H) —» BB([H\X])).

In particular, similar to the usual associated sheaf constrution [Jan03, Chapter I, §5.8, Equation (1)], the
space of global sections H*([H\X], Vg x (p)) is identified with

HY([H\X],Vax () ={f: X > V| f(h-x)=p(h)f(x), VheH, VxeX}. (2.4.1)

2.4.2. Automorphic vector bundles on G-Zip*
Fix a zip datum

Z’:(G’P»L,Q»M,‘P)

and a frame (B,T,z) as usual. By the previous paragraph, we obtain a functor Vg : Rep(E) —
BB(G-Zip?), which we simply denote by V. For (V, p) € Rep(E), the space of global sections of

V(p) is
HY(G-Zip®,V(p)) ={f: Gk > V| f(e-g) = p(€)f(g), Ve € E, Vg € Gy}.

One has the following easy lemma, which follows from the fact that G admits an open dense E-orbit
(see discussion below Theorem 2.2.4).

Lemma 2.4.1 ([Kosl9, Lemma 1.2.1]). Let (V,p) be an E-representation. Then we have
dim H°(G-Zip®,V(p)) < dim(V).

The first projection p;: E — P induces a functor pj: Rep(P) — Rep(E). If (V,p) €
Rep(P), we write again V(p) for V(pj(p)). Let BBp(G-Zip®) be the essentail image of
V: Rep(P) — BB(G-Zip?). We call BB p(G-Zip®) the category of automorphic vector bundles
(cf. [Mil90, Chapter III, Remark 2.3]). The goal of this article is to study the vector bundles V(p)
on G-Zip® and determine their properties for p € Rep(P). In particular, we seek to understand the
properties of V(p) in terms of the representation (V, p) defining it.

2.4.3. L-representations
Let# f : P — L denote again the natural projection modulo the unipotent radical R, (P), as in Subsection
2.2.1. It induces by composition a functor

(QIL))*: Rep(L) — Rep(P).

It is easy to see that (0{ )* is a fully faithful functor, and its image is the full subcategory of Rep(P) of
P-representations that are trivial on R, (P). Hence, we view Rep(L) as a full subcategory of Rep(P). If
(V,p) € Rep(L), we write again V(p) := V((Gf)*(p)). For 1 € X7 ; (T), write By, := BN L and define
an L-representation as

— 1aL
Vi(4) = Indg, (1).

This is the representation defined in (2.3.1) for H = L and By = Bpr. Denote by V(1) the vector

bundle on G-Zip? attached to V; (1). We call V; (1) the automorphic vector bundle associated to the

weight A on G-Zip®. This terminology stems from Shimura varieties (see Subsection 2.5 for further
details). Note that if 1 € X*(T) is not L-dominant, then V; (1) = 0 and hence V; (1) = 0. In [Kos19], the
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second author studied the vector bundles V; (1) on G-Zip®. In particular, he 1nvest1gated the question of
determining the set Cp of characters 1 € X7 ; (T) such that the space H°(G-Zip®, V(1)) is nonzero.

In a work in progress [GIK21] with Goldrmg, we completely determine Cy;, under the condition that P
is defined over F, and the Frobenius o~ acts on I by —wgq ;.

2.5. Shimura varieties

In this subsection, we explain the link between the stack of G-zips and Shimura varieties. Let (G, X) be
a Shimura datum [Del79, §2.1.1]. In particular, G is a connected reductive group over Q. Furthermore,
X provides a well-defined G(Q)-conjugacy class {u} of cocharacters of G@ Write E = E(G,X)
for the reflex field of (G,X) (i.e., the field of definition of {u}) and Og for its ring of integers.
Given an open compact subgroup K € G(Ay), write Sh(G, X)x for the canonical model at level K
over E (cf. [Del79, §2.2]). For K small enough in G(Af), Sh(G, X)k is a smooth, quasi-projective
scheme over E. For a small enough K, every inclusion K’ c K induces a finite étale projection
TTK'/K * Sh(G, X)[(/ - Sh(G, X)[(.

Let ¢ > 1 and let (V,y) be a 2g-dimensional, nondegenerate symplectic space over Q. Write
GSp(2g) = GSp(V,y) for the group of symplectic similitudes of (V,y). Write X, for the double
Siegel half-space [Del79, §1.3.1]. The pair (GSp(2g),X,) is called the Siegel-Shimura datum and
has reflex field Q. Recall that (G, X) is of Hodge type if there exists an embedding of Shimura data
t: (G,X) — (GSp(2g), X,) for some g > 1. Henceforth, assume that (G, X) is of Hodge type.

Fix a prime number p and assume that the level K is of the form K = K,K” where K, € G(Q),)
is a hyperspecial subgroup and K? C G(A?) is an open compact subgroup. Recall that a hyperspecial
subgroup of G(Q),) exists if and only if Gg,, is unramified and is of the form K, = ¥(Z;,) where & is
a reductive group over Z, such that ¥ ®z, Q, =~ Gg, and ¥ ®z, F, is connected.

We assume that p > 2. For any place v above p in E, Kisin [Kis10] and Vasiu [Vas99] constructed a
family of smooth Ok, -schemes & = (Sk )k », where K = K, K and K” is a small enough compact open
subgroup of G(Ap ). For K'P c K?, one has again a finite etale projection gk : Sk, kP — SK,Kr,
where K = K, K” and K’ = K,K'? and the tower § = (Sx)kr is an Og, -model of the tower
(Sh(G, X)k )k . We write Sk for the geometric special fibre of Sk .

We take a representative u € {u} defined over E,, by [Kot84, (1.1.3) Lemma (a)]. We can also assume
that p extends to u: G, 05, — Yoy, [Kiml8, Corollary 3.3.11]. Denote by L. C Gg, the centraliser of
the cocharacter . We take a parabolic sugroups P of Gg, , which has L as a Levi subgroup. Since Gg,,
is unramified, it is quasi-split, hence we can choose a Borel subgroup B € Ggq,, and a maximal torus
T c B. There is g € G(E,) such that Bg, ¢ gPg~'. Write g = bgy with b € B(E,) and gy € ¥(Og,)
by the Iwasawa decomposition. Then replacing u by its conjugate by go, we may assume that Bg, C P.

By properness of the scheme of parabolic subgroups of &€ [ABD+66, Exposé XXVI, Corollaire
3.5], the subgroups B and P extend uniquely to subgroups % C & over Z;, and &# C G, over Og,
respectively. Let & € & be the centraliser of p: Gm 05, — Yoy, - We take a Borel subgroup B of
GQp such that T = BNB®P. The subgroup B extends uniquely to a subgroup %°° C & over Z,,. We put

=BNABP. SetG =Y ®z, F), and denote by B, T, P, L the geometric special fibre of #,7, 7, &
respectlvely By slight abuse of notation, we denote again by y its mod p reduction u: Gp r — Gg.
Then (G, u) is a cocharacter datum, and it yields a zip datum (G, P, L, Q, M, ¢) as in Subsection 2.2.2
(because G is defined over F,, in the context of Shimura varieties, we always take ¢ = p; hence, ¢ is
the pth power Frobenius).

By a result of Zhang [Zhal8, 4.1], there exists a natural smooth morphism

(: Sk — G-ZipH.

This map is also surjective by [SYZ19, Corollary 3.5.3(1)]. The map ¢ amounts to the existence of
a universal G-zip J = (J,Jp,Jgp,t) over Sk, using the description of G-Zip* provided at the end of
Subsection 2.2.1. In the construction of Zhang, the G-torsor J and the P-torsor Jp over Sk are actually
the reduction of a &-torsor and a P-torsor over Sk, which we denote by .# and #4 respectively.
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Example 2.5.1. We explain the example of the Siegel-type Shimura variety. In this case, one has
G = GSp(V,y) for a symplectic space (V,y) of dimension 2g (g > 1) over Q. The Z,-model
@ = GSp(A, ¢) is given by a self-dual Z,-lattice A C Vg,,; that is, a lattice satisfying AY = A, where
AV i={xe Vo, | Vy € A, ¢ (x,y) € Zp}. The cocharacter u: Gz, — Gz, induces a decomposition
A = Ag & Ay, where Ag, Ay are free Z,-modules of rank g. Here z € Gy, acts via u on A; by the
character z +— 7' for i € {0, 1}. Define two filtrations

Filp(A): 0 c Ag c A and
Fil;(A): 0 c A; C A.

Then & can be defined as the parabolic subgroup of & stabilising Filg(A). The scheme &k (with
K = K,K? and K,, = $(Z,) as above) is a moduli space classifying triples (A, &, 7K”) where A is
an abelian variety of rank g endowed with a principal polarisation & and a K”-level structure nK?.
Here 7 is a symplectic isomorphism H' (A, AP?) ~ V ® A? and nKP? is its KP-coset in the set of such
isomorphisms.

Let of — S$k denote the universal abelian scheme. Then

H = Hjz (A |Sk)

is a rank 2g vector bundle on 8k, and the principal polarisation ¢ induces on # a perfect, symplectic
pairing, which we denote by i . The vector bundle 7 also carries a natural Hodge filtration (which we
denote by Filpgg):

OCQM/SKC%,

where Qs is the push-forward of the sheaf of relative Kihler differentials Qi{ ISk by the structural
morphism f: & — Sk. It is a rank g-subbundle of #. We obtain a &-torsor ¥ and a SP-torsor S
over 8k as follows: For an Sk -scheme S, we define ¥ (S) by

som, ((A® 0s,0). (¥ @0, Os. b))

and 5 (S) by

Isom,, ((A® Os, 4, Filo(A) @ Os), (¥ ®o,, Os, Y, Filigy ®0,,05))

This defines two fppf sheaves on Sk . Furthermore, & acts naturally on .# via its action on A. Further-
more, because the parabolic group & C & stabilises Filp(A), the group & acts naturally on F». This
defines respectively a &-torsor and a -torsor on Sk .

Over Sx = Sk ® Fp,, the G-zip J = (J,Jp, I, ¢) is defined as follows. First define J and Jp to be
the base change to Sk of .7 and J». To define the Q-torsor Jp, recall that H := HéR(A/SK) admits
a conjugate filtration Fileonj C H: Let f: A — Sk denote the universal abelian scheme (with A :=
9 ®s, Sk), then there is a conjugate spectral sequence E;’b = R“f*(ﬂfb(Q;/sK)) = Hgl;b(A/SK).
For abelian varieties, this spectral sequence degenerates and gives the filtration Filconj on HéR(A /Sk).
Note that the conjugate filtration only exists on the special fibre of Sk, contrary to the Hodge filtration.
For an Sk -scheme S, we put

jQ(S) = Isﬂos ((A ® OS? wa FIII(A) ® OS)» (H ®OSK OS’ lpf»Filconj ®OSKOS)) M

Because Q stabilises the filtration Fil; (A) ® Fp, it acts naturally on Jg, and again we obtain a Q-torsor
on Sk . Finally, the isomorphism ¢: (Jp/Ry(P))P) — Jo/Ru(Q) is naturally induced by the Frobenius
and Verschiebung homomorphisms (or, more generally, the Cartier isomorphism; see [MW04, 7.3]).
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For each L-dominant character 4 € X*(T), we have the unique irreducible representation V; (1) of P
over Q,, of highest weight A. Because we are in characteristic zero, V; (1) coincides with H %(P/B, L,),

as defined in (2.3.1) in Subsection 2.3. It admits a natural model over Z,,, namely,
Vi()z, = H(P/%. L),

where £, is the line bundle attached to A viewed as a character of . Its reduction modulo p is the
P-representation V; (1) = HY(P/B, £,) over k = F,,. Because 8k is endowed naturally with a 9°-torsor
JF», we obtain a vector bundle 77 (1) on Sk by applying the P-representation V; (A)Zp to Fg. The
vector bundle 77 (4) for A € X*(T), s is called the automorphic vector bundle associated to the weight
A. For an O, -algebra R, the space H°(Sk ®0og, R, 77(1)) may be called the space of automorphic
forms of level K and weight A with coefficients in R. More generally, by the same formalism, we have a
commutative diagram of functors

Repz (2) 7 BB(Sk)

L,

Reps (P) —— BB(Sk)

where the vertical arrows are reduction modulo p and the horizontal arrows are obtained by applying
the P-torsor F4» and the P-torsor Jp respectively. The vector bundles obtained in this way on Sk and
Sk are called automorphic vector bundles following [Mil90, Chapter III, Remark 2.3].

Furthermore, the map ¢: Sk — G-Zip* induces a factorization of the lower horizontal arrow of the
above diagram as

Reps (P)— —BB(G-Zip")——BB(Sk). 2.5.1)

Note also that for any P-representation (V, p), the map : Sx¢ — G-Zip* induces by pullback a natural
injective morphism
H*(G-Zip", V(p)) — H(Sk.V(p))-

In Section 3, we determine the space H(G-Zip*, V(p)) in all generality (i.e., even for cocharacter data
(G, p) that are not attached to Shimura varieties). For general pairs (G, p) with u minuscule (but not
necessarily attached to Shimura varieties), one has the following remark.

Remark 2.5.2. Let F' be alocal field with ring of integers O and residue field F,. Let G be an unramified
reductive group over O. Let (B,T) be a Borel pair of G, and let u be a dominant cocharacter of G.
Then Xiao-Zhu define the moduli of local shtukas Shth’c classifying modifications bounded by u of a

G-torsor and its Frobenius twist (see [XZ17, Definition 5.2.1]). Similarly, there is a moduli Shtllsc(m’")
of restricted local shtuka [XZ17, §5.3], with a natural projection Shtl;l’C - Sht]lfc(m’"). In the case when
u is minuscule, Xiao-Zhu show in [XZ17, Lemma 5.3.6] that there exists a natural perfectly smooth
morphism Shtlfc(z’l) — G-Zip*P', where pf denotes the perfection and the special fibre of G is again
denoted by G (see Subsection 3.5 for further details).

3. The space of global sections H%(G-Zip*, V(p))

3.1. Adapted morphisms

To determine the space H%(G-Zip#, V(p)) (for (V, p) a P-representation), we use a similar method as
in [Kos19, §3.2], where we studied representations of the type V;(1). We review some of the notions
introduced in [Kos19, §3.2].
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Let X be an irreducible normal k-variety and let U C X be an open subset such that § = X \ U is
irreducible of codimension 1. For f € H(U, Ox), denote by Zy (f) € U the vanishing locus of f in
U and let Zy (f) be its Zariski closure in X. We endow all locally closed subsets of schemes with the
reduced structure. Let Y be an irreducible k-variety and ¢ : ¥ — X be a k-morphism.

Definition 3.1.1. We say that ¢ is adapted to f (with respect to U) if

@) y(¥)NU +# 0 and
(i) ¥ (Y) N S is not contained in Zy (f).

Lemma 3.1.2. Ify(Y) intersects U and r(Y) N S is dense in S, then ¢ is adapted to any nonzero section
f e H(U,0x).

Proof. We need to show that condition (ii) is satisfied. We may assume that Zy; (f) # 0. Then, the
closed subset Zy (f) has codimension 1 in X and intersects U; hence, Zy (f) N S has codimension > 1
in S, so it cannot contain ¢ (¥Y) N S. )

Lemma 3.1.3 ([Kos19, Lemma 3.2.2]). Let : Y — X be a morphism adapted to f € H*(U, Ox).
Then f extends to X if and only if y*(f) € HO(y~'(U), Oy) extends to Y. In this case, f vanishes along
S if and only if y*(f) vanishes along y~'(S).

We apply the above notions to the following situation. From now on, let (G, i) be a cocharacter
datum, with attached zip datum Z = (G, P, L,Q, M, ¢) as in Subsection 2.2.2. Assume that (B, T) is
a Borel pair defined over F, such that B C P. We take a frame (B, 7, z) as in Lemma 2.2.3. Consider
the variety G and the open subset U, C Gy (the u-ordinary stratum, defined after Theorem 2.2.4).
The complement of U, in Gy is not irreducible in general, so in order to apply the previous results,
we slightly modify the problem. Recall the parametrisation of E-orbits in G (2.2.2). Using Theorem
2.2.4, we have

Gy \U, = U Zar Za=E Sa, (3.1.1)

aeAP

where E - s, denotes the E-orbit of s, and the bar denotes the Zariski closure. Indeed, by (2.2.2),
the E-orbits of codimension 1 in G are the E-orbits of wz~! where w € W is an element of length
£(wo.;wo) — 1. These elements are of the form wg ;s,wo for @ € AP Because z = o (wg ;)wo, the
element wz~! has the form wo.1820 (wo,1). Because (wo 1,0 (wo.1)) € E, this element generates the
same E-orbit as s,. This proves the decomposition (3.1.1) above. For any @ € A? define an open subset

Xe=G\ | 2

BeAP, pa

Clearly, U, C X, and one has X, \ U, = E - 5. In particular, X, \ U, is irreducible. We define a
morphism that satisfies the conditions of Definition 3.1.1 for the pair (X, Uy).

We take an isomorphism u,: G, — U, for @ € @ so that (4, )qeco is a realisation in the sense of
[Spr98, §8.1.4]. In particular, we have

()t = ug(a(t)x) (3.1.2)
forx € G, and r € T. For a € @, there is a unique homomorphism

da: Slox — Gi

() e ()
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as in [Spr98, §9.2.2]. Also note that ¢, (diag(t,7!)) = " ().
Leta € AP.SetY = E x A' and

t 1

ot ¥ = Gai ((5).0) = 10 (AD)y where ) = () g

) S SLz’k .

Note that ¢, (A(0)) = s, in W. The following identity will be crucial for later purposes:

-1
A(t) = (_tl—l (1)) (8 t(—)l) ((1) tl ) (3.1.3)

Let p: T — T; g+ gp(g)~" be the Lang torsor. Then g induces the isomorphism
0. Xo(Tr — X (T)r; 6 > 908 =6 —qo(6).
We put §, = ;' (). Recall that o denotes the gth power Frobenius action on A. We put
mg =min{m > 1|07 (a) ¢ I} (3.1.4)

and 1o, = 17 a(@(84(1)) ! = ta(6,(1))~" € 12, where ¢ is an indeterminate.

Proposition 3.1.4. The following properties hold:

(1) The image of ¥ o is contained in X 4.

(2) Forany (x,y) € Eandt € A', one has yo((x,y),1) € U,=1+0.
(3) Forall (x,y) € E, we have Y o((x,y),0) € E - 54.

Proof. Tt suffices to show (2) and (3). If r = 0, we have ¢,(A(0)) = s, in W. Hence, ¥ ,((x,y),0) €
E - 5. Assume that r # 0. We put

me—1 1
— ql
ut’(l ) l_[ ¢0—7i(a) ((1 ta )) ’
i=1 0 1

where the products are taken in the increasing order of indices. By (3.1.3) and the definitions of 04, 74
and u; o, we have

1
60 (40 =00 ([ §)) suretaa0n 0 (517 )

L2 R | OO (4 | PRI

_ L0}, 5 - B 3.15
=da 11 a(t)ut,a e(0a()pa 0 1 Ut o . (3.1.5)
We have
1 0 1 - [e%
(¢d((_tl 1))6a(t)”t,a7¢(6a(t))¢n((O i ))um) €E (3.1.6)
because
va([_0)] e rup) @ Tl | B
a _[—1 1 u B o~(me-1) (q) 0 1 u
by a ¢ I and o~V () ¢ o(I). Hence, we have i, ((x, y),1) € U,ift#0. O

SetYy := E X Gy, C Y. Weobtainamap ¢ : Yo — Uy.
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Corollary 3.1.5. Let f: U, — A" be a regular map. Then f extends to a regular map G — A" if
and only if for all @ € AT, the map f oo Yo — A" extends to amap Y — A™.

Proof. Applying Lemma 3.1.2 and Lemma 3.1.3 to the coordinate functions of f, we can extend f to
Uqear Xqo- Because the complement of | J,cp» X in G has codimension > 2, we can extend f to G
by normality. O

3.2. The space of u-ordinary sections
Recall that U, = [E\U,] c G-Zip" denotes the u-ordinary locus (see Subsection 2.2.4). The open
substack U, € G-Zip" is dense and hence induces an obvious injective map

H°(G-Zip#, V(p)) — H (U, V(p))

for any (V, p) € Rep(P). This will give an upper bound approximation of the space H’(G-Zip*, V(p)).
We claim that 1 € U,. Indeed, by Theorem 2.2.4, U, coincides with the E-orbit of the element
wo.1woz~!. Because z = o-(wq ;) wo, we obtain wo ;woz "' = woyo-(wo.7). This element is in the same
E-orbit as 1, because (wg 1,0 (wo 1)) € E. This proves the claim.

We denote by L, C E the scheme-theoretical stabiliser of the element 1. Note that

L,=En{(x,x)|x€Gr} 3.2.1)

is a 0-dimensional algebraic group. In general it is nonsmooth. Denote by Lo C L the largest algebraic
subgroup defined over F,. In other words,
Lo = ﬂ L@

n>0

In view of (3.2.1), it is clear that the restriction of the first projection £ — P induces a closed immersion
L, — P.Hence, we will identify L, with its image and view it as a subgroup of P.

Lemma 3.2.1 ((KW18, Lemma 3.2.1]).
(1) One has L, C L.
(2) The group L, can be written as a semidirect product

Ly = L, » Lo(F,)

where Ly, is the identity component of L. Furthermore, L, is a finite unipotent algebraic group.
(3) Assume that P is defined over Fy. Then Lo = L and L, = L(F,), viewed as a constant algebraic

group.
Proposition 3.2.2. The stack U, is isomorphic to B(L,) = [1/L,], the classifying stack of L.

Proof. The action map E — U, e — e - 1 induces an isomorphism E/L, ~ U,. Hence, U, =
[E\Up] = [EN(E/Ly)] = [1/Ly]. o

Corollary 3.2.3. The category of vector bundles on U, is equivalent to the category Rep(L,) of
representations of L. Furthermore, for all (V,p) € Rep(L,), the space of global sections of the
attached vector bundle V(p) on U, identifies with the space of L,-invariants of V:

H(W,, V(p)) = VEe. (3.2.2)

Furthermore, this identification is functorial in (V, p).

The identity (3.2.2) can be seen as an isomorphism between two functors Rep(L,) — Vecy. The
notation V¢ for the space of invariants is to be understood in a scheme-theoretical way as the set of
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v € V such that for any k-algebra R, one has p(x)v = v in V ®; R for all x € L,(R). In particular, if
(V,p) € Rep(P) and V(p) is the attached vector bundle on G-Zip*, the restriction of V(p) to U, is
attached to the restriction of p to L, and the formula (3.2.2) applies similarly.

By (2.4.1), any f € VEe = HO(U,, V(p)) corresponds bijectively to a unique function

f:U, >V (3.2.3)

satisfying f(1) = f and f(axb™") = p(a)f(x) for all (a,b) € E and all x € U, The strategy to
determine the space H’(G-Zip*, V(p)) will be to characterise which of these functions extends to a
function G — V. We will use Corollary 3.1.5 for this purpose. As another preliminary, we introduce
(a generalisation of) the Brylinski-Kostant filtration in the next section.

3.3. Brylinski-Kostant filtration

Lemma 3.3.1. Let @ € ®. Let V be a finite-dimensional algebraic representation of TU . Let v €'V,
forv € X*(T). Then we have

00

ua(x)(v) —v= ijvj,

J=1
where v; € V,yjq.

Proof. This is proved in the proof of [Don85, Proposition 3.3.2]. We recall the argument. We write
Ua(x)v as 3o vaj for some v; € V. We note that vo = v. By (3.1.2), we have v; € V,, 4. O

For o Ed),wedeﬁneE((,j): V —- Vby

Ug(X)v = ijEy)(v)

j=0

for j > 0 and put Eﬁ,j) =0if j < 0. By Lemma 3.3.1, we have Eg)(v) €VypjaforveV,.

Let 2 = (@1,...,am) € ®™. Let H be a closed subgroup scheme of G contaning 7 and U,, for
1 <i < m. LetV be a finite-dimensional algebraic representation of H. Let a = (ay,...,a,) € (K*)™
andr = (r,...,ry) € R™ We put

(Z™)y = {(nl, e ny) €ZM

m
Agy = {Z n;;

i=1

iniri = O} ,

i=1

(n1,...,nm) € (Zm)r} .

For [v] € X*(T)/Az,r, we put

Viv = P V.
velv]

We use the notation j for (ji, ..., jm) € Z™. For [j] € Z"/(Z™); and [v] € X*(T)/Azr, we put
m
[il-r=> jirieR,
i=1

m
v+ Z Jii
i1

l1+0j]-E= € X'(T)/Az,r,
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which are well defined. For [v] € X*(T)/Az,r and a function 6: X*(T) — R, we define Fﬂ?’a’rv[y] by

Ker Z pr, oa{‘E(a]l") o oaﬁl"E(a];;"): Vivi = Vi |
[ilezm [(Zm)e x €[v]+[il-E, Jelil
[i1-r>6(x)

where pr, : Vi, 14(5).2 — V) denotes the projection.

Example 3.3.2. Assume that 2 = (o) € ®, r; = 1 and § is a constant function ¢ € R. Then Az, =0
and V[, =V, for v € X*(T). In this case,

FIlE* Y, = () Ker (B Vi 5 Viaga) (3.3.1)

j>c

which we simply write FilZ'V,,. This is a Brylinski-Kostant filtration (cf. [XZ19, (3.3.2)]).

3.4. Main result

We now investigate the space of global sections over G-Zip# of the vector bundle V(p) for (V,p) €
Rep(P). By (3.2.2), this space is contained in VX¢. Conversely, the problem is to determine which
f € VEe correspond to sections of V(p) that extend from U,, to G-Zip*. Equivalently, we ask for which
f € VEe the regular function f: U, — V defined in (3.2.3) extends to a regular function Gy — V.
Recall the definition of the integer m, in (3.1.4) for each @ € AP. For example, if P is defined

over Fy, then mo = 1 for all @ € A”. We put a, = (—1,...,—1) € (k*)™e. For @ € A", we put
BEo = (~a,07Ya),..., 07D (q)) and r, = (ra1s---»Ta,m,), whererq 1 =1 —{@,d,) and
<a/’ 5a> - 1
Fai =

for 2 <i < mgy. We view §, as a function X*(T) - Rby y — (x,04).

Theorem 3.4.1. Let (V,p) € Rep(P). Via the inclusion H*(G-Zip*,V(p)) c V¢ (see Corollary
3.2.3) one has an identification

HY(G-Zip",V(p)) = VE¢ N ﬂ o Fil5r ey, (3.4.1)
aeAP [v]eX*(T)/A=

=a.Ta

Proof. Let f € VI¢ andlet f: U, — V be the function defined in (3.2.3). It suffices to show that f
extends to G if and only if

fe b EGevy,
[v]eX*(T)/A=

Za-Ta

forall @ € AP. By Corollary 3.1.5, f extends to Gy, if and only if f oy, : Yy — V extends to a function
Y — V. We now give an explicit formula for f o ¢, ((x,y),?). Using (3.1.5) and (3.1.6), the element
Ya((x,y),1) € U can be written as x;x3' with (x;,x) € E and

X1 =X¢a ((_tl_l (1))) Sa(Dutr,ar X2 =yp(3a(1))Pa (((1) _i“)) Ut,a-
It follows that
(F oo (300 = Frs") =p s = p@p (60 (1 1)) 600 7
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Hence, the function f o i/, extends to Y if and only if the function

Foit—p (gba ((_tl_l (1))) (5a(f)ut,a) S

lies in k[t] ® V. Write f = 3., cx+(r) fv by the weight decomposition of f. We put

G (2) (Jma)
fj:a—EnEng() E;(mlyl)()fvev‘,ﬂ%

forj=(ji,....Jm,) € Z™> and v € X*(T). We obtain

Fo()=p (6a(t)¢a ((—(1(6 1(1‘))1‘71 (1))) ut,a/) f
oL o)
—Zp(a ) > (( (@00l H( 8" 1)")fi.

jezma

My 1
i.8 N i1, f
- § § ((VHEa,ba) ((_tm,&n) 1)/1 | |(_tg )Jl)fi -

v jezma i=2

For fixed y € X*(T), let F,, () be the V, -component of F, (). Then we have

Fo () = Z +x:6a) (_t(a,tsa)—l)hl_[( tq )J;)fAJ/J_(y -

jezma =2

-3 S,

[ilezma [(Zm @), jeli]

=R 0
—a>—a

The exponents of ¢ in two terms in the last expression are equal if and only if the indices belong to the
same coset in Z"* /(Z™ <), . Therefore, F, , (¢) liesin k[t]®V, forall y € X*(T) if and only if we have

DiEnEE A L =0

Jelil

for all y € X*(T) and [j] € Z™/(Z™),, such that j - r, > (x, ). This condition is equivalent to
that f belongs to D, cx- (ry/az, . Filye " V}y). Hence, the claim follows. o

We now give some corollaries of Theorem 3.4.1 in that case where the formula (3.4.1) becomes
simpler. For v € X*(T) and y € X*(T)r, we put

FilpV, = () Rl Vs (3.4.2)

aeAP

where Filz\f’ avyVy was defined in Example 3.3.2. The morphism ¢: T — T induces the isomorphism

0 X (T — X (T)r; A Aop=1-qo ().
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Corollary 3.4.2. Assume that P is defined over F,. Let (V,p) € Rep(P). Via the inclusion
H(G-Zip*,V(p)) c VEED) one has

H(G-Zip",V(p)) = VEFa) @ Fil®_,

Pt
veX*(T)
Proof. Fora € AF and v € X*(T), we have
SRICPVE: PR P Y o -
Fﬂéa V[v] = F11<:5‘I>VV - F11<;—1(V)’QV>VV'

Hence, the claim follows from Lemma 3.2.1(3) and Theorem 3.4.1. O

Assume again that P is defined over F,. To simplify further, assume that (V, p) € Rep(P) is trivial

on the unipotent radical R,(P). Then we have Efja) =0 forall @ € AP and all j > 0. It follows that
Fil_*V, =V, for ¢ = 0 and Fil;?V,, = 0 for ¢ < 0. We obtain that for all y € X*(T)g, one has

—— if for all @ € A® one has (y,a") > 0,
1 =
X7V 10 otherwise.

Define a subspace V§0P C V as follows:

vie= P . (3.4.3)

(v,64)>0, YaeAP

For example, if T is split over Fy, then 6, = —" /(g — 1), and therefore Vﬁ: is the direct sum of the
weight spaces V,, for those v € X*(T) satisfying (v, V) < 0forall @ € A”.

Corollary 3.4.3. Assume that P is defined over F, and furthermore that (V, p) € Rep(P) is trivial on
the unipotent radical R, (P). Then one has an equality

HY(G-Zip", V(p)) = VEED 0 VAT

This formula recovers the result [Kos19, Theorem 1] (with slightly different notation). In [Kos19,
Theorem 1], only the special case when G is split over F,, and V is of the form V; (1) was considered.

3.5. Perfection

As noted in Remark 2.5.2, the perfection of the stack of G-zips appears in connection with the moduli
of local shtukas. In [XZ17, Lemma 5.3.6], the zip datum that appears satisfies that P is defined over
F,. We do not make this assumption here. For a scheme X over k, define the perfection of X as the
projective limit
XP = lim X
«—
Px

where ¢x denotes the absolute gth power Frobenius endomorphism of X. There is a natural map
XPf — X. We have an isomorphism

X0 ~ @( £ oxad £ xah 2, X)

where ¢ denotes the relative gth power Frobenius endomorphism. The perfection of G-Zip* is then
given by
. f
G-zip*?' = [EP\GV'].
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Similar to Proposition 3.2.2, the perfection of the y-ordinary locus uff isisomorphicto [1/ L{’; ]. Because
Ly = Ly, > Lo(Fy) by Lemma 3.2.1(2), we obtain

W' = [1/Lo(F,)]. (3.5.1)

If (V, p) is a P-representation, then we obtain a PP!-representation by pullback, which we denote by
pPF. This yields a vector bundle V(pP') on G-Zip#P!, which also coincides with the pullback of V(p)
under the natural map

G-Zip"? — G-zipH .

By equation (3.5.1), we see that the space H(G-Zip*?", V(pP!)) is naturally a subspace of V0 (Fa)
Corollary 3.5.1. Let (V, p) € Rep(P). We have

HO(G-Zip"®, V(pPh)) = vEeFEa) ﬂ @ Fil5® "V, ).
@eAP [V1eX* (T) Az g

Proof. Let d be the smallest positive integer such that u is defined over F,a. We show that
HO(G-Zip*P', V(pPh)) is given by the subspace of elements f € V such that there exists n > 1 with
f € H'(G-zip*, V(p(q"d))). Indeed, such a section is given by a map f: Gif — V satisfying an EP-
equivariance condition with respect to pP'. Because V is a scheme of finite type, such a map is given by

d d
amap f,,: Gy — V at a finite level of the system (- - - z, G RN G). We have

= nd =
RIS Vi = R Vi,

Hence, changing p to p‘4") only affects V2. The result follows. O

3.6. L-semisimplification

If p: P — GL(V) is an arbitrary representation, we can attach a P-representation (V, p=*%) that is
trivial on R, (P). The representation pL~* is defined as the composition

QP
ol p L 1 2 GL(V),

where 01{’ : P — L is the natural projection map whose kernel is Ry (P), as defined in Subsection 2.2.1.
We call p&S the L-semisimplification of p. We sometimes write V% to denote this representation
(even though the underlying vector space is the same as V).

One obvious property of VL is (VE%)Le = Vv because L, C L by Lemma 3.2.1(1). In particular,
by Corollary 3.2.3, we have for all (V, p) € Rep(P) the equality

HO (U, V(o) = HO(W,,, V(p)). (36.1)

Note that this identification is somewhat indirect: It is not induced by a morphism between the sheaves
V(p) and V(p=%). For f € Ho(u,,, V(p)), we will write £ for its image under the identification
(3.6.1) and call it the L-semisimplification of f. As an element of V, % is the same as f, but we want
to emphasise the fact that the representation has changed.

We now give another interpretation of L-semisimplification when P is defined over F,,. Write again
U, C Gy for the unique open E-orbit and recall that 1 € Uy, (see Subsection 3.2).
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Lemma 3.6.1. Assume that P is defined over F,. There exists a unique regular map ©: U, — L such
that for any (a, b) € E, one has

O(ab™') = 0% ()62 (b) 7. (3.6.2)
Furthermore, we have L C U,, and the inclusion L C Uy, is a section of ©.

Proof. First, note that because P is defined over F,, one has L = M; hence, the formula (3.6.2)
makes sense. The unicity of © is obvious. For the existence, consider the map ©: E — L; (a,b) —
or (a)@%(b)‘l. Because P is defined over F,, one has L, = L(F,) (Lemma 3.2.13). For all (a, b) € E
and all x € L(F,), one has O(ax, bx) = ©(a, b). Hence, O factors to a map O: E/L(F;) ~U, — L.
This proves the first result. Now, if x € L, we can write x = a¢(a)~' with a € L by Lang’s theorem.
Hence, x € U,, and O(x) = ag(a)~! = x, so the second statement is proved. O

Example 3.6.2. Consider the case G = Sp(2n)g, for n > 1. We write an element of G as

A B

CD
with A, B, C, D square matrices of size n X n. Let P C Gy be the parabolic subgroup defined by the
condition B = 0 and Q C Gy the parabolic subgroup defined by the condition C = 0. Weput L = PN Q.

This gives a zip datum (G, P, L, Q, L, ¢). The Zariski open subset U, u C Gy is the set of matrices in
G for which A is invertible. The map ®: U, — L is given by

o [AB) (A 0O
“\cD 0 D-CA™'B|"
Proposition 3.6.3. Assume that P is defined over F,. Let (V,p) € Rep(P) and let f € VEFa), Let

f be the corresponding function U, — V defined in (3.2.3). Then the function fL-s5: U, — V that
corresponds to the L-semisimplification f** is the composition

o .
Uy S L-u, L.
Proof. Put f’ = f 0 ®. For (a,b) € E and g € U, such that g = ab™', we have

f/(g) = f(ab™") = f(B(ab™"))
= F(6F ()62 (b)™") = p(6F () f = = (a) f = FL5(g).

Hence, f/ = fL=ss, O

Let f € H(G-Zip#,V(p)) be a global section. We may view its restriction flu, as a section of
V(pL%) over U, by the identification (3.6.1). It is thus natural to ask whether (f |uH)L'SS extends to
a global section over G-Zip#. We prove that this holds when P is defined over F, in the following
proposition.

Proposition 3.6.4. Assume that P is defined over F,. The identification (3.6.1) extends to a commutative
diagram

HY(G-Zip*,V(p)) —— H(G-Zip",V(p™™))

| |

HO Uy, V(p)) ———— HO(Uy, V(p"™)).
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Proof. Let f € H°(G-Zip",V(p)). Because P is defined over F,, we can apply Corollary 3.4.2 to
the representation (V, p). Furthermore, because R,(P) acts trivially on (VL5 pL=5%) we can apply
Corollary 3.4.3 to (VE5, pL-5%). Therefore, it suffices to show that for each v € X*(T),

. P
VLE) A @ Filh Vv C VEGD A VAT
veX*(T)

By (3.4.3), it suffices to show the following: For any fixed v € X*(T), if Filg*,l(y)VV # 0, then

(p*'(v), ") = 0 forall @ € A”. More generally, using (3.4.2), it suffices to show that for any & € AP
and any integer ¢ € Z such that Fil_*V,, # 0, one has ¢ > 0. This is trivial by (3.3.1) because Ef(g is the
identity map. O

Remark 3.6.5. Proposition 3.6.4 does not hold in general without the assumption that P is defined over
F,, as an example in Subsection 6.2 shows.

4. The case of G = SLyr,
4.1. Notation for SL;

Let By and Bj be the lower-triangular and upper-triangular Borel subgroup of SL; x. Let T be the
diagonal torus of SL; ;. We put

Uy = (} (1)) € Bz(k).

For r € Z, let y, be the character of B, defined by

(x 0]) P—))Cr.
X

Let Std: SLy x — GLo x be the standard representation. Restrictions of y, and Std to subgroups are
denoted by the same notations.

4.2. Zip datum

Let G = SLz,Fq and y: G — Gg; x — diag(x,x‘l). Let Z, = (G,P,L,Q, M, ¢) be the associated
zip datum. We have P = By, Q = Bj and L = M =T,. We take (B,T) = (B2, T>) as a Borel pair and
take a frame as in Lemma 2.2.3. Denote by a the unique element of A. In our convention of positivity,
@ = y».Note that I = 0 and A” = {a}. Identify X*(T) = Z such that r € Z corresponds to the character

Xr- The zip group E is equal to
a 0 a b

The unique open E-orbit U, C Gy is given by

X
Ull = {(Z 3;) € SLzyk
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4.3. The space H*(G-Zip*,V(p))

Let p: B — GL(V) be a representation. We write the weight decomposition as V = @B, ., V; where T
acts on V; by the character y; for all i € Z. We have

Ho(uﬂ,v(,ﬂ))) = yLEy) @ Vi
ie(qg-1)Z

by Corollary 3.2.3. Because in this case the parabolic P = B is defined over F,, we can apply Corollary
3.4.2 to compute the space of global section

H(G-Zip",V(p)).

Also, because T is split over F,, the map p* is given by v = —(g—1)v; hence, p*~ 'v) = —%;. We obtain

H(G-Zip*,V(p)) = VEED n Fl, V; = Fil"? V;,
(G-zip*",V(p)) DFI, D FILv
i€Z ie—(g-1)N

where we used that Fll_ V; = 0 for i > 0. In particular, H*(G-Zip#, V(p)) is stable by T and is

entirely determined by 1ts welght spaces F11 TV cV;fori e —(q —1)N. Let (V, p) € Rep(B) and set

n = dim(V). Set V¢; = @jsi Viand Vy; = @pz V;. Then using Lemma 3.3.1, we have a B-stable
filtration

cCVe1 CVgq CVgy1 Co- .

For alli € —(g — 1)N, we have

H(G-Zip", V(p))i = :f eVi

pluz)f €V m} 4.3.1)

by the definition of Fil{ V;

q-1

Lemma 4.3.1. Let (V, p) € Rep(B) and m € Z be the smallest weight of p. Then one has an inclusion

@ V; ¢ H(G-Zip*, V(p)). (43.2)
ie—(g-1)N,
(g+)i<(g-1)m

Proof. Let f € V; withi € —(¢ — 1)N and (¢ + 1)i < (¢ — 1)m. Then we have V_ 4+1); =V, so we have
> )

f € HY(G-Zip",V(p)):. o

The following example shows that H(G-Zip*, V(p)) is not a sum of weight spaces of V in general.

Example 4.3.2. For i € {1, -1}, let ¢; be a nonzero vector of weight i of Std. Consider p := Std ® Std
with basis e; ® e; for i, j € {1,-1}. The weights of p are {2,0, -2}, and dim(V>) = dim(V_») =1,
dim(Vy) = 2. Then we have

H°(G-Zip*,V(p))o = Span(e; ® e_; —e_1 ® e1).

4.4. Property (P)

Proposition 4.4.1. Let p: B — GL(V) be an algebraic representation. Let my, . .., m,, be the weights
of V ordered so that my > my > - -- > my,. The following properties are equivalent:
(i) The subspace VR«(B) s one-dimensional (and hence is equal to V,y,, ).
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(ii) The intersection of all nonzero B-subrepresentations in 'V is nonzero.
(iii) Forall 1 <i < n, we have dim(V,,,,) = 1 and for any v € V,,, \ {0}, the projection of p(u2)v onto
Vin,, is nonzero.

Proof. We show (i) = (ii). If W C V is anonzero B-subrepresentation, then WRi(B) c yRu(B) Because
WR«(B) £ (), we have WR«(B) = yRu(B) and hence VR«(B) c w.

We show (ii) = (iii). We show that for any nonzero v € V,,, the projection of p(uz)v onto V,,,
is nonzero. For a contradiction, assume that it is zero. Because B = R,(B)T, the B-subrepresentation
generated by v is generated by v as an R, (B)-representation. Hence, this representation does not have
a nontrivial intersection with V,,,, by Lemma 3.3.1. This contradicts (ii). Hence, the claim follows. We
note that dimV,,,, = 1 by (ii). Assume that dimV,,, > 2 for some i. Then there is a nonzero v € V,,,,
such that the projection to V,,,,, of p(u2)v is zero. This is a contradiction.

We show (iii) = (i). Assume dim VR«(®) > 2 Then VR:(8) contains V,,, for some i # n. For any
nonzero v € V,,,, C VRu«(B) the projection of p(us)v onto Vim,, is zero. This is a contradiction. O

We say that (V, p) € Rep(B) satisfies the property (P) if the equivalent conditions of Proposition
4.4.1 are satisfied.

Example 4.4.2. For 1 € X;(T), the restriction to B of Indg" () satisfies the property (P) by the last
sentence of Subsection 2.3.

Proposition 4.4.3. Assume that (V, p) € Rep(B) satisfies the property (P). Then the inclusion (4.3.2)
is an equality; that is,

HG-Zip" V)= D Vi
ie-(g-1N,
(g+1)i<(g—-1)m

Proof. In this case, the element p(uy)f in equation (4.3.1) has a nonzero projection onto V,, by
Proposition 4.4.1(iii). Thus, if f € H°(G-Zip#, V(p));, then we must have m > %. This shows that
(4.3.2) is an equality. O

5. Category of automorphic vector bundles on G-Zip*
5.1. The category BB p(G-Zip")

Recall the functor Rep(P) — BB p(G-Zip*) (Subsection 2.4.2). This functor is not fully faithful even
after restricting to the full subcategory Rep(L) C Rep(P) (see Subsection 2.4.3). Indeed, consider the
following example.

Example 5.1.1. Assume that P is defined over F,. Let 1 € Rep(L) be the trivial L-representation and
(V,p) € Rep(L). Then Homgep(z) (1, V) = V%, whereas we have

. P
Homgg (G zipt) (V(1), V(p)) = H(G-Zip*, V(p)) = VEED) n VA
by Corollary 3.4.3.

To overcome the problem, we introduce L ,-modules with additional structures.

Definition 5.1.2. An L ,-module with AP -monodromy is a pair ((,V),N) where 7: L, — GLi(V)is
a ﬁnite—dimen§ional representation of L, with a decomposition V = @Vex*g g as. k-vector spaces
and N = {Né’,) YaeAP, aez,, jez 18 @ set of k-linear endmorphisms of V such that Né’,) ) € Visjor,
N =1dand NY = 0 for j < 0.

Morphisms are given as follows: Let ((7,V),N) and ((7,V’), N’) be two L,-modules with AP-
monodromy. Then a morphism ((7,V),N) — ((7/,V’),N’) is a k-linear map f: V — V’ that satisfies
the following:
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(1) fisan L,-equivariant morphism.
(2) Fora € A?, [j] € Z™ma /(Z™M<),, and xy € X*(T) such that [j] - ro > 6o (x), we have

Z Z (- 1)21 @ ji pr, ( (11 (]m(, fN(Jm(, ]m(,)_“N((lJl.l—jl/)) -0,
jeljljyezma
where pr,, denotes the projection
pro: Hom(v,V) = 5 Hom(V,,V,) > P Hom(V,,V},,).
v, v eX*(T) veX*(T)
We denote by L,-MN,r the category of L,-modules with AP -monodromy.

Remark 5.1.3. The condition (2) in Definition 5.1.2 means that f is compatible with N and N’ in some
sense. Assume that P is defined over F,. Then the condition (2) in Definition 5.1.2 is simplified as
follows: For @ € AP, y € X*(T) and j € N such that jr,.; > 64(x), we have

>IN NG | =0,

0<j'<j

The morphism NE’; is an analogue of N//j! for a monodromy operator N in characteristic zero. In this
sense,

Fe Y (0INS NG

0<j'<j

is an analogue of jth iterate of
[ fN-Nf

divided by j! for monodromy operators N and N’ in characteristic zero.

We have the functor
Fun: Rep(P) = Ly-MNsrs (Vo) = (V. pli) AED Yaear, wez, jez)

where we equip V with the natural T-weight decomposition V = B, V.

Definition 5.1.4. An L,-module with AP -monodromy is called admissible if it is in the essential image
of Fyn. We denote by L </,-MNI’IClm the category of admissible L,-modules with A”-monodromy.

Theorem 5.1.5. The functor'V: Rep(P) — BB(G-Zip") factors through the functor Fyn : Rep(P) —
L<p-MN"ﬂ‘Ad,£n and induces an equivalence of categories

L,-MNY — B8 p(G-ZipH).
Proof. For two P-representations (V, p) and (V’, p’), one has

Homg (G-zipt) (V(p), V(p")) = Homgg G-zipe) (V(1), V(p)" @ V(p"))
= Homgg (G-zipr) (V(1), V(p" ® p))
= H*(G-zip*, V(p" ® p"))
=(Wevyten () D EETV e V)L,

aeAP [v]eX*(T)/A=

Za-Ta
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where we used Theorem 3.4.1 in the last line. We can see from the definition that this space coincides
with the space of homomorphisms Fyn (V, p) — Fun(V’, p’) using that the action of u o (x) on VY @V’
is given by f > p’(ug (x)) o f o p(ue (—x)) for @’ € B,. O

Let Sk denote the good reduction special fibre of a Hodge-type Shimura variety, with the same
notations and assumptions as in Subsection 2.5. Recall that there is a functor V: Rep(P) — BB(Sk)
(see (2.5.1)), which induces functors

Rep(P)—Y BB p(G-Ziph)——BBp(Sk),

where BBp(Sk) also denotes the essential image of Rep(P) in BB(Sk). We obtain the following
corollary in the context of Shimura varieties.

Corollary 5.1.6. The functor V: Rep(P) — BBp(Sk) factors as

Rep(P) —5 L, -MN¥m < 8%,(SK).

5.2. The category BB (G-Zip")
We assume that P is defined over F,. Hence, in what follows, we have L, = L(F,).

Definition 5.2.1. Let BB, (G-Zip") denote the full subcategory of BB(G-Zip#), which is equal to
the essential image of the functor Rep(L) — BB(G-Zip#). We call it the category of L-vector bundles
on G-Zip*.

For example, the automorphic vector bundles (V(1))ex+ () (see Subsection 2.4.3) lie in the subcat-
egory of L-vector bundles on G-Zip#.

Definition 5.2.2. A AP -filtered L,-module is a pair ((t,V),F) where 7: L, — GL(V) is a finite-
dimensional representation of L, and I = {V{,},car is a set of filtrations on V. Here, V¢, denotes a
descending filtration (V<) cr.

Morphisms are given as follows. Let ((7,V),F) and ((7/,V’), F") be two AP -filtered L ,-modules.
Then a morphism ((7,V),F) — ((7/,V’),F’) is a k-linear map f: V — V’ that satisfies the following:

(1) fisan L,-equivariant morphism.
(2) For each @ € AP, the map f is compatible with the filtrations V¢, and V§ in the sense that
f(Vg) c Vi forany r € R.

We denote by L(p—MFZd,in the category of AP -filtered L,-modules.

Let ((7,V),N) € L,-MNyr. For a € AP, define the a-filtration (VE,) of V as follows: Let V =
P, V. be the weight decomposition of V. For all € R, let V&, be the direct sum of V,, for all v satisfying
(v,8q) 2 r. We call V¢, the a-filtration of V. Thus, we have a functor L,-MNyr — L,-MF,r. Taking
composition, we obtain

Fun
Fur: Rep(L) — Rep(P) — Ly-MNyjr — Lo-MFyp. (5.2.1)

Definition 5.2.3. A AP -filtered L ,-module is called admissible if it is in the essential image of Fyr.
We denote by L‘p—MFZd},“ the category of admissible AP -filtered L,-modules.

Theorem 5.2.4. The functor’V: Rep(L) — BB(G-Zip*) factors through the functor Fyp: Rep(L) —
L(p-MFaAd,',n and induces an equivalence of categories

Ly,-MF — B8 (G-Zip").
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Proof. By Theorem 5.1.5, it suffices to show

Homy,-wmn, » (Fun(p), Fun(p”)) = Homy vk, » (Fue(p), Fur(p”))

for (V,p), (V’,p’) € Rep(L). This follows from Remark 5.1.3 and the definitions of morphisms in
L,-MNyjp and L,-MFyp. O

6. Examples
6.1. The algebras Ry and Rp

Fix a connected reductive group G over F, a cocharacter y: Gy, x — Gy and a frame (B, T, z) for Z,,
(Subsection 2.2.3). For A € X{(T), denote by Va (1) the G-representation Indg (). We add a subscript
A to avoid confusion with V;(2) = IndéL(/l) for 1 € X7, (T) (see §2.4.3). Let VA (A) be the vector
bundle on G-Zip* attached to V (1). We put

R = EB HY(G-Zip",V;(1)) and Rj = @ HO(G-ZipH, Vs (Q)).
Aex; () AeX;(T)

By (2.3.3), the k-vector spaces R; and R have a natural structure of k-algebra. They capture information
about all V;(A) and Vx (A) at once.

Remark 6.1.1. In general, we do not know whether R; and R, are finite-type algebras, but we conjecture
that this is the case. The algebra R; was studied in [Kos19]. In the case of G = Sp(4) with a cocharacter
1 whose centraliser Levi subgroup is isomorphic to GL;, we showed that R; is a polynomial algebra in
three indeterminates [Kos19, Theorem 5.4.1].

In this first example, we examine R, in the case of G = SL,p, with the zip datum explained in
Subsection 4.2. In this case, the algebra R; is very simple: It is a polynomial algebra in one indeterminate,
generated by the classical Hasse invariant. Let n € N. The representation VA (y,) identifies with
Sym” (Std). The weights of Va (x,,) are {-n+2i | 0 < i < n}. By Example 4.4.2 and Proposition 4.4.3,
we have

H(GZip" Valx)) = P Valxak (6.1.1)

ie—(g-1N,
(g+)i<—(g-)n

for all n > 0. Let x, y be indeterminates. Let SL, act on k[x, y] by

ab
(c d) - P =P(ax+cy,bx +dy).

Then Vi (x,) = Sym”"(Std) is the subrepresentation of k[x, y] spanned by homogeneous polynomials
in x, y of degree n. The highest weight vector is x". By (6.1.1), we have

H(G-Zip#, Va(xn)) = Spany (x/y" ™ | j 20, g = 1ln =2/, (g+1)j <n).
Similarly, R, is the subalgebra of k[x, y] generated by x/y"~/ for all 0 < j < n with ¢ — 1|n — 2 and
(g+1)j <n.

Proposition 6.1.2. The algebra Ry is generated by yi~' and xy?. In particular, it is a polynomial
algebra in two indeterminates.

Proof. Ttis clear that y9~! and xy9 are elements of Rx. Letn > 0and 0 < j < n such that x/y"~/ € Ry.
We can write x/y"~/ = (xy?)/y"~(@*1)J Note that n > (¢ + 1)j and ¢ — 1 divides n — (g + 1)j =
n—2j—(g—1)j.Itfollows that x/y"~/ lies in the subalgebra of k[, y] generated by y¢~! and xy?. O
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We give an interpretation of these sections. In the case of G = SLM:‘I , recall that for an F,-scheme
S, the groupoid G-Zip* (S) consists of tuples H = (H, w, F, V) where

(1) H is alocally free Og-module of rank 2 with a trivialisation det(3H) =~ Og,

(2) w c His alocally free Og-submodule of rank 1 such that H/w is locally free and

(3) F: HD — FHandV: H — H9 are Og-linear maps satisfying the conditions Ker(F) = Im(V) =
w? and Ker(V) = Im(F).

Consider the flag space F over G-Zip# parametrising pairs (H, £) with £ c H a locally free Og-
submodule of rank 1 such that /£ is locally free. The natural projection map ng: Fg — G-Zip*
is a P!-fibration. For n € Z, the push-forward 7 .(£™") coincides with the vector bundle Va (x,).
Consider the map

LcH L 5@ S (3/0) @D ~ g,

where we used that (/L =~ £~ by the trivialisation det(3() ~ Og. We obtain a section of £~ (@D Tt
corresponds to the element xy? in Proposition 6.1.2. On the other hand, the classical Hasse invariant
Ha € H(S,w?™") is given by the map V: w — w'? =~ 9. By sending Ha under the morphism

wCH—>H/L =L,

we obtain a section of £~(4~1_ This section corresponds to y9~! in Proposition 6.1.2.

6.2. Example on L-semisimplification

We give an example that shows that Proposition 3.6.4 does not hold in general without the assumption
that P is defined over F,. Let G = ResFle /F, SLz,Ipq2 and

z 0 10
M Gm,k - G = SLz’k XSLZ,k; Vil ((0 Z_l) s (0 1))

Let 2, = (G,P,L,Q, M, ¢) be the associated zip datum. We have P = By X SLo x, L = T» X SLy ¢,
Q = SLyx XBj and M = SL; i XT>. We take (B,T) = (By X B2,T» X T») as a Borel pair and take a
frame as in Lemma 2.2.3. Then A” consists of one root @ = y» ® yo. We have

ol )5 )

xeFZz,yq=0}.

‘We have

5. =¥ —ao@) _(‘12” M)
o — ’ aa — 9 )

g* -1 > =1 q(¢*>-1)
(Zz)ra ={(ny,n) € 7? | gni = ny}.

We define p: P — GL(V) by
(Squz‘l(Std) ® qu,l) = Sym? ! (Std@).

We write (V', p’) for (V25 p&%). Then we have Vi¢ =V and V'5¢ = V. We put v = 0 B x_,(42-3)-
We have
V[v] =V, ® Vv+a—qa’(a)-
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We parametrise elements [j] € Z?/(Z?), by classes [(0, j)] with j € Z. Using this notation, we have

Fﬂ?zvamerM = ﬂ ﬂ Ker Z pr, oEY) o Eg;’(‘f)jl): Vv = Vy
JEZ yelv+jo(a)], J1€Z

Jra2>6a(x)
because (—1)/1(=1)/*/1 = (=1)/ € k. We have V,, # 0 if and only if y = v +ija + giro () for
0<ii<g*-1land -1 <ip < g> —2.For y = v +ija + giro (), the conditions y € [v+ jo ()] and
JTa2 > 64(x) hold if and only if j = g(i; +i>) and ir —i; > q> =2 —2/(¢* — 1). Hence,
x € v+jo(@] jraz>dalx). Vy #0 & x =v+4q(q* =2)o(a), j = q(q* - 2).

We put xo = v + q(¢*> — 2)o(a) and jo = g(g* — 2). Then we have

o(a) o(a)

FilZe " Vi, = Ker (pr,, o (U0 + Qo ESTD) vy > v,

ES )+ (B4 0 BV (v2) = 0.

o(a)

= {(VMVZ) EV,® Vv+af—qa'((t)

We note that
E(jo) (V, > V)(o* EEQ o E(jo+q) : Vv+a—qo-(a) - V)(O

o(a)’ o(a) *

are isomorphisms. In the same way, we have

3 E(Z‘ asta — (j ) . [
Flléa Aot V[/v] = Ker (erO OEa-(()a/) : V[Iv] - V/\/,/o) - V;+a/—qo‘(a)
using E\Y) = 0 for (V’,p’). Hence, Fﬂ?”a”’rav[v] ¢ Fil?“’a“’r“V[’V]. Therefore, we have
H(G-zZip*,V(p)) ¢ H*(G-Zip*,V(p")).

6.3. The case of the unitary group U (2, 1) with p inert

In this subsection, we examine an example that arises in the study of Picard surfaces. These are Shimura
varieties of PEL type (in particular, of Hodge type) attached to unitary groups G over Q with respect to
some totally imaginary quadratic extension E/Q. We impose that Gg =~ GU(2, 1). We choose a rational
prime p that is inert in E and consider the attached zip datum (G, P, Q, L, M, ¢). Because p is inert, the
parabolic P is not defined over F,. We study the space H(G-Zip*, V;(2)). To simplify, we will work
with a unitary group U, instead of a group of unitary similitudes GU. The case of GU is very similar.

Let (V,¢) be a 3-dimensional vector space over F > endowed with a nondegenerate Hermitian form
Y: VXV — Fp (in the context of Shimura varieties, take ¢ = p). Write Gal(F 2 /Fy) = {Id,o"}. We
take a basis B = (v, vp, v3) of V where ¢ is given by the matrix

1
J=| 1

We define a reductive group G by
G(R) ={f € GLz ,(V &, R) [ yr(f(x), f(y)) = ¥r(x,y), Vx,y €V &, R}

for any [F,-alegebra R. One has an identification G]qu =~ GL(V), given as follows: For any F.-algebra
R, we have an F-algebra isomorphism F» ®, R — RX R, a ® x +— (ax,o(a)x). By tensoring
with V, we obtain an isomorphism V ®, R — (V ®F Rye (V ®F R). Then any element of G(R)
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stabilises this decomposition and is entirely determined by its restriction to the first summand. This
yields an isomorphism as claimed. Using the basis B, we identify G]Fq2 with GL3,]pq2. The action of o

on the set GL3(k) is given as follows: o - A = Jo(A)~'J. Let T denote the maximal diagonal torus
and B the lower-triangular Borel subgroup of G. Note that by our choice of the basis B, the groups B
and T are defined over F,. Identify X*(T') = 73 such that (ki ko, k3) € Z3 corresponds to the character
diag(xy, xp,x3) ]'[?:] xf". The simple roots are A = {e; — e, e — e3}, where (e, 3, e3) is the
canonical basis of Z>.

Define a cocharacter p: G x — G such that u is given by x +— diag(x, x, 1) via the identification
Gi =GL3y. Let 2, = (G,P,L,Q, M, o) be the associated zip datum. Note that P is not defined over
F,. One has I = {e; — ez} and A” = {a} with @ = 5 — e3.

Lemma 6.3.1. Let H be the function on Gy, defined by

Ay =x1,1x22 — X1 2X2,1
H ((xijh<ij<3) =x1 A1 —x] Ay with T e
’ ’ Ao = Xx1,1%23 — X2,1X1 3.

The p-ordinary stratum U,, C Gy is equal to the complement of the vanishing locus of H.

Proof. In this case, there is a unique E-orbit of codimension 1 by the first part of Theorem 2.2.4.
Furthermore, this E-orbit is dense in G \ U, by the closure relation. Hence, it suffices to show that H
does not vanish on U,,. The group E consists of pairs (x,y) € P x Q with

-1

ab g? h i
x=|cd0 and y=|0 d? b4
efg 0 c? a4

Because 1 € U,,, the open U, consists of elements of the form xy~!. We find

H(xy™) = (ag?)g9d9 (ad — be) — (cg?)9g9b9 (ad — be) = gq2+q(ad — be)dt!,

This expression is nonzero, so the result is proved. O
We have
ab
Ly= d eLla,deFr, di*' =1, b1 =0
afq

Hence, it follows that 6, = p;'(a¥) = qzl_l(—q,q —1,1). We have my, = 2, a, = (-1,-1), B, =
(—a,0(a)) and

_ @ -qg+1 —g*>+q-1

ry = , . (2, = {(n1,mp) € 2% | qny = ny}.
-1 " q(g>-1) )

The group Az is

a-Ta
Aggr, = Z(g,=(g + 1), 1).
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Let A = (41,42, 43) be an L-dominant character (i.e., 1 > A7) and consider the L-representation
Vi (). We simply write V for V; (1) sometimes. Under the isomorphism

GLy xGy, — L; (A, 2) & (A Z) ,

the representation V corresponds to the representation
a -2
detGi2 ® Sym™' ™2 (Stdgr,) ® €45,

where &, is the character of GL, XGy, given by (A, z) + z". Hence, V is a representation of dimension
A1 — A2 + 1 and it has weights

vi=1 -, A+i,23), 0<i<A —2.

Note that the difference v; — v;» of two weights is never in Ag

Z..r, Unless i = i’. Therefore, V[, =V, for
all v € Z3. One deduces

vie = @ V,.

1
qli, g+1| A2+,
q*-1|A1-i-q3

It remains to determine Fil?“’a“’r“ V,., which is either 0 or V,,. We parametrise elements [j] € Z2/(Z> .,

by classes [(0, j)] with j €'Z. Then, an element j € [j] can be written as (0, j) + j; (1, g) with j; € Z.
Using this notation, we obtain

Fili’*‘"vyzﬂ ﬂ Ker
J€Zyelvijo(a)].
jra,2>6(y(/\/)

Z pr, oEG) o EirJ(Jrg)j]): Vy = V)()
J1€Z

because (—1)/1(=1)/*9/1 = (-1)/ € k. We have EEJCL) = O unless j; = 0 because @ € AP and V is
trivial on R, (P). Hence, in the sum appearing in the above formula, only the case j; = 0 contributes.
Furthermore, E ((TJ()Q) (Vy) € Vyijo(a)- Hence, we have

FE™V, = () Ker (Eé{lezz V, — Vvﬂ-(el_ez)) :
J>q{v,6a)
Take v = v; for some 0 < i < Ay — 4. We deduce Fﬂ?"’a"’r”V‘,’. =V,, if and only if for all j > 0 such

that j > g{v;, ), one has Ee(lj )_ez(V,,l.) = (0. Computing explicitly the representation V, one sees that
this space is zero if and only if the binomial coefficient (;) is divisible by p. In particular, it is never
zero for j =i. We deduce that

Fﬂj:sz’“w”wvw =V, =i <q(vi,0a).

Furthermore, we find

i(2g - 1) 1

(Vi,0a) = -1 T ao [(Fati+ (g =D+ 13).

For A = (11,43,43) € Xj,,(T), we put
F(1) = —1 (g1 = (g — DAz — 23).
g*—q+1 ;

We deduce the following.
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Proposition 6.3.2. We have

HY(G-Zip",V; (1)) = @ Vi(A)y,. 6.3.1)
qli, g+1]2+i,
g*>-1|A1-i—qA3, i>F ()

(1) Forexample, take A = (1+g¢, 1, g). Then one sees that V; (DLe =V (/l)vq, where v, = (1,1+4,q).
One finds F(4) = g; hence, H*(G-Zip*, V(1)) = Vi (d)y,.

(2) Similarly, take A = (1,0, g). Then we find V; (1)E¢ = V;(Q),,, where vo = A = (1,0, g). We have
F(Q) = 0; hence, again H°(G-Zip*, V(1)) = Vi(d)y,.

(3) Take A = (¢+1,g+1,g*+¢). Then V; () is a 1-dimensional representation of L (i.e., a character),
and V; (A)F¢ = V;(2). Because F(1) = _al@’-h 0, we have H*(G-Zip#, V(1)) = V;(A). Tt is

q2—q+1
spanned by the y-ordinary (nonclassical) Hasse invariant H given by Lemma 6.3.1, also constructed

in [GN17] and [KW18].

Recall the cone Cy, C X;"J(T) studied in [Kos19], [GK 18], defined as the set of 1 € X*(T) such
that H°(G-Zip*, V; (1)) # 0. In this example, we deduce that it is the set of 1 € X* ;(T') such that there

+
exists 0 < i < A7 — A, satisfying the four conditions listed below the direct sum sign of (6.3.1). For a
cone C C X*(T), write (C) for the saturated cone of C; that is, the set of 1 € X*(T) such that NA lies

in C for some positive integer N.

Corollary 6.3.3. We have
(Cuip) = {(A1,22,43) € Z* | A1 = Ao, (g = 1A + > — gA3 < 0}

Proof. Assumethat A € Cp. Then, in particular, A1 —A2 > F (1), which amounts to (g—1)A1+12—gA3 <
0. Conversely, assume that 1 € X7 ; (T) satisfies A; — A, > F(A). Then, after changing A to g(q> — 1)A,
we find that i = A; — A, satisfies the four conditions below the direct sum sign of (6.3.1); hence,
A € (Cyjp). This terminates the proof. O

Remark 6.3.4. The two sections of weight (1 + ¢, 1,¢) and (1,0, g) given in (1) and (2) are partial
Hasse invariants (viewing them as a section of the stack of zip flags G-ZipFlag#, their vanishing locus
is a single flag stratum; see [Kos19, §1.3] for details). Their weights generate the cone (Csy) defined in
[Kos19, Definition 1.7.1]. The cone (C,p) is not spanned by these weights because G does not satisfy
the equivalent conditions of [Kos19, Lemma 2.3.1]. We also refer to [GIK21] for a general study of the
cone Cyjp as well as related results.
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