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BIFURCATION OF POSITIVE ENTIRE SOLUTIONS FOR A
SEMILINEAR ELLIPTIC EQUATION

TsSING-SAN Hsu anp HUEI-L1 LIN

In this paper, we consider the nonhomogeneous semilinear elliptic equation
(*)a —Au+u=AK(z)u? + h(z) in RY,u > 0in RY ,u € HY(R"),

where A 20,1 < p< (N+2)/(N—-2),if N 23,1 <p< oo, if N=2, h(z)
€ H"Y(RYM), 0 # h(z) > 0 in RY, K(z) is a positive, bounded and continuous
function on RY. We prove that if K(z) > Ko > 0 in RY, and Izlli—tvnooK(I) = Koo,
then there exists a positive constant A* such that (*), has at least two solutions if
A € (0,A*) and no solution if A > A*. Furthermore, (*), has a unique solution for
A = X* provided that h{z) satisfies some suitable conditions. We also obtain some
further properties and bifurcation results of the solutions of (1.1)y at A = A*.

1. INTRODUCTION

In this paper, we consider the semilinear elliptic equation

—Au+u = AK(z)uP + h(z) in RV,

(1.1), N
u>0in RY ju e H(RV),

where A > 0,1<p<(N+2)/(N~-2),if N>3,1<p<oo,if N=2 h(z) € H-'(RY),
0 # h(z) > 0 in RY, K(z) is a positive, bounded and continuous function on RY.
Moreover, h(z) and K(z) satisfy the following conditions:

(h1) h(z) € LX(RN)N LYRY) for some ¢ > N/2if N >3,¢g=2if N = 2.
(k1) K(z) > Koo > 0in R", and |lim K(z) = Keo.

z| 00
The homogeneous case, that is, h(z) = 0, the equation (1.1), has been studied by
many authors (see [5, 8, 13, 14, 15].) For the nonhomogeneous case (h(z) # 0), Zhu
[16], Zhu and Zhou [18] and Cao and Zhou [6], established the existence of multiple
positive solutions of equations with structure unlike that here.

Received 25th April, 2005
Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/05 $A2.00+4-0.00.

349

https://doi.org/10.1017/50004972700035188 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035188

350 T-S. Hsu and H-L. Lin 2]

The main aim of this paper is concerned with the existence and nonexistence of
multiple positive solutions of (1.1), for the full A € [0, c0). We also obtain some properties
of solutions and some bifurcation results of solutions at A = 0 and A = A*, where )\* is
given in Theorem 1.1 below.

Throughout this paper, we always assume that h(z) > 0, h(z) Z 0in R, K (z)is a
positive, bounded and continuous function on R" and u, is the unique solution of (1.1)o,
unless otherwise specified and we set

1/2
Il = ([, (vup+1P)az)
RN
1/q
ully = ( [ IUI"dx) L 2<q <o,
RV

llullc = sup |u(z)|,
ZE€RN

M= inf{/ (IVul® + |uf) dz :/ [ufPtldz = 1}.
RN RN

Now, we state our main results in the following.

THEOREM 1.1. Ifh(z) > 0 and h(z) £ 0 in RV, K(z) is a positive, bounded and
continuous function on R" and K (z) satisfies (k1). Then there is \*, 0 < A\* < 0o, such

that:
(i) (1.1) has at least two solutions uy, Uy and uy < Uy if X € (0, X*);
(ii) (1.1)»- has a unique solution u,. provided that h(z) satisfies (h1);
(i) (1.1), has no positive solutions if A > \*.
Furthermore,
(b +1)(p ~ 17 M1
@p)P K llollRlls ol
. w
(1.2) < As wEH(RV)\{0} (prN Kub~ w2 d:r) =
PN

(p—1)? fon Kub* dz

where u, is the minimal solution of (1.1), Uy, is the second solution of (1.1), constructed
in Section 4 and ug is the unique positive solution of (1.1).

THEOREM 1.2. If (h1), (k1) hold, h(z) > 0, h(z) # 0 in R and K(z) is a
positive, bounded and continuous function on RY. Then
(i) wua is strictly increasing with respect to A , w, is uniformly bounded in
L>®(RM) N HY(RN) for all X € [0, A*] and

uy = ug in L2RY)YN HY(RY) as A = 0,

where uo is the unique positive solution of (1.1),.
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(ii) U, is strictly decreasing with respect to A and Uy, is unbounded in L®(R")
N HY(RY), that is
tim D3]] = lim [Vl = oo.
(i) Moreover, we assume that K(z) and h(z) are in C*(RN)NL*(RN), then all
solutions of (1.1) are in C**(RY) N H%(RN), and (A*,ux-) is a bifurcation
point for (1.1), and

uy — up in C**(RY) N H*(R") as A — 0,

where ug is the unique positive solution of (1.1),.

We shall organise this paper as follows. In Section 2, we give some notations and
preliminary results. In Section 3, we assert that there exists A* > 0 such that (1.1), has
a minimal solution for A € [0, A*). In Section 4, we establish the existence of a second
solution Uy for A € (0, A*) and some asymptotic behaviour of the solution of (1.1),. In
Section 5, we shall give some further properties, and bifurcation of solutions of (1.1),.

2. PRELIMINARIES

In this section, we shall give some notations and some known results. In order
to get the existence of positive solutions of (1.1}, we consider the energy functional
I, : HY(R") — R defined by

B = [ [F0V6P + 1) - S2K@@H - halu] o,

where u*(z) = max{+u(z),0}. Then the critical points of I, are the positive solutions
of (1.1),. Consider the equation

~Au +u = AKou? in RV,

(2.1)x .
u> 0in RY, u € HY(RV),

and its associated energy functional I{° defined by
1°(u) = / 3V + uf?) - —)‘—Kw(w)w] dz, ue H'(RM).
A RN 2 p+ 1

It is well known that equation (2.1), has a unique ground state solution wy and
I°(wy) = sup I (tw,) (see Bahri and Lions [3] and the references there).
t>0

Now, we given the following known propositions for later use.
PROPOSITION 2.1. Let K(z) satisfy (k1) and {ux} be a (PS).—sequence of I,
in H'(RV) :
Ii(ug) =c+o0(l) ask — oo,
I3 (w) = o(1) strongly in H~'(R").
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Then there exist an integer | > 0, sequence {zi} C RY, functions
7€ HY(RV), w; € HY(RV), 1 < i <, such that for some subsequence {u;}, we have

( !
U — (H+ Zﬂ,-(- —x};)) — 0, as k — oo,
i=1
ux — U weakly in H'(RV);
!
c=NL(T)+ Y I (w);
i=1

~AT + T = AK(z)@ + h(z) in H"}(RV);
—AT; +T; = MKW in HY(RY), 1€<i<
|zi| — 00, |zi ~zi| =00, 1<i# <L

N

\

where we agree that in the case | = 0 the above holds without T;, zk.

PRrROOF: The proof can be obtained by using the arguments in Bahri and Lions [3]
(also see {13, 14]). We omit it. 0

3. EXISTENCE OF MINIMAL SOLUTION AND DECAY

In this section, by the barrier method, we prove that the existence of minimal positive
solution u, for all A in some finite interval [0, A*] (that is, for any positive solution u of
(1.1),, then u > u,). Furthermore, we establish a decay estimate for solutions of (1.1),.

LEMMA 3.1. Let K(z) satisfy (k1). Then (1.1), has a solution u) if 0 < A < Ay
where A, is given by (1.2).

Proor: For A = 0, the existence question is equivalent to the existence of
ug € H'(RV) such that

(3.1) /RN Vuo-V¢+u0¢=/RNh¢

for all ¢ € H'(RV). Now, we have that

/ h¢| < A=l
RY

According to the Lax-Milgram theorem, there exists a unique uy € H'(RV) satisfies
(3.1). Since 0 # h > 0 in R", by strong maximum principle (see Gilbarg and Trudinger
(10]), we conclude that up > 0 in RV,

We consider next the case A > 0. We show first that for sufficiently small A, say
A = Ag, there exists tg = t(Ap) > 0 such that I,,(u) > 0 for ||u]| = to. From the definitions
of I, we have
A

P 1€ lloo 2=+ 172 [P — [|A]| - [Ju]

1
I(u) 2 §||U||2 -
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Set

7t = 3t =at - o

where ¢; = || K|joo/(p + 1) M~+Y/2 and ¢, = ||h||g-1.
It then follows that f(t) achieves a maximum at ty = (2pAc;)~®~1D7". Set

By = {ue H'(R") : |jull < tx}.
Then for all u € 8By = {u € H'(R") : ||lul| = tx},
L(u) 2 tf(t) 2 ta[talp—1)/2p 2] >0

provided that A < A; which A, is given by (1.2). Fix such a value of A, say Ag, and set
to =t(Ao). Let 0% ¢ > 0, ¢ € CP(RY) such that / h¢dz > 0. Then
RN

£ A
Do(td) = Glol? - 2o [ kovi-e [ ho<o

for sufficiently small ¢ > 0, and it is easy to see that I,, is bounded below on B,,. Set
o = inf{I),(u) | u € By, }. Then a < 0, and since I,,(u) > 0 on 8By, the continuity
of I, on H'(RV) implies that there exists 0 < t; < o such that I ,(u) > a for all
u € H'(RV) and t, < ||u|| < to. By the Ekeland’s variational principle [9], there exists
a sequence {ux}f2; C By, such that Iy (ur) = @ +o(1) and I} (ux) = o(1) strongly in
H-(RY), as k — oo. By Proposition 2.1, we have that there exist a subsequence {u;},
an integer [ > 0,w; > 0,1 <4< (ifl>1),%>0in R" and @ in B, such that

ur — T weakly in H}(RV),
—AT + 7T = MK (z)T + h(z) in H}(RV),
—Aw; +w; = MKow?! in H-}Y(RVY), 1 <ig L

Moreover,
1
Do (uk) = Ing () + 3 _ I (ws) + 0(1) as k — oo.
i=1
Note that I2(w;) = I9(wa,) > 0 for ¢ = 1,2,--- ,1. Since @ € By,, we have I),(q) > o.
We conclude that ! =0, I,(7) = a and I, (%) = 0, that is, @ is a weak positive solution
of (1.1),. 0

Now, by the standard barrier method, we get the following Lemma.

LEMMA 3.2. Let K(x) satisfy (k1). Then there exists A\* > 0 such that for each
A € [0, A*), problem (1.1), has a minimal positive solution uy and u, is strictly increasing
in A.

PRrROOF: Denoting

A* =sup{A > 0: (1.1), has a positive solution }.
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By Lemma 3.1, we have A* > 0. Now, consider A € [0, A\*). By the definition of A*,
we know that there exists A’ > X such that A < A* and (1.1)x has a positive solution
uy > 0, that is,
—Auy +uy = A’K(x)uf{, + h(.’L‘)
> AK(z)uh, + h(z).

Then uy is a supersolution of (1.1),. From h(z) > 0 and h(z) # 0, it is easily proved
that 0 is a subsolution of (1.1),. By the standard barrier method, there exists a solution
uy of (1.1), such that 0 < ux < wy. Since 0 is not a solution of (1.1), and X > A, the
maximum principle implies that 0 < uy < uy. Again using a result of Amann [1], we
can choose a minimum positive solution ) of (1.1),. This completes the proof of Lemma
3.2. 0

Now, we consider a solution u of (1.1),. Let o, (u) be defined by

(3.2) ox(u) = inf{/ (IVul* + lw|?) dz:w e H‘(RN),/ pKuP lwldr = 1}
RN RN

By the standard direct minimisation procedure, we can show that o, (u) is attained by a
function @, > 0, px € H'(RY), satisfying

(3-3) —Apy + px = oa(u)pKuP~lp, in RV,

LEMMA 3.3. Let K(z) satisfy (k1). For A € [0, "), let uy be the minimal solution
of (1.1)» and o, (ua) be the corresponding number given by (3.2). Then

(i) oa(ua) > A and is strictly decreasing in A\, A € [0, A*);
(ii) A* < oo, and (1.1),- has a minimal solution uj-.

Proor: Consider uy/, uy, where A* > X > A > 0. Let ¢, be a minimiser of o, (u,),
then by Lemma 3.2, we obtain that

/mN pKuS 2 dx > /RN pKuf 'pidr =1,
and there is t, 0 < t < 1 such that
/ PR (tpa)? = 1.
RN
Therefore,

(3.4) ox(un) < Ellpall” < lloall® = o (ua),

showing the monotonicity of ox(uy), A € [0, A*).
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Consider now A € (0,A*). Let A < X < A*. From (3.3) and the monotonicity of u,,

we get
a,\(u,\)p/N(ux - uA)Ku’;'lcp,\ dz
R
= /N V(uy —uy) - Verdz +/ {ux — ur)padr
R
(3.5) =N =) / Kul,ppdz + A K(u}, — u})pirdz
RN

>/\p/ K(p,\/ trldtdx
RN

2 /\:D/ Ku} Y ux — u\)pa dz,
]RN

which implies that ax(ux) > A, A € (0, A*). This completes the proof of (i).
We show next that A* < co. Let Ag € (0, A*) be fixed. For any A > Ao, (3.4) and
(3.5) imply
020 (uno) 2 oa(ur) > A
for all A € [Ag, A*). Thus, A* < oo.
By (3.2) and g,(ua) > A, we have

/ (IVurl? + Jual?) dz — )\p/ Ku¥* dz > 0.

and

/ (IVusl? + |us]?) dz — / AKu dr — huy = 0.
RV R¥ R¥

Thus

/(qu,\IZ-I—IuAl) //\Ku”+1d:r+/ huy dz
RN RN

/ (IVesl? + [us?) dz + |[Al] gy luall

< (; S sl + oAy,

for any > 0. Since p > 1, we can obtain that |Ju,|| < ¢ < +oo for all A € (0, )*) b,
taking & small enough. By Lemma 3.2, the solution u, is strictly increasing with respect
to A; we may suppose that

uy — uy- weakly in HI(IRN) as A — A",

and hence u,- is a minimal solution of (1.1),.. This completes the proof of Lemma 3.3. [

LEMMA 3.4. If K(z) satisfies (k1), then Ay € A* € Ay € A3, where A, Ay and )3
are given by (1.2).
ProoF: By Lemma 3.1 and the definition of A*, we conclude that A* > A,.
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As in Lemma 3.3, we have 0 (u,) > A for all A € (0, A*), so for any w € H'(RV)\{0},
we have

(3.6) /RN (IVw]* + |w|*) dz > Ap /lRN Ku 'w? dz.

Let ug be the unique solution of (1.1)o, then by (3.6) and uy > u for all A € (0, A*], we
obtain that

/ (IVwl® + |w[?) dz > /\p/ Kub~'w?dz,
RN RN

that is,

2
3.7 A< in ( [l ) = .
(37) = weH ®RN)\{0} P Jan Kub 'w?dz ?

This implies that A* < As.
For all A € [0, A*], let u, is a minimal solution of (1.1)) and take w = u, in (3.6),
then we have that

luall? = /\/ Ku§+ld:c+/ huy dz
RN RN
< I—)I|u,\||2+||h||,,_1l|u,\||.

This implies that
(3.8) laall € 2 1l

Take w = uy in (3.7), and by (3.8) and the monotonicity of uy, we get that

w2
NP
P fon Kup 'uldz
p”h”2 -1 =
x = A3

(p- 1)2/ Kul*'dz
RY I
Finally, we establish the decay estimate for solutions of (1.1), and this result will be
used in Section 4 and Section 5. Now, we quote two Regularity Lemmas (see Hsu [11]
for the proof).
LEMMA 3.5. Let f : X xR — R be a Carathéodory function such that for almost
every = € X, there holds

(3.9) | £(z,u)| < c(Jul + [w|’) uniformly in z € X,

where X is a C*! domain in R¥, 1 < p < (N+2)/(N-2)if N >23,1<p< oo if
N = 2. Also, let u € H}(X) be a weak solution of equation —Au = f(z,u) + h(z) in X,
where h € LV¥?(X) N L?(X). Then u € LY(X) for q € [2,00).
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LEMMA 3.6. LetX beaC'! domaininRY, g € L*(X)NLY(X) for some q € |2, 00)
and u € H}(X) be a weak solution of the equation —Au+u = g in X. Then u € W*9(X)
satisfies
lullwaamy < e(llullzox) + llgllzex)),
where ¢ = ¢(N, g, 0X).
LEMMA 3.7. Let h(z) satisfy (h1) and u be a weak solution of (1.1),, then
(i) u{z) — 0 as|z| = oc. )

(ii) there exists positive constant c¢; such that

(3.10) u(z) > crexp(— |z)|z|" N as |z| = 0.
PROOF: (i) Let u satisfy
—Au+u=MK(z)u® + h(z)  in HY(RV).
Since K is bounded and h € L2(R¥) N LY(R") for some ¢ > N/2. Hence
h € L*(RY)n LM*(RN)
and by Lemma 3.5, we have u € LY(R") for g € [2,00). Hence
MK (z)u? + h(z) € L*(R") N LIY(RY)

for some ¢ > N/2. Then by Lemma 3.6, we have u € W29(R") for some ¢ > N/2. By
the Sobolev embedding theorem, u € C,(R") and there exists ¢ > 0, such that for any
r>1,

lull L@z < cllullwaes)
where

B, ={zeR":|z|>r}.

Hence lim u(z) = 0.

|z| =00
(ii) It is very easy to show that (1+1/4/]z])e % /|z|(N=1/2 is a subsolution of (1.1)
for all |z| large. Therefore (3.10) is proved by means of the maximum principle. 0

LEMMA 3.8. Let uy be the minimal solution of (1.1), for A € [0,)*] and ox(u,)
> ). Then for any g(z) € H™'(R"), problem

(3.11), —Aw +w = ApKu} 'w + g(z),w € H'(RY)

has a solution.
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ProorF: Consider the functional
1 1
®(w) = -/ (IVw)® + w?) dz — —Ap/ Kug—‘wwx—/ 9(z)wdz,
2 Jmw 2 RN RN

where w € H'(R"¥). From Hélder inequality and Young’s inequality, we have, for any
€ > 0, that

l —_ -1 2 l 2 _ CE 2
(3.12) 2(w) 2 (1= 2aa(w) )l - Zellwll® ~ Fllgly-1wn)
>

’“CHQH%-I(RN)

if we choose € small.
Now, let {w,} C H*(R") be the minimising sequence of variational problem

d = inf{®(w) | w € H'(R")}.

From (3.12) and o,(u)) > A, we can also deduce that {w,} is bounded in H}(R¥), if we
choose € small. So we may suppose that

w, — w weakly in H'(R") as n — oo,
w, — w almost everywhere in R as n = oo.

By Fatou’s Lemma,
flw]? < lim inf {jw,||%.

By Lemma 3.7, we have that uy(z) — 0 as |z] = oo and the weak convergence imply

/ gw, dz = / gw d:c,/ KWl 'wldz — KW 'w?dz as n — oo.
RV RV RV

RN
Therefore

(w) < lim &w,) =,
and hence ®(w) = d which gives that w is a solution of (3.11),. 0

REMARK 3.9. From Lemma 3.8, we know that (3.11), has a solution w € H*(R"). Now,
we also assume that K (z), h(z), and g(z) are in C*(R™) N L?(RY), then by the elliptic
regular theory ([10]), we can deduce that w € C**(RM) n H?(RY).

LEMMA 3.10. Suppose uy- is a solution of (1.1),., then ogy-(uy-) = A* and the
solution uy- is unique.
PROOF: Define F: R x H}(RY) — H}(RV) by

F(\u) = Au—u+ MK (u*) + h(z).

Since aa(ux) = A for A € (0,A%), so ox-(ux) 2 A*. If gy (ua-) > A*, the equation
F.()*,ux-)¢ = 0 has no nontrivial solution. From Lemma 3.8, F,, maps R x H!(R") onto
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H~Y(R™). Applying the implicit function theorem to F, we can find a neighbourhood
(A* =4, A" + &) of A* such that (1.1), possesses a solution uy if A € (A* — 6, A* + 6). This
is contradictory to the definition of A*. Hence, we obtain that o,-(uy.) = A*.

Next, we are going to prove that u,- is unique. In fact, suppose (1.1),- has another
solution Uy. = uy-. Set w = Uy. — uy-; we have

(3.13) —Awtw= /\‘K[(w+u,\-)”—u§.], w>0in RV,
By o {uy-) = A*, we have that the problem
(3.14) ~Ap+ ¢ = NpKulll¢, ¢e€ HY(RY)

possesses a positive solution ¢,.
Multiplying (3.13) by ¢, and (3.14) by w, integrating and subtracting we deduce

that
0= / MK [(w+ up )P — o}, — puh-lw]édz
RN
= lp(p - 1) / A.K§::2w2¢1 d.’E,
2 RN
where £5- € (u-, ux- + w). Thus w=0. 0

4. EXISTENCE OF SECOND SOLUTION

The existence of a second solution of (1.1),, A € (0, A*), will be established via the
mountain pass theorem. When 0 < A < A*, we have known that (1.1), has a minimal
positive solution u, by Lemma 3.2, then we need only to prove that (1.1), has another
positive solution in the form of Uy = u, + v,, where vy is a solution of the following
problem:

—Av+v = AK[(v+u,)® —f] inRY,

(4.1), }
v € H(RV),v > 0in RV,

The corresponding variational functional of (4.1), is

1 vt
L) = —/ (IVv)? + ?) ~ A/ / K[(s +u\)? — u§] dsdz, v € H'(R").
2 Jry rY Jo
The following lemma comes from the fact

(up +8)P — 8 —pul's _

lim 0
s—0 S
and » 1
PP P
lim (ur+ 8P —uh —pul s -1

s—00 8sP
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LEMMA 4.1. For any ¢ > 0, there is a positive constant c, such that
(ur + s)? —uf — puf” s g su‘;'ls + c.sP

for all s 2 0.

LEMMA 4.2. Under condition (k1), then there exist positive constants p and «,
such that
JA(v) 2 >0, ve H(RY), ||v|| = p.

PROOF: By Lemma 4.1, we have
I(v) = / (IVv|? + v? )d:z:——/\p/ K ' (v*) dz
—)\/ / K[(ur+8)® —u} — pu§'s] dsdzx
RN
1
> —[/ (IV]* + 2 )da:-/\p/ K2 ' (v*) dz
2| Jaw

e . (v* )Pt
-\ P=1(yt )
]RNK[ZU’\ (") +ee p+l]dx

(4.2)

Furthermore, from the definition o, (u,) in (3.2), we have

/ (IVof* + v?*) dz > a,\(u,\)p/ Ku2 7 (v*)? dz,
RN RN

and, therefore, by (4.2) we obtain
1
Ja(v) 2 ‘UA(UA)_I(U,\(U,\) - A= EA)||v||2 - Ae(p+1)7! / K(*)y* dz.
2 2 -

Since ox(uy) > A, by property (ii) in Lemma 3.2, the boundedness of K, and the
Sobolev inequality imply that for small £ > 0,

1
Iav) 2 702 (wa) T (oa(w) = Mllwll® = AcfjolP*,

and the conclusion in Lemma 4.2 follows. 1]
We need the following concentration compactness principle to prove our result:
LEMMA 4.3. Assume condition (k1) holds. Let {v;} be a (PS), sequence of J, in

HY(RV):

Ji(vk) =c+o(l)as k - oo,
Ji(ve) = o(1) strong in H}(RY).

Then there exists a subsequence (still denoted by) {vi} for which the following holds:

there exist an integer | > 0, sequence {z}} C RV, a solution v, of (4.1), and solutions
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T, of (2.1), for 1 < i < I, such that
(0 — vy weakly in H'(RY);

!
J v — [v,\ + ZT)‘,\( - z;c)] — 0 strongly in H'(R");

i=1

Ia(ve) = JAUA)+ZI,\ +o(1).

\ i=1

where we agree that in the case | = 0 the above holds without ¥\, zi.

PROOF: Lemma 4.3 can be derived directly from the arguments in Bahri and Lions
(3] (or [4, 14, 17]). We omit it. 0

LEMMA 4.4. Assume condition (k1) holds, then
(i) there exists tg > 0, such that

J,\(tw,\) <0 for allt 2t
(ii) the following inequality holds

0 < sup J,\(tw,\) < Ij’"(w,\) =M
20

PROOF: By w, is the ground state solution of (2.1), and condition (k1), then we

have
T () = %t? / (Ve + lnP)ds = — 7" / AK () do
P 4
(4.3) / / s+u,\) uh — &) dsdz
—42 2 _ tp+1/ K wp+1 d
el - Lt [ Akt o) as

VAN/AN

Clt2 - Cztp+1

where ¢; = 1/2||wy||?, c2 = 1/(p+1) /\mei"+ (z) dz are independent of . From
(4.3), we conclude the result (i).

From (i), we easily see that the left hand of (ii) holds and we need only to show that
the right hand of (ii) holds. By (i), we have that there exists ¢; > 0 such that

sup Jy(twx) = sup Ji(tws).
£20 0<t<ts

Since J is continuous in H'(R™), there exists ¢, > 0 such that

I(twy) < M3, for0 <t < ¢ty.
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Then, to prove (ii) we now only to prove the following inequality:

sup  Ja(twn) < I°(wy) = MEP.
it

By the definition of J,, we get

t2
Ja(twy) = —/ (IVwal? + w?) dz —
2 Jgw

tp+l

tp+l

p—+1- - /\Koowf\’“ dx

-+

- p+1
p+1_/m~/\(K°° K(z))w8 ' dz

twy,
- / AK(z)[(s + ur)? — v} — s”] ds dz.
r¥ Jo

Since wj is the ground state solution of (2.1), and sup I°(tw,) = I°(w)), then we have
£20

p+1

T(tws) < I (ws) — /R AK(@) - K)o} do

2
p+1
twy
- /N MK (2)[(s + ua)? — v} — "] dsdz.
RV Jo

By condition (k1) and (¢, + t2)? > (#)t, +t5 for all t; > 0,t, > 0,p > 1. Therefore,
we obtain that

twy
Ja(twy) € IP(wy) — inf / / AK(z) (s +ua)? — uf — s”] dsdz
R~ Jo

1 <iLts
< MP.

Therefore (ii) holds. 0

PROPOSITION 4.5. Suppose condition (k1) holds. Then problem (4.1), has at
least one solution for A € (0, A*).

PRrROOF: By Lemma 4.4 (i), we know that there is ¢, > 0 such that Jy(tewy) < 0.
We set
r={y (0,1, H'®")): 7(0) = 0, 1(1) = towr },

then, by Lemma 4.2 and Lemma 4.4 (ii) we get

— o0
(4.4) 0<c= ;Iellto%f‘fq Ih(v(s)) < M.

Applying the mountain pass lemma of Ambrosetti and Rabinowitz [2], there exists a
(PS)c-sequence {v} such that

Ja(vx) = ¢ and Jj(v) = 0 in HY(RY).
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By Lemma 4.3, there exist a subsequence, still denoted by {vi}, an integer [ > 0, a
solution v, of (4.1), and solutions T of (2.1),, for 1 < i < [, such that

{
(4.5) c=d(w)+ D IP(T).

i=1
By the strong maximum principle, to complete the proof, we only need to prove vy # 0
in RY. In fact, by (4.4) and (4.5), we have
C=J,\(’U,\) 2a>0ifl=0,M>c2 J,\(’U,\)+M§° ifl > 1.

This implies vy # 0 in RY. 0

5. PROPERTIES AND BIFURCATION OF SOLUTIONS

In this section, we shall give some further properties and bifurcation of solutions for
problem (1.1). Now, we set

A= {()u) : usatisfies (1.1)5, A € [0,A*]}.

For each (\,u) € A, let o,(u) denote the number defined by (3.2), which is the smallest
eigenvalue of the problem (3.3).

We always assume that condition (k1) and (k1) hold. By Lemma 3.6, we have
A C L®(RM)n H'(RV). Moreover, if we assume that,

h(z), K(z) € C*(RY) N L*(R"),

then by elliptic regular theory ([10]), we can deduce that A C C%*(RN) n H(RY).
LEMMA 5.1. Let u be a solution and u, be the minimal solution of (1.1), for
A€ (0,)*). Then
(i) oa(u) > A if and only if u = uy;
(i) ox(Ux) < A, where U, is the second solution of (1.1), constructed in
Section 4.

PrOOF: Now, let % > 0 and v € H*(R"). Since u and u, are the solution of (1.1)j,
then

Vw-V(u,\—u)dz+/ Puy —u)dz =A/ K@} —vP)ydz
RN RN N ua
(5.1) = ,\f (/ t”'ldt)pKd; dz
> /\] pKuP~ (uy — u)dz.
R

N
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Let ¢ = (u—ux)* > 0 and 9 € HY(RY). If ¢ # 0, then (5.1) implies

-/ (VY +v?) dz > -,\/RN pKuP~ 'y’ dzx

RN
and, therefore, the definition of o,(u) implies
/ (IVY +¢?)dz < ,\/ pKuP~'y?dzx
RN RM
< a,\(u)/ pKuP~ 'yt dz
RN

< [ (9P +v)

which is impossible. Hence ¥ = 0, and u = uy in RY. On the other hand, by Lemma
3.3, we also have that o,(u,) > A. This completes the proof of (i).

By (i), we get that o(Us) < A for A € (0, )*). We claim that o,(U,) = X can not
occur. We proceed by contradiction. Set w = U, — u,; we have

(5.2) —Aw+w=AK[U} - (U — w)*], w>0in R".
By o5 (U,) = A, we have that the problem
(5.3) ~Ap+é=IpKU 'y, o€ H'(RY)

possesses a positive solution ¢;.
Multiplying (5.2) by ¢, and (5.3) by w, integrating and subtracting we deduce that

0= / AK[UR = (Uy — w)P — pUL ™ w] ¢y dz
N
= —5p-1) [ AKEPurgids,
2 RV

where £, € (ux, Uy). Thus w = 0, that is Uy = u, for A € (0, *). This is a contradiction.
Hence, we have that 05(U,) < A for A € (0, A*). 0

REMARK 5.2. Since 0,(U,) < A, one may employ a similar argument to the used for u,
to show that U, is strictly decreasing in A, X € (0, A*).

PROPOSITION 5.3. Let uy be the minimal solution of (1.1),. Then u, is uni-
formly bounded in L*(RY) N HY(RY) for all A € [0, \*] and

uy = yg in L2°(RV)n H'(RV) as A — 0.

where uy is the unique positive solution of (1.1).

PRrOOF: By Lemma 3.2, 3.3, and 3.7, we can deduce ||[ualleo € |Jur]lo < ¢, for
X € [0, X*]. By (3.8), we have that

p
[luall < p__T”h”H-l-
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Hence, u, is uniformly bounded in L*(R¥) N HY(RV) for X € [0, A*].
Now, let wy = uy — up, then w, satisfies the following equation
(5.4)x —Awy +wy = AK,, in RY,
and by u, is uniformly bounded in L®(RM) N H}(R"Y), we have that

w2 = /R KWy dr

< MK loollualE Hluall2llwallz
< ¢,

where c is independent of A. Hence, we obtain that uy — ug in H'(RV) as A — 0.
Now, let go = N/2 + 2 > max{N/2,2} and by u, is uniformly bounded in

L=RY) n H'(RY),
then we have that AKu} € L%(RY). By Lemma 3.6 and using (5.4),, we have
wy € W23(RY) n W29 (RV).

By the Sobolev embedding theorem, Lemma 3.6 and uy- > uy, > 0 for A € [0, )°], we

have that
“w)\“w < cluw,\uwﬁ‘qo(RN)
< (A Eu}llg + llwalle)
< ca(AJudellgo + llwa|8o=2/(00) |y |2/ (%))
< A+ ,\1/(qo))
where c is independent of A. Hence, we obtain that uy — ug in L®(R"¥) as A — 0. 0

PROPOSITION 5.4. For A € (0,)*), let Uy be the positive solution of (1.1), with
Uy > uy, then U, is unbounded in L*®(RN) N H(RV), that is

lim [|U[| = lim ||[Ux|oo = o0

PROOF: Firstly, we show that {U, : A € (0,A*)} is unbounded in H'(R"). Since
Uy = uy + vy, we only need to show that {vy : A > 0} is unbounded in H'(R"). If not,
then

(5.5) [loall € M

for all A € (0,*). It is easily to see that for any & > 0, {Us},>s is bounded in H'(RV),
we may assume X € (0, ).
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Choose ), | 0 and let vy, be the corresponding solutions constructed by Proposition
4.5. By the Holder inequality and the Sobolev embedding theorem, we obtain that

L 0o+ Pz = [ 2KIUZ, ~ 8 Jon, do
RN RN

C/\n”UAn ”S'I-l”’u/\n ”P"‘l
eAn[|Un, [Plloan

1 /\n

N IN N

for some constant c;, independent of v,,,, where we have used (5.5) and the boundedness
of {uy,} in H'(RY). Hence, we have lim |y, || = 0. It implies that
n—co

(5.6) lim lv,,[l2 = 0.
n—oo

On the other hand, we notice that Uy = u)+ v, is decreasing and u, is increasing in .
Therefore, v, is decreasing in A, which implies

vy, = Vs for all n,

then we obtain that
[luaqll2 = |vsllz > O for all n.

which contradicts (5.6). This implies that {Uy : A € (0, A*)} is unbounded in H'(R").
Now, we show that {Ux : A € (0,)*)} is unbounded in L®(R"). We proceed by
contradiction. Assume to the contrary that there exists ¢ > 0 such that

lUxlloo < €9 < 00 for all A € (0, A%).
Since U, is a solution of (1.1),, we have that

NUA? = /RN AKU dx +/ hU, dz

]RN
< ASTIK llUANZ + [[RII21 U2
< al|U12 +cl|UM]],

where ¢; and ¢, are independent of A. If we choose
1

Xo = min{X", —}
0 mi 261

then there exists ¢ > 0, independent of A, such that ||U,|| S cforall A < Ay. Thisis a
contradiction to that {Uy : A € (0,A*)} is unbounded in H'(R"). This completes the
proof of Proposition 5.4. O

In order to get bifurcation results we need the following Bifurcation Theorem which
can be found in Crandall and Rabinowitz (7).
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THEOREM A. Let X,Y be Banach space. Let (\,Z) € R x X and let F be a
continuously differentiable mapping of an open neighbourhood of (X, %) into Y. Let the
null-space

N(F;(X,%)) = span{zo}
be one-dimensional and codim R(F;(},%)) = 1. Let FA\(X,Z) ¢ R(F,;(X,7)). If Z is the
complement of span{z,} in X, then the solutions of F(\,z) = F()\,Z) near (\,T) form
a curve

(As),z(s)) = (A + 7(s),T + sz0 + z(s));

where
s— (7(s),2(s)) ERx Z

is continuously differentiable function near s = 0 and 7(0) = 7'(0) = 0, 2(0) = 2’(0) = 0.

ProOOF oF THEOREM 1.1 AND THEOREM 1.2: Theorem 1.1 now follows from
Lemma 3.2, 3.3, 3.4, 3.10, 5.1 and Proposition 4.5. The conclusion (i) and (ii) of Theorem
1.2 follow immediately from Lemma 3.2, Remark 5.2 and Proposition 5.3, 5.4. Now we
are going to prove that (A*,u,-) is a bifurcation point in C*¢(RV) N H?(R") by using
an idea in [12]. We also assume that K (z) and h(z) are in C*(R¥) N L%(R") and define

F:R' x C**(R") n H3(RY) — C*(RY) n L*(R")

by

F(\u) = Au—u+ AK(u*)” + h(z).
where C?*(R¥) N H%(RM) and C*(R") N L?(R") are endowed with the natural norm;
then they become Banach spaces. It can be proved easily that F()\,u) is differentiable.
From Lemma 3.8 and Remark 3.9, we know that

F.(\u)w = Aw — w+ ApKu} 'w

is an isomorphism of R! x C%*(R¥) N H?(RN) onto C*(R™) N L2(RV). It follows from
Implicit Function Theorem that the solutions of F'(\,u) = 0 near (), u,) are given by a
continuous curve.

Now we are going to prove that (A*,u,.) is a bifurcation point of F. We show
first that at the critical point (A*, uy-), Theorem A applies. Indeed, from Lemma 3.10,
problem (3.14) has a solution ¢, > 0 in R¥. By the standard elliptic regular theory, we
have that ¢; € C>*(RY) N H*(RY) if h € C*(RY) N L?(RY). Thus

Fu(A*,ux )¢ =0, ¢ € C**(RY)n H*(R")

has a solution ¢; > 0. This implies that N (F,(A*,us.)) = span{é;} =1 is one dimen-
sional and codim R(Fu(/\‘,u,\-)) = 1 by the Fredholm alternative. It remains to check
that Fy (A, ‘ll,,\-) & R(Fu(/\',u,\-)).
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Assuming the contrary would imply existence of v # 0 such that
Av — v+ XpKuiT v = Kuf., v € H'(R").

From F,()\*, uy-)$1 = 0, we conclude that / , Ku}.¢,dz = 0. This is impossible because
K(z) 2 0,K(z) £ 0,ux-(z) > 0 and ¢(z) gO in RV,

Applying Theorem A, we conclude that (A*, uy.) is a bifurcation point near which,
the solution of (1.1), form a curve (A* + 7(s), ux- + s¢; + 2(s)) with s near s = 0 and
7(0) = 7'(0) = 0,2(0) = 2/(0) = 0. We claim that 7" (0) < 0 which implies that the
bifurcation curve turns strictly to the left in (), u) plane.

Since uy-(z) — 0 as |z] — oo, we have, for |z| large,

. _ 1
0=A¢; — ¢ + A'pKub. ¢y < Ay — Z¢1-

It is well-known that the equation Aw — w/4 = —w” in R" has a unique positive radial
symmetric solution, denoted by W (see Bahri and Lions [3] and the references there), and
there exists ¢; > 0 such that

w(|z|) e 2|z V172 5 ¢y
Since AT — W/4 = —wP < 0 in RY, hence we obtain by the maximum principle that
(5.7) $1(z) < coe™ 12 |g|~N-1)/2 for |z| large,

for some c; > 0.
From (3.10) and (5.7) and the Holder’s inequality, we derive that

Kuf?¢3dr < ¢ / N KuT'¢) do
R

(r-1)/(p+1) 2/(p+1)
< ¢ / uf(f’%lx) / e~ D/l gy < 0o.
RN RN

Since A = A* + 7(8), u = ur- + $¢ + 2(s) in

(5.8) "R

(5.9) —Au+u—AKW’ —h=0,u >0, ue C*RY)n H*R").
Differentiating (5.9) in s twice, we have
—Augy + Uyy — ApKuP gy, — 20,pKuPu, — Ap(p — 1) KuP~%u? — A, KuP = 0.

Setting here s = 0 and using the facts that 7'(0) = 0, u; = ¢,(z) and u = u- as s =0,
we obtain

"

(5.10) — Aty + Uy — N pKud  ugs — Xp(p — 1) KuS 292 — 77 (0)Kuf. =0
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Multiplying F.(A*, ux-)¢1 = 0 by us,, and (5.10) by ¢y, integrating and subtracting the
result, and by (5.8) we obtain

Mp(p — )KuS *¢d dz + 7 (0) / Ku®.¢;dz =0,
RN RN

which immediately gives 7" (0) < 0. Thus

uy > uy- in CHRMYNH)RMN) as A= A%
Uy = uy- in CZ’Q(RN) n H2(RN) as A=A

Using Lemma 3.8, Remark 3.9, the Implicit Function Theorem and the uniqueness of the
positive ground-state solution of (1.1)p, we can easily prove that

uy = in  C**RMNH}RY)Y as A-0,

which proves Theorem 1.2. 0
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