THE NUMBER OF IRREDUCIBLE TOURNAMENTS
by E. M. WRIGHT%
(Received 12 February, 1969)

An n-tournament is a set of n labelled points, each pair 4, B of which is joined either by the
oriented line AB or by the oriented line BA. There are N = n(n—1)/2 such pairs and so F,
different n-tournaments, where F, =2". A tournament is reducible if the points can be
separated into two non-empty subsets &/ and 4, such that every line joining a point in & to
a point in 2 is directed towards the point in Z. Rado [3] showed that an irreducible tourna-
ment is strongly connected; 1i.e. for every ordered pair of points 4, B, there is a sequence of
correctly oriented lines AC;, C,C,,...,C,B in the tournament, and conversely that a strongly
connected tournament is irreducible.

We write f, for the number of different irreducible n-tournaments and P(n) = f,/F, for the
probability that an n-tournament is irreducible.

Every n-tournament % contains a unique maximal irreducible sub-tournament 4 such that
every edge joining a point in ¥ — % to a point in 4 is directed towards the point in 4. There
are just (3)f.F, - different n-tournaments in which & has s nodes. Since s may have any value
from 1 to n, we have

n-1 n
Pt 3 (Db 0
s=1
This result, in the equivalent form,

P(n) = l—nil (:)P(S)Z‘S(n—s)

s=1
is due to Moon and Moser [1]; they deduce that
|P(r)—14n2' 7" < 217"

and Moon [2] improves this by replacing 2! =" by n223~?" on the right-hand side. Part of my
object here is to improve this further by deducing from (1) a complete asymptotic expansion
for P(n) or, what is equivalent, for f, when n is large.

We write T, for the number of non-isomorphic s-tournaments (or, if we change our
phraseology a little, for the number of different n-tournaments on » unlabelled points), and ¢,
for the number of non-isomorphic irreducible n-tournaments. By similar reasoning to the
above, we find that

n=1

T,=t,+ Z t; T )]

s=1
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We use this to find an asymptotic expansion of ¢, in terms of T, T,_,,.... This is useful,
since Moon [2] gives a result from which we can calculate the asymptotic expansion of T,,.

In particular, he shows that T, ~ 2¥/n!.
If we put

Fn=n!Gm fn=n!gn(ngl), Go=1, go=—1

in (1), we obtain
Z gan-: =0 (n = 1)
s=0

If we put Ty = 1, 1, = —1 in (2), we have

YT, =0 (n21).
=0

)

@

In what follows we use C for a positive number, not always the same at each occurrence,
but always independent of n. The constant implied in the O( ) notation is a C. The simi-

larity of (3) and (4) makes it convenient to prove the following result.

LEMMA. IfHy=1,hy=~-1,08h,<H,(n=1),

and
C<n!27%, <C,

then, for any fixed positive integer r, we have

r=1

hn = H'I+ Z ﬂan—s-*'O(Hn—r)’

s=1

where
s s—1
o= hhyy= =20+ Y hhyy  (sZ1).
t=0 t=1
By (5),
r—1 n-r
Z (thn—s+Hshn-s) = - Z thn—s = _En
s=0 s=r
say. Now

n—r - [n/2]

)

(6)

™

[n/2)

OéEr—_- Z thn—Jé Z H}H"._j§2 Z HjH"_j_S_CH’Hn..’ Z Aij,
j=r j=r

i=r
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where
_rin=n)t _ .,
LGRS I
and

2logB,llog2 = j*+(n—j)2—r—(n—r)* =2(j—r)(j+r—n) £ —(j—r)(n—2r).

Hence
[n/2]
E.£CH.H,_, 2 nfmrmUTNE=2012 < CH
j=r
1t follows that

r—1

Z (thn—.1+Hs hn-—s) = O(Hn-r)'

s=0

If we replace n, r by n—1, r—1, where 0 £ ¢ < r we have

r—t—1

z (thn-r—s+Hs hn—r—s) = O(Hn—r)'
s=0

We multiply the left-hand side by 4, and sum from ¢ =0to ¢ =r—1. Thesum is

r—=1 r—¢t—1 r—1 v

r—1 v
Y Y (hH, , +hHh, , )=73Y H,, Y hhy+ 3 by, Y bH,_,
t=0 s=0 v=0 t=0 v=0 t=0
r—1
= z ﬁan—u—hm
v=0

by (5) and (7), where B, = 1. But the corresponding sum on the right-hand side is O(H,_,)

and so we have (6).

We remark that it may be readily deduced from (5) and (7) that

n
H,+ Z ﬁan—s = _hm
s=1

a result which compares somewhat oddly with (6).
To use our lemma we consider first the case in which H, = G,. Here we have

Gi=G,=1, G3=% G,=%; g,=1, g,=0, g;=13, g,=1;

and so

ﬂl=_2, ﬂz'—‘l: ﬂ3=_§& B4=—%-
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Substituting in (6), we obtain
fo=F,—2nF,_i+n(n—-1F,_,—4%n(n—1)(n—2)F,_,
—~4n(n=1)(n~2)(n—3)F,_s+0(n’F,_s)

h -n n 4-2n h —3n
e
_<Z>215—4n+0(n52—5n)}-

Since P, =f,/F, =£,2~", this also gives us the asymptotic expansion of P,.
Next we have

T'=T,=1 T;=2, T,=4, Ts=12,
by [2). Hence, by (4),
to=-1, t;,=1, t,=0, t3=t,=1, t;=6
and so in this case
Bi=-2, Ba=1, B3y=-2, B,=0, Ps=-10.
Hence
ty=T,—2T,_+T,_,—2T,_3— 10T, _ s+ O(T, _¢). (®)

This is of little value until we have an asymptotic expansion for T,. Moon [2] gives an
exact expression for T, from which it is easy to deduce an asymptotic expansion with a little
calculation. We find that

T, = G, +#(n—2)G, -2 +35(n —4)(10n—41)G,_, + O(n*G, )
and so, by (8),
t,=G,~2G,_,+32n—1)G,_,—%(2n~3)G,_3+&(n—4)(20n—67)G,- .+ O(n*G,_5).

Hence

2 1
T, = {14 " )25~ 242 " J10n—41)215- 4+ 0(n2757)
n] T\3 3\5

2v n\ .o, 2(n - n
== _ -n_ = _ —2n_4¢y _ 6-3n
t, n!{l 2(1>2 +3<2>(2n 12 3 Jan=3)2

+%(;)(ZOn—67)2‘4'4"+0(n72'5")},

and
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