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Abstract. A compact hyperbolic surface of genus g is called an extremal
surface if it admits an extremal disc, a disc of the largest radius determined by g. Our
problem is to find how many extremal discs are embedded in non-orientable extremal
surfaces. It is known that non-orientable extremal surfaces of genus g > 6 contain
exactly one extremal disc and that of genus 3 or 4 contain at most two. In the present
paper we shall give all the non-orientable extremal surfaces of genus 5, and find the
locations of all extremal discs in those surfaces. As a consequence, non-orientable
extremal surfaces of genus 5 contain at most two extremal discs.

2010 Mathematics Subject Classification. 30F50, 30F40

1. Introduction. A compact hyperbolic surface S of genus g has the unit disc D
as its universal covering surface, where g denotes the number of handles (g = 2) if S'is
orientable, or the number of cross caps (g = 3) if S is non-orientable. The hyperbolic
metric on S is the one induced by the hyperbolic metric on . Bavard showed in [1]
that the radius r of a disc embedded in S satisfies the inequality

1
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where y, denotes the Euler characteristic, that is x, = 2 — 2g in the orientable case
and x, = 2 — g in the non-orientable case. For each case we denote by R, the radius
satisfying equality in (1). A compact surface S of genus g is called an extremal surface
if a disc of radius Rg, called an extremal disc, is isometrically embedded in S. A natural
problem arising here is to find how many extremal discs are embedded in extremal
surfaces. If the surfaces are orientable, then the problem is completely solved ([2, 3,
6, 7]). If the surfaces are non-orientable, previous research has revealed that extremal
surfaces of genus g > 6 contain a unique extremal disc ([4]) and that those of genus 3
or 4 contain at most two ([4, 8]), where the surfaces containing two extremal discs are
obtained. In the present paper we shall consider the case of non-orientable extremal
surfaces of genus 5. Our problem is still open for the case of genus 6.

THEOREM 1.1. There exist 3,627 non-orientable extremal surfaces of genus 5. They
contain at most two extremal discs, and 17 of them contain exactly two extremal discs.

Table 1 shows the 17 surfaces, the location of the centres of extremal discs and the
group of automorphisms Aut*. To describe the centres we assume that the fundamental
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Table 1. Extremal surfaces with two extremal discs

Surface Centres of extremal discs Aut*

S| 7(0), 7 (%) 7

S2, 83, S4, S 7(0), %% i) 7, x 7,

Se. S7, s, So 7(0), 7 ( o/ m‘f/—j;j;fﬁ“) Zx 7,

S10, S11, S12, S13 7(0), 7T(\/ﬁ+ﬁ72(ﬁ(ﬁ?f3f;;l§t"‘{2ﬁ+ﬁ+”) Zy x I

S14, S15, S16, S17 7(0), ﬂ(%) Zy x 1
P, P

Figure 1. Side-pairing patterns and the centres of extremal discs (e).

region is centrally located in D such that the vertices v,,n = 1, 2, ..., 24, satisfy arg v, =
(2n — 1) /24, and 7 denotes the projection from [ onto each surface S;.

Surfaces S; are derived from the hyperbolic polygons P; in Figures 1. and 2., where
lines and dotted lines indicate pairs of sides pasted by the different and the same
direction, respectively; bullets correspond to the centres of extremal discs.

2. Side-pairing patterns of 24-gon. It is known that a non-orientable extremal
surface S of genus g > 3 has a regular (6g — 6)-gon in D as its fundamental region
([1]). It is proved by facts that the hyperbolic area of S is 27 (g — 2) and the density of
a disc of radius r in a fundamental region (the Dirichlet—Volonoi cell determined by
the points that project to the same centre of a disc of radius r in S) is bounded by the
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Figure 2. Side-pairing patterns and the centres of extremal discs (e).
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Figure 3. Trivalent graphs for 17 surfaces.

density of three discs of radius r mutually tangential to one another with respect to the
triangle whose vertices are the centres of the three discs. We shall therefore consider a
regular 24-gon for g = 5. The polygon has a generic property of having three edges in
every vertex of the underling graph of the surface. Considering all the trivalent graphs
with eight vertices and 12 edges, we see that there are 3,627 side-pairing patterns for
the 24-gon to be a non-orientable surface of genus 5 [9].

Figure 3. shows 10 trivalent graphs obtained from 17 surfaces. Graph A is from
P,; Bis from P;, Pg and P7; C is from Pj; D is from P;3; E is from P;; F is from Py
and Pyy; G is from P4; H is from P4 and Pjs; Lis from Ps, Pg and Py and graph J is
from Py and Py7 (cf. [5]).

3. Extremal discs for 3,627 surfaces. In order to describe the centres of extremal
discs, we shall normalise the hyperbolic regular 24-gon P such that the centre is
the origin and that the vertices v, satisfy argv, = 2n—1)8 (n=1,...,24), where
B = m/24. We denote by C, the sides between v, and v,,; and by w, the middle point
of C,, where subscripts are regarded as modulo 24. The two hyperbolic distances
I=d(0,v) and s = d(v;, v2) are calculated by / = sinh™ (% sinh R) ~ 2.158 and

s =2sinh™! (% sin 8 sinh R) ~ 1.064, where R = Rs denotes the maximal radius
satisfying (1) in Section 1.

https://doi.org/10.1017/5S0017089511000589 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000589

276 GOU NAKAMURA

LEMMA 3.1. Let S be a non-orientable extremal surface of genus 5 and w : D — S
the natural projection. If p € S is the centre of an extremal disc, then the list of hyperbolic
distances between two points in the set =~ (p) consists of di = 2R ~ 4.037, d» ~ 5.380,
d3 ~ 6.157 and so on.

Proof. The elements of the list are calculated by considering the tessellation of D
by hyperbolic regular 24-gons. For example, d» = 2sinh™'(sinh 2R sin28) and ds =
2 sinh~!(sinh 2R sin 3p). O

Let K, Cc P(n=1,...,24) be the pentagon with vertices at w;,_1, vy, Ups1, Wyr1
and the origin.

LEMMA 3.2. Let n be fixed. If z € K, projects to the centre of an extremal disc,
then d(z, t,(z)) = d,, where t, = t, , denotes an orientation preserving or reversing side-
pairing mapping from C, onto the other side C,,,.

Proof. Our proof is the same as the case of g = 4 (Lemma 3.2 in [8]) because it is
independent of genus g. The two hyperbolic lengths / and s are used here. O

Suppose z € K,, projects to the centre of an extremal disc. The equation
d(z, t,m(z)) = 2R implies that z is on the curves L,,, or M,, (L, . or M

n,m n,m>

respectively) if ¢, ,, is orientation preserving (or reversing) (see Lemma 5.5 in [4]):

tanh R ¢"+mB tanh R
Ly=Lyy: |z — DL2¢ - (n—m=12 (mod 24)),
’ 2cos(n —m)B 2| cos(n — m)B|
M, = M,,, : z = coth Re*™ — 1M H12P (1 ¢ R),
coth R /i+mP coth R
L =L _:|z— = — 12 d 24)),
S ‘Z 2cos(n —m)B| 2| cos(n —m)p] (n=m# (mod 24))

M), =M,,, : z=tanh R’ — 1/ 126 (1 e R).

Figure 4. shows examples of these curves.

Though our process to find the centres of extremal discs is the same as that of the
cases g = 3 and g = 4, we shall describe it for the sake of completeness.

(1) According to the side-pairing mappings ¢, = t,,, of P;, draw L,, M, (or
L, M,)onK,foreveryn=1,...,24.

(2) Find intersections of these curves on K, N K, for every n.

(3) Select every point ¢ in the intersections such that the hyperbolic distance
d(¢, t(¢)) is in the list of Lemma 3.1 for every side-pairing mapping #; of
.

Applying this process to P; (j =1, ..., 3, 627) by a computer, we see that only 17
side-pairing patterns yield two points (the origin and ¢ # 0) and that the others yield
a unique (the origin). For each of the 17 patterns, we can show that the two points
are transitive by a certain isometry f* of D, which is compatible with the side-pairing
mappings. Since the origin projects to the centre of an extremal disc, so does the other
point.

ExAMPLE. We shall apply the process to P;. Then we get two points ¢ = (1 — /2 +

(V2 — /3 —=2)i)/y/6(v/2+ /6 —2) and the origin. Let a,,, (or y,,,) denote the
orientation preserving (or reversing) side-pairing mapping from C, onto C,. Put

https://doi.org/10.1017/5S0017089511000589 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000589

EXTREMAL DISCS PLANTED IN NON-ORIENTABLE EXTREMAL SURFACES 277

Figure 4. L3’12, M3712, L/15,22 and M15,22'

f(2):=(I¢)* = ¢2)/(¢ — |¢|*Z), then we can verify that /" is compatible with the side-
pairing mappings of P;:

Sfors 71 = vrims.2, fras [ = yisa,
Svins T =aniovisa, fyars ST = ao1avis0,
Sasio 7 = yrra10,5717.7, fesa2 S = vinienings

frin 7V =y, foors [ = vaisning,
Sriie 7 = vien, faras 71 = axn 190140,
Sar92 71 = an o, fy21 71 = v2120.

Consequently, the projection 7 (¢) of ¢ is the centre of an extremal disc.
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It is considered in [9] that the surfaces S; derived from P; (j = 1,..., 3, 627) are
not isomorphic to each other. If there exists an isomorphism 7" between two extremal
surfaces S; and Sy (j # k), then it maps the centre of an extremal disc of S; to that
of S. Since we can assume that a lift 7: D — D of T fixes the origin, 7 must be a
rotation around the origin or a reflection in a line passing through the origin. It is
clear that such a mapping is incompatible with the side-pairing patterns P; and Py.
Furthermore, it is not difficult to determine the full group of automorphisms by the
fact that the centres of extremal discs are fixed or interchanged by automorphisms.

For example, Aut*(S|) = Z, = (T), where T denotes the automorphism induced

by z > f(2).

REMARK. For the other side-pairing patterns Ps, ..., P17, we shall give a required
isometry f of D and the relations between f and the side-pairing mappings. In the
following, ¢ denotes the point representing the centre of an extremal disc that appeared
in Table 1. In the case of P;, j = 14, 15, 16, 17, we set

§=1+(\/§—\/§)i :—1—2ﬁ+ﬁ+(1—2ﬁ+d§)i
T V2t o2 W2+ 6 -2 ’

which represent the same centre of an extremal disc and are located in the boundary
of P; in Figure 2.

and &

Py f(2) = (¢ = 2)/(1 = ¢2).

foargf ' =as,

fvof™ =3,

Svsisf ™ =z,

fyvisf™ =ysa,
fona17f ™" = vise 17,14 .18,
Forof " = yige .19 6,18,

Py f(2) = (¢ = 2)/(1 = ¢2).

friaf™ =i

fysof ™ =ws,
fveasS ™" = vise,
fysuf =y,

fyvaaf ™ =aigys.
foaanf~' =4,

fveasf ™ = vise.
Fyionf™ =aiarso.
Fyisa6f ™ = vis.6 V615 e.15,
Fv021/7" = vis.6 v21.20 Vo.15-

farnf™' =yiaps,
513 = V13,5,
frsanf=y
fyvinf~'=yna7,
a2/ =ris va0,

—1

f )’15,16f = V18,6 V15,16 V5,13,
—1

S v020f7" = ¥237¥2021 Ve 18-

foar /" = vise vs.13.
f0l19,22f71 = ¥23,7 V6,185

Py f(2) = (¢ —2)/(1 = ¢2).

foisf™ =gy,

fyof™ =ws,

s/~ =nss,

fyvisf™ =ysa.
faur /™ = yise 5.3,
Sa621 /7" = va37 01621 Vo158,

fraoaf ' =yni0s.,
foaanf~' =g,

freisf/™" =vise
frion/ =yissaan,
Fosp0f ™" = vise o520 ¥5.13,
fawnf™t=ys7vss.
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fyaf~ =wu,

fyof~ =3,

fveisf ™ = vise.

S =ya

faw1r /™" = vige vs.13.
foieof™" =237 1621 Vo1,

P f(z) = (¢ = 2)/(1 = ¢2).

fyiaf™ =wao.
franf™ =y
fyeisf™ =5,
foagif~' = axus,
fynosf = yniasu,
fas2f™ = vies s.10,

Py:f(2) = (IC1* = D)/ — 1¢*D).

fyiaf™ =wao.
fvasf™ =via
fagiof™" =aigs,
foagif~' =axus,
fyeaf =yni03u,
fas20f™" = vies vs.10,

Ps:f(2) = (¢ = 2)/(1 = ¢2).

farof ' =g,
fazoaf' =angs,
fysiof™" =viee
fyvinf™ =yna,
frionf™ =yniasu.
fas2f™" = vies .10,

Py f(2) = (¢ = 2)/(1 = ¢2).

foarof™ =gy,
foazoaf' =g,
fasief/™ = as,
fyinf' =yna.
fyaf~' =yni03m,
Sfoaisaof~" = a6 as 16,

Pio: f(2) = (¢ = 2)/(1 = ¢2).

s f~ =y,
fvanf™ =vr
foeis [~ =ans,
fyaof =ns,
Fyia f7 = ans v,

EXTREMAL DISCS PLANTED IN NON-ORIENTABLE EXTREMAL SURFACES

Ps:f(2) = (¢ = 2)/(1 = ¢2).

farnf™ =viaps,
fysisf ™ =nas,

fyvisf =yna,
fawaaf™" = visvao.
Faisa0f~" = vige 1520 ¥5.13,
fawnf™ =ya71vss.

fospaf™ =i,
Fvsa0f ™" = viee.
fyvinft=yn7,
Fyonf "t =yia,
foaiaisf ™" = vies va13
foaaf~ = yn7vs19.

fazoaf ' =angs,
fasief ™ = aies,
fyinf~' =yna.
Fvoaof™ =noa.
Fyianf™' = aies vais.
fyisar /™ = ymg a0

faziof™ =apa,
fvasf™ =yia
fyeisf™ =ros.
foagif~' = axus,
feisf ™" = vies va1s.
faraf™ = ynvsio.

fazif™" =i,
fyasf™ =yia
fagiof™' = a9,
fagif~' = awus,
Fyiuanf™ = aies vais.
fyisaf™ =ynia619.

foaron [ =56 a9 13,
fasa [ =aise,
fyinf~' =raa,
faos [T =yn4 i,
faigio f71 = aise a0,

f V17,18f71 = 15,6 V18,17 ¥520, f V21,24 f71 = Y12,7 ®6,15-

https://doi.org/10.1017/5S0017089511000589 Published online by Cambridge University Press

279


https://doi.org/10.1017/S0017089511000589

280 GOU NAKAMURA

Pi:f(z) = (¢ —2)/(1 - ¢2).

foaigf™ = a1, franf' =yna0s1,
faziof~' = a3, fvanf™ =yaa,
fasaf~' =aisg, faeisf™ =axs,
Syinf™ =34, Fromf™' =aise a3
Fyiaaf ™" = a5 va23, foe10f ™" = ais,6 5.0,

Syimasf ' = ais6vis17@500, [ v210af " = yiag a6 s.

Pi:f(z) = (¢ —2)/(1 = 2).

fargf™ =as1, foonf™ =aisea03,
fazif~' = a3, foagnf™' =ana,
fasaf' =asge, fagisf~' =axs,
faroaf~' =axn7, foao3f™! = apaas o,

Saunft=aiseaa1n, faraf Tt = an7as00,
fagiof ' =aiseas, fyimisf T = aise vis17 s 0.

P13 f(2) = (¢ —2)/(1 = ¢2).

fyisf™ =wao. fyasf™ = ana o,
foaginf™' =ang, fasaf' =aisgs,
fagisf~ = axs, faronf~' =axng,
fysif™ =ns, fyonf =an7ys1.

Sanaf ' =ais60a12, faaaf ! = a7 as,
faiof ' =aiseas, fyinisf T = aise vis.17 s 0.

P f(2) = (LZ — La)/(61PZ — &).

Soavisf T =112, fraf T =asnvanans,
fyvsaaft=vapame,  fosinfT=ane
fasnf~ =annane friof ' =2 ans
Fwsaf™ =anayas, faw/" =300,
Fyiarf™' = nso fansf~' =anmns,
Iyrerf "t =yisaaanis, frisoaf T =3 vas.

Pis:f(2) = (LZ — L0/ (6P — &).

-1 1

SYif T =auvie0as iz, fyaafT = ys0 a8 00310,
-1 -1

Sz fT =apnaganin,  fysnfT =a3yns,

fvesf™ =yns, fyiof ™' =az vns,

fogiaf ™' = a3, Fyoasf =y,

foisf™! = 7,4, fonnf™' =ans,

I 610/t = 17,04 1.2, So70af 7! = @123 004,17
Pig: f(2) = (012 — L6)/(101 P2 = &),

fal,ISf_l = 15,1 023,12, f012,7f_1 = 6,22 (14,8 023,12,

foasauf ' =annausanin, faaef ' = a0 0,

fosiaf™ =ans, Saenf' =anxane

fogiaf™ = a3, F 1020/ 7" = v18.24 V19,165

Fyianf™ = vso fonsf™ = s,

—1 —1
fy16,19f = ({12,23 ®20,10 V24,18, f V18,24f = (12,23 V24,18-
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Pi7:f(2) = (02 — 08)/(161PZ — ).

f V1,20f71 = (17,24 V16,19 023,12, f012,7f71

V5,22 V14,3 ®23,12,

fyaiaf' = yusann, Soaof ™ =ys01 v205.
fysnf =anayns, fversf™ =yns,
Fysof™ = a3 as. fyioasf™ =y,
foanisf™ =174, fansf' =anmns,
Fvieof 1 = 17,4 1,20, foraf ™ = a3 .
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