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SET COVERING NUMBER FOR A FINITE SET

H.-C. CHANG AND N. PRABHU

Given a finite set S of cardinality N, the minimum number of j-subsets of S
needed to cover all the r-subsets of 5 is called the covering number C(N, j , r).
While Erdos and Hanani's conjecture that lim (C(N, j , r))/((")/($) = X w a s

proved by Rodl, no nontrivial upper bound for C(N, j , r) was known for finite
N. In this note we obtain a nontrivial upper bound by showing that for finite N,

Let 5 be a set with N elements. If «7i, . . . , J* are j-subsets of S, (that is, subsets
of S of cardinality j) then J = {Ji, . . . , Jjt} is called a ^-collection of j-subset of 5.
Further, the fc-collection J is said to cover all the r-subsets of S, if for every r-subset
R of S, there is some Jj 6 J, l ^ i ^ f c , such that R C Ji • The set covering number
C(-W) j , T), j > r, is the smallest integer k such that some ^-collection of j-subsets of
S covers all the r-subsets of S. Clearly

n
and in 1963, Erdos and Hanani [1] conjectured that

Erdos and Hanani's conjecture was proved by Rodl [2] in 1985. However, for finite N a
nontrivial upper bound for C(N, j , r) was not known. In this note, using probabilistic
arguments we obtain a nontrivial upper bound for C(N, j , r) by proving:
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THEOREM 1 . For N ^ j >r,

M
PROOF: Let S be a finite set of cardinality N. Let J = {Ji, . . . , Jk} be a

fc-collection of j -subsets of 5 , where J,-, 1 ̂  i ^ k are chosen randomly and indepen-

dently from among the I . I j-subsets of S; J\, ..., Jk need not all be distinct.
\3 )

Consider an r-subset R of S. Then for any j-subset J of S, the probability that

RC J is

PUt r 71 = ^ " ' = (^-^) ! (^- i ) ! j ! = (*-r)!j!r!
l̂ 11- J /Ar\ iV!(JV-i)!(i-r)! N\(j-r)lr\

Therefore

P[fl ^ J) = 1 -ft
The probabih'ty that none of the randomly chosen j-subsets of J, namely Ji, ...,

contains R is hence

Label the r-subsets of S, Ri, ..., R/ff\• Let Ai be the event that Ri does not belong

to any of the j-subsets oi J, 1 ^ t ^ (p) . Then the probability that a randomly

chosen fc-collection of j-subsets J does not contain at least one r-subset is
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Therefore if P[Ai V . . . V A(N^] < 1, then P\Ai A . . . A X J V \ ] > 0 and hence some
\T) (r )

^-collection of j-subsets must cover all the r-subsets of S. A{ denotes the complement
of the event Ai, 1 ^ i ^ ( r ) . Thus we want

or

(1) k>

The direction of the inequality is changed in equation (1) since, for _;'

and hence In I 1 — r i r - I < 0.

For 0 < a j < l , — In (1 — ») ^ z , since f(x) = e~x - l + x ^ 0 f o r 0 < x < l .
( / (0) = 0 and f^x) > 0 for 0 < x < 1.) Hence

-!.(*)
Jfe>

Therefore, for any k > (( \/(3)\n( jz j , P[Ai A... A A,NS] > 0 and hence there

exists a fc-collection of. j-subsets of S which covers all the r-substs of S. U
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