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SET COVERING NUMBER FOR A FINITE SET

H.-C. CHANG AND N. PRABHU

Given a finite set S of cardinality N, the minimum number of j-subsets of S
needed to cover all the r-subsets of S is called the covering number C(N, j, r).
While Erdés and Hanani’s conjecture that A}im (C(N, 5, r))/((ﬁ')/({_)) =1 was

proved by Rédl, no nontrivial upper bound for C(N, j, r) was known for finite
N . In this note we obtain a nontrivial upper bound by showing that for finite N,

e, 7,7 < ((M)/) n ().

Let S be a set with N elements. If Jy, ..., J; are j-subsets of S, (that is, subsets
of S of cardinality 7) then J = {J1, ..., Ji} is called a k-collection of j-subset of S.
Further, the k-collection J is said to cover all the r-subsets of S, if for every r-subset
R of §, there is some J; € J, 1 <1 < k, such that R C J;. The set covering number
C(N, j,7), j > r, is the smallest integer k such that some k-collection of j-subsets of
S covers all the r-subsets of S. Clearly

()
C(Na jv 7') 2 L-1
J
¢)
and in 1963, Erdos and Hanani [1] conjectured that

lim O, ;) T) =1.

== ™M):()

Erd6s and Hanani’s conjecture was proved by Rédl [2] in 1985. However, for finite N a
nontrivial upper bound for C(N, j, r) was not known. In this note, using probabilistic
arguments we obtain a nontrivial upper bound for C(N, j, r) by proving:
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THEOREM 1. For N> j>r,

C(N, j, 7)< (:) In (]:)

PrOOF: Let S be a finite set of cardinality N. Let J = {Ji,..., Jx} be a
k-collection of j-subsets of S, where J;, 1 < i < k are chosen randomly and indepen-

N
dently from among the (]) j-subsetsof S; Jy, ..., J; need not all be distinct.

Consider an r-subset R of S. Then for any j-subset J of S, the probability that

RcTis
P[RCT) = <JJY“_:) _ (W) - )t (¥ —r)tjlr!
(1]") N!(N—j?! G-~ NiG—r)r!
0
()
Therefore

().
()

The probability that none of the randomly chosen j-subsets of 7, namely Ji, ..., Ji,

PR¢J=1-

contains R is hence

i k
R(RZ J)A...A(RZ Ji)] = (1—%) )

Label the r-subsets of S, Ry, ..., R(N). Let A; be the event that R; does not belong

to any of the j-subsets of J, 1 < i < (1:_’ ). Then the probability that a randomly
chosen k-collection of j-subsets J does not contain at least one r-subset is

RlA; V...V A < (]:’) (1—((,?)>k.

https://doi.org/10.1017/50004972700016981 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700016981

(3] Set covering number for a finite set 269

Therefore if P[4, V...V A(N)] <1, then P[A; A...A Z(N)] > 0 and hence some

k-collection of j-subsets must cover all the r-subsets of S. A; denotes the complement

of the event 4;, 1 <1< (1:’) Thus we want
k
) <,

LI

kln (1—%) +1n (J:) <0,
1) k> —ln(]:’)

J 1ANY
=(-()/ (%))
The direction of the inequality is changed in equation (1) since, for j < N, (J) <
r

(]:) and hence In (1 - ((I’:\}))) <0.

For0<z<1l, —In(l1—2)>z,since f(z)=e*—-1+z20for0<z <1.
(f(0)=0 and f(z) >0 for 0 <z < 1.) Hence

N O L O I
O/C)  =0-0)/C)

Therefore, for any k£ > ((7)/(‘7) In (N) i) , P[A; A. ../\Z(N)] > 0 and hence there

T T
exists a k-collection of j-subsets of S which covers all the r-substs of S. 1
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