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We consider a group G of finite order g= p®g’, where p is a prime number
and (p, g) =1. Let £ be the algebraic number field which contains the g-th
roots of unity. Let K:, Ks, ..., K, be the classes of conjugate elements in
G and the first m(<#) classes be p-regular. There exist # distinct (absolutely)
irreducible characters %y, X2, ..., Xs» of G. Let o be the ring of all algebraic
integers of 2 and let p be a prime ideal of o dividing p. If we denote by o™

the ring of all p-integers of 2, then p generates an ideal p* of o* and we have
Q% =o*/y"=o/p

for the residue class field. The residue class map of o* onto 2* will be denoted
by an asterisk; a—a*.

Let I'=T(G) be the modular group ring of G over 2* and let
Z= ZJ,@Zz@ e @Zs

be the decomposition of the center Z= Z(G) of I" into indecomposable ideals Z;.
Then the ordinary irreducible characters ¥; and the modular irreducible chara-
cters o, of G (for p) are distributed into s blocks Bi, B:, ..., Bs, each X;
and ¢, belonging to exactly one block B,. We determined in [6] explicitly
the primitive orthogonal idempotents &, of Z corresponding to B, in the fol-

lowing way. We set

be= D) zidiazV)/g (@, = K,)

%;E Bo

where z;=Xi(1). Let U. be the indecomposable constituent of the regular

representation of G corresponding to the modular irreducible representation Fi

and denote by u, its degree. We see that bu= 3 uPc(as’)/ge0™ for p-regular
wEBo
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classes K, since p®lu. (k=1,2, ..., m). On the other hand b, =0 for m <«

=<n. Then we have

(1) ds= 216K,
a=1

where the sum of the elements of K, is also denoted by K.. In what follows
we shall call §, the block idempotents of I" associated with B, or simply the
block idempotents of B,. Let Bs; be a block of defect d with defect group D.
Then b} =0 if the defect group D. of K, is not contained in any conjugate of
D ([6], Theorem 4, see also [5]). Hence we obtain
2) do= 2 biK. (1sasm).

Da>p

Here the notation D,&D means that D, is contained in some conjugate of D.
In the special case where p+g, there exist # modular irreducible characters of
G. Further each Y; forms a block B, of its own. Hence

(3) 0i= 2 (zii(a:") /g) K.

=

We consider the fixed block B= B, of defect d with defect group D. If
we define »(s) by »**|ls for a rational integer s, then there exist characters
7<= B such that »(z;) =a—d. We shall first prove that [ = §=_‘1, Te(a:?) wr (K,)
#0 (mod p) where wr(K.) = g.%k(a.)/zr and g. denotes the n1:mber of elements

of K,. The main purpose of this short note is to prove the following

TureoreM 1. Let & be the block idempotent of B and let ¢= >, ca K, be an
a=1
element of Z where c.= /r(az")/l. Then & — ¢ belongs to the radical of Z.

In the case where p+g we see easily that this fact coincides with the
formula (3) since /= g/zr for every X and rad Z=0.

Let 7; be any character of B and A; be the height of %;, that is, »(z) =a
—d+ 2 (1=0). Let K; be p-regular classes with defect group D;=D. Then
wr(Ky) = wi(K,) (mod p) and hence gs/k(a@;)/zr = gs¥i(ay) /zi (mod p). Then it
follows from g:;/z: =0 (mod p) that

(4) Zi(ag) = (zi/21) Le(ap) (mod p™p).

Since the modular irreducible characters of B can be expressed by the ordinary

irreducible characters of B (restricted to p-regular elements) with integral
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coefficients, we have for ¢, B

SDK = X%ﬂ%d%i.
Hence, by (4)
ocas) = x§3 (7izi]21) Y (@) (mod p)

and consequently
(5) ¢clas) = (fe/2) 1r(a) (mod p)
where fo= ¢.(1).

Lemma 1. Let Xr< B be the character of height 0. Then Zl Te(a)) wr (Ky)
%0 (mod p).
Proof. 1t follows from (5) that
by= >} u,((ﬁ,((cz[:l)/g
PkEB
Y (wef ol g26) Le(as) (mod p)

2kEB

i

and hence

(6) by = (Xéz?/gz;eﬂk(a?‘) (mod p)

for p-regular classes K; with defect group D;=D. Since there exist p-regular
classes K: with defect group Dy= D such that b:%0 (mod p) and Yr(a7!) =0
(mod p), we obtain from (6)

(7 h= XEBZ?/ng %0 (mod p).

It follows from (2) that

S bpwr(Ky) =1 (mod p)

D=D

since wr(K,) =0 (mod p) for p-regular classes K. with defect group D. properly
contained in some conjugate of D. Then we have by (6) and (7)

® B> Te(a; Dor(K,) =1 (mod p).

D3=D
Hence we see

ngnZk(aSI)wk(KB)$0 (mod p).

If we(K.)%0 (mod p), then DcD, and if D is properly contained in some con-

https://doi.org/10.1017/5S0027763000026283 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000026283

432 MASARU OSIMA
jugate of D,., then Xi(a.) =0 (mod p). Hence
é:‘;%(azl)wk(Ka) = DZ‘,DXk(aE')wk(KB) (mod p)
which proves the lemma.

We set [= ,%_,Zk(all)wk(lfa) and c. = Xr(a;')/l and consider the element
a=1

&= >lc.K. of the center of the ordinary group ring of G. Then
a=1

or(8) = éma;l)wk(mm: 1

and hence for any %;= B we have 0;(§) =1 (mod p). On the other hand, for
any ;B

w0i(8) = éxk<a;‘>wj(xa>/z= 0

because égak’k(a; YYi(a.) =0. This implies that if we set e= éc*Ka, then 8
—e¢crad Z. This completes the proof of Theorem 1.

If d.>d where d, denotes the defect of K,, then Yx(a.) =0 (mod p) and
hence ¢y =0. Further if d.=d and D, is not conjugate to D, then w(K,) =0
(mod p) and Zx(a.) =0 (mod p). Thus we have also cy =0. It follows from
(8), (7) and (8) that by =c; for all p-regular classes K, with defect group
Ds=D.

LemMma 2. Let Q be the normal p-subgroup of G. Then the block idempotent
0 of B with defect group D is given by

0= > biK. (1=a<m).

QEpuSD

Proof. We see that b =0 for p-regular classes K, such that @ is not
contained in D, ([6]). This, combined with (2) proves the lemma.

THEOREM 2. Let B be the block of G with normal defect group D. Then

e= > i Kp (1=8=m)

Dg=D

is the block idempotent of B where cy= Xr(a;")/l and | = DEDXk(a,;l)wk(Kﬂ).
=

Proof. It follows from Lemma 2 that = >) bK;. Then 6= ¢ since bF

Dg=D
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=¢y for all p-regular classes K; with defect group D, = D.

Now let B: be the principal block of G which contains the principal
character 7/;=1 and let 4, be its block idempotent. Obviously we may choose
71 as the character 7 in Theorem 1. We then have /= v where v denotes the
number of p-regular elements in G. If @ is a p-Sylow subgroup of G, then
v=u (mod p) where » denotes the number of p-regular elements in the cen-
tralizer Ce(Q). Hence '

q= (1/0)* ilK = (1/u)* Z;K

If @ is normal in G, then we see by Theorem 2 that

(9) 6= (l/u)*DZQK" (1<8=m)

is the block idempotent 6, of By ([7D).

Some applications of our results will be presented elsewhere.
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