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Abstract

For a Tychonoff space X, let V(X) be the free topological vector space over X, A(X) the free abelian
topological group over X and I the unit interval with its usual topology. It is proved here that if X is a
subspace of I, then the following are equivalent: V(X) can be embedded in V(I) as a topological vector
subspace; A(X) can be embedded in A(I) as a topological subgroup; X is locally compact.
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1. Introduction

Free topological vector spaces were introduced in [2]. If X is a Tychonoff space, then
V(X) is said to be the free topological vector space on X if X is a subspace of V(X) and
every continuous mapping ¢ of X into any topological vector space E can be extended
uniquely to a continuous linear mapping @ of V(X) into E. It has been shown that
V(X) exists and is unique up to isomorphism of topological vector spaces, and that X
is a Hamel basis for V(X).

For over half a century, free topological groups and free abelian topological groups
have been investigated. The following question turns out to be nontrivial: If Y is a
subspace of X, under what circumstances can the free (free abelian) topological group
F(Y) (respectively, A(Y)) be embedded as a topological group in F(X) (respectively,
A(X)). Note that this question is quite different from asking whether the subgroup of
F(X) (respectively, A(X)) generated by the given space Y is the free topological group
F(Y) (respectively, the free abelian topological group A(Y)). In this paper, we examine
the analogous question for free topological vector spaces and at the same time obtain
a new result for free abelian topological groups.

As special cases of our results, we obtain the main results of [3] and [4].
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THEOREM 1.1. Let R denote the set of all real numbers with the Euclidean topology:

(i) A(R) embeds into A(D) as a topological group [4];
(i) V(R) embeds into V(1) as a topological vector space [3].

Our approach is to obtain a very useful description of locally compact subspaces
of I.

2. Results

We use the following notation. Set N := {1,2,...}. For a subset A of a vector space
E and a natural number n € N, sp,(A) denotes the subset of E defined by

sp,(A) ={lix1 + -+ A4ux, s A €[-n,n],x; €A, Vi=1,...,n},
and sp(A) := U, en sp,,(A4) is the span of A in E.
The disjoint union of a nonempty family {X;};c; of topological spaces is the
coproduct in the category of topological spaces and continuous functions and is
denoted by | |;¢; X;.

By an open interval in I, we mean an interval of the form [0, a), (a, b) or (b, 1] for
a,bel.

ProrosiTion 2.1. Let X be a locally compact subspace of 1. Then there is a countable
family {I, : n € N}, N C N, of pairwise disjoint open intervals in I, such that for every
n € N there exists a countable family of increasing closed intervals {[l; , i) : i € M,}
satisfying the following conditions:

1)  lLin,rin €X, foreveryn e N and each i € M;

(1)  [lin, rinl N X is a compact subset of X, for every n € N and each i € M,;

(ili) X is homeomorphic to the disjoint union

X =030 = |((Jttins7ia1 0 ).
neN neN ieM,

Proor. We prove the proposition in four steps.

Step 1. Let x € X. Choose € > 0 and an open neighbourhood U of x of the form
U = (x — &,x + €) N X which has compact closure in X. Then [x — &/2,x + /2] N X is
a compact subset of X. So, for every x € X, there is a compact neighbourhood of x in
X of the form [a(x), b(x)] N X, such that:

1) ax)<x<bx)if0<x<1;
@i1) O0=a(x) <b(x)if x =0; and
(i) a(x)<b(x)=1ifx=1.

Step 2. For x,y € X, set x ~ y if the set [min{x, y}, max{x, y}] N X is compact in X. It
is easy to see that ~ is an equivalence relation on X. For x € X, we denote by x the
equivalence class of x and set

ax):=inf{y:yex} and b(x):=sup{y:yex}.
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Note that, by Step 1, a(x) € X if and only if a(x) € X, and b(x) € X if and only if
b(x) € x. Then one of the following cases holds:

(1) a(x)€ X and a(x) = 0. Set ¢(x) := a(x) = 0.

2) a(x)e X, a(x)>0and[0,a(x)) N X =0. Set c(x) := a(x)/2.

3) ax) € X, a(x)>0and [0,a(x)) N X # 0. Set a (x) :=supfa : a € [0, a(x)) N X}
and note that a~(x) < a(x) (otherwise, by Step 1, one can find a < a(x) such that
[a,a(x)] N X is compact, and hence a ~ x which contradicts the choice of a(x)).
Set ¢(x) := 2a(x) + a~(x))/3.

@) a(x) ¢ X. Seta (x) := a(x) and ¢(x) := 2a(x) + a (x))/3 = a(x).

In particular, ¢(x) € X if and only if ¢(x) = a(x) = 0.
Analogously, one of the following cases holds:

(1) b(x) € X and b(x) = 1. Set d(x) := b(x) = 1.

(2Y b(x)e X, b(x)<1and (b(x),1]NX =0. Setd(x) := (1 + b(x))/2.

(B)Y b(x)e X, b(x) <1 and (b(x),11NX # 0. Set b*(x) :=inf{b : b € (b(x), 1] N X}
and note that b*(x) > b(x) (otherwise, by Step 1, one can find b > b(x) such that
[b(x), b] N X is compact, and hence b ~ x which contradicts the choice of b(x)).
Set d(x) := 2b(x) + b*(x))/3.

(4)Y b(x) ¢ X. Set b*(x) := b(x) and d(x) := 2b(x) + b*(x))/3 = b(x).

In particular, d(x) € X if and only if d(x) = b(x) = 1.

Let 1(x) be the open interval in I with endpoints c(x) and d(x) such that, if ¢(x) =0
or d(x) = 1, then I(x) contains c(x) or d(x), respectively. By construction, the length
of I(x) is positive.

Step 3. We claim that if x + y, then I(x) N I(y) = 0. Indeed, assume that x <y and
note that d(x) < 1 by (1)’ and ¢(y) > 0 by (1). So d(x) ¢ I(x) U X and c(y) ¢ I(y) U X.
Therefore, to prove the claim it is sufficient to show that d(x) < c(y).

First, we note that b(x) < a(y). Indeed, if b(x) > a(y), there is a z € y such that
b(x) > z > a(y). Therefore, z ~ x. Hence, x ~ y, a contradiction.

Next we show that

b*"(x)<aly) and b(x)<a (y). 2.1

Indeed, if b(x) ¢ X, then b*(x) = b(x) < a(y) by the above. Assume that b(x) € X,
so only (3)’ holds for b(x) since x < y. Now, if a(y) € X, then b(x) < a(y) (otherwise,
b(x) = a(y) € X and hence x ~ y, a contradiction), and if a(y) ¢ X, then also b(x) < a(y).
Thus, b*(x) < a(y) by the definition of »*(x). Analogously one can prove that
b(x) < a (y).

Since y € X, for d(x) only one of the cases (3)" and (4)’ can hold. Analogously,
since x € X, for c(y) only one of the cases (3) and (4) can hold. In all these cases, by

2.1),
c(y) = 3Q2a(y) + a () = 526" (%) + b(x)) = 3(2b(x) + b*(x)) = d(x).
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Step 4. Since the length of I(x) is positive for every x € X, Step 3 implies that there
is only a countable family of equivalence classes. Let {X,},cy be an enumeration of all
equivalence classes. For every n € N, set I, := I(X,), and consider the following cases:

(@) Ifa(x,),b(x,) € X,set M, :={1}, [, := a(X,) and r| , := b(X,).

(b) If a(x,) € X and b(x,) ¢ X, choose arbitrarily a strictly increasing sequence
{b;i(X,)}ieny € X,, converging to b(x,). Set M, := N and, for every i € M,, put
lin i= a(x,) and r;,, 1= bi(X,).

() If a(x,) ¢ X and b(x,) € X, choose arbitrarily a strictly decreasing sequence
{a;(x,)}ien C X, converging to a(x,). Set M, :=N and, for every i € M,, put
lin = ai(x,) and r;,, := b(x,).

(d) if a(x,) ¢ X and b(x,) ¢ X, choose arbitrarily a strictly decreasing sequence
{ai(x,)}ien C X, converging to a(x,) and a strictly increasing sequence
{bi(x,)}ienw € X,, converging to b(x,). Set M, := N and, for every i € M,, put
lin = ai(x,) and r;;, := bi(Xy).

By Step 3 and (a)—(d), we see that (i)—(iii) are satisfied. O
Lemma 2.2. Let {X;}ien and {Y;}ien be families of Tychonoff spaces:

(1)  ifV(X;) embeds into V(Y;) as a topological vector subspace for every i € N, then
V(e Xi) embeds into V(| ;e Yi) as a topological vector subspace;

(1) if A(X;) embeds into A(Y;) as a topological subgroup for every i € N, then
A( ey Xi) embeds into A(| ;e Yi) as a topological subgroup.

Proor. We prove only (i) as (ii) can be proved similarly. Set X :=| |y X; and
Y :=| |,an ¥i and note that V(X) and V(Y) are canonically topologically isomorphic

to the direct sums
(D vea.7s) and (Pvon.Ti)
ieN ieN
respectively, where 73, denotes the box topology on the direct sums. (See [2,
Proposition 2.8].) For every i e N, let p; : V(X;) = V(¥;) be an embedding of
topological vector spaces. Denote by p : V(X) — V(Y) the map defined by

(W) == (pi(ui),  (u;) € V(X).

We claim that p is an embedding of topological vector spaces. Clearly, p is
continuous. To prove that p is relatively open, for every i € N, take arbitrarily an
open neighbourhood U; of zero in V(X;) and choose an open neighbourhood of zero in
V(Y;) such that

pi(Uy) = VN p(V(X))).

Now to prove the claim, it is sufficient to show that

o [Tuin V(0 = [ Tv.npcvcon.
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The inclusion ‘C’ is clear. Conversely, let (v;) € []; Vi N p(V(X)). Take (u;) € V(X)
such that p((i;)) = (pi(u;)) = (v;), and if v; = 0 then also u; = 0. Then p;(u;) = v; €
Vi N pi(V(X;)) and hence u; € U, for every i € N. Noting that all but finitely many of
the v; are zero, (u;) € [[; U; N V(X). Thus, ;) € p([],; U; N V(X)). O

We shall also use the following proposition.

ProposiTioN 2.3 [2]. Let X = | J,en Cn be a ky-space and let Y be a subset of V(X)
such that Y is a vector space basis for the subspace, sp(Y), that it generates. Assume
that Ky, K;, ... is a sequence of compact subsets of Y such that Y = J,en K is a
k.,-decomposition of Y inducing the same topology on Y that Y inherits as a subset
of V(X). If for every n € N there is a natural number m such that sp(Y) N sp,(C,) €
P, (Km), then sp(Y) is V(Y), and both sp(Y) and Y are closed subsets of V(X).

Now we prove the main result of the paper.

THEOREM 2.4. For a subspace X of | the following assertions are equivalent:

(i)  V(X) embeds into V() as a topological vector space;
(i) A(X) embeds into A(1) as a topological group;
(i) X is locally compact.

Proor. (i) = (iii) Since A(X) is a closed subgroup of V(X) by [2, Proposition 5.1], A(X)
is a subgroup of V(I). As X is metrisable, the group A(X) is complete by [6]. Since
V(@) is a k,-space by [2, Theorem 3.1], we see that A(X) and hence also X are closed
subspaces of V(I). So X is a k,-space. Being also metrisable, X is locally compact by
[1, Exercise 3.4.E(c)].

(i) = (iii) As X is metrisable, the group A(X) is complete by [6]. Since A() is a
k.,-space by [5], we see that A(X) and hence also X are closed subspaces of A(). So X
is a k,-space. Being also metrisable, X is locally compact by [1, Exercise 3.4.E(c)].

(iii) = (i), (i1) By [2, (the proof of) Theorem 4.2], if {K,,},,civ 1S a sequence of disjoint
compact subsets of R, then V(| |,y K;,) embeds onto a closed vector subspace of V(I),
and A( | |,y K,) embeds onto a closed subgroup of A(I). Now Proposition 2.1 and
Lemma 2.2 imply that to prove the theorem it is sufficient to show the following: if the
subspace X of I has the form

U[Mi, vilNX,

ieN
where u;, v; € X, [u;,v;] N X is a compact subspace of X, u; < v;, u;11 < u; and v; < vipy
for every i € N, then V(X) and A(X) embed into V(I) and A(I), respectively. Below we
consider only the most difficult and general case when u;,1 < u; and v; < v;; for every
ieN.

For every i € N, define ¢; := v; and ¢;_; := u;. Forevery k € Z, set Jy := [ck, crr1] N X
and recall that ¢, € X and J; is a compact subset of X. Below we proceed as in the proof
of [3, Theorem 3.5] and prove the implication (iii) = (i). Replacing V(X) and V(I) by
A(X) and A(D), respectively, we prove (iii) = (ii).
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Step 1. The basic construction. Take two sequences {ay }rez, {Pi}kez C I such that
0<a0<b0<a1 <bhi<a_i<b_1<ay<by<a,<b,<---<1,
and set Iy = [ay, by] for every k € Z.
For k = 0, define the continuous injection go : Jo — o by
X —Co

80,0(x) :=ag + (bp — agp) - .
C1 — Co

For every k € Z \ {0}, set
Se=8T+---+Ty) and A;:= %Sk, where T, ;= 1+ --- +n.

For every k € Z \ {0} and i € N such that 1 <i < A, we define pairwise disjoint closed
intervals by

by — by —
L= lag + 2200 = 1), a + X %0i| c 1,
k
and define the continuous injection g : Jx — I;x by
b, —
gix() = ay + =X Sk“" Qi =1+ (x = cp)).
For every k € Z, define the maps H; : J; — V() by
80.0(x) ifk=0,
H, = ’ .
K {gl,k()o g2u(X) + e+ gas() iFk £ 0,

where ‘+’ denotes the vector space addition in V(I).
Now we define the map y : X — V(I) inductively as follows: if x € Jy, set

Xx(x) := Ho(x);
if k € N and x € J;, put

k
X(0) 1= Hix) = Helew) + x(c) = He() = D (Hilei) = Hi (),
i=1
and if —k € N and x € Ji, set
-1
X(¥) 1= Hy(x) = Hy(cxn) + X(eken) = He(0) = > (Hilcinn) = Hii (i),
i=k
Clearly, y is well-defined and continuous. Since all the intervals /;; are disjoint
and the functions g;; are injective, the map y is one-to-one. For every n € N, set
Y, := x([u,, v,] 0 X) and put Y := y(X).

Step 2. For every s € N there is M(s) € N such that sp(Y) N sp(I) € sp s (Yus)-

Indeed, fix t € sp(Y) N sp,(I). So there are distinct x1, ..., x; € I, distinct y;,...,yn €Y,

nonzero real numbers ay, . .., a, and nonzero numbers Ay, ..., A, € [—s, s] such that
t=ay1+ -+ apym = A1x1 + -+ AgXs.

By construction, there are r € N, integers n; < - -- < n,, natural numbers ¢y, ..., g,
with g1 + -+ + g, = m, and pairwise distinct elements z;; € X, where 1 < j < ¢; for
1 <i < r, such that:
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[co,c1INX if n; =0,
(D) z1i- s 2g €y (CnpCnr1] N X if 0y >0,
[cn, cnv) N X ifm; <O,
(2) foreveryy€{yi,...,yn} there is a unique pair (j, i) such that y = y(z;,).

So we can uniquely represent ¢ in the form

roqi

=30 @) = dixg + e+ A 2.2)

i=1 j=1

Since all the intervals I;; are disjoint and the functions g;; are injective, the
construction of the map y and (2.2) imply the following: if z;; € (cp,, ¢p,41) N X, then
a;; €{A1,..., A} and y(z;;) has at least A, distinct summands from the basis I of V(I),
which do not appear in another summand in the middle sum of (2.2). Therefore

(g-D+---+(@-—-1)<s. (2.3)

Assume that n, > 0. Then x(z,,,) has at least A, distinct basic elements from I
which do not appear in other summands in the middle sum of (2.2). Therefore, (2.2)
implies that A, < s and |a,, ,| < 5. If n; <0, the same argument shows that A, <'s
and |a,, 1| < 5. Since Ay > 4/k|, this implies in particular that r < s, and therefore (2.3)
yields

m=gqp+---+q, <2s.

Now if n, > 0, let w € N be the least index such that n,, > 0. By the definition of y
and (2.2), for every i with 1 < i < n, the coefficient of H;(c;) in the sum 27’:] a;x(z)r)
is — %%, a;,, and hence

4r
D

J=1

<qg,-s<2s-5. (2.4)

Therefore, if w < rand z,_, ,—1 = ¢,_,+1, by (2.2), the coefficient q,, , ,_ satisfies
lag, 1l <s+qr-s=(g-+1)-s< 252, (2.5)

Analogously, assume that w <r —1 and z,,,2 = ¢, _,+1. Then the coefficient of
H,,,(c,,_,) in the middle sum of (2.2) is

qr1—1 qr
Ag, -2 = § Ajr-1 = 0qg, -1~ § Ajre
j=1 Jj=1

This and (2.2)~(2.5) imply
|aq,_2,r—2| Ss+(Gr1 =D -s+(gr+ 1) s+qr-5=52¢g,+gr—1 +1) <s-4s.

Continuing this process, M, > 0 such that |a,, ;| < M, for every i > w. In a similar way,
one can show that if n; < 0, then there is M_ > 0 such that |a,, ;| < M_ for every i such
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that n; > 0. Now, if n,, = 0, the boundedness of a;; corresponding to i # w and (2.2)
easily imply that there exists an M such that

lajl <M forl<i<randl < j<g;.
Then M(s) := max{2s, M} is as desired.

Step 3. Next we show that if ayy; + -+ + aym =0, then a; = - -+ = a,, = 0. Indeed,
we can represent 0 in the form (2.2). Now, as above, if n, > 0, then y(z,,,) has at
least A, distinct basic elements from I which do not appear in other summands in
the middle sum of (2.2). So a4, , = 0. Analogously, if n; <0, a4 1 = 0. Therefore,
r=1and n; =0. In this case we also easily obtain a;; =0 for 1 < j <¢g;. Thus,
a; =+ =a, =0 as desired.

Step 4. We claim that Y is a closed subset of V(I). First, Y Nsp (I) = Y, N sp,(I) for
every s € N. Indeed, let

yi=x(x) =4x; 4+ -+ Ax; € Y Nspy(D). (2.6)

If x € Jp, then y € Y| and we are done. Suppose that x € (¢, cx+1] N X for some k > 0,

or x € [c, cx+1) N X for some k < 0. If y ¢ Y, then either k > s or k + 1 < —s. In both

cases y has at least Ay > 4|k| > s distinct basic summands from I which contradicts

(2.6). Hence, y € Y,. Thus, Y N sp,(I) € ¥, N sp,(I). The converse inclusion is clear.
Now fix a closed subset F of X. Then, for every s € N,

X(F) Nspy(D) = x(F) N (Y Nspy(D) = x(F) N (Y5 N spy(I))
= (W (F) 0 x([us, vs] N X)) O sp (D) = x(F N [us, vi]) O spg(D.
Since, by the definition of u, and vy, the set F N [ug, vi] = F N ([ug, vi] N X) is a
compact subset of X and y is continuous, we see that y(F) N sp (D) is a closed subset

of sp,(I). As V(I) = Jew sp,(D) is a k,,-space by [2, Theorem 3.1], it follows that y(F)
is closed in V(I). Therefore, y is a closed map. Thus, y is a homeomorphism of X

onto Y.
Finally, by Steps 2—4, we can apply Proposition 2.3 to show that V(X) is linearly
isomorphic to the closed linear subspace sp(Y) of V(I). O

Acknowledgement

The second author thanks the Ben Gurion University of the Negev for hospitality
while the research for this paper was completed.

References

[1]1 R.Engelking, General Topology (Panstwowe Wydawnictwo Naukowe, Waszawa, 1977).

[2] S. S. Gabriyelyan and S. A. Morris, ‘Free topological vector spaces’, Topology Appl. 223 (2017),
30-49.

[3] S. S. Gabriyelyan and S. A. Morris, ‘Embedding into free topological vector spaces on compact
metrizable spaces’. Preprint.

https://doi.org/10.1017/S0004972717000673 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000673

118 S. S. Gabriyelyan and S. A. Morris [9]

[4] E.Katz, S. A. Morris and P. Nickolas, ‘A free subgroup of the free abelian topological group on the
unit interval’, Bull. Lond. Math. Soc. 14 (1982), 399-402.

[5] J. Mack, S. A. Morris and E. T. Ordman, ‘Free topological groups and the projective dimension of
a locally compact abelian groups’, Proc. Amer. Math. Soc. 40 (1973), 303-308.

[6] M. G. Tkachenko, ‘On completeness of free abelian topological groups’, Soviet Math. Dokl. 27
(1983), 341-345.

SAAK S. GABRIYELYAN, Department of Mathematics,
Ben-Gurion University of the Negev, Beer-Sheva PO 653, Israel
e-mail: saak@math.bgu.ac.il

SIDNEY A. MORRIS, Faculty of Science and Technology,

Federation University Australia, PO Box 663, Ballarat, Victoria 3353, Australia
and

Department of Mathematics and Statistics, La Trobe University, Melbourne,
Victoria 3086, Australia

e-mail: morris.sidney @ gmail.com

https://doi.org/10.1017/S0004972717000673 Published online by Cambridge University Press


mailto:saak@math.bgu.ac.il
http://orcid.org/0000-0002-0361-576X
mailto:morris.sidney@gmail.com
https://doi.org/10.1017/S0004972717000673

	Introduction
	Results
	References

