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1. Given an arbitrary Riemannian n:space V let ¢ be a harmonic field in
the complement V— V, of a regular region V;. The problem of constructing
-in V a harmonic field p with the property llo — olfi--7, = Sv—ﬁ(p ~aA*(p—g)<
was given a complete solution in [2].- The corresponding problem for harmonic
forms s, p remains open in the general case. In the special case of locally
flat spaces the construction can be carried out by replacing |/«| by the point

“norm [3].

In the present paper we shall introduce another device that appears
promising of generalization: We shall show that the border 2V, can be reduced,
in a sense to be specified, to an (# — 1)-sphere. This will enable us to perform
all calculations in V; in terms of one coordinate system.

The present paper is thus methodological in nature. However, we believe
the border reduction also has some interest in its own right.

For any form ¢ = ¢;L...ipdxi‘A <+« Adx™ the point norm |¢| defined by the

invariant function
(1) L@ = g™

reduces to (3)¢},..i,)"? in the present case of a Euclidean metric.

A form is said to be defined in a set £EC V if it is defined in an open set
containing E. The same is true of properties such as harmonicity that involve
differentials.

2. A Riemannian space V is locally flat if we can find an admissible
coordinate system at each point such that the metric tensor takes the form

Received June 22, 1966,
This work was sponsored by the U. S. Army Research Office-Durham, Grant DA-
AROD-31-124-G742, University of California, Los Angeles.

137

https://doi.org/10.1017/S0027763000024235 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000024235

138 MITSURU NAKAI AND LEO SARIO

gij = 0ij throughout the parametric neighborhood. In this case the Laplace-
Beltrami operator A= do + o0d applied to a p-form ¢ = %,...i,,d::“/\ <o Ndx'®
gives
49 = (49, i) dx" N+« « Ndx™
with
2 2
4i,...ip = — (Fa%r), + e+ 15%;;,)%,...;,,.
Therefore a Zarmonic form 30=<,0:l...;,,dx"’/\ <o - Adx™ s nothing but a form
whose coefficients ¢;,...i, are harmonic functions in the Euclidean coordinate
system.
» A Riemannian space V is called hyperbolic if V carries no nonconstant
positive superharmonic functions, i.e., functions » of class C* with 4v<0 in V.
Take a regular region Bin V. Then V is hyperbolic if and only if there exists a
continuous function #;z in V such that (a) w#ss is harmonic in V-B,
(b) uap|B=1, (c) 0<uep<1 in V—B, and (d) if » is continuous in V and
harmonic in V~ B with #=0 on B, then |#|<w#o; implies # = 0.

3. Let V, be a regular region [4] of V and let ¢ be a harmonic p-form in
the closure of Vo=V —~V, Take an exhaustion [4] of V, say {Vx}; and let
¢ be a p-form on oV, with tangential component #¢ and normal component 7¢
on 9V,. For a p-form ¢ we write

(2) ¢=¢ on oV,
if t¢ =ty and n¢ =n¢p. This is equivalent to
(3) Piy...ip = Piy...ip ON OV

for every admissible coordinate system at each point of oV,. This in turn is

equivalent to

(4) lo—¢°=0 on oV,
and implies

(5) lol*=1¢]® on oV.,.

Let ¢ be given in a vicinity of 9V,. By Duff-Spencer [1] there exists a
unique harmonic p-form L.# on V, ~ V, such that L,¢ =¢ on oV, and L.¢ =0
on aVn.
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In general let ¢ be harmonic in a Euclidean neighborhood U. Then since

the ¢i,...i, are harmonic in U, ¢i,...i, G = ¢i,...ip (2 single term, not summation)
is subharmonic in U, and so is [¢|* = 23¢i,..0,0" " = Sk iy
In particular |L,¢)* is subharmonic in V,— Vs, with |L,2]*=]¢[’ on oV,

and |L.¢|>=00n3V,. Set M =maxor,|¢|*and let 4,-, be the harmonic measure
of 2V,. Then
0<| La¢ I’< Mutor,

and (La¢®)i,...i, is bounded harmonic in each Euclidean neighborhood. Therefore,
there exists a continuous form ¢ in V — V,, harmonic in V —V,, such that a
subsequence of {L.¢} converges to ¢, i.e., each coefficient of L,y converges to
that of ¢ in each neighborhood. Clearly

0<1¢ 1< Muoy,

and ¢ =¢ on oV,.
Take another such form ¢’. Then of course 0<|¢!|*<Muay, and ¢'=¢ on
aVo. Thus

lo —¢'P<U¢l+1§D<21¢ P+ 2]¢'° <4 Muoy,.
Onthe other hand, ¢ ~ ¢’ =0and |f — ¢'|’=00ndV,. Thus by the subharmonicity

of |¢ — @'’ and the “vanishing property” of uar, at the ideal boundary, ¢ = ¢'.
We conclude that

Le=limL,¢ (i.e., |L¢ — Lop|*-0)

exists and satisfies

(a) L(ag,+by:) = al@; + bLo,,

) L¢ =¢ on oV,

2] | Lo < (maxor,| ¢ |*)ttar, on V=V,
() L*=L.

4. We shall now prove our contention that V, may be assumed to be a
ball as small as we wish. To this end take an (open) ball B such that
Bc VicVeC V1.

For a form ¢ on V) there exist, again by Duff-Spencer [1], unique harmonic
forms K¢ and Ky in V; and V;— B respectively such that

(6) K¢ =Ky =¢ on 2V,
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and
7 Ko =0 on oB.

The operator K¢ will be used later, and for the present we only consider K.
We wish to find a continuous form & on V — B, harmonic on V — B, such

that

(8) =0 on 9B

and

9 LG@-a)=3—gon Vo=V=V,,

i.e., 7 behaves like o near the ideal boundary of V.
We have only to find a form ¢ on 2V; and a form ¢ on oV, such that

10) { ¢—g=L(¢—g) on dV;,

¢ = K on oV,.
In fact, then we put
_ { Ky in Vx—B,
g= -
Lp+o—Lo in V,.
It is well defined since on 9V, K& =¢=Lo¢=Lo+0— Lo, and on 2V, K¢ =
¢ =L¢ +0c— Ls, and by Duff-Spencer [1], K = L¢ —9¢-Loin (V= B) NV,
Now 7 is harmonicin V~ B, 7=00n2B,and L(7 - ¢) =L?¢+ Lo — L%~ Lo =
L(p~g)=G— ¢ in V,.
Clearly solving (10) is equivalent to finding a form ¢ on 3V, such that
(11) (P—‘6=L(Ko§0"d) on aV,.
This is rewritten in the form
(12) (I—LKy)¢ =go 0n 0V;
with the identity operator 7 and oo = ¢ — Lo. Since (LKy)"s, is defined on 9V,

we are led to the Neumann series

(13) @Y= 2 (LKo)”ﬂo.

n=0
We have to show the convergence on 9V.

5. Let F, be the family of continuous p-forms ¢ in V, - B, harmonic in
Vi— B, such that ¢ =0 on 9B. The g-lemma for 0-forms [4] has the following
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counterpart:
There exists a constant q with 0<q<1 such that
(14) max|¢|<qg max [¢]
v, Bl
for all ¢ € F,.

For the proof take the function » continuous in V;— B and. harmonic in
Vi— B such that w =0 0n 2B and w=1 on aV;. Let

g=Vmax o .
3,

By the maximum principle it is clear that 0<¢<1. This is the desired constant
g. In fact. to see (14) we may clearly assurhé that l@|>>0 on oV;, for otherwise
l¢|=0. We may also assume that maxor,|¢|=1 and have |¢|’<w in V; - B,
and |¢[*’<¢* on oV

6. Fix a neighborhood N of aV;.  Clearly || is bounded in N : lal< M,
say. By (14), \

“(15) Iréax | K( LK™ g l<q II;'?:X !KO(LKO)”—‘IO'O[ =q T?Pax l(LKo) h-lﬂol.-
Vo 1 "1
Clearly by (1),

(16) (LK) | < max | Ko( LKD) "]

on V,=V~- 7V, and of course on N. Thus by (15) and (16)
(17) max (LK, "l < q max | (LK) " 5]

N
and we conclude that

(18) max (LK) 00| < g™ M.

This completes the proof of our claim that 2V, can be reduced to an
arbitrarily small sphere.

7. In [3] we proved the existence of a harmonic form p in a locally flat
V with bounded |p—gs| in V= V,. Although it is not the main purpose of the
present paper to discuss this existence, we close by showing that it follows
on a hyperbolic locally flat V.

By the above reduction we may assume that V, and Vi are concrete balls
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(and ¢=0 on 3V,). Instead of L and K, we take L and K, and by exactly the
same procedure our problem is reduced to the proof of the uniform convergence
of

© = 2 (LK)"ao.

n=0

8. Again we need a g-lemma of another kind. Let N be a neighborhood
of oV, with compact closure such that NN Vy=¢.

Let ¥ be the family of continuous p-forms ¢ on V,= V— V,, harmonic in
V- V,, such that Ly = ¢ on V.

LemMA. There exists a constant q such that 0<q<1 and
(18) max |¢|<g max |¢|
N o1,
for any ¢ in §F.

The important fact to be observed is that V, is connected and thus the
harmonic measure. %y, of oV, with respect to V, satisfies 0 <wuar,<1 in V..
The remainder of the proof is similar to that of (14).

9. The convergence is established as follows. Clearly |LKag]| is bounded
in N, |LKoy,|<M, say. The norm |K¢| attains its maximum on 9V;, and

therefore

(19) max | K(LK)" a0 Snaxlgllx |K(LK ”"aolgmfvxx (LK) " "a].
By (18),

(20) max [((LK)"a0|< q max [LK(LK)" a0| = q ngflox | K(LK)" a0,

and by (19) and (20),

max (LK) al<q max LK) g,

We conclude that

max (LK) "a|<q" ' M.
This completes the proof.
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