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IDEMPOTENT ENDOMORPHISMS OF AN INDEPENDENCE
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The result of Ballantine [1] to the effect that a singular matrix A4 is a product of k idempotent matrices if and
only if the rank of I — A does not exceed k times the nullity of A is generalized to endomorphisms of a class of
independence algebras.

1991 Mathematics subject classification: 20M20.

1. Introduction

In 1966 Howie [8] showed that every singular selfmap of the set [n]={1,2,...,n} is
expressible as a composition of idempotent selfmaps. An analogous result concerning
the expressibility of every singular nx n matrix over a field as a product of idempotent
matrices was proved by J. A. Erdos [3] in 1967.

In any semigroup S generated by its set E of idempotents there is for each element s a
least k with the property that se E*. Saito [12] gave a formula determining k for any
singular selfmap of [n]—see also Iwahori [10] and Howie [9]—and a corresponding
formula for singular matrices was given by Ballantine [1].

In effect, it was clear that there was a strong analogy between the properties of the
endomorphism monoid of the finite set [n] and those of the endomorphism monoid of
an n-dimensional vector space, an analogy strong enough to prompt Fountain and
Lewin [4, 5] to seek a common framework. The key lay in the idea of an independence
algebra of finite rank, due to Narkiewicz [11] and Gould [6], of which both a set [n]
without structure and a finite dimensional vector space over a field are special cases.
Fountain and Lewin [4] were able to show that every singular endomorphism of an
independence algebra of finite rank is expressible as a product (that is to say, a
composition) of idempotent endomorphisms. Both the Howie theorem and the Erdos
theorem are special cases of this result.

Let V be an n-dimensional vector space over a field F, and let a: V>V be an
endomorphism (a linear transformation). Denote the image of a by ima and let fix « be
the subspace {xe V:xa=x}. Let d(a) (the defect of a) be n—dim(ima), and let s(a) (the
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shift of a) be n—dim (fix «). Ballantine’s result [1] can be regarded as saying that « is
expressible as a product of k idempotents if and only if s(a)/d(x) < k.

For a wide class of independence algebras A we can define s(x) and d(«) in an
analogous manner. In Section 2 we show that half of Ballantine’s result is then true.
Precisely, we denote the set of singlular idempotent endomorphisms of 4 by E, and
show that if a singular endomorphism a belongs to E¥, then s(a)/d(a) < k.

The converse half of Ballantine’s result is, however, known to be untrue in the case
where A is simply a set [n] without structure. Here we define

s()=|{xe[n]: xa#x}|, d(e)=n—|imad],

and it is clear that the largest possible value of s(a)/d(x) (for a singular «) is n. On the
other hand, it follows from Howie’s result [9] that if n is odd then there exist elements «
for which a¢ E3"—3/2,

It is natural therefore to seek to determine in an abstract fashion a class of
independence algebras for which the full Ballantine property holds. We show that it
holds for ‘connected’ independence algebras, a class of algebras that includes vector
spaces over fields and a number of other less familiar types of algebra but does not
include sets without structure.

2. Preliminaries

We follow the terminology of Fountain and Lewin [4]. We consider an algebra A
(where A # &) with a collection (perhaps empty) of finitary operations and denote the
smallest subalgebra of A containing a subset X of A by <X). In particular, the
subalgebra () is the subalgebra generated by the set of constants (nullary operations)
of A. (By convention, if A has no constants then we allow & as a subalgebra.) An
endomorphism of A is a map a: A— A which respects all the operations of A. The
composition of two endomorphisms is again an endomorphism, and indeed the set of all
endomorphisms of 4 is a monoid, denoted by End A. An endomorphism which is also a
bijection is called an automorphism, and the set Aut A of automorphisms of 4 forms a
group under composition. We denote the set End A\Aut A of singular endomorphisms
by Sing,. We shall consistently denote the set of idempotents in Sing, by E.

A subset X of A is called independent if x¢ {X\{x}) for every x in X. A basis of A is
defined as a subset X which is independent and is such that (X)=A. The algebra A4 is
called an independence algebra if it has the properties:

(11) for every independent subset X of A and every u¢<X), the set X u{u} is
independent;

(I12) for every basis X of A and for every map a: X —» A there is an endomorphism &
of A such that a|y=a.

The independence algebra A is called strong if:
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(13) for every pair X, Y of independent subsets, {(X> N <Y)>={F) implies that
X u'Y is independent.

Many of the standard techniques of linear algebra can be adapted to this more general
class of algebras. It is convenient to list a number of properties that will be of use later
in the article. Let A be a strong independence algebra with a finite basis.

(14) Every subalgebra B of A has a finite basis, and all bases of B have the same
number of elements; this number is called rank B, the rank of the subalgebra B.

(I5) Every set of independent elements in a subalgebra B can be extended to form a
basis of B. If rank B=r, then every set of r independent elements of B is a basis,
and so is every set of r elements generating B.

(I6) If X={x,,x,,...,x,} S A4 then there is a subset Y of X such that Y is a basis of
(X).

(I7) If B, C are subalgebras of 4 and B v C is the smallest subalgebra of A
containing B and C, then

rank (B v C)=rank B+rank C—rank(Bn C).

3. Shift and defect

Let xe End A, where A is a strong independence algebra of finite rank n. Then both
ima and fixa (={xe A: xa=x}) are subalgebras of A. We define s(«), the shift of «, to be
n—rank(fixa), and d(a), the defect of a, to be n—rank(ima). We begin by establishing
some elementary properties of shift and defect which will be of assistance in proving the
main theorem of this section.

If ¢ belongs to the set E of singular idempotents of End A, then ime=fixe, and so
certainly

d(e) =s(e). D

In general, for a in End A we have fix aSima, and so
d(e) < s(a). (2

If o, e End A then it is clear that im(xf) =im §; hence
d(ap) 2 d(B). 3)

If ima={x,,x,,...,x,» then im(«p) is generated by {x,B,x,B,...,x,} and so has rank
at most r. Thus

d(af) 2 d(a). 4
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It is clear that fix a n fix f =fix(af). Hence by (17) we have

rank(fix(af)) = rank(fix « N fix f)
=rank(fix a) + rank(fix f) —rank(fix « v fix f)

2= rank(fix o) + rank(fix ) —n,
and from this it follows that
s(aB) < s(«) + s(B). (%)

We can now easily establish:

Theorem 1. Let A be a strong independence algebra and let E be the set of singular
idempotents in End A. If a e E* then s(o)/d(x) <k.

Proof. Suppose that a=¢,¢,...¢, where &,,¢,,...,&€E. Then
s(a@) <s(ey)+s(ex)+ - +5(e,) by (5)
=d(e,)+d(e;)+ - +d(g) by(1)
<kd(e) by(3)and (4),

and the proof is complete.

4. Connected algebras

An independence algebra A of finite rank is called connected if it is strong and if for
any two independent elements x, y in A there exists z in A such that

6 y> =(x,2) =<y, 2). (6)

A vector space V over a field F certainly has this property—we simply take z=Xx + y. By
contrast, the set [n] (with no algebraic structure) does not have the property, for in this
case {x,y>={x,y}, and the only z for which {x, y)>=(x,z) is the element y itself.

Another example, of a connected independence algebra, attributed to Narkiewicz
[11], is quoted by Gratzer ([7, Exercise 5.26]). Let (R, +,-) be a division ring, let (4, +)
be a left module over R, and let A, be a submodule of A with the property that for all a
in A, and all r#0 in R there exists b in A, such that a=rb. Let T be the set of all n-ary
operations f on A (with n20) of the form
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n—1

f(XOaxl’-“’xn-l): Z }'ixi+a’ (7)
i=0

where Ag,4,,...,4,-,€R and ae A,. When n=0, (7) is to be interpreted as specifying a
constant (0-ary operation) a. Then (4, T) is a connected independence algebra in which
{@>=A,. The verifications are routine, and the element z required by the condition (6)
is again x+y.

A third example, which we owe to Dr John Fountain, shows that a connected
independence algebra need not have constants. Let A={a,b,c}, and let o be a binary
relation specified by the table

c
b
a
c

S0 QR
2 O 6 |o

(SRR R

This is not a semigroup: (aob)oc=c, ao(boc)=a. It is, however, not hard to check that
it is a strong independence algebra, in which {x)={x} for all x, and {x,y>=<{A>=A4
for all x#y, and in which the non-empty independent sets are {a}, {b}, {c}, {4, b}, {a,c}
and {b,c}. Every permutation of {a,b,c} is an automorphism. Singular endomorphisms
are scarcer: if, for example, ax=ba=t, (where t € A), then

ca=(aob)a=(aa)o(ba)=tot=t

also. Hence the only singular endomorphisms are the constant maps

a b c a b ¢ a b c

a a af)/ \b b b) \c ¢ ¢
The algebra is, moreover, connected. Given x#y (which implies that {x,y} is indepen-
dent), we take z as the unique element of A\{x,y} and immediately observe that

xy>=<Kx,2)=(y,2)=A.
We shall require the following technical lemma:

Lemma l. Let A be a connected independence algebra of finite rank, and let
{¥1s¥2s--+»Yrs21522,-..,2,} be independent, with r=s. Let ac End A and let f <r be such
that ya=y; for 1 i< f. Suppose that

C=(Y10y. . 0,230, .. 2D =Y ey Vi Vb 10 e s Vo0 210y ooy 20D

has ranks s+p<r. Then there exist y,,,,...,y, in A such that:

L {Yisees ¥ Vre1oe-s Y 2y5-- .5 2,} is independent;
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2' <Y1a---,}’f,}’fr+10‘,~~,}’:“>=c-
Proof. Since {y,,...,y,} is an independent subset of {y,a,...,y,a), we can find a

subset Y of {y,,,a,...,y,a} such that {y,,...,y,}uUY is a basis for {ya,...,y0.
Relabelling if necessary, we write this basis as

{YI,-”’yf,yj‘+1a"-"YIa}'
We can now extend this set to obtain a basis
Vi sV Vya1teono, Yidls 2,0, ..., 2t}
for C, where the elements z;a have been relabelled if necessary, and where [+ m=s+p.

For i=1,...,m the set {z;,y,+;} is independent. Hence, since A is connected, there
exists y;; such that

i Vi+i) =L2u Yi+i> = Viwp Visi)-
Let

B=<y1""’yl’yl+m+la"- -9yr9zm+l""’zs>'
Then

Do Yo Vi 1oVt 2o YiemoVidme 1505 Yoo Z1se o5 26D
=BV (41210 ¥V V425220 VoV Yt Zm)
=BV (1415210 V V142,220 V'V KYitmr Zm)
=Y1reeesVrsZisenrZs)s
of rank r+s, and so the set

7 ’
{yl""’ybyl-f-la"'syl+m’yl+m+19-'-9ynzl’---5zs}

must be independent.
Next, we show that the set

D={.V1aa-~~’}’laa}’i+1°‘,---,y;+ma}

={yla'-~syf9yf+la""ay1a’y;+ la7""y;+ma}

is independent. Since z;€ (y;,;, Vi+i) for i=1,2,...,m, it follows that z;xe (y,,a, y;+0).
Now the elements
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Visee s Vs V1o, Vi

were chosen so as to generate (y,a,...,y,a); hence both y,, « and y,, .« are in (D), and
it follows that z;xe (D). Since (D) contains the independent set

(Vs sV Vre1® e s YO 210, .., 200},

it must have rank at least /4+m. But |D|=I+m, and so the rank is exactly l+m=s+p.
Thus D is independent. Finally we conclude that (D), being a subalgebra of C of rank
s+p, is equal to C.

If we now define y;=y; for i=f+1,...,1 and i=l4+m+1,...,r, we have a set
{¥+15---, ¥} with the required properties. We are now ready to prove:

Theorem 2. Let A be a connected independence algebra of finite rank n and let
aeSing,. Denote the set of singular idempotents in End A by E. Then o€ E* if and only if
s(a) Lk d(a).

Proof. In view of Theorem 1, we need only consider the converse half. We prove the
result by induction on k. Certainly if k=1, so that s(«) <d(a), we deduce using (2) that
fixa =1m o; hence (xa)a=xa for all x in 4, and so aeE.

Suppose now that k=2 and that

(k—1)d(a) < s(e) < k d{a). (8)

We write d(x)=d, rank(fixa)=f (so that s(e)=n—f), b=(k—2)d(=0), a=n—f—
(k— 1)d. The condition (8) is equivalent to

O<aZd.
Choose a basis {y,,...,y,} for fix a, noting that from a=n— f —(k—1)d we have
f+a=n—(k—1)d<n—d.

Thus we can extend to obtain an independent subset {y,,...,y,,2y,...,2,} of ima, and
then extend again to obtain a basis

{yl""’yf+(k—1)dizla'-'»za}
of A. Notice that
<Y1,---,,Vj,}’f+1a,---,YJ+(k-1)d“,21a,---,Zaa>=ima,
and so has rank n—d. Let us denote this set by C.

We now apply Lemma 1 to this set C, with r=f+(k— 1)d, s=a. The conditions of
the lemma are satisfied, since
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agsn—dg f+(k—1)d.
We conclude that there exist elements y7.4,..., Vs +x-1)a in A such that

ima:<yl’---ayj"y:f+1a""’y,f+(k—l)da>
and
{yl,""yfay’f-f-l"'"yff+(k—l)d’zl""1za}

is independent. Since a+ f +(k— 1)d =n, this set must be a basis of 4. Now write

Xi=y,- fOl‘ i=1,...,ﬁ
Xp=2z; for i=1,...,q,

Xpva+i=Yr+i for i=1,...,(k—1)d,

and obtain a basis {x,,...,x,} for 4 such that fixa={xy,..., x>, {x;,...,X;4,0Sima
and

IMa=CX,.. ., X, X i 1000, X0
For-i=1,...,a there is a term T; such that
X =T(X1,.. s X0, X 0010000, Xp0).
Now define ee End 4 by

xg=x; if j=1,...,forif j=f+a+1,...,n,

J

Xpri8=T(Xy, ., X0, Xph0415--.,%,) fori=1,...,a.
Since
T;’(xlj-"’xf9xf+a+l’-'-’xn)e<xl""’xf’xf+n+l""’xn>

foreach i, we easily see that ¢ is idempotent.
Next, define §in End 4 by

x-ﬁ—{x" for j=1,..., f +a
/ xpm forj=f+a+l,...,n

Then im f<ima and so d(f) =d. Thus
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s(B)En—f—a=(k—1)d=(k-1)d(),

and so fe E*~! by the induction hypothesis.
Finally, observe that ¢ =a«; for we have

xgf=x;f=x;=xp(j=1,..., )
Xpoi€B=T X153 Xp Xp1a415---5Xa)B
=T{X1s s Xps Xpras1Bs oo s XuP)
=TdX1se ey Xy X hgt 1% - ey Xp)
=xp0(i=1,...,a)

xgf=xf=xp(j=f+a+1,...,n).

Thus a e E* as required.

It is clear that for a singular element o of End 4 the maximum value of s(a) is n and
the minimum value of d(«) is 1. In the case of vector spaces both bounds are attainable,
but in a more general connected independence algebra A4 this may fail to be the case.
However, provided the algebra A has a non-empty set of constants we can attain the
bounds. For the following argument we are indebted to Dr John Fountain. Let A
contain at least one constant c. If {x,,x,,...,x,} is a basis of 4, define « in End A by
the rule that

xa=x;,,,0=12,...,n—1), x,a=c.

Then ima={x,,...,x,>, and so d(a)=1. Also x;a"=c for i=1,2,...,n. Let zefix o, where
z is given in terms of the basis by means of some term t:z=1(x,, x,,...,x,). Then

z=za=za"=t(x,a", x,a", ..., x,a")

=t(c,c,...,c)e ().

Thus fixa=<{&>, of rank 0, and so s(a)=n.
If A, with basis {x,x,,...,x,}, has no constants, then we can consider a slightly
different endomorphism a given by
xo=x;4,,(i=12,...,n—1), x,a=x,.

Then again d(a)=1, and x,a" " '=x, for i=1,2,...,n. If z=t(xy,x3,...,x,) efixa, then

z=za" V= t(Xy Xy .. Xp) €XD;
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hence fix x={x,) has rank 1. It follows that s(a)=n—1.
Accordingly we have the following generalization of a result proved by Dawlings [2],
in the linear algebra context:

Corollary 1. Let A be a connected independence algebra with finite rank n, let Sing,
be the semigroup of all singular endomorphisms of A, and let E be the set of indempotents
of Sing,. If A contains at least one constant, then A(Sing,)=n. If A contains no constants
then A(Sing,)=n—1.

For an example of an algebra A with no constants in which A(Sing,)=n—1 we need
look no further than the earlier Fountain example quoted earlier, in which n=2 and
A(Sing,)=1.

Acknowledgement. We are grateful to Dr John Fountain for many useful comments,
and for pointing out an error in an earlier draft of this paper.
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