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A FURSTENBERG TRANSFORMATION OF THE 2-TORUS
WITHOUT QUASI-DISCRETE SPECTRUM

BY
H. ROUHANI

ABSTRACT. R. Ji asked whether or not a Furstenberg transformation of

the 2-torus of the form (x,y) — (ez"iox, f(x)y), where 0 is irrational and

f : T —T is continuous with non-zero degree k, is topologically conjugate
to the Anzai transformation (x,y) — (ez"mx, x* y) or its inverse. In this
paper this question is settled in the negative. Further, some sufficient con-
ditions are given under which the crossed product C*-algebra associated
with a Furstenberg transformation of the 2-torus has a unique tracial state.

Introduction. In his Ph.D. thesis Ji asked whether or not a transformation of the
2-torus T? of the form ¢(x, y) = (\x, f(x)y), where A = 2™ @ irrational, and
f + T — T is continuous with non-zero degree k, is topologically conjugate to the
Anzai tranformation g(x, y) = (Ax, x*y) or to its inverse ([5], p. 76). He calls such
a transformation ¢ a Furstenberg transformation. In the present paper we shall use a
construction of Furstenberg [3] to settle this question in the negative.

It is known that every minimal homeomorphism of the unit circle T is uniquely .
ergodic, meaning that it has a unique invariant Borel probability measure (see, for
example, [3], Theorem 1.3). This is so because such a transformation is essentially
a rotation of T by angle 276, where 6 is an irrational number. However, Furstenberg
showed that this is no longer the case for the 2-torus. He constructed an irrational real
number 6 and a continuous real-valued function r on T such that the transformation
(x, y) — (eZ™x, €2™r®)y) is minimal but not uniquely ergodic (see [3], p. 585; or
[6], p. 85).

In our case we shall use the same 6 and r and show that the (minimal) transformation
e, y) = (e¥™x, e¥™r®xy) does not have topological quasi-discrete spectrum,
whereas clearly ¢y (and its inverse) has topological quasi-discrete spectrum. Therefore,
¢ cannot be topologically conjugate to ¢y or its inverse. Although our ¢ differs
from Furstenberg’s merely by the factor “x” in the second variable, it turns out that
in contrast it is uniquely ergodic. Thus the associated crossed product C*-algebra
A(p)=C (T?) X, Z has a unique tracial state.

From earlier work [8] the C*-algebras A(p) and A(yy) are both simple, have unique
tracial states, isomorphic K-groups, and the same tracial range Z + 0Z. We are as yet
unable to distinguish their C*-isomorphism classes. In fact, this raises a more general
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and interesting question: If ; and ¢, are Furstenberg transformations of T2 and if
A(p1) = A(yp2) and if ¢; has topological quasi-discrete spectrum, does it necessarily
follow that ¢, has topological quasi-discrete spectrum? In other words, does the C*-
algebraic structure “carry” information about the topological quasi-discrete spectrum?
If so, how?

1. Preliminaries. Let f : T> — T be a continuous function. Then by the Homotopy
Lifting Theorem we can write f as f(x, y) = x™y"e*™F®¥) for some integers m, n
and a continuous function F : T> — R. We call the 1 x 2 integral matrix D(f) = [m n]
the bidegree of f.

Let ¢ : T> — T? be a homeomorphism and write ¢ = (¢1, ¢2), where ¢, : T> = T
are continuous. Then the degree matrix of ¢ is the 2 X 2 matrix

D(SOI))
D(¢2))

n

D(p) = (

It is easy to see that if ¢ and ¢ are two homeomorphisms on T2, then D(poy) =
D(p)D(¥)). Thus clearly D(p) € GL(2, Z). A homeomorphism ¢ of a topological
space X is said to be ergodic with respect to a Borel probability measure p on X if
whenever E is a Borel measurable set such that p(E) C E, then u(E) = 0 or 1. One
says that ¢ is uniquely ergodic if it has a unique invariant Borel probability measure.
One says that ¢ is minimal if whenever E is a closed g-invariant subset of X, then E
is empty or all of X. Equivalently, for each x € X the orbit {x, ¢(x), p(px)), ...}
is dense in X. Hence it follows that if f : X — C is continuous and X is connected,
and if f o ¢ = f, then f is constant. Two homeomorphism ¢; and ¢, are said to be
topologically conjugate if there exists a homeomorphisms /4 such that ho ¢, = py0h.
Let ¢ be a homeomorphism of a topological space X. Consider the sets

Go(p) = {\ € C : )\ is an eigenvalue of ¢} C T,
Gi(p) ={f € C(X) :f o p = ) for some ) € Go(p), and |f| = 1},

Gi(p)={g €CX):go0¢p=fg forsomef € Gj_i(yp), and |g| = 1}, forj = 1.

Their union U;zoG;(¢), is known as the set of quasi-eigenfunctions of ¢. The home-
omorphism ¢ is said to have topologically quasi-discrete spectrum if the C*-algebra
generated by all its quasi-eigenfunctions is C(X). It is easy to see that the prop-
erty of possessing topological quasi-discrete spectrum is invariant under topological
conjugation.

2. A Furstenberg Transformation Without Quasi-Discrete Spectrum. This sec-
tion will be devoted mainly to proving the following theorem.
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THEOREM 2.1. There exists a minimal homeomorphism ¢ of T* of the form
(p(x’ y) — (e27ri9x’ e27(ir(x)xy)’

for suitable irrational number 0, and r : T — R continuous, such that ¢ does not
have topologically quasi-discrete spectrum. Furthermore, ¢ is uniquely ergodic so
that the associated crossed product A(y) has a unique tracial state.

Hence, it follows from this theorem that ¢ is not topologically conjugate to the
Anzai transformation @g(x, y) = (¢2™x, xy) or to its inverse.

To prove this theorem we shall need three lemmas. The proof of the following
lemma may be found in [4] (p. 135).

LEmMA 2.2. Let ¢ be a minimal homeomorphism of a compact metric space X. Let
f € C(X). Then the following conditions are equivalent.

() f=gop—g,for some g € C(X),

PRIy R ¢WY, ) is a uniformly bounded sequence of functions on X.

LemMA 2.3. ([3], p. 585; [2], p. 18) There exists A\ = e2™® where 0 is irrational,
and a continuous function r : T — R such that the equation

FOx)—Fx)=rx), xeT

has a real L*(T)-solution F which is not equal to a continuous function almost every-
where (with respect to Lebesgue measure). Consequently, this equation has no C(T)-

solution.
Proor. (The following construction is due to Furstenberg). Let v; = 1 and recur-
sively define vy, = 2" + v + 1. Then 0 = 1?11 27% is an irrational number. Let

n, = 2" for k 2 1, so that one easily checks the inequality
0<md—[mbl =27", (k1)

where [¢] denotes the greatest integer less than or equal to ¢. Letting n_; = —ny, (k 2
1), we set

1 . ,
r([) — Z: I7(_I(ez7l‘m/‘9 _ l)ezmnk[, t e R,
k#0

where the series converges uniformly since
|e2"i""0 _ ll — I(_,Zri(nka—»[nkO]) _ ll < [e27ri2‘ k ll < 27T2_"k, k= 1,

so that r is a continuous function.
Now let

1 )
Fiy=>Y Wezmt’ t €R,
k#£0
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so that F € L*(T). It is then easy to check that

F(it+0)—F(t)=r(t), (ae.t €R).

Now if F is equal almost everwhere to a continuous function g, then by Fejer’s theo-
rem the arithmetic (Cesaro) means of the partial sums of the Fourier series converge
uniformly to g. But it is easy to check that they fail to converge at + = 0, since
> kz0 1/1k| = 0o. Hence the result.

To prove the last part of the lemma, assume that f € C(T) and f(A\x)—f(x) = r(x),
for almost every x € T. Then upon subtracting we have (F — f)(\x) = (F — f)(x),
(a.e.). However, since x — Ax is ergodic, as 6 is irrational, it follows that F — f
is constant (a.e.), and so F is equal almost everywhere to a continuous function, a
contradiction to what we just proved. ]

LEMMA 2.4. Let A = e2™ and r be as in the preceding lemma, and write h(x) = \x.
Then for any real number o the sequence of functions

n n
D r+a)oh® =@m+Da+y roh®,

k=0 k=0
for n 2 1, is not uniformly bounded. (Here, ") = hoho ... oh, k times).

Proor. Fix a € R. Assume that the sequence of functions in the statement of the
lemma is uniformly bounded. Since /4 is minimal, 6 being irrational, Lemma 2.2 gives
us a continuous function g on T such that g o h — g = r + . Now Lemma 2.3 has
that r = Foh — F, where F € L*(T) and F is not equal to a continuous function
(a.e.). Thus, f oh —f = a, where f = g — F € L*(T). By induction, we obtain
foh™ —f = na, (ae.) for all n = 1. Now ||f o K|y = ||f|l2, (L>*-norms) by the
Lebesgue invariance of x — A"x. Hence

nla] < ||f o K2+ (I fll2 = 2/l fll2 < oo,

for all n 2 1. Therefore, @ = 0 and substituting this back into the above formula we
obtain g o h — g = r, where g € C(T), which contradicts the second part of Lemma
2.3. O

ProOF OF THEOREM 2.1. With A = ¢?™® and r as in Lemma 2.3, consider the
transformation of T? defined by

Plx, y) = (*x, 2™ Nxy).

It is not hard to see that {)\* : k € Z} are all the eigenvalues of ¢. By the minimality
criterion (cf. [6] (p. 84), or [8] (1.1.4, for details)), ¢ is minimal if and only if for
any non-zero integer n the equation

M(Ox) = (™ Ox)"M(x), (x € T),

https://doi.org/10.4153/CMB-1990-052-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1990-052-7

320 H. ROUHANI [September

has no continuous solution M : T — T. Since n # 0, the degrees of both sides are
not equal, so equality cannot hold.

It is easy to see that for a minimal homeomorphism ¢ of a connected metric space
X,iffop =M\ and g o = A\g where A € T and g # O, then f is a scalar multiple
of g. Thus it follows that the only eigenfunctions of ¢ (of modulus 1) are

Gi(p) = {au :k €Z, |a] = 1},

where u(x, y) = x.

Since the C*-algebra generated by u is not all of C(T?), to show that ¢ does
not have topological quasi-discrete spectrum it will suffice to check that there is no
g € C(T?) with |g| = 1 satisfying g o ¢ = aug, where |a| = 1 and k is a non-zero
interger. (If k = 0, then g is just an eigenfunction). This shows that G,(¢) = G(¥)
and so Uj2oGj(p) = G1(p) which does not generate C (Tz) as a C*-algebra.

So assume that for some k # O there is a solution g € C (T?) such that gop = aug
and |g| = 1. Writing g(x, y) = x"y"e?>™5¢) for some S : T> — R continuous and
some integers m, n, the equation g o ¢ = au*g implies, upon looking at the x-degrees
of both sides, that n = k so that the equation reduces to

2mH{S (PN =S(xyy+hr()} — G\ —m.

Since the right hand side is constant, we have
S(‘P(x7 )7)) - S(X, )’)+kr(x) =,

a real constant. By induction this becomes

S(‘PQ,)(xa y)) _S(x7 y)

-y = r(x)+r()\x)+...+r(/\”‘1x)+p(—c/k),

for all p 2 1. But the left side is a uniformly bounded sequence of functions, so
the right side contradicts Lemma 2.4. This proves that ¢ does not have topologically
quasi-discrete spectrum.

Now it remains to prove that ¢ is uniquely ergodic. Since ¢ has the form

plx, y) = (7™, ™ xy),

we may apply a result of Furstenberg (cf. [6], p. 17, Theorem 3) so that it suffices to
show that ¢ is ergodic with respect to Lebesgue product measure m x m on T?. This
means that if E is a Borel subset of T2 which is (p-invariant, then E has Lebesgue
measure 0 or 1. To show, in turn, that ¢ is ergodic it suffices to show that the
equation G(\x) = (e ®x)"G(x), (a.e. on T), for any n # 0, has no measurable
solution G : T — T (cf. [6], ergodicity criterion on pp. 84f). So let us assume that
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such a G exists, so that G € L*(T). By Lemma 2.3 we have r(x) = F(Ax) — F(x),
where F is measurable. Thus the above equation becomes

G()\x)ef27rinF(/\x) — an(x)efbrinF(x)’

or

() fOx) =x"f(x),

where f(x) = G(x)e ?""F®) is measureable with |f| = 1 (a.e.). So now it remains to
check that the equation () has no such solution. Assume it has a solution f € L*(T)
so that it can be represented by its Fourier series (which is L?-convergent), say

fx)= Z akxk.

k=—00

Substituting this into (x) we obtain
Zak)\kxk _ Zakxk"',
k k

so that ¢y \* = ay_, or |ay| = |ay—,|, for k € Z. But since " |a|*> < oo and n # 0,
we necessarily have a; = 0 for all k. Thus f = 0 (a.e.), a contradiction to |f| = 1.
a

In a similar manner one can show that for every non-zero interger n the (irrational)
Furstenberg transformation

27ri0x’ eZmr(x)xn

(x, y) — (e y)

does not have topologically quasi-discrete spectrum and hence cannot be topologically
conjugate to the Anzai transformation (x, y) i— (ez””’x, x"y), nor to its inverse, where
0 is as in Theorem 2.1. The above suggests that (in the notation of Theorem 2.1) the
C*-algebra A(y) is not isomorphic to A(¢g). However, we do not know how to prove
this, for none of the invariants we know so far distinguish these algebras.

The proof of the unique ergodicity in the previous theorem can readily be gener-
alized in the following manner. Let us say that a continuous function S : T — R can
be “split” with respect to p € T if it can be written as S(x) = F(ux) —F(x) +c, (a.e.)
for some measurable real-valued function F on T and some real constant c.

ProPOSITION 2.5. Suppose that

eZmS (x)

'(p(JC, )’) = (ny xmy)’

where p is irrational, m is a non-zero integer, and S is continuous and can be split
with respect to p. Then the associated crossed product A(Y) has a unique tracial
state.
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By the minimality criterion, A(1)) is a simple C*-algebra if y is irrational and m # 0
(we do not need the split condition for the simplicity). This follows on applying a
theorem of Power (cf. [7]).

ExaMpLE. A simple lemma due to L. Baggett (cf. [1], Lemma 2.1) shows that (in
the notation of the above proposition) if S is absolutely continuous with derivative S’
in L2, and if @ is “badly approximable” (i.e., 3§ > 0 such that n|e*" — 1| Z § for all
n, in contrast to Furstenberg’s ), then S can be split with respect to ¢>™ and hence
by the above proposition A(y)) has a unique tracial state.

QuEsTION 2.6. If we drop the assumption that S can be split with respect to y in
the above proposition, can we still conclude that v is uniquely ergodic?
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