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REAL HYPERSURFACES WITH 7-PARALLEL SHAPE
OPERATOR IN COMPLEX TWO-PLANE GRASSMANNIANS

YounG Suk CHOI AND YOUNG JIN SuH

In this paper we give a characterisation of ®-invariant real hypersurfaces of
type A; that is, a tube over a totally geodesic G2(C™*') in complex two-plane

Grassmannians G2 (C"‘”) or a ruled real hypersurface foliated by complex hy-
persurfaces which includes a maximal totally geodesic submanifold G2 (C"'“) in
G2(C™*?) in terms of n-parallel shape operator.

0. INTRODUCTION

In the geometry of real hypersurfaces in non-flat complex space forms M,,(c) or in
quaternionic space forms there have been many characterisations of model hypersurfaces
of type A}, A,,B,C,D and F in complex projective space CP™, of type Ag, A1, A2
and B in complex hyperbolic space CH™ or A1, A3, B in quaternionic projective space
HP™, which are completely classified by Cecil and Ryan (4], Kimura [6], Berndt {1],
Martinez and Pérez [7] respectively. Among them there are only a few characterisations
of homogeneous real hypersurfaces of type B in complex projective space CP™. For
example, the condition that the shape operator A and the structure tensor ¢ satisfy
Ao+ pA = k¢, k = const, is a model characterisation of this kind of type B, which is
a tube over a real projective space RP™ in CP™ (see Yano and Kon [14]).

On the other hand, real hypersurfaces of type A; or A; in CP™ and those of
type Ao, A1 or Az in HP™ mentioned above respectively are said to be of type A.
Okumura [9] for ¢ > 0, Montiel and Romero (8] for ¢ < 0 has given respectively a
characterisation of real hypersurfaces of type A with the condition that the structure
tensor ¢ and the shape operator A commute with each other.

Now let us denote by G2(C™*?) the set of all two-dimensional linear subspaces
in C™*2. This Riemannian symmetric space G2(C™*?) has a remarkable geometrical
structure. It is the unique compact irreducible Riemannian manifold being equipped
with both a Kahler structure J and a quaternionic Kahler structure J not containing

Received 17th May, 2006

This work was supported by grant Proj. No. R14-2002-003-01001-0 from Korea Research Foundation,
Korea 2006. The present authors would like to express their gratitude to the referee for his careful
reading of the manuscript and useful comments to develop this paper.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/07 $A2.00+0.00.

1

https://doi.org/10.1017/5S0004972700038934 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038934

2 Y.S. Choi and Y.J. Suh (2]

J. In other words, G2 (Cm+2) is the unique compact, irreducible, Kihler, quaternionic
Kihler manifold which is not a hyperKahler manifold. So, in G3(C™*+2) we have the
two natural geometrical conditions for real hypersurfaces M that [{] = Span {£} or
DL = Span {£1,€2,€3} are invariant under the shape operator A of M. The almost
contact structure vector field £ mentioned above is defined by § = —JN, where N
denotes a local unit normal vector field of M in G2(C™*?) and the almost contact
3-structure vector fields {£1,&2,€3} are defined by &, = —J,N, v = 1,2,3, where J,
denotes a canonical local basis of a quaternionic Kahler structure J.

The first result in this direction is the classification of real hypersurfaces in
G»(C™+?) satisfying both conditions. Namely, Berndt and the second author [2] have
proved the following

THEOREM A. Let M be a connected real hypersurface in G(C™+%), m > 3.
Then both [£] and D are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic G2(C™*!) in
Gz (Cm+2) , Or

(B) m iseven, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*2).

In Theorem A the vector £ contained in the one-dimensional distribution [£] is said
to be a Hopf vector when it becomes a principal vector for the shape operator A of M in
G2(C™+?) . Moreover in such a situation M is said to be a Hopf hypersurface. Besides
of this, a real hypersurface M in G(C™*?) also admits the 3-dimensional distribution
D+, which is spanned by almost contact 3-structure vector fields {£1, €2, €3}, such that
T-M=D0D+.

On the other hand, in [3] Berndt and the second author consider the geometric
condition that the shape operator A of real hypersurfaces M in G2(C™*2) commutes
with the structure tensor, that is, A¢ = ¢A, which is equivalent to L¢g = 0, where
L¢ denotes the Lie derivative along the direction of the Reeb vector field £ and g a
Riemannian metric on M induced from the metric of G2(C™*2). This condition also
has the geometric meaning that the flow of the Reeb vector field £ is isometric. From
such a view point, they proved that a real hypersurface in G3(C™*%) with isometric
flow is congruent to a tube over a totally geodesic G, (C™*!) in G2(C™*2%). Moreover,
the second author [12] has given a characterisation of such a tube by the Lie derivative
of the second fundamental tensor 4 of M in G2 (C"‘“) along the direction of the Reeb
vector field £.

Now let us consider a distribution Ty defined in such a way that Tp(z) = {X
€ T,M | XL1¢} for any point z of M in G,(C™*?). Then it can be easily proved
in section 3 that real hypersurfaces of type A and ruled real hypersurfaces satisfy the
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following formula on the distribution Ty
(*) 9((4¢ - 9A)X,Y) =0,

for any X,Y in Tjp.
If the shape operator A satisfies

**) 9((VxA)Y,Z) =0

for any X,Y and Z in To, we say that the shape operator A of M in G,(C™*?) is
said to be n-parallel. Moreover, the formula (**) has a geometric meaning that every
geodesic v on M, considered as a curve in G, (C’"+2) , orthogonal to the Reeb vector
field £, has constant first curvature along 7.

On the other hand, we say that a real hypersurface M in G (C™*?) is D-invariant
if g(AD,D1) =0, that is, the distribution D is invariant by the shape operator A of
M in Gz(cm+2) .

Now in this paper we want to give a complete classification of real hypersurfaces
M in G2(C™*?) satisfying both conditions (*) and (**) as follows:

THEOREM. Let M be a real hypersurface in G3(C™*?) satisfying the condition
(*) and (**). If the distribution D is invariant by the shape operator, then M is locally
congruent to a tube over a totally geodesic G2(C™*!) or to a ruled real hypersurface fo-
liated by complex hypersurfaces which includes a maximal totally geodesic submanifold

G2 ((Cm+1) in G2 (Cm+2) .

1. RIEMANNIAN GEOMETRY OF G3(C™+2)

In this section we summarise basic material about G,(C™*2), for details we refer
to {2] and [3]. By G2(C™*?%) we denote the set of all complex two-dimensional linear
subspaces in C™*+2. The special unitary. group G = SU(m + 2) acts transitively on
G2{(C™*?) with stabiliser isomorphic to K = S(U(2) x U(m)) C G. Then G2(C™*?)
can be identified with the homogeneous space G/K , which we equip with the unique
analytic structure for which the natural action of G on G2(C™*2) becomes analytic.
Denote by g and £ the Lie algebra of G and K, respectively, and by m the orthogonal
complement of ¢ in g with respect to the Cartan-Killing form B of g. Then g=t®&m
is an Ad(K)-invariant reductive decomposition of g. We put o = eK and identify
T,G2(C™*?) with m in the usual manner. Since B is negative definite on g, —B re-
stricted to m x m yields a positive definite inner product on m. By Ad(K)-invariance
of B this inner product can be extended to a G-invariant Riemannian metric g on
G»(C™*?). In this way G2(C™*?) becomes a Riemannian homogeneous space, even
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space. For computational reasons we normalise g such that the maximal sectional
curvature of (G2(C™*2), g) is eight. Since G2(C?) is isometric to the three-dimensional
complex projective space CP3 with constant holomorphic sectional curvature eight we
shall assume m > 2 from now on. Note that the isomorphism Spin(6) ~ SU(4) yields
an isometry between G,(C*) and the real Grassmann manifold G§ (R®) of oriented
two-dimensional linear subspaces of RE.

The Lie algebra ¢ has the direct sum decomposition ¢ = su{m) ®su(2) &R, where
R is the centre of €. Viewing ¢ as the holonomy algebra of Go(C™*2?), the centre R
induces a Kahler structure J and the su(2)-part a quaternionic Kahler structure J on
G2(C™+2) . If J; is any almost Hermitian structure in J, then JJ; = J;J, and JJ; is
a symmetric endomorphism with (J Jl)2 = I and tr(JJ;) = 0. This fact will be used
frequently throughout this paper.

A canonical local basis Jq, J2,J3 of J consists of three local almost Hermitian
structures J, in J such that J,Ju41 = Ju4p2 = —Jy41J,, where the index is taken
modulo three. Since J is parallel with respect to the Riemannian connection V of
(G2(C™+?),g); there exist for any canonical local basis Ji,Jz,J3 of J three local
one-forms ¢, g2,g3 such that

(1.1) Vxdy = qus2(X) g1 = qus1(X) 2

for all vector fields X on G(C™*?).

2. SOME FUNDAMENTAL FORMULAS FOR REAL HYPERSURFACES IN G,(C™+?)

In this section we derive some basic formulae from the Codazzi equation for a real
hypersurface in G2(C™*2) (see (3, 10, 11, 12, 13]).

Let M be a real hypersurface in G, (C™*2); that is, a hypersurface in G, (C™+2)
with real codimension one. The induced Riemannian metric on M will also be denoted
by g, and V denotes the Riemannian connection of (M,g). Let N be a local unit
normal field of M and A the shape operator of M with respect to N. The Kahler
structure J of G(C™*?) induces on M an almost contact metric structure (¢,€,7, g).
Furthermore, let Jy, J7, J3 be a canonical local basis of J. Then each J, induces an
almost contact metric 3-structure (¢.,&,,7.,9) on M. Using the above expression for
R, the Codazzi equation becomes

(VxA)Y — (VyA)X = n(X)¢Y —n(Y)pX — 29(6X,Y)¢

3
+ 3 {n(X)pY - n(Y)b X - 29(4, X, Y)E, }

v=1
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3
+ 3 {m(@X)b.8Y — 1,(8Y)u8X }

v=1

3
+ 5 (X (Y) — n(¥)m(X)}6. -

v=1

The following identities can be proved in a straightforward method and will be
used frequently in subsequent calculations:

Svs1b = ~Evr2,  DPulut1 = &2,
€ = €, M(dX) = n(d.X),
oubv1 X = duy2 X + M1 (X)60,

So 100X = —pi2X + (X))o 41-

Now let us put
JX =¢X +9(X)N, J,X =¢, X +n,(X)N

for any tangent vector X of a real hypersurface M in G2(C™*2), where N denotes
a normal vector of M in G»(C™+2). Then from this and the formulas (1.1) and (2.1)
we have that

(22) (Vx@)Y = n(Y)AX — g(AX,Y)E, Vxé=9AX,
(2'3) Vx€ = gui2 (X)§u+1 - QV+1(X)£V+2 + ¢, AX,
(Vx)Y = —qus1(X)bu42Y + qui2(X)bv 1Y

Summing up these formulas, we find the following
(2.5)
Vx(8.€) = Vx(¢¢.)

= (VX¢)§V + ¢(Vx§,,)
= qy+2(X)¢u+1§ - qU+1(X)¢V+2E + ¢ PpAX — g(AX, f)&v + n(fv)AX

Moreover, from JJ, = J,J, v =1,2,3, it follows that

(2.6) ¢ X = @ X + m(X)€ — n(X)E,
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3. PROOF OF MAIN THEOREM

Before giving the proof of our Main Theorem let us investigate the question “What
kind of hypersurfaces including hypersurfaces mentioned in Theorem A satisfy the for-
mulas (*) and (**).” In other words, we would like to know whether there exist any real
hypersurfaces in G,(C™*?) satisfying both conditions (*) and (**).

First in this section we shall show that only a tube over a totally geodesic
G2(C™+1) in Go(C™*?) satisfies the formula (*). Next, it can be easily checked that
such hypersurfaces also satisfy the formula (**) from the expression of the derivative of
the shape operator A of this type (see Berndt and the second author [3]). That is, a
tube over a totally geodesic G2(C™*!) in G3(C™*?) has n-parallel shape operator.

Now in order to solve such a problem let us recall a Proposition given by Berndt
and the second author [2] as follows:

For a tube of type A in Theorem A we have the following.

PROPOSITION A. Let M be a connected real hypersurface of G;(C™*?). Sup-
pose that AD C D, A = af, and £ is tangent to DL. Let J, € J be the al-
most Hermitian structure such that JN = J1N. Then M has three (if r = 7r/2) or
four(otherwise) distinct constant principal curvatures

a = V/8cot (\/§r) . B=V2cot (\/ir) , /\ = —ﬁtan(\/ﬁr), p=20
with some r € (0,7w/4). The corresponding multiplicities are
m(a) =1, m(f) =2, m(A) =2m — 2 =m(u),
and the corresponding eigenspaces are

T, = R¢ = RJN,
Ts = CL¢ = CHN,
Th={X|X1H¢,JX = /1 X},
T,={X|XL1H,,JX = -J; X}.

Then for such a tube over a totally geodesic G2(C™*!) in G2(C™*2) we may put
£ = &1, 1€, 626,836 €D, So £ € Ty, and &;,&3 € T

In paper [3] we have proved that the shape operator A of a tube over a totally
geodesic G2(C™*!) in G2(C™*?) commutes with the structure tensor ¢, that is, the
Reeb flow on M is isometric. Then naturally the tube satisfies the formula (*).

Now let us check whether such kind of hypersurfaces in G2(C™*?2) have n-parallel
shape operator or not. Then by the expression for the shape operator A given in [3]
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we know the following for any X,Y,Z € T

3
9(VxAY,2) = -3 {n(¥)9(8.X, 2) - n,(¢Y)9(#6. X, Z)

v=1

—2n.(8X)9(49.Y, Z)}
3
=Y {96 X, Y)0(2) + (08X, Y)g(8,€, 2)}.

v=1

From this, together with the formula (2.1), we know g((VxA)Y,Z) =0 for any X,Y
and Z € ®. Moreover, it can be easily proved that

g((vsz)€21 EZ) = 01 g((V52A)§2, £3) = Oy g((VXA)€2a§3) = Ov

and g((Ve,A)€3,X) = 0 for any X€D. This means that the shape operator A of a
tube over G2(C™*!) is n-parallel.

We now turn to the main theorem. Let us suppose that a real hypersurface M in
G,(C™*?) satisfies the condition (*)

(3.1) 9((4¢ - ¢4)X,Y) =0
forany X,Y in Tp = {X € .M | X L¢}.

From this, differentiating and using the formulas in section 2, we have for any X,Y
and Z in Ty

(3.2) 9((VxA)Y,9Z) +g((VxA)Z,¢Y)
=n(AY)g(X, AZ) + n(AZ)g(Y, AX) + g(X, A¢Y)g(Z,V) + g(X, ApZ)g(Y, V).

On the other hand, by using the equation of Codazzi we have for any X,Y and Z
in To

9((VxA)Y,$2) - g((Vy A)X, ¢Z)
=) m(X)9(8.Y,62) - nu(Y)g(4. X, 62) — 29(.X,Y)1.($2)}
+> {m(9X)9(8.Y, 2) - n.(#Y)9(9. X, 2)}.

Then from this, taking the cyclic sum of (3.1), subtracting the third one from the sum
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of the first and the second formulas and using (3.2), we have

29((VxA)Y,82) = Y {m(X)g(¢Y,62) - n.(Y)g($. X, $2)

-29(¢. X, Y)n.(62)}
=Y {m(8X)9(8.Y, Z2) — nu(¢Y)g(6,. X, 2)}
+ {n(X)9(8.2,4Y) - n.(Z)9($, X, $Y)
—29(¢.X, Z)1.(¢Y)}

(3:3) + {n(6X)9(8.2,Y) - n.($2)9(¢, X, Y)}
+ D Am(Y)9(8.2,6X) - m.(2)9(8.Y, 6X)
— 29(4,Y, Z)n,(9X)}
+> (V)96 2, X) - n(62)9(4Y, X)}

= 2n(AZ)g(AX,Y)

+29(X, V)g(Y, ApZ) + 29(Y, V)g(X, ApZ),

where we have used the condition (3.1) and the formula g(¢¢,X, Z) = g(¢.¢X, Z) for
any X,Z in Ty. Then by direct calculations we assert the following

(34) g((VxA)Y,92) + > m(Y)g(dX,62) + > 9(dX,Y)mu($2)
~2) m(8X)g(8Y, 2) ~ Y m(2)g(duX,8Y) = Y g(¢ X, Z)n.(4Y)
=n(AZ)g(AX,Y) + g(X,V)g(Y, Ap2) + g(Y,V)g(X, A$Z)
for any X,Y and Z in Ty. Replacing Z by ¢Z in Ty, we have
9((VxA)Y,Z) = 6xv.29(AX,Y)9(Z,V) = 3 m.(Y)g(¢. X, 2)
(3.5) Z (6, X,Y)n,(2Z) - 22 m (6X)g(¢,Y, $Z)
=2 w(82)9(6.X,8Y) = Y g(#uX,$2)m.(4Y),

where Gx y,z denotes the cyclic sum of the formula with respect to X,Y and Z.
Now let us assume that a real hypersurface M in G(C™*2) has n-parallel second

fundamental tensor. Then (3.5) gives that

(3.6)

GX,Y,Zg(AXa Y)g(Z.V) = Zunu (Y)g(é.X,2)+ Zug(¢uX1 Y)n.(2)
+2) | 1(8X)g(8.Y,62) + ) mu(82)g(#u X, $Y)
+>_ 9(dX, $Z)n, ($Y).

Now in order to give our result we are going to prove the following:
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PROPOSITION 3.1. Let M be a real hypersurface in G2(C™+?) satisfying
the conditions (*) and (**). If the distribution D is A-invariant, then £ € D or £ € D+.

PRrROOF: Now let us suppose that £ = X; + X, for some X; € © and X, € DL.
Then A = AX; + AX,. This implies

(3.7 PAE = pAX, + pAX,.

Now let us construct a subbundle § = {X € T,ND | ¢X € D}. Then the
subbundle § is invariant by the structure tensor ¢. That is, for any X € § we know
¢ X also belongs to §. By using this fact in (3.6), we have the following

9(AX,Y)g(Z,V) + g9(AY, 2)9(X,V) + g(AZ, X)g(Y,V) = 0.

From this, substituting (3.7) and using the fact that the distribution D is A-invariant,
we have

9(AX,Y)g(¢Z, AX1) + g(AY, Z)g(6X, AX)) + 9(AZ, X)g(¢Y, AX,) = 0
for any X,Y and Z in §. Then by putting ¥ = Z = X in § we have
9(AX, X)g(¢X, AX;) = 0.
From this and linearisation we are able to assert that
9(AX,Y)=0or g(¢X,AX,)=0

for any X,Y € §. These two cases are similar. So let us consider the second case as
follows:

By virtue of the A-invariance of the distribution ©, we know that
AX 1ED.
On the other hand, since ¢X € §, we are able to put AX; € D in such a way that
AXy=af+ ) N&+ ) pidki + Yo,

for some Yy € D orthogonal to the subbundle §. From this formula, the A-invariance
of the distribution D gives that all A\; =0, i = 1,2,3. Then we know that the formula

(38) @b+ mbil+Yo=aXi+aXs+ Y mdXo+ ) mbiXa+ Yo
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belongs to the distribution ©. From this, taking an inner product with X, € D+, then
we have

0 = ag(Xy, X3) = a.

Then we may put
AXp =) mdiXi+ Y pdiXa+ Yo,

where the left side, and the first and the third terms in the right side belong to the
distribution D.

On the other hand, we know that

> widiXz € D
Then it follows that
> pigiX2 €DNDL=0.

Moreover, from this expression it follows that the vectors ¢; X2, ¢2X3 and ¢3 X, cannot
be linearly independent vectors, because X, € D+. So the coefficients p,, i = 1,2,3
cannot be simultaneously vanishing. From this, if we put X; = £, € D1, we know that

p1€3 — u3é1 = 0.

This is in contradiction to dim®+ = 3. Accordingly, we assert that £ € D or
£€Dt. 0

Now let us suppose that the distribution D is invariant by the shape operator A
of M in G, (C"‘”) . Then we consider the following two cases:

CASE I. £ € D and £ is not principal.
Then by the A-invariancy of the distribution © we know

At =l +BU € D.

So the vector U € . Then it follows that the vector V = ¢A{ = B¢U is orthogonal to
@1, $€2 and ¢€3 for a non-vanishing function 8 # 0 on Y. The formula (3.6), together
with V = Z in (3.6), gives that

9(AX,Y)g(V,V) + g(AY,V)g(X,V) + g(AZ, X)g(Y, V)
=3 m(VgdX,Y)+ ) m.(6V)g(6.X,$Y)
=B)_ 9(46,U)g(¢.X.,Y)
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for any X,Y € D orthogonal to ¢£;,¢€2 and ¢€;. From this, putting X =Y =V
and using V = ¢AE orthogonal to ¢, #€2 and ¢€3, we have

29(AX,V)g(V,V) + g(AV,V)g(X,V) =0

and
9(AV,V)g(V,V) =0.

Since the structure vector £ is not principal, we have g(AX,V) = 0, and finally
9(AX,Y) =0

for any X,Y € D orthogonal to ¢&;, p€2 and ¢€3.
From the assumption we know that

9((A¢ — 9A)X, &) =0
for any X € Ty and & € DL. Putting X = ¢¢; € Tp, we have
9(Agti, d;) = 9(A&:, &) = by

Then we are able to consider the following subcases.

SuBcask I.1. U is orthogonal to ¢1&, ¢2€ and ¢3€.

Then if we take an orthonormal basis {£;,&2,&3,&,U, oU, 91, 92, ¢3€} and any
vectors X in T;M, £ € M orthogonal to this basis, the shape operator of a real
hypersurface M in G2(C™*2) is given by

B
o 0
B ?

0 0

where the matrices B and C are given in such a way that

ay 0 0
B=|0 a 0
0 0 [0 %]

and

o o O
| SR |

o R ™

Q
Il
| —————]

o ™ R
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Now for any X,Y,Z € Ty the formula (3.6) gives that
9(AX,Y)g(Z,V) + g(AY, Z)9(X,V) + g(AZ, X)g(Y, V)
=> w96 X, 2)+3 " m(2)9(4.X,Y)
+23" n.(6X)g(8Y, 62)
+_ m(92)9(8.X,8Y) + ) _ 9(6.X, $Z)n($Y).

Now from this, we are going to prove that o; = 0, i = 1,2,3. That is, the matrix B
should be zero.

In fact, by substituting X =&,,Y =¢; and Z =V we have

9(A&, 6)g(V, V) = ag(V, V) = 0.

Next we are able to show that the function v = g(AU,U) = 0 on the open set il in M.
In fact, by putting X =Y =U and Z =V in (3.6) we have

g(AU,U)g(V,V) = 75 =0.

Otherwise by putting X = U and Y € D orthogonal to &, U, @U, $:1£, #2€, ¢3¢ and
Z =V in (3.6) we know that '
g(AUY) =0

for any Y € D orthogonal to {&,U, ¢U, $1&, o€, #3€}. Moreover, we know that

9(AU, ¢U) = —g(¢AU,U) :
= g(U, A¢U) = g(U, pAU) = g(¢ AU, U),
where we have used the formula (*) in the third equality. From this we know

g(AU, ¢U) = 0, which gives the matrix C. Summing up this situation, the shape
operator A is given by

0

for the basis {&,U, dU, &1, &2, &3, 1€, $2€, ¢3¢} of M in Go(C™+?2). Then on a distribu-
tion To(z) = {X € T, M | X L} the shape operator A of M in G, (C”‘+2) satisfying

https://doi.org/10.1017/5S0004972700038934 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038934
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the formula (*) and (**) is given by

A =oaf+ U,
AU = B¢,
AX =0

for any X orthogonal to £ and U. From such an expression for the shape operator we
know that the distribution To(z) is integrable.

On the other hand, Chen and Nagano [5] showed that the maximal totally geodesic
submanifolds of G,(C™*?) are

G2(C™*1), CP™, CP* x CP™ % (1 < k < [m/2)), G2(R™*?)

and HP"™ (if m = 2n). Among them the totally geodesic submanifold in G2 (Cm+?)
with maximal dimension 4(m — 1) is G2(C™*!). Then the integral submanifold is a
complex hypersurface with the distribution Ty given by

To(z) = To(G2(C™*)) @ U & ¢U,

where

dim Go(C™*1) = 4(m — 1) = dim G2(C™) — dim{N, ¢, U, ¢U}
and N denotes the unit normal to M in G,(C™+?).

SuBcCASE 1.2. U = ¢¢£; is orthogonal to ¢2€ and ¢3€.
In this case we may put

AL = af + Bh&.
By using a similar method to that given in Subcase 1.1 we are going to prove that
9(AX,Y)=0
for any X,Y 1§, U = ¢1£. Then for an orthonomal basis {£1,£2,£3,&, $1€, 926, 93}

and any vectors X in T, M, £ € M orthogonal to this basis, the shape operator A of
a real hypersurface M in G2(C™+2) is given by

D 0
0o 0
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where the matrices D and E are given in such a way that

ay 0 0

D=10 a2 0

0 0 (0%}

and :
a B 0 0
ﬁ 43} 0 0
E=

0 0 Qg 0
0 0 0 3

Now if we put X =¢&;,Y =¢&; and Z =V in (3.6), we have
g(Agla El)g(va V) = alg(v7 V) = 0)

and similarly by putting X = £3,Y = &, (respectively X = §&;,Y =¢&3)and Z =V in
(3.6) we know the following respectively

g(A£2’ £2)Q(V, V) = g(A§3a§3)g(V1 V) = 0,

which means a; = a3 = 0 in this Subcase. In such a case, the integral submanifold is
foliated by a complex hypersurface with the distribution

To(z) = Tz (G2(C™*1)) @ 961 & 1.

Case Il. £ € D and £ is principal.

Then in this case by Theorem A due to Berndt and Suh 2] we assert that M is
locally congruent to a tube over totally geodesic G2 (C™+!) in G, (C™*2) or a tube over
a totally real totally geodesic HP™, m =2n in Go(C™*?). If M is locally congruent
to a tube over G2(C™*!), then its shape operator A commutes with the structure
tensor ¢ (see Berndt and the second author [3]). From such a view point we know that
this type of hypersurface satisfies all the assumptions in our main theorem.

But when M is congruent to a tube over a totally real totally geodesic HP",
m = 2n in G2(C™*?), the shape operator A satisfies the following:

For any X € Teotr we know that A¢X = tanr¢X , where T,., denotes the eigen
space of M with eigenvalue cotr. Then if this type satisfies the assumption (*), we
have '

9((A¢ — ¢A)X,Y) = (tanr — cotr)g(¢X,Y) = 0,

which gives a contradiction. So this type of real hypersurface cannot occur.
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Casg III. £ € Dt and £ is not principal.
Since we have assumed that £ is not principal, we may put

Af = af + BU.

From this, together with the A-invariance of the distributions © and ©+, we have
U € D+. Moreover, pAE = BoU € D+ and {&1,€2,&3, 91€, 926, P36} € DL

Now if we put V = Z = ¢ A£ into (3.6) and use the above properties, we have for
any X, Y €D

9(AX,Y)g(V,V) =D m(V)g(#X,Y) + D m(dV)g(#uX,4Y).

Then by taking skew-symmetric part we have

Mm(V)g($1X,Y) + n2(V)g(¢2X,Y) + 13(V)g(¢3X,Y) = 0,
where we have used the formula (2.6) and the symmetric property

g(¢uX’ d’Y) = _g(¢¢qu Y)
(3.10) = —g(4,¢X,Y)
= g(¢X,¢.Y).

Then by putting ¥ = ¢; X € D, i = 1,2, 3, respectively, we have 7;,(V) =0, i =1,2,3.
This means that 7;(V) = Bg(&,9U) = 0. Since the function 8 # 0 on an open
set U = {p e M| B(p) # 0}, the vector ¢U € D. But we already know that
PAE = BU € DL. This implies ¢U = 0, that is, the vector U should be zero, which
gives a contradiction. Accordingly, we conclude that this case cannot occur.

Case IV. £ € D+ and ¢ is principal.

Then in such a case we may put £ = & € D+. Moreover, by virtue of Theorem
A due to Berndt and the present author (3] a real hypersurface M in G»(C™*?) is
congruent to a tube over a totally geodesic G2(C™*!) in G,(C™*2). Moreover this
type of hypersurface satisfies both formulas (*) and (**).

Then summing up all of Cases I, I, III and IV mentioned above, we give a complete
proof of our main theorem in the introduction. g
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