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Regulators of an Infinite Family of the
Simplest Quartic Function Fields

Jungyun Lee and Yoonjin Lee

Abstract. We explicitly find regulators of an infinite family {L, } of the simplest quartic function
fields with a parameter m in a polynomial ring F4[¢], where Fy is the finite field of order g with
odd characteristic. In fact, this infinite family of the simplest quartic function fields are subfields of
maximal real subfields of cyclotomic function fields having the same conductors. We obtain a lower
bound on the class numbers of the family {L,, } and some result on the divisibility of the divisor
class numbers of cyclotomic function fields that contain {L, } as their subfields. Furthermore, we
find an explicit criterion for the characterization of splitting types of all the primes of the rational
function field F4(¢t) in {Ln }.

1 Introduction

Gras [4,5], Lehmer [13], and Shen [19] found families of monic irreducible polynomi-
als with integral coefficients and constant term one whose Gaussian periods have de-
gree 3,4, 5, 6, and 8, respectively; these polynomials are called the simplest cubic, quar-
tic, quintic, sextic and octic polynomials, respectively. Lazarus [11], Louboutin [15],
and Washington [22] studied a family of simplest quartic number fields. They were
interested in finding regulators and class numbers of the family of simplest quartic
number fields, and they found simplest quartic number fields with small class num-
bers. In the case of function fields, Bae [1] and Feng and Hu [3] obtained the criteria
for class numbers one or two for some family of quadratic function fields, and they
found all quadratic function fields in the family with class numbers one or two. More-
over, Wu and Scheidler [24] considered a quartic function field K that is biquadratic,
and they characterized splitting types of all the rational places in K and found their
invariants such as genus, integral basis, and discriminant.

Let k = F,(t) be a rational function field, where I, is the finite field of order q
with odd characteristic. We study an infinite family {L,, } of cyclic quartic function
fields given by L,, = k(a,,), where a,, is a root of x* — mx® — 6x* + mx +1and m is
a monic polynomial in F,[¢] such that m?> + 16 is square free in Fy[¢].

We explicitly find regulators of an infinite family { L, } of the simplest quartic func-
tion fields with a parameter m in a polynomial ring ;[ t], where [ is the finite field
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of order q with odd characteristic (Theorem 1.1). In fact, this infinite family of the
simplest quartic function fields are subfields of maximal real subfields of cyclotomic
function fields with the same conductors. In fact, computation of regulators can make
some contribution to finding class numbers of the family {L,,}. We obtain a lower
bound on the class numbers of the family {L,,} (Section 6) and some result on the
divisibility of the divisor class numbers of cyclotomic function fields which contain
{L,, } as their subfields (Section 8). We find all the cyclic quartic function fields in the
family {L,, } whose class numbers are less than or equal to 20 with the positive degree
of m (Table 3). Furthermore, we find an explicit criterion for the characterization of
splitting types of all the primes of k in {L,, } (Theorem 7.2); this is very useful due to
its important role in computing the class numbers of L,, and zeros of zeta functions
of L,, as mentioned in [17].
Our main result is the following theorem.

Theorem 1.1 ~ Let m be a monic polynomial in F 4[] such that m* + 16 is square free
in Fy[t). Then the regulator R(Ly,) of Ly, is a factor of 2(deg m)? and

1 3
R(Ly) > E(deg m)°.

Moreover, if deg(m) is an odd prime or ¢ = 3 (mod 4), then the regulator of Ly, is
explicitly given by R(L,,) = (degm)>.

Table 1 and Table 2 in the appendix present some lists of m and q satisfying our
conditions to determine R(L,,). We prove the existence of an infinite family {L,, }
satistying the conditions of Theorem 1.1 in Section 5. Moreover, we determine all g
and m for which the class numbers of L, in the family are less than or equal to 20 in
Section 6. The same types of quartic fields are discussed for the number field case in
[11,15]. There is a significant difference between the number field case and the function
field case in determining the index Qp,, := [U(Ly) : U(K)U(Lm/Km)], where K,,,
is the unique intermediate quadratic subfield of L,,/k, U(L,,) (respectively, U(K,,))
is the unit group of the maximal order of L, (respectively, K,,), and

U(Lm/Km) :={€ € U(Lm) | Np,x, (€) = €a’(e) € F }.
2 Preliminary

Let k = F,(t) and let L,, = k(«,,) be a quartic extension of k that is generated by a
root a,, of x* — mx® — 6x* + mx + 1, where m is a monic polynomial in F,[] such
that m? + 16 is square free in IF,[]. Then the unique intermediate quadratic subfield
Ky, of L, [k is in fact k(v/m? +16). It is known that L,, is a cyclic extension of k such
that Gal(L,,/k) = (o) and Gal(L,,/K,,) = (a*), where

oy, —1

o(am) = Oy +1
m

Let U(L,,) (respectively, U(K,,)) be the maximal order of L,, (respectively, K,,) as
before. Let U(Lyu /Ky ) := {e € U(Lw) | Ny, /x,, (€) = €0*(e) € F3}. It is known [4]

https://doi.org/10.4153/CJM-2016-038-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-038-2

Regulators of an Infinite Family of the Simplest Quartic Function Fields 581

that there is 7, € Ly, such that U(Ly/Kn) = Fy x (f1m, 0(#1)), and we call ,, a
relative fundamental unit of L,, over K,,.

The infinite prime p o of k splits completely in L,,. Therefore, there are four em-
beddings of L,, into ke, = Fy((t™")) associated with the infinite primes 93; of L,
lying over o, with i = 1,2, 3, 4, where k., denotes the completion of k at ... We fix
one of the embeddings associated with ‘J3; to define the degree of an element of L,,
throughout this paper. For a nonzero element a = Y50, ¢;t™" € koo, where m € Z,
ci €Fg(i>-m),and c_,, # 0, we have the valuation v,__ (a) = —m, so we define the
degree of a to be dega = m. Let R(L,, ) (respectively, R(K,,)) denote the regulator of
L, (respectively, the regulator of K,,) and fore; € U(L,,) (i =1,2,3),

dege dege, dego(es)
R(er,€2,€3) = | dega(e;) dego(e;) dega?(es)
dego®(e) dego®(ey) dega’(es).

Throughout this paper let Dy, /k,, (respectively, Dy /i) be the discriminant of L,
over K, (respectively, L,, over k).

3 Determination of Relative Regulators

In this section we show that the relative fundamental unit #,, of L,, over K,, is equal
to a root a,, of x* — mx® — 6x* + mx + 1 up to a constant in [F7, under one of the
following two conditions:

* deg(m) is an odd prime,
* g=3 (mod 4).
It is known [4] that Qp,, := [U(Ly) : U(K;y)U(L;u/Kym)] equals 1 or 2 and
R(€xp> Mm> 0 (Mm)) = Qu,, R(Lim).

Thus, for a determination of R(L,,) and the relative fundamental unit #,,, we need
a lower bound and an upper bound of R(¢e, >0 (1m)). We note that for a €
U(Ly/Ky)and € U(K,,), we have

R(B. @, 0(a)) = 2deg(B)( (dega)® + (dego(a))?).
Proposition 3.1  Let 1]y € Ly and ey, € Ky such that U(Ly[Kp) = Fox(1m, 0(1m))
and U(K,,) = T x (em). Then we have (degm)® < R(ems fm> 0(m)) < 2(degm)?.
Proof Since a,, € U(L,,/K,,), we have
R(€m> Nm>0(m)) < R(€ms tm, 0(tm)) = 2deg(em)( (degoc,,,)2 + (dega(ocm))z).

We note that «,,, = m+%+-~,o(ocm) = 1+%+~--,andem =m+vVm2+16=2m+---
(see [3, proof Theorem 4.1]). Thus, we have dege,, = degm, dega,, = degm, and
dego(ay, ) = 0. Finally, we obtain that

R(€ms >0 (1m)) < 2dege,( (degan)’ + (dego(am))?) = 2(degm)’.

Now we note that Dy, = Nx,, /x(D1,/x, )Pk, = (m*+16)*. Since D,, = m*+16, we
note that N, /x(Dy,, /x, ) = m* +16. Moreover, Dy /., divides (#n — 0> (#m))* in
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K. Thus (m?+16) divides (1, — 0% (#1m))*(6(m) = 0> (1m))? in k. Since 02 (#1,,) =
1/ and 6°(1,n) =1/0(4m ), we have

deg(m? +16) < 2| deg 1n| + 2| deg o (1n)| < 2V2((deg 1m)* + (dego(11m))?)
this is because a + b < /2(a? + b?) for positive numbers a, b. It thus follows that
(deg(m* +16))* < 8((degnm)* + (deg o (11m))?). u

3.1 Determination |

In this section, we determine a relative fundamental unit of L,, over K,, under the
first condition that deg(m) is an odd prime.

Theorem 3.2  If deg(m) is an odd prime, then a,, is a relative fundamental unit of
L,, over K,, up to a constant in IE‘;.

Proof We note that
Qr,R(Lm) = R(€ks Nm> 0 (1m)) | R(€x,> Xms> 0(¥m)) = 2(degm)3

and (degm)?® < R(ex,,» 1m>0(Mm)) = Qr,, R(Lym) < 2(degm)>.

If Qr,, =2, we have R(L,,) | (degm)?® and 1/2(degm)® < R(Ly,) < (degm)>. If

deg m is an odd prime, then we have R(L,,) = (degm)? and
R(eKyp> M 6 (m)) = R(€k,y> Am> 0 () = 2(degm)®.

If Qr, =1, then R(Ly,) = R(ex,,> fm>0(fm)). We note that R(L,,) is an even
integer since R(ex,,, #m> 0 (1m)) is an even integer. Let R'(L,,) := R(L,,)/2. Since
R(L,,) | 2(degm)?® and (deg(m))* < R(Ly,) < 2(degm)?, we have

R' (L) | (degm)?

and 1/2(deg(m))* < R'(L,,) < (degm)>. If deg(m) is an odd prime, then we have
R'(L,,) = (degm)® and R(ek,,» 1m>0(m)) = R(ek,,» tm, d(an)) = 2(degm)?>.
Since &, € U(Lyy/Ky), we have oy, = c%0(#,,)? for a,b e Z and c € [F;. We have

R(ex,,s Am> (o)) = (a* + b*)R(ex,,> Nm>0(1m)). Hence R(ex,,> Nm>(Nm)) =
R(ex,,» Am> () implies that a,, = cn! or co(n,)*!; this implies that a,, is a
relative fundamental unit up to constant in Fy. ]

3.2 Determination Il

In this section, we determine a relative fundamental unit of L, over K,,, under the
second condition that g = 3 (mod 4).

Theorem 3.3 Ifq =3 (mod 4), then a,, is a relative fundamental unit of L,, over
Ky up to a constant in IFj.

Proof Our proof proceeds in a similar way as the proof of Theorem 3.5 in [18]. There
i8 71m € Ly such that U(Ly/Kim) = Fy % (11, 0 (11m)), s0

E(Ln/Kp) = U(Lw[Kn)[Fy = Z[0]/(0® +1) = Z[i]
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as Z[o]-modules. Thus there are B € Z[i] and ¢ € F such that a,, = 611/3,1. Moreover,
E(atm) == {am,0(am)) ~ BZ[i] as Z[o]-modules.

Thus [E(Ly/Km) : E(am)] = [Z[i] : BZ[i]] = Ng(iy/o(B)- From Proposition 3.1,
we know that [E(Ly, /K ) : E(a)] < 2. If we assume that

(E(Lm/Km) : E(am)] = N(B) =2,

then (1- i) divides 8 in Z[i]. Thus, for an element 7, € E(L,,/K,, ), we have that for
celFy, any = ™). Now we consider a prime p,, of k which is totally ramified in
L. In other words, %, = p,, for a prime p,, of L,,. Since

o' (tw) =1, inOp, Jom (i=0,1,2,3),
for c € Fj, we have o' (am) =cin O, [om, (i =0,1,2,3), where O, is the maximal
order of L,,. Thus we have that for c € IF;,

x*—mx® —6x* +mx+1=(x-c)*inOp, [om.

This implies that for ¢ € Fy, ¢* = -1in Oy, /. Since c is an element in Fg =
-1in Oy, /pm implies that —1is a square in IF;. Thus, we find that if —1 is not a square
in Py, then [E(L,,/Ky) : E(am)] = 1. Moreover, we note that —1is not a square in [
ifand only if g =3 (mod 4). This completes the proof. ]

4 Proof of the Main Result

In this section, we first compute Qy,, and then complete the proof of Theorem 1.1.
For this we need the following three lemmas. Gras [4] found the method to deter-
mine Qp,, in the number field case, and we develop its function field analogue in this
section.

Lemma 4.1 Q, = 2ifand only if Ny k,(U(Ln)) = U(Kp), where Ny, /k,,
denotes the norm map from Ly, to K,.

Proof We consider a map ¢: U(L,,) - U(K,,)/U(K,,)?, which is the composi-
tion of two maps Ny /k,:U(Lw) — U(K,,) and the canonical map m: U(K,,) —
U(Kp)/U(K,)?. Then we have ker ¢ = U(L,, /Ky )U(K,, ). Thus

[U(Lm) : U(Kn)U(Lin/Kin)] | [U(Kn) : U(Km)z] =2.

Moreover, if Ny, /k,, (U(Lm)) = U(Ky,), then ¢ is surjective. Thus, in this case we
have [U(Ly) : U(Kn)U(Li/Km)] = [U(Kp) : U(Kp)?] = 2. u

The following lemma is a criterion to determine if Qy, is 2. A similar criterion in
the number field case is given in [4].

Lemma 4.2 LetU(Ky,) = Fyx(em) and U(Ly/Km) = Fyx(fms 0(11m)). femiy,°
is a square in U(Ly, ) up to a constant in Fy, then Qr,, = 2.
I+o —1-¢*

Proof Sincee,,”, 1, 7 €Fy, u® = cenni®, (ce IF;) implies that

2(140) _ . d+0 1-0* _ 1.2 ’ *
u =6 M’ =My (' ceFy).
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Thus 7, = it €m = czui:{"z, for (1, ¢ € Fy ). Thisimplies thate,, = c3Np,, /x,, ()
foru € U(Ly) and c3 € F7. Hence from Lemma 4.1 we can conclude that Q;,, =2. W

We first show that €,,77},“ is a square in U(L,,) up to a constant in . Then we
have by Lemma 4.2 that Qr,, = 2. It follows that R(L,,) = (degm)?. It is thus enough
to show that €,,7%. % is a square in U(L,,) up to a constant in 3. To check if €, nee
isasquarein U(L,,) up to a constant in I}, we need the following lemma.

Lemma 4.3  Let E be a quadratic extension of F and v € E. If Ng/p(7) is a square in

F and Trgp(1) + 24/Ng/p(7) or Trg/p(7) — 24/ Ng/p(7) is a square up to a constant

of F in F, then 7 is a square in E up to a constant in Fy.

Proof Suppose that Ng/r(7) = w?, Trg/p(1) + 2¢/Ng/p(1) = au® for a € 7, and
u,w € E. Then we can see that

Nge(at) = a*Ngjp(1) = (aw)?,

Trg/p(at) + 24/ Ngjp(at) = (au)’.
From [14, Proposition 3.1], we have
at++/N, ar
\/E: E/F( ) )
\/TrE/F(aT) +2\/NE/F(QT)

It thus follows that 7 is square in E up to a constant in ;. Similarly, we can prove

the same conclusion in the latter case that Ng/p(7) and Trg/p(7) — 2\/Ng/r(7) are
square in F. |

Proof of Theorem 1.1 In Theorem 3.2 and Theorem 3.3, we find that if degm is an
odd prime or ¢ = 3 (mod 4), then 1,, = ca,, for ¢ € F7. Thus we have 7, :=
EmNm[0(Mm) = €Em@m[0(ctm ). We note that

NLm/Km(Tm) = efn’

Trr, /K, (Tm) + 24/ NL,/k,, (Tm) = €m (4 + Vm? +16),
Ter/Km(Tm) -2/ NL,,,/K,,,(Tm) =en(Vm?+16).

We note that one of

Ter/Km(Tm)+2\/NLm/Km(Tm) and Ter/Km(Tm)_Z\INLm/Km(Tm)

is given by €,,(4 + Vm? +16) € K,,. Moreover, 8,, = €,,(4 + Vm? +16) € K, is

square in K, if either Trg,, /x (0 ) +2\/Nk,,/x(0m) or Trg,, /k(8m) = 24/ Nk, /k (0m)

is square in k. We note that

N, /k(0m) = 16m?,

Ter/k(am) +24/ NKm/k(‘Sm) = (2m2 +8m + 32+ 8m),
Ter/k(am) - 2\/ NKm/k((sm) = (2m2 +8m+ 32— 8m).
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Either Tr,, /k(8m) + 2y/Nx,, /k(8m) or Tri, /k(0m) — 2/Nk, /x (O is 2(m + 4)2.

Hence, from Lemma 4.3, we have that §,, is a square in K, up to a constant in IFZ and
Tm is @ square in L, up to a constant in F3. This completes the proof. ]

5 Infinitely Many Families of Quartic Function Fields

In this section, we show that there are infinitely many primes g such that h(t)? +16 is
square free in IF,[t], where h(t) is a given monic polynomial in Z[t]. Consequently,
Theorem 1.1 holds for infinitely many families of the simplest quartic function fields.

Proposition 5.1 (i) Let h(t) be of the type t*+c e F,[t] withc € . Then h(t)?+
16 is square free in IF [ t] for all but finitely many primes q.

(i) Leth(t) = t* +at*" e Z[t] and a = — 5 Ifh(a)? +16 4 0, then h(t)* +16
is square free in F [ t] for all but finitely many primes q.

Proof (i) We easily find that a nonzero polynomial f(t) € Q[¢] is square free if and
only if f(t) is relatively prime to f'(t) in Q[¢]. Since h(t)? +16 = (t¥ + ¢)? + 16 and
2h(t)h'(t) = 2k(t* + ¢)t*! are relatively prime in Q[¢], h(t)? + 16 is square free in
Q[ t]. Now we claim that for f(t), g(t) € Z[¢t], if f(g(t)) is square free in Q[¢], then
F(g(t)) € Fy[t] is square free for all but finitely many prime g, where @ denotes the
reduction of coefficients of « € Z[t] modulo q. If f(g(t)) is square free in Q[¢], then
f(g(t))and f(g(t)) are relatively prime in Q[ ¢]. Hence, there exist h;(¢) and k()
in Q[#] such that f(g(#))hi(t) + f(g(t)) ha(t) = 1. Thus for g such that

G fEM)#0, m(t)#0, f(g() £0, ha(t) #0,

we have f(g(t))h(t) + f(g(t)) hy(t) = 1. Equivalently, f(g(t)) and f(g(t))’ are
relatively prime. Since there are finitely many primes g that do not satisfy the condi-
tion of (5.1), it thus follows that f(g(t)) is squarefree in F, [¢] for all but finitely many
primes g. Consequently, we obtain the result.

(ii) We proceed in the same way as (i). We note that 4'(t) = kat*~!(t — «). Thus,
h(a)? +16 # 0 implies that h(t)* + 16 is relatively prime to 2h(t)h’(t) in Q[¢t]; so
h(t)?* + 16 is square free in Q[¢]. The result thus follows. |

Remark 5.2 In Proposition 5.1, we find infinitely many m and g such that m?* + 16
is square free in Fy[t]. Moreover, Table 1 and Table 2 in the appendix present a list of
m and q satisfying our conditions to determine R(L,, ).

6 A Lower Bound of Class Numbers of our Family and Determina-
tion of Small Class Numbers

Let R(K) be the regulator of K, h(K) the divisor class number (that is, the number
of divisor classes of degree zero of K), and h’(K) the ideal class number of K (that
is, the number of ideal classes of the maximal ideal Ok of K), simply a so-called class
number of K throughout this paper. Then we have that h(K) = R(K)h'(K).
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Lemma 6.1 (Weil Theorem) Let K be a global function field whose constant field F
has q elements. Let N1(K) denote the number of prime divisors of degree 1 of K and let
gk be the genus of K. Then |N(K) — q - 1| < 2gx\/q.

Proof See [16, Proposition 5.11]. [ |

Let K be a function field over F; and K be the constant field extension of K with
an extension degree n. Since gz = gk, we have

(6.1) Ni(K) > q" +1-2gx+/q".

Lemma 6.2 Let K be a function field over Fy and K be the constant field extension
of K with an extension degree n. Let P be a prime divisor of K. If deg, (P) divides n,
then P splits into deg, (P) primes of degree 1 in K.

Proof See [16, Proposition 8.13]. [ |

We thus can see that the number of integral divisors of degree » in K is at least
N] (K)/T’l

Lemma 6.3 (Riemann-Roch Theorem) The dimension d(C) of a divisor class C of
degree 2gx —1in Kis d(C) = degC +1— gg.

Lemma 6.4 'The genus g, of Ly, is given by g1, = 3(degm —1).

Proof Since the infinite prime in k splits completely in L,,, we obtain the result due
to the Hurwitz genus formula. ]

In the following theorem, we obtain a lower bound of the divisor class numbers of
{L, }; cases of quadratic function fields have been treated in [3, Theorem 4.1].

Theorem 6.5 If degm > 1, then the divisor class number h(L,,) of L,, has a lower
bound given by

2y, -1

q-1 q*¥»'+1-2g; q

h(Ly) >
q&m —1 2¢g1,, —1
Moreover, if degm =1, then h(L,,) = 1.

Proof If degm =1, then the genus of L,, is 0 by Lemma 6.4, and so the divisor class
number of L,, is 1.

Now we consider the case when deg m > 1. Let n = 2g;,, —1. Then the number of di-
visor classes of degree nis h(L,, ), and thereare (¢%(©) —1)/(q - 1) integral divisors in

each class C. Thus the number of integral divisors in L,, is (L., )(q%(®) =1)/(q - 1)

and it is greater than or equal to ™ (nL’") , where L, is a constant extension of L,, of an

extension degree n. It thus follows from (6.1) that

¢ -1 Ni(Lw) _ q"+1-2¢1,4°
q-1 — n n )

h(Lm)
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Theorem 6.6 If degm > 1, then the ideal class number h'(Ly,) of Ly, has a lower
bound given by

6(degm)—7

W (L) > 1 g-1 qodesm)~7 11 _6(degm —1)q~ >
"7 2(degm)? g3(degm-1) 1 6(degm) -7

Moreover, if degm =1, then h'(L,,) = 1.

Proof We note that
n=2gr, —1=6(degm)—-7 and d(C) =g, =3(degm—1).

From Proposition 3.1, we have R(L,,) < 2(degm)>. Thus we obtain the result from
Theorem 6.5. ]

Corollary 6.7 If h'(L,,) < 20, then either degm = 1or q < 11 and degm < 4.
Moreover, the list in Table 3 is a complete list of q and m for which the class numbers of
L,, are less than or equal to 20, where deg m > 1, and the class number computation is
made by Magma.

7 Contribution to Computing Divisor Class Numbers of Cyclic
Quartic Function Fields

Let Ly, (u) = H‘]g:l(l - wju), where g is the genus of L,,. Then it is known that
h(Ly) =Ly, (1) =q%L,(1/q). Foru =g°,wehave L, (u) = (1—u)(1-qu){y,(s),
where {Lm (5) = Zuzo N(a)_s = H;L Hdeg(p):v #

We note that

1 p—
1-u’

G =11 11

v=ldeg(p)=v

(L, (uw)CE,, (w).

Since an infinite prime on L, splits completely in L,,, we have {7° (u) = ﬁ More-

over, for a monic irreducible p € F,[¢],

SRORININ

v=ldegp=v p|p

We note that for a monic irreducible p € Fy[t] with degp = vand p | p,

@-u)™ i (e(p) f(p) g(p)) = (LL4),
oL ) ) ) a(p) = (12.2)
ST ) (-w) i (e(p), f(p) g(p)) = (4,1,0),
@-u) i (e(p), £(p) g(p)) = (L4,D),

where for the extension of L,, over k, e(p) is the ramification index of the prime ideal
(p), f(p) is the residue class field degree of (p), and g(p) is the number of the primes
of L,, lying above (p).
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Thus by defining
L if(e(p): f(p)-g(p)) = (L1 4),
Zi(p) = (0" if(e(p). f(p)-g(p)) = (1,2,2),
' 0 if (e(p) f(p).&(p)) = (4,1.1),
G if (e(p), f(p).&(p)) = (L4,1),

we can rewrite

G =11 II (=) TI0- Zdp))

v=1 deg p=v

We define S, (€) = Y geg pv Z;zl Zi(p)®. Since

[T I -w)t=0-qu™,

v=1deg p=v

we can rewrite
1 oo
logh(Ly) = glogq —3log(1- =) + >
q =
Thus, we have h(L,,) = E(1)e?®), where

1 A
log E(A) = glogq - 3(1—5) Z

B1) - 3 o T8.(5),

(2 v|e
and [h(L,,) — E(A)| <|E(A)]|(eB?) —1)|. Moreover, we have that

E(A)<eglogq—3log(l—é)( \/q )Zg(i)?a’

Va-1 tq-1
B()L)< 2g q—%_*_ 2g \/q q—¥+ 3 q q—/Hl
A+1 A+2/g-1 A+lg-1

(see [17]).

Computation of E(1) To compute E(1), we need to calculate S, (€). In the follow-
ing, we represent S, (£) by using the number of primes p of k with a given signature
(e(p), f(p).g(p))inL,,. Wedefine N;(v) as follows: N;(v) := the number of primes
p with degree v such that

(1,1,4) ifi=1,
(1,2,2) ifi=2,
(4,1,1) ifi=3,
(1,4,1) ifi=4.

(e(p), f(p)-&(p)) =

Then we have the following theorem.
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Theorem 7.1

3(N1(v) + N2(v) + Ng(v)) if€=0 (mod 4),
3N1(v) = (N2(v) + No(v)) if€=1 (mod 4),
3(N1(v) + N2(v)) — Na(v) if€=2 (mod 4),
3N1(v) = (N(v) + Ng(v)) if€=3 (mod 4).

Sv(g) =

Proof By the definitions of N;(v), S,(€), and Z;(p), we can obtain the result by
simple computation. ]

We can find an explicit criterion for characterization of signature types of all the
primes of k in {L,, } since S, (¢) is explicitly determined by signature types of all the
primes of k in {L,, }.

Theorem 7.2  Signature types of all the primes of k in {L,, } are explicitly determined
as follows:

(L1,4) ifAn#0 (mod p), (Le) =1, (Ae=/Ba) =,
(1,2,2) ifA, #0 (mod p), (2 (m) 41
(4,1,1) ifm=0 (mod p),An od p),

(L,4,1) ifA, #0 (mod p), (
where (;) denotes the Legendre symbol.

S

>

e ) ) =
(e(p). f(p).g(p)) = 0 (m
) #1,

>
“"s 1 ‘u\

Proof We have

x*—mx® —6x® +mx+1=(x—apm) (X — Qam)(x - @3.m) (X — dg,m)

with
1{ m+ \/Am Ap +mV/ Ay
Olm = — ,
by 2 2
1{m—-/An, - m\/ Ay,
‘x2,m - 5 >
2 2 2
1 m+\/Am Ay +m/ Ay
A3 m = >
b=y 2 2
m-—~/A, ANy —mV/ Ay
X4 m - .
2 2 2
The result thus follows immediately. [ |

Complexity of Computation of E(1) See [17, 4.1].

Let t(1) be the time required for computing E(A). For computing E(1), we need
to calculate S, (i) for v < A. We can represent S, (i) using the number of primes in k
with a given signature type. Thus t(1) is approximately the product of the number of
irreducible polynomials and the running time T to determine the signature type of
the principal ideal (p(t)) for an irreducible polynomial p(t) € Fy[t]. Therefore, the
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complexity of computation of E(A) is given by O(% T). We note that the complex-
ity of computation of E(1) depends on A. If we have the exact value of the regulator
R(K), then we can possibly obtain a more efficient algorithm for computing the di-
visor class number h(L,,) of L,, by the reduction of E(1). We discuss more details
below.

Using the upper bound of E(A) and B(1), we can compute the error term of
h(Lm) — E(A). The fact that h(L,,) is an integer is importantly used for finding the
truncated point of A to make the error term

(71) IE(V) (eP® —1)] < 1/2.

Since h(L,,) is a multiple of R(L,, ), if we know the exact value of R(L,,), then the
truncated point of A is the smallest integer satisfying

(72) [EQ)(e®™ =1)| < R(Lw)/2.

Since E(1)eB™) —1is a decreasing function on 1, the smallest integer satisfying (7.2)
is much smaller than the smallest integer satisfying (7.1).

8 Divisibility of Divisor Class Numbers of Cyclotomic Function
Fields

In this section, we study the divisibility of the divisor class numbers of cyclotomic
function fields which contain {L,, } as their subfields.

Let E be a finite abelian extension of k. Then the conductor of E is the monic
polynomial N € Fy[¢] such that k(Ay) is the smallest cyclotomic function field con-
taining E. Recall that the cyclotomic function field k(Ay) is defined via the Carlitz
module [16, Chapter 12].

If m* + 16 is square free in Fy[t] for m € Fy[t], then the discriminant D(K,,)
(respectively, D(L,,)) of K,, (respectively, L,,) over k is m? + 16 (respectively,
(m? +16)?). Since L,, is a cyclic extension of k with the unique quadratic subfield
K., the conductor f(L,,/k) of L,, over k is equal to

F(Lm/k) = (D(Lw)/D(Kp))? = m*+16

[7, Corollary on p. 332]. It thus follows that L, is a subfield of the cyclotomic function
field k(A p2416)-
We note that for a monic polynomial m € F,[t], we have

L _k(\/m2+16+m\/m2+16)

2

Moreover, for m = t% + ag_1t%" + -+ ag e Fy[t] and u = ¢!,

\/m2+16+m\/m2+16
2

Since u = 1/t is a local parameter of the infinite prime g, of k, poo splits completely

in L,, and L,, is a subfield of the maximal real subfield k(A ,2,16)" of the cyclotomic

function field k(A ;2,16 ). Then the divisor class number h(k(A,2416)") is divisible

=u by by D e Fy((u)).
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by the divisor class number h(L,,) as k(A,2416)" is a geometric extension of L,
[16, Corollary 1, p. 252]. We therefore obtain the following result.

Theorem 8.1 Let m € F,[t] be such that m* + 16 is square free in Fo[t] and q =
3 (mod 4). Let k(Ay2416)" be the maximal real subfield of the cyclotomic function
field k(A ,2416). Then we have the following divisibility of the divisor class number
h(k(Apzi6)™):
(degm)?® | h(k(Ap2416)").

We thus observe the following. For a given positive integer a and all but finitely many
primes q with q = 3 (mod 4), there are infinitely many m € IF [ t] such that the divisor
class number h(k(A2.16)") is divisible by a®.

Proof The first assertion follows immediately from Theorem L1. For the second as-
sertion, let a be a given positive integer. Let m := m, = t*? + ¢ for a positive integer d
and ¢ € F,. Then m? +16 is square free in Fy[ ] for all but finitely many g by Proposi-
tion 5.1. From Theorem 1.1, we find that if g = 3 (mod 4), then the regulator R(L,,)
of L, is (degm)?. Therefore, the divisor class number k(L,,) is divisible by the reg-
ulator R(L,,) = (degm)*® = d*a?, and so the divisor class number h(k(A2416)") is
divisible by a* because it is divisible by the divisor class number /(L,, ). This holds for
the infinite family of m = t¢ + ¢ with any positive integer d. The result thus follows
as desired. [ |

According to [6, Theorem 3.4], there is a lower bound on the p-part of h(k(Aqgn)*)
under the condition that p divides h(k(Aq)*), where p is the characteristic of k and
Q is an irreducible polynomial in k. As in the proof of Theorem 8.1, we can explicitly
find irreducible polynomials Q with p | h(k(Aq)*). By combining Theorem 8.1 with
[6, Theorem 3.4], we thus obtain the following result.

Proposition 8.2  Let p be a prime with p =3 (mod 4) and m be a monic polynomial
in ¥, t] such that m* + 16 is irreducible in F ,[ t] with p | degm. Then for any positive
integer n, we have p¢™ | h(k(A(m2416)n)"), where
p(n—l)zdegm -1

n(p-1)

and [x] denotes the greatest integer that is less than or equal to x.

e(n) ::[

Remark 8.3 From Proposition 8.2, we can find irreducible polynomials Q € [ ¢]
such that the exponent of the p-part of h(k(Aqgn)*) is at least

p(n—l)Zdegm -1
n(p-1)

For example, in the case when p = 3, we have that if m = 2 + ¢, £ + t2, or £* + 212,
then m? + 16 is an irreducible polynomial in 5[ ¢]. Thus for such m, we obtain that

3(n-1)6

%y
30 k(A (masisyn) ).
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Moreover, we see thatif m = 10+ t* + 26> + £, 0 + > + 212 + t, or t° + t* + 212 + 2t, then

m? + 16 is an irreducible polynomial in F3[¢]. Consequently, for such m, it follows
that

s(n-1D12_;

3 h(k(Agmaagy) ).
Appendix
Using Theorem 1.1 and Proposition 5.1, we find Table 1, which is a list of regulators of

L., where deg m is an odd prime, for all but finitely many primes q.

Table 1: Regulators of L,,, where deg m is an odd prime

m | R(Ly) | m R(Ly)
313 £ +3t2+2 33
|53 £+ 314+ 263 + 2t 53
|7 7 +3t5 + 265 + 8t + 43 + 2t | 73
1|13 4380 12 485 + 43 + 21 | 113
31133 B2 458 14141 133

t7 1173 74240458 14t +1 173

9 | 193 P2+ 20458 141 +1 193

£33 | 23% 23 +3110 4 ¢° 233

¥ | 29° 12 43410 4 293

Table 2 is a list of regulators of L,,, where deg(m) is composite, for all but finitely
many primes g with g =3 (mod r).

Table 2: Regulators of L,,, where deg(m) is composite and ¢ =3 (mod 4)

m | R(Ly) | m R(L,)
] 15 2431045 15°
2| 213 P4 12 43¢ 45 213
> | 35° P+ 2 431445 353

143 | 1433 143 4 1120 L 344 5 | 1433
187 | 1873 187 4 140 L34t 45 | 1873
221 | 2213 221 4 201 3494 1 7 | 2213
147 | 2473 7 420 4 31t 5 | 247
£33 | 2533 1253 4 1220 1 3447 1 5 | 2533
1 | 3193 19 471201 4 344 4 5 | 3193

https://doi.org/10.4153/CJM-2016-038-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-038-2

Regulators of an Infinite Family of the Simplest Quartic Function Fields 593

Table 3: A complete list with ideal class numbers < 20, except the case when degm =1

h'(Lm) | 9 m

1 3 t3, £ +2, £ +1
2 +3t+3, 2+t+2, 2 +2,

2 50 2+t+1, 2 +3, 12+ 4t +1,
2 +2t+4, 2 +3t+4, 12+ 2t + 3,
22 +4t+2

3 3 2 +2t, t2+2, 2+t
2 +t+1, 2, 2 +2t+1

5 3 2 +1, P+t+2, 22 +2t+2
2 +4, 2 + 4t + 4, 12,

8 5| 2+2t+1, 2 +3t+1
13 3| B+2t+1, B+2t+2

2 + 4, 2 +2t+2, 2 +4t+3,
16 5 2 +1, t2+t+3, t2 +3t,
t2 + 3t +2, 2 +2t, 12 + 4t,
2+t

B+2+2, B+t +t+2, B+2+2t+1,
20 3| 8+202+1, 24208 +t+1, +22+2t+2

2 +5t+5, 2 + 6t +6, P2 +4t+1,
20 7| t2+2t+5, 2 + 4, P +t+6,
2 +3t+1
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