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Abstract

We study the timelike asymptotics for global solutions to a scalar quasilinear wave equation satisfying the weak null
condition. Given a global solution u to the scalar wave equation with sufficiently small C2° initial data, we derive
an asymptotic formula for this global solution inside the light cone (i.e. for |x| < f). It involves the scattering data
obtained in the author’s asymptotic completeness result in [75]. Using this asymptotic formula, we prove that u
must vanish under some decaying assumptions on u or its scattering data, provided that the wave equation violates
the null condition.
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1. Introduction

This paper is devoted to the study of the long time dynamics for a scalar quasilinear wave equation in
R!*3, of the form

8P (u)dodpu =0 (1.1)
with small, smooth, and localized initial data
(u, uy) =0 = (&ug, cuy), for fixed ug, uy € C?’(R3), and for ¢ < 1. (1.2)

Here, we use the Einstein summation convention, with the sum taken over «, 8 = 0, 1, 2, 3 with dy = 0,
d; = Oy, 1 = 1,2,3. We assume that the g®P(u) are smooth functions of u, such that g% = gf® and
(g*B(0)) = (m®P) = diag(—1,1,1,1). Since we expect |u| < 1, without loss of generality, we also
assume that g% = —1.
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2 D. Yu

The equation (1.1) satisfies the weak null condition introduced by Lindblad and Rodnianski [47].
Moreover, Lindblad [45] proved that the Cauchy problem (1.1) and (1.2) has a unique global solution
if the £ in (1.2) is sufficiently small. We refer to [44, 2] for earlier works on the global existence for
(1.1), and to [37] for an alternative proof of the global existence using the ”-weighted energy method
introduced in [16].

Recently, the author [73, 72, 75] studied the asymptotic behaviors of global solutions to (1.1) near the
light cone. We first identified a new notion of asymptotic profile and an associated notion of scattering
data for (1.1) by deriving a new reduced system called the geometric reduced system. Then, we proved
the existence of the modified wave operators and the asymptotic completeness for (1.1). In summary,
the modified scattering for (1.1) was established.

In this paper, we seek to study the asymptotic behaviors of global solutions to (1.1) in the interior
of the light cone (i.e., for |x| < #). Our main result (Theorem 1) is an asymptotic formula for a global
solution to (1.1). If u = u(¢, x) is a global solution to the Cauchy problem (1.1) and (1.2), we have

u(t,x) = % /S2 X(x -0 —1,0)dSg + 0t — |x|)2t€%) (1.3)

whenever 7 > ¢9/¢ and |x| < ¢.! Here, 6 € (0, 1) is a fixed parameter, and A= X(q, w)? is the scattering
data obtained from the asymptotic completeness result in [75]. We refer to Section 1.2.3 for the definition
of A. Here, one can view A as a nonlinear version of the Friedlander radiation field for du.

__As a corollary of (1.3), if the equation (1.1) violates the null condition,’ then the scattering data
A(g,w) of a nonzero global solution u to (1.1) and (1.2) cannot decay arbitrarily fast in all directions
(i.e., for all w € S?) as ¢ — —oo (see Footnote 2). In this paper, we will prove that if the null condition
is violated, then the only global solution u to (1.1) and (1.2) satisfying

|A(q,0) s (@)™'",  V¥(q,w) eRxS? (1.4)

is the zero solution as long as & < 1. One can also obtain similar results for the pointwise decay rates
of u and du. For example, assuming that

|(ut - ur)(ts (t - tl/z)w)| < St_3/2_, vt > l, w € st

we have (1.4). As a result, if the null condition is violated, under the pointwise bound for du above, we
have u = 0 as long as € < 1. We refer to Theorems 2 and 3 for the precise statements of these results.

1.1. Background

Let us consider a generalization of the equation (1.1) in R!*3
ou' = F'(u,0u,0’w), 1=1,2,....,M. (1.5)
The nonlinear terms are assumed to be smooth with the Taylor expansions
Fl(u, 0u, 0*u) = Z al g 1@ u’ Puk + O(ul +10ul® +|9%uP). (1.6)

The sum is taken over all 1 < J,K < M and all multiindices @, 8 with |a| < |8] < 2, |8] = 1 and
|a| +|B| < 3. Besides, the coeflicients afw sk 8 are all universal constants.

IThough the estimate (1.3) holds for all |x| < #, it is useful only when |x| < 7 — /2% See Remark 1.2.

2In [75], the variable g corresponds to an optical function and «w corresponds to the usual angular coordinate. Note that we
take g ~ |x| — t, so for a fixed 7, we have ¢ — —o0 as |x| — 0.

3Since g% = —1, we can equivalently assume that there exist a, 8 € {0, 1,2, 3} such that d—‘fdg‘lﬁ () |u=0 # 0.
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There have been several results on the lifespans of solutions to the Cauchy problem (1.5) with C°
initial data of size ¢ < 1. For example, John [29, 28] proved that (1.5) does not necessarily have a
global solution. There he proved finite time blowup results for Ou = u? and Ou = u,u,,. We also refer to
[1,68,23,12,70,60,69] for the blowup mechanisms for several quasilinear wave equations. For arbitrary
nonlinearities, we expect to have almost global existence: the solution exists for all 7 € [0, e/#] where
¢ > (O is a small constant. We refer to [43, 30, 40, 24, 26, 36, 35] for several cases where this expectation
holds, but we remark that it has not been proved for the most general system (1.5); see the discussions
in [58, 56].

To obtain global existence, one needs extra assumptions on the system (1.5). It was proved by
Klainerman [41, 39] and Christodoulou [ | 1] that the null condition is sufficient for global existence. We
say that (1.5) satisfies the null condition if foreach 1 < I,J,K < M and for each 0 < m < n < 2 with
n>1andm+n < 3, we have

Afnn,JK(w) = Z a{yﬁ’”{&}“@ﬁ =0, whenever @ = (-1, w) € R x §2. (1.7)

lal=m,|Bl=n

We also refer to [67, 57, 65] and the references therein for extensions of this global existence result to
systems of nonlinear wave equations with multiple wave speeds.

The null condition is not necessary for global existence. In [45, 48], two examples that violate the null
condition in general but admit global existence were presented. One example is the scalar equation (1.1),
and the other is the Einstein vacuum equations in wave coordinates. These examples instead satisfy the
weak null condition introduced in [47]. Note that the null condition implies the weak null condition and
that both Ou = u% and Ou = u,u,, violate the weak null condition. There is a conjecture that the weak
null condition is sufficient for global existence,* and we refer to [37, 38, 32] for recent progress on it.

To define the weak null condition, we introduce a type of asymptotic equations derived by Hormander
[24, 25, 26]. Suppose that u is a global solution to (1.5) and we make the ansatz

ul(t,x) zsr_lUI(s,q,a)), r=lx|, w=x/r, s=elnt, g=r—t, 1 <I <M. (1.8)

Assuming that t = r — oo, we substitute this ansatz into (1.5) and compare the coefficients of terms of
order £2t=2. We thus obtain the following asymptotic PDE’s (called Hormander’s asymptotic equations
for (1.5)) for U = (Ul (s, ¢, w)):

20,04U" = " AL (@)U UK. (1.9)

Here, AfmlJK is defined by (1.7), and the sum in (1.9) is taken over 0 < m < n < 2 withn > 1

and m + n < 3. We say that (1.5) satisfies the weak null condition if the corresponding (1.9) has a
global solution for all s > 0 and if the solution and all its derivatives grow at most exponentially in s,
provided that the initial data decay sufficiently fast in gq. For example, for the scalar equation (1.1), the
corresponding asymptotic equation (1.9) becomes

20,04U = G(w)U8,U, (1.10)
where
o d _
G(w) =g, Batip, 85" = T8 Wiy, = (-1.0) € R xS, (1.11)

One can prove the global existence and growth control for (1.10), so (1.1) satisfies the weak null
condition.

4To be more precise, we have different versions of this conjecture. Some of them have been disproved, while others remain
open. We refer to [74, Section 1.1] for a discussion on the current status of this conjecture.
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1.2. The modified scattering for (1.1)

Following the global existence resultin [45], we are interested in the long time dynamics for the equation
(1.1). Recently, the modified scattering for (1.1) was established. In this subsection, we give an overview
of the results in [75, 73, 72] and discuss some related works on the long time dynamics for general
quasilinear wave equations in R'*3.

1.2.1. The geometric reduced system
Instead of Hormander’s asymptotic equation (1.10), we used a new system of asymptotic equations for
(1.1) to study its long time dynamics in [75, 73, 72]. It is called the geometric reduced system, and it is
expected to describe the asymptotic behaviors of global solutions to (1.1) more accurately than (1.10)
does.

To derive the geometric reduced system, we return to the ansatz (1.8) (with M = 1) used in the
derivation of (1.10). We still make the ansatz

u(t,x) ~ er'U(s, q, w), r=|x|, w=x/r, s =¢elnt, (1.12)

but now we let ¢(, x) be an optical function that is close to r — ¢ to some extent. By an optical function,
we mean that g solves the eikonal equation

8P (1)0aqdpq = 0. (1.13)

Eikonal equations have been widely used in the study of nonlinear wave equations and the Einstein
equations; see, for example, [2, 45, 13, 46, 66, 42, 37]. Our new ansatz is related to the geometry of the
null cone with respect to the Lorentzian metric (g,p) that is the inverse of the 4 x 4 matrix (g B (y)).
Since the geometric information from (1.1) is considered in our derivation, we expect to obtain a more
accurate type of asymptotic equations for (1.1).

When substituting the ansatz above into (1.1), we obtain an equation involving dq. However, the
optical function has no explicit formula because the eikonal equation is fully nonlinear. Alternatively,
we define an auxiliary function 4 = g; — g, and express dq approximately in terms of ¢ and U using
the eikonal equation. By sending ¢ = r — oo and considering terms of order £2¢72 in (1.1), we obtain
the following reduced system for (u, U)(s, ¢, w):

{(%(qu) =0,
(1.14)

1
Ot = ZG(w),uqu.

Here, G (w) is defined by (1.11). The system (1.14) is the geometric reduced system for (1.1). By setting
(1, Ug)ls=0(q, w) = (A1, A2)(g, w), we obtain an explicit solution to (1.14):

(5,4.0) = A1 (4,0) - exp(3G (@) (41 A2) (4 0)5),
(1.15)

Uq(s5,4,0) = A2(q, @) - xp(~ ;G (@) (A1 - A42) (g, 0)s).

In fact, the first equation in (1.14) yields uU, = A A, for all s > 0, so the second equation in (1.14)
is reduced to a linear ODE. From this perspective, the reduced system (1.14) is of a simpler form than
(1.10), which is a nonlinear PDE.

We finally remark that the derivation above can be extended. Given an arbitrary system of quasilinear
wave equations in R!*3, we can derive the corresponding geometric reduced system. See [72, Chapter 2]
and [74, (1.11)].
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1.2.2. Existence of modified wave operators
Making use of (1.14), we proved the existence of the modified wave operators for (1.1) in [73]. Given
an asymptotic profile, we seek to find a global solution to (1.1) such that this global solution matches
the given asymptotic profile at infinite time. Such a problem is sometimes referred to as a backward
scattering problem. To the best of the author’s knowledge, [73] seems to be the only result on the
modified wave operators for (1.1). We refer to Lindblad-Schlue [50, 49] for backward scattering for
semilinear wave equations satisfying the null condition or the weak null condition and some related
models. Also see [14, 10, 22, 9, 31, 27, 61] and the references therein for similar results for the Einstein
equations and other wave-type models.

Let us specify how the asymptotic profile is chosen in [73]. Fix an arbitrary A(g, w) € C2(R x §2)
and suppose that supp A C [-R, R] x S? for some constant R > 0. Define (u, Uy)(s,q,w) by (1.15)
with (A1, Ay) = (-2, A).5 That is, we set

1
/,l(S, q, (’-)) =-2 eXP(‘EG(w)A(Q’, w)s),
(1.16)

Uq(s,4.0) = Ag,0) - xp(5G () Alq, w)s).

We call this A the scattering data for the modified wave operator problem. To uniquely determine U, we
add a boundary condition lim,_,_«, U(s, g, w) = 0.° As a result, we obtain a solution (u, U)(s, g, w) to
the geometric reduced system (1.14) for all s > 0.

We now fix é € (0, 1) which corresponds to the initial time when our reduced system starts to play a
role” and € < 1, which is the size of the global solution we will construct. We recover an approximate
optical function g (¢, x) by solving the transport equation introduced in the derivation of (1.14)

(q: = qr)(1,x) = p(elnr = 6,q(1,x), x/|x]).

We choose the boundary condition so that ¢ = r — ¢ to some extent. Motivated by the new ansatz (1.12),
we define

elx|"'U(ent - 6, q(t,x), x/|x|) (1.17)

as the asymptotic profile in this problem. One can show that (1.17) is an approximate solution to (1.1)
whenever |r —t| < t/2 and t > ¢®/¢.In [73], we proved that there exists a global solution u to (1.1) for
all + > 0 such that u matches the asymptotic profile (1.17) at infinite time. See [73, Theorem 1]. For
example, we have

lu—er 'U| < et/ C8(r — )12 (1.18)

forall # 2 1 and |x| < 5¢/4. Note that u||x|<,-g = 0 and Ul,<_g = 0, so the estimate (1.18) is trivial
for |x| < ¢t — R. Recall that the constant R comes from the support of A. By comparing (1.18) with
the pointwise decay u = O(st71*C?), we conclude that the asymptotic profile (1.17) approximates the
global solution u well whenever |r —t| < t!~.

In a recent work [74], the main theorem in [73] was extended in two different ways. First, the
assumption A € C_” is relaxed. To prove the existence of the modified wave operators for (1.1), we only
need to assume that A € C* and that

104 06,A(q, w)| Sa.c (@) 1g<o+{(q) 7 - 1420, V(g.w) €ERXS% a,c20 (1.19)

5We can take u|s—0 = —2 because of the gauge freedom. In fact, one can prescribe u|s=( freely using the fact that g, — g, =
Hg - (q: — qr) if g = H(q, w) for some function H.

6Since Alg<-r =0, we have U |4<-r = 0. In a backward scattering problem, this property and the finite speed of propagation
imply that the corresponding global solution to (1.1) vanishes for r — ¢t < —R. This is a key property used in the proof in [73].

"We will set s = £lnt — &,s0 s =0 ifand only if # = ed/e.

https://doi.org/10.1017/fms.2025.10072 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10072

6 D. Yu

where y_ > 2 and y; > 1 are two fixed parameters. See [74, Corollary 8.1]. Moreover, the method
in [73] can be applied to a larger class of quasilinear wave equations in three space dimensions. In
particular, one obtains nontrivial global solutions to Ou = u? and Ou = u,u,, for all ¢ > 0, despite the
finite time blowup results by John. See [74, Corollaries 8.3 and 8.9].

1.2.3. Asymptotic completeness

In [75], we proved the asymptotic completeness for (1.1). Given a global solution to (1.1) with initial
data (1.2), we seek to find the corresponding asymptotic profile. Before [75], Deng and Pusateri [17]
proved a partial scattering result for (1.1) using Héormander’s asymptotic equation (1.10). They applied
the spacetime resonance method, and we refer to [64, 63] for some earlier applications of this method.
We also refer to [46, 9, 10, 8, 33, 34, 27] and the references therein for similar results for the Einstein
equations and other wave-type models.

We now briefly explain the proof. More details are provided in Section 3 below. Suppose that u
is the global solution to (1.1) with data (1.2) of size & <« 1. Let R > 0 be a constant such that
supp(ug,u1) € {|x| £ R}. We first construct a global optical function ¢ (¢, x) by solving the eikonal
equation (1.13) forall |x| > /2 and t > %/ where ¢ € (0, 1) is a small fixed parameter.® The boundary
condition is chosen so that g = r — ¢. In the proof, we apply both the method of characteristics and the
method from [13, 66]. The key step is to carefully estimate the second fundamental form (Yup)a, b=1.2
with the help of the Raychaudhuri equation.

Next, motivated by the ansatz (1.12), we define (u,U) := (¢; — q,,& 'ru). Both u and U are
originally functions of (¢, x) for |x| > #/2 and r > ¢%/#, and can be viewed as functions of (s, g, w) via
the inverse of the map

(t,x) > (elnt =6, q(t,x),x/|x|) = (5,9, w).

This (u, U)(s, g, w) is an approximate solution to the geometric reduced system (1.14), and there is an
exact solution (g, 17)(s, q,w)° to (1.14) matching (u, U)(s, g, w) at infinite time; see (3.5) and (3.6)
below. Following the discussion in Section 1.2.2, we hope that (x, U ) is also of the form (1.16), so we
can define the scattering data as the initial data of ﬁq at s = 0. However, this is impossible since we may
have p];=0 # —2. To handle this issue, we use the gauge freedom (see Footnote 5) to transform (g, U)
to an equivalent exact solution (i, ﬁ) to (1.14) with g0 = —2; see (3.15) and (3.16) below. This
new solution (£, U ) is of the form (1.16) with A replaced by A = ﬁq |s=0- This function A is called the
scattering data in the asymptotic completeness problem'® and will play the same role as the scattering
data A in the modified wave operator problem. In general, one cannot show that A is C*. Instead, for
each integer N > 0, there exists an gy > 0 depending on N, such that for all £ € (0,&x),"" we have
AecV and

10205,A(q, )| Sae (g) ' 7*Ce V(q,w) eRXS% a,c 20, a+c<N. (1.20)

The constants C, . and the implicit constants in <, . are all uniform in &. We also show a gauge
independence result: for each fixed parameter §, the scattering data Ais independent of the choice of
the optical function; see Corollary 3.9.

Finally, we construct an approximate solution u to (1.1) from (i, U)» by following the construction
in [73, Section 4]. That is, we construct an approximate optical function g by solving g; — g, = 4,
and define @ by (1.17) with (U, g) replaced by (U, §). Then, & is an approximate solution to (1.1) for

8Here, we use {|x| > 7/2,t > ¢®/€} for simplicity. In the actual proof, we use a region defined by (3.2).

9There is a different boundary condition limg—co U (s, g, w) =0.In a forward problem, we have u = 0 for r — ¢ > R by the
finite speed of propagation.

10This definition of scattering data is different from the one in [75]. With this new definition, the gauge independence result
can be stated in a much cleaner way.

Later, we will simply write £ < 1. See Section 2.2.

12] et i be the approximate solution we obtain if we start from (&, U) and follow the construction below. By [75, Lemma 7.2]
and (3.22), we have u = . We will thus not distinguish & from i in this paper.
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|x| > £/2 and t > ¢®/#. In addition, we prove that i offers a good approximation of  at least near the
light cone. See [75, Theorem 1] for a precise statement. For example, we have

lu -1 <, 6™ (r — 1) (1.21)

whenever r > ¢%/¢ and |x| > -1, where y € (0, 1) is a fixed parameter. Note that u = & = 0 whenever
|x| > 7+ R by the finite speed of propagation, so the estimate (1.21) is trivial for |x| > ¢ + R. Recall that
the constant R comes from the support of the initial data (1.2).

1.2.4. More about the long time dynamics

From [75, 72, 73, 74], one may contend that the asymptotic behaviors of global solutions to (1.1) have
been fully understood. This is, however, not true. For example, the following question is not answered
in these papers.

Question 1.1. In both the modified wave operator problem and the asymptotic completeness problem,
can we give a full description of the asymptotic behaviors of the global solutions to (1.1)?

In the modified wave operator problem, starting from a scattering data A, we construct an asymptotic
profile (1.17) and find the matching global solution u to (1.1). The estimate (1.18) suggests that
u~er-'Ufort> 1andr < t+1t'". However, we do not have a good way to describe the asymptotic
behaviors of u outside the light cone. From [74, 73], we only know that |u| < e~ '/>*€#r~1/2 whenever
t> landr > 5t/4.

A similar issue arises in the forward problem. Let u be the global solution to the Cauchy problem
(1.1) and (1.2). In the asymptotic completeness problem, we find the scattering data A and define an
approximate solution  to (1.1). The estimate (1.21) suggests that u ~ & fort >, 1 and r > ¢ — t'~.
The asymptotic behaviors of u inside the light cone (e.g., for r < ¢/2), however, are not discussed in
[75, 17]. We only know from [45] that u = O (st~17C#).

Question 1.1 arises because of the limitations of Hormander’s asymptotic equations and geometric
reduced systems. Both these asymptotic equations are derived under the assumption that » =t — oo, so
they are expected to approximate the original wave equations well only at null infinity. It is thus necessary
to find a different way to describe the asymptotic behaviors of global solutions away from the light cone.

We now discuss some previous results related to Question 1.1. For simplicity, our discussions will
be restricted to the wave equations (e.g., (1.5)) in R!3. For the backward problem, Lindblad and Schlue
[49] constructed a global solution to Ou = 0 with prescribed radiation fields. Unlike the results in [50],
in [49, Theorem 1.5] they gave a complete characterization of the asymptotics of the solution towards
timelike and spacelike infinity.

In the forward problem, we first recall the strong Huygens principle: a solution to Ou = 0 with
compactly supported data must vanish for |r — f| > 1. This principle is, however, unstable [21, 55]. A
related result is Price’s law, which was first conjectured in [62]. It states that we have a 73 local uniform
decay rate for linear waves on the Schwarzschild background, and we refer to [15, 19, 20, 71, 59] for its
proof. For a system (1.5) satisfying the null condition along with C.° data of size & < 1, Christodoulou
[11] obtained a pointwise decay u = O(e(r — t)~'(r + t)~!). This bound is not optimal for a scalar
semilinear or quasilinear wave equation satisfying the null condition with constant-coefficient null forms.
In those cases, we have u = O (e(r — 1) 2(r +1)~"); see [18, 54, 53]. However, if we pose the initial data
on a hyperboloid instead of a time slice, and if we do not assume that the data is compactly supported,
then the bound u = O(e(r — t)"'(r + t)™!) is optimal; see [18]. A similar result on the sharp pointwise
decay for a semilinear wave equation with the null condition in nonstationary and asymptotically flat
spacetimes can be found in [51]. We also remark that a closely related topic is the late time tail for
solutions to wave equations on asymptotically flat spacetimes. In this direction, we refer to, for example,
[54,4,5,6,7,52], and the references therein (in particular, see Luk-Oh [54, Section 1.3]).

Our final remark is that all the references listed in the previous two paragraphs do not apply to (1.1).
This is due to its weak null structure.
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1.3. The main theorems

In this paper, we will partially answer Question 1.1 by providing a description of the asymptotic
behaviors of a global solution u to the forward Cauchy problem (1.1) and (1.2) inside the light cone. We
will present an asymptotic formula for Z” u for each multiindex 1. Here, Z denotes one of the commuting
vector fields: translations d,, scaling S = t0; + r0,, rotations €;; = x;0; — x;0;, and Lorentz boosts
Qq; = x;0; + t0;. Besides, Z! denotes a product of |I| commuting vector fields for each multiindex I.

Fix (up,u;) € C2(R3). From [45], we know that the Cauchy problem (1.1) and (1.2) admits a
unique global C* solution « for all # > 0 as long\ as & < 1. In Section 1.2.3, for a fixed § € (0, 1), we
explained how to construct the scattering data A for the global solution u. For each multiindex /, we
define A; = A;(g, w) inductively by Ag = —2A and

qo4Ar, zl =571,
(Wi0, — W0, )AL, 7' =7V, 1<i<j<3;
A = J Jrw L 1.22
1(q, ) —qw,-anp +aw,-AI’ —2w;Ar, zl = Q(),'ZI ,1<i<3; ( )
0, VARSE VA

This definition comes from Proposition 3.3. We also recall from Section 1.2.3 that for each integer
N >0, we have A € CV as long as ¢ <y 1 and thefstimate (1.20). Thus, we can define A as long as
& < 1| 1. Moreover, the estimate (1.20) holds with A replaced by A;.

We now explain the meanings of A; and (1.22). By Proposition 3.3, we have

(0, — ar)ZIﬁz sr_lAI(r — t,w) + an error term, Vi>se1,t/2<r<t+R.

where u is the approximate solution constructed from the scattering data A in Section 1.2.3. Moreover,
given two multiindices  such that Z! = ZZ!’, we seek to prove

Z(er 'Ap(r —t,w)) = er ' A; (r — t, ) + an error term.

Apply the chain rule to compute the left-hand side. This gives us (1.22).
We are ready to state the first main theorem.

Theorem 1. Fix (ug,u1) € C2(R3). Let u be the global C*™ solution to (1.1) with initial data (1.2) for
& < 1. Fix a small constant 6 € (0, 1), and let A be the scattering data corresponding to u. Then, for
each multiindex I, as long as 0 < & <s,|1| 1, we have

Z’u(t,x):—% /2 Ar(x-0—1,0) dSe + Oy ({t — |x])~2C1#), Vi>ed? x| <. (1.23)
S

The function Ay is defined inductively by Ay = —2A and (1.22).

Remark 1.1. The scattering data A describes the asymptotic behaviors of a global solution u« to (1.1)
and (1.2) near the light cone. Thus, the formula (1.23) connects the asymptotic behaviors of u in the
interior of the light cone with the asymptotics of u at null infinity. The reason for this will be clear later
when we discuss the proofs of the main theorems.

Remark 1.2. The estimate (1.23) holds whenever r > ¢%/¢ and |x| < . However, we recall from [45]
that Z'u = O (et71*€#) for each multiindex / as long as & <7 1. Thus, it provides a good approximation
for Z! u only if the remainder term O ({¢ — |x|)"2¢€#) is far less than &¢~'*C#_ For example, in the region
where |x| < 1 — ¥ for a fixed constant y > 1/2, we have {t — |x|)2tC¢ < 1727+C¢ « gr~1+C2,
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Remark 1.3. It is natural to ask whether (1.23) is a real asymptotic formula for Z’u. For simplicity, we
only discuss the case when || = 0 here. In Theorem 1, we do not exclude the possibility that

|/ A(x-0-1,0) dSe| < (x| - 1)~2C*, Vi > ed?, x| <. (1.24)
SZ

In fact, if the equation (1.1) satisfies the null condition, then the estimate (1.24) always holds; see
Remark 2.1 below. In this case, the estimate (1.23) reduces to a pointwise bound |u| < (r —t)~2t€¢ and
is therefore not accurate enough.

One can ask whether this is also the case when the null condition is violated. The answer is no. Later
we will prove that, if u is a nonzero global solution to (1.1) (violating the null condition) and (1.2) with
& < 1, then (1.24) fails for a sequence of points {(t,,x,)} with#,, T co and |x,| < t,. This is a corollary
of Theorem 3, and we refer to Remark 3.2 below.

Remark 1.4. By (1.22), we have A; = 0 whenever Z! contains a translation 9. This does not indicate
that we cannot approximate terms like 3Z’ u. Given a multiindex I, we apply [45, (3.1)]

3
Zi:l xiQij + ta)]-on —-x;S

(t=r)(t+7r)

to replace each translation in Z! with a finite sum of S, Q; 7, Q0; multiplied by an explicit function of
(t,x). By Leibniz’s rule, one can write

18— %) xiQo

"= Toarn . YT

7l = Z cI,J(t,x)ZJu,
|11, ky=0

(1.25)

where k; denotes the number of translations in Z’ and ¢ ;(¢,x) can be computed explicitly from
the coefficients in [45, (3.1)]. Combining this expression and (1.23), we thus obtain a more accurate
asymptotic formula for Z/ 4 when Z! contains translations.

We also remark that ¢y ; = O((r - r)7%1) whenever r < t — 1 and ¢ > 1. In other words, by setting
c1.y = (t=r)¥icy ;7 =0(1), we obtain

(z—r)kleu(;,x)z_f Z ¢r,7(t,x) /SZA,(X.G—:,Q) dSg + O ({t — |x]y21Cm#)
V1<l k=0
(1.26)

for all # > ¢°/¢ and |x| < t — 1. When Z’ contains translations, the estimate (1.26) is a more accurate
asymptotic formula for Z’u. For simplicity, we do not present the formulas for ¢7 ; here, but we
emphasize that they can be computed explicitly.

Remark 1.5. We now have a full description of the asymptotic behaviors of the global solution u to
(1.1) and (1.2). First, Theorem | provides a good approximation for Z/u fort > . 1 and |x| < t—¢'/?*.
Moreover, we obtain from [75] an approximation for # whenever ¢t >s . 1 and |x| > ¢ — t'~. For each
multiindex I, we have

Zhu(t,x) = Z'a(t,x) + Oy | (et (r — 1))

whenever ¢ > 2¢%/% and |r — t| < ¢ for each fixed y € (0,1). Also see (3.14) in Section 3.4. Here, &
is defined in both Section 1.2.3 and Section 3.4. We also recall that u = O whenever r — ¢t > R, where
R > 0 is a constant such that the initial data (1.2) vanishes for |x| > R. In other words, for all (¢, x) with
t > 1, we have at least one way to approximate Z' u(t, x).

Remark 1.6. The proof of (1.23) is robust and does not only work for (1.1). Let ¢ = ¢(z,x) be a C?
function defined for all + > 0 and |x| < t. If O¢ satisfies a good pointwise bound, and if we have a
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good way to approximate (—d; + d,)(r¢) near the light cone r = ¢ for all # > 1, then we can prove
an asymptotic formula for ¢ similar to (1.23). In fact, approximately, one can apply Proposition 4.1 to
show that

1
o(t,x) = ——/ Ao(x -0 —1,0) dSy, Vix| <t, t> 1. (1.27)
iy ¢ S2

Here, Ay is the radiation field for ¢, — ¢, in the sense that
b — ¢ =~ Ag(r — 1, w), whenever |r — t| < 1.

For a nonrigorous derivation of this approximate identity, we refer to the discussion above (1.35) in
Section 1.4. The form of the error term in (1.27) depends on the pointwise bounds for ¢ and O¢, and
we will not discuss it in detail here for simplicity.

Remark 1.7. We now discuss how (1.27) is related to [49, Theorem 1.5]. Recall that the authors of
[49] constructed a global solution ¢ to O¢ = 0 with a prescribed radiation field and then described the
interior and exterior asymptotics of ¢. In particular, they mentioned that ¢ has the interior homogeneous
asymptotics [49, (1.11)]:

1 N(6)
£x) ~ —
)~ o L Tox

dSg, for |x|/t < 1 fixed, t — oo. (1.28)

Interestingly, given the radiation field of ¢, in [49, Theorem 1.5], one can nonrigorously derive (1.28)
to the leading order by (1.27). In [49, Remark 1.3], it was mentioned that ¢, has the radiation field

¢ ~ 1 Go(r — t,w), with Go = No1 (w)q{(q)~* = 84 F01(q. ).

Both No; and Fo; are from the statement of [49, Theorem 1.5]. When g < -1, we have 8,Fo =
0({g)™?), which is a lower order term compared to Noj(w)g{(g)~>. Since ¢, + ¢, is a tangential
derivative, we expect ¢, ~ —¢;, s0 ¢; — ¢, ~ 2Go ~ 2No1q~' whenever g < 0 and |g| > 1. Plug this
into (1.27), and we obtain

1 No1 (6
1 01(6) dSp.
2 Jee x -0 —t

o=

Remark 1.8. The formula (1.23) can also be extended to a scalar quasilinear wave equation satisfying
the null condition:

g (u, 0u)do0pu = f(u, Ou). (1.29)

The Cauchy problem (1.29) and (1.2) admits a global solution «. One can also show that the following
limit exists and is a continuous function:

B(q,w) = rli_)n;o(—a, +0,)(ru)(r — q,rw).

By Proposition 4.1, we can show not only (1.27) but also a more precise estimate

1
u(t,x)zE/SZB(x-G—t,G) dSe + 0™ = |x)73), V> 1, x| < 1. (1.30)

This estimate is weaker than the results in [18, 54, 53], but it provides a potentially different way to
prove the results in those papers. To recover, for example, [18, (1.12)], one needs an asymptotic formula
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for B as follows:
B(q,w) =coq~> +0(lq|7), Vg < —1, for some constant c. (1.31)

If it is true, then we have

u(t,x) = % / colx-0=02+0(x-0—1t])dSe+ 0t — |x)7)
SZ
=co(t* - k) + o e - Ix)7P)

forall r > 1 and |x| < ¢ — 1. If one can furthermore prove that ¢y = 0, then we obtain the better pointwise
decay rate u = O(t~'(|x| — 1)72) in [18, 54, 53]. It is, however, unclear to the author whether one can
show the asymptotics (1.31) and cg = 0, so we do not claim in this paper that we have given different
proofs of those results.

By (1.23), we can show several interesting properties of global solutions to (1.1) when the null
condition is violated. All but one of them fail if the null condition is satisfied.

Recall that the null condition was defined for a general system (1.5) in Section 1.1. By (1.10), the
equation (1.1) satisfies the null condition if and only if G(w) = 0 on S?, with G(w) defined by (1.11).
Since g% = -1, we claim that G(w) = 0 on S? if and only if ggﬁ =0forall @, =0,1,2,3. In fact, if
G(w) = 0 on S?, we have a decomposition

(gg'B) = ggodiag(l, —1,-1,-1) + (an asymmetric matrix).

Since (g?) is symmetric, so is (g(‘)’ B ). Thus, the asymmetric part in this decomposition vanishes. And

00 —

since g = -1, we have g) = 0 and thus g’ B=o.

We first state a theorem related to the scattering data.

Theorem 2. Suppose that the equation (1.1) violates the null condition. Fix (ug,u;) € C*(R?). Let u
be the global solution to (1.1) with initial data (1.2) for € < 1. Fix a small 6 € (0,1) and let A be the
corresponding scattering data.

Moreover, suppose that one of the following assumptions holds:

a) We have min,_.,)erxs? X(q, w) 2 0 0or max g, ) erxs? Z(q, w) < 0;

b) We have min s> G(w) > 0 and min{X,O} € L;’w(R x §?), or we have max .2 G(w) < 0 and
max{A,0} € L} ,(Rx §?);

c) Let Cy > 0 be a constant uniform in all ¢ < 1 such that

1 ~
Co> s |5G@A(go)l.
(q,w) ERxS?

Such a Cy always exists because of (1.20). Suppose that there exists a constant By > C that is also
uniform in all € < 1, such that

Jim (g)!*%0 sup A (g, )| =0.

weS?

Then, as long as € < 1 (depending on the constant By in part c)), we have A =0 and thus u = 0.

Remark 2.1. The assumption a) implies A = 0and u = 0 no matter whether (1.1) satisfies the null
condition. We refer to Section 6.2.1 and Footnote 15. However, for b) and c), it is necessary to assume
that the null condition is violated. Suppose that (1.1) satisfies the null condition, and let u be a global
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solution to (1.1) and (1.2). One can check that

1 -1 -1
I%“N |Z u(t,x)| S et {|x|—t)~", aslong as e < 1. (1.32)

The case N = 0 has been proved in Christodoulou [11]. For N > 0, one can apply the estimates in [26,
Section 6.6] and [3,AProp0sition 3.1]. Following the proofs in [75, Section 5.4], from these pointwise
bounds we obtain |A(q, w)| < (g)~2. In other words, the assumptions b) and c) hold in general.

Remark 2.2. Let us compare the assumption c) with the pointwise bound (1.20) for A. By (1.20), we
have |g(q, w)| s (@‘”C‘S forall (¢, w) € RxS?. Part c) of Theorem 2 indicates that if the null condition
is violated and if |A(g, w)| < {g)~'~B0¢ everywhere for a large constant By > 1, then u = 0 as long as
& < 1. In other words, if the null condition is violated, the scattering data cannot decay arbitrarily fast
in all directions as ¢ — —oco. Besides, the exponent —1 + Cg in |A(q, w)| < (g)~'*C¢ is almost sharp.

We also compare the assumption ¢) with the assumption (1.19) in the modified wave operator
problem. There we assume that |A| < (g)~>", so the global solutions constructed in [74, 73] cannot
have compactly supported initial data if the null condition is violated. It is unclear whether one can
further relax the assumption (1.19) in the modified wave operator problem. For example, can we assume
Y- > 1 instead of y_ > 27

The scattering A satisfies an extra decaying property. By Proposition 6.1, we have

|/iﬂdm—&—%ﬂmﬁMSs4fmwﬂ Vi > 2e9/°
SZ

where (recall that R > 0 is chosen so that the data (1.2) vanishes for |x| > R)
~ R 1 -
U(s,q,w) = —/ A(p,w) exp(EG(w)A(p,w)s) dp.
q

In contrast, from A = 0({g)~1*€#), we only have ﬁ(s,q,w) = 0(s (g)€?e®*) and ﬁ(alnt -
6, -2t,w) = O(S_IICSl. Because of part c¢), we cannot improve this bound for U if we only rely on the
pointwise bounds for A. Thus, to relax the assumption (1.19) in the modified wave operator problem,
we may also need to take such a decaying property into account.

We now state a corollary of Theorem 2. Here, we focus on the pointwise decay for the solutions and
their first derivatives.

Theorem 3. Suppose that (1.1) violates the null condition. Fix (ug,u;) € CX(R3). Let u be the global
solution to (1.1) with initial data (1.2) for ¢ < 1. Suppose that there exist constants By, By > 0
depending on ug, uy (but not on &), such that one of the following assumptions holds:

i) FixO0<vyg< 1. Forallt > 1 and w € S?, we have
(g = up) (1, (1 = 10)w)| < 817! 7070F0%;
ii) Fix0 < vy < 1. Forallt > 2 and x € R? with |x| € [t —2¢"0,t— 10 /2], we have
lu(t, x)| < s~ ~00BorBY e,
iii) Suppose that u is a spherically symmetric solution with respect to x and that
lu(t,0)] s er™7BF Ve > 1.

Then, as long as € < 1, which may depend on the constants in each of the assumptions, we have
u=0.
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Remark 3.1. Note that the assumptions i) and ii) are related to the pointwise decays of u and du for
|r —t| < 0. Recall from [45] that |0u| < et~ (r —£)"*C¢ and |u| < ~'*C#. Thus, both the exponents
—1 + Ce in these estimates are almost sharp if the null condition is violated.

If the null condition is satisfied, then as shown in (1.32) in Remark 2.1, we have |0u| < et~ (r —1)~2
and |u| < et™'(r —t)~!. That is, the assumptions i) and ii) hold in general.

Remark 3.2. We now prove the fact stated in Remark 1.3. Suppose that the null condition is violated.
Let u be a nonzero global solution to (1.1) and (1.2) with & < 1. If we take vy = 3/4 (or any number in
(1/2, 1)) in part ii) of Theorem 3, we obtain a sequence of points {(¢,, x,)} with

oo,  0<ty—l|xp ~234, u(tn,xn)| > et 7CBoB1 2,

We also have

_I_CBOVBI &£
b

(xn] = 1) 726% < £,3/7C° < g, Vi > e%/%,

In other words, the estimate (1.24) must fail for this sequence of points.

Remark 3.3. Part iii) of Theorem 3 suggests that, if the null condition is violated, and if the solution is
spherically symmetric with respect to x, then u(¢, 0) cannot decay arbitrarily fast as # — oco. Unlike the
assumptions i) and ii), here we make an assumption on the decay rate of u along the time-axis which
is far inside the light cone. In Proposition 6.6 below), we can replace the spherical symmetry condition
with an assumption on the decay rate of 6€2; ju near the light cone.

It is, however, unclear to the author whether the spherical symmetry condition and the assumption
on the decay rate of dQ;;u can be completely removed. For example, assuming

lu(t,x)| se™,  Vr>1, |x| <1/2,

can we show u =0 fore < 1?

1.4. Structure of this paper

We now explain how this paper is organized. We also invite our readers to check the beginning of each
of Sections 3—6 for an overview of that specific section.

In Section 2, we introduce the notation and several preliminary lemmas. We emphasize that a special
convention involving ¢ is made in Section 2.2.

In Section 3, we present an overview of the asymptotic completeness result for (1.1). We follow the
discussion in Section 1.2.3 and provide more details. We will also prove several results that did not
appear in [75]. For example, in Proposition 3.3, we provide an asymptotic formula for higher derivatives
of & which was constructed from our scattering data in [75, Section 7]. In Section 3.6, we provide a new
gauge independence result which is stated in a much cleaner way than [75, Proposition 6.1].

In Section 4, we study a general inhomogeneous wave equation O¢ = F inside the light cone |x| = 7.
Assuming that

|F(t,x)| < )" (r =), inO={t>0,|x| <t}, withy,y, >0, (1.33)
we derive an asymptotic formula for ¢: whenever (¢, x) € O and whenever T > 2t, we have
1
o(t,x) = 4—/ O(T,x — (T —1)0) dS¢ + (aremainder term), with @ := (=9, + d,) (|x|®).
T Js2
(1.34)

See Proposition 4.1. In its proof, we view ¢ as a solution to the backward Cauchy problem O¢ = F
with initial data assigned at ¢ = T, so we can express ¢ (7, x) explicitly as a sum of an integral of F' and
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an integral of (¢, ¢;)|,=r. We use (1.33) to control the integral of F, so ¢ is approximated well by the
solution to Ow = 0 with data (¢, ¢;)|;=r at t = T. Direct computations yield (1.34).

The formula (1.34) is useful in this paper because one can relate the integral of @ with the asymptotics
of ¢ at null infinity. In fact, we will prove in Lemma 5.1 that

x—(T-1)6

——) = (-t—-x-60,-0), Vi > |x| >0, 6 €S2
g =00 g

Jim (e — (T 06| - T
In other words, the curve T +— (T, x — (T — t)8) converges to the straight line T +— (T, (x+¢t -0 —T)0)
as T — oo, If the radiation field of ¢; — ¢,

Ao(g, @) = lim (¢ = ¢,)(r = g, rw)
exists for all (¢, w) € R x S?, then we expect

1
lim | ®(T,x— (T —1)0) dSy = ——/ Ao(=t —x - 6,-0) dS,.
4r N

T - S2

If one can also control the remainder term (1.34) when T — oo, then we have
1
o(t,x) = ™ / Ao(x - 0 —t,0) dSg + (a remainder term), Y(t,x) € O. (1.35)
T Js2

Unfortunately, if u solves (1.1), u; — u, does not necessarily admit a radiation field in the usual sense. In
other words, we cannot apply (1.35) directly to finish the proof of Theorem 1. We thus require a more
delicate analysis of the asymptotic behaviors of u near the light cone.

In Section 5, we prove Theorem | by combining Proposition 4.1 with the results in Section 3. For
each multiindex I, we first prove a pointwise estimate for 0Z’u. Then, by Proposition 4.1, we notice
that it remains to estimate the integral

[0 201zt ol vte. 7,00 dSo.

Here, y(t,x,T,0) = x — (T — t)6. In our proof, we set T’ = 3 (ora sufficiently large power of 7) and take
t 5. 1 and |x| < ¢. Under this setting, we have ||y| — T| < T'/3, so one can apply Proposition 3.3 to
approximate the integrand.

In Section 6, we prove Theorems 2 and 3. We first notice that Theorem 3 follows from part ¢) of
Theorem 2. That is, we need to show A = O({g)~'7%) under one of the assumptions i)—iii). To
achieve this goal, we apply either (3.14) or (1.23) to transfer the pointwise bounds for u or du to the
bounds for A. For example, in the case when u is spherically symmetric in x, the scattering data A is
independent of w (i.e., A = A(g)). By (1.23) and the bound |u(7,0)| < gt~ 17Bo¢ we obtain immediately
that |A(—¢)| < t7!780¢, This is exactly what we want, so we conclude the proof of part iii). We also
refer our readers to Proposition 6.6, which is slightly stronger than Theorem 3.

We now explain how to prove Theorem 2. Let us focus on parts b) and c), since the proof of part
a) is similar and simpler. The proof relies on the explicit formula (1.16) of solutions to the geometric
reduced system (1.14). Recall that in Section 1.2.3, we defined U by

—~ - 1 - —~
Uq(s’ q,w) = A(q’ w) exp(EG(w)A(q’ LL))S), qlg]go U(S, q, w) =0.

We observe that |Ale™C* < |U,| < |A]e€* and that lim_,«, U, - LG (w)A<o = 0- Besides, we can show

that a certain integral of ﬁq decays to 0 as t — oo. For example, we have a decaying property in
Remark 2.2 or Proposition 6.1. In part ¢), we also have a pointwise decay for U in Lemma 6.4. Now we
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rewrite the integral of 17,, as the sum of Z, + Z_ + 7, where Z., denotes the integral of ﬁq . lt G(w)A>0

and 7y denotes the integral of l7q g () A=0" We send ¢ — oo and study the asymptotics of these three
integrals. Under the assumptions of Theorem 2, we can show that Z can be neglected (because the null
condition is violated), that 7, — 0 (because Z_ — 0 by the Lebesgue dominated convergence theorem),
and that ¢“SZ_ — 0 (because of the good decay rate of the integral of ﬁq). In summary, we can show

that A = 0 and thus u = 0. We refer to Section 6.2 for more details.

2. Preliminaries
2.1. Notation

We use C to denote universal positive constants. We write A < B, B 2 A,or A = O(B) if |A] < CB
for some C > 1. The values of all constants in this paper may vary from line to line. We write A ~ B
if A < Band B < A. We use Cy, 2,, or S, if we want to emphasize that the constant depends on a
parameter v. Moreover, if we make a statement such as ‘|A| < CB for all v in a certain set V’, then it
implies that the constant C can be chosen to be uniform for all v € V.

Unless specified otherwise, we always assume that the Latin indices 7, j, k take values in {1, 2, 3} and
the Greek indices «, 8 take values in {0, 1,2, 3}. We use subscript to denote partial derivatives unless
specified otherwise. For example, uo,g = 0,01, g, = 0,q, A, = 04A, etc. For a fixed integer k > 0,
we use 9% to denote either a specific partial derivative of order k, or the collection of partial derivatives
of order k.

Given a function f = f(w) defined on S2, in order to define angular derivatives d,,, we first extend
f to R3\ 0 by setting f(x) := f(x/|x|) and then set 0w, f = Ox, fls2. To prevent confusion, we will
only use d,, to denote angular derivatives under the coordinate system (s, ¢, w), and we will never use
it under the coordinate system (7, r, w). For a fixed integer k > 0, we will use 65) to denote either a
specific angular derivative of order k, or the collection of all angular derivatives of order k.

2.2. Dependence on ¢

In this paper, the parameter £ always denotes the size of initial data in (1.2). We always assume that
& < 1 which means 0 < & < g for some sufficiently small constant 0 < g9 < 1. We say that ¢ < 1
depends on v, or € <, 1, if we want to emphasize that this constant £y depends on a parameter v.

The convention in the previous subsection allows us to write a constant depending on v as C without
the subscript v. However, we make a special exception for . In this paper, if a constant depends on &,
then we must write it as C. In other words, any constant without the subscript £ must be independent
of the choice of e. Similarly for <., 2., or <.

Note that most statements in this paper follow this format: For each integer N > 1, we have a certain
property (Pn ) as long as € <y 1. For simplicity, later we will only say that we have (Py ) for
& < 1 without explicitly stating the dependence of £ on N. For example, we can say

(Pye): tT7ONe <1, Vi1

as long as € < 1. Note that (Py ) holds for all € € (0, ﬁ).

2.3. Commuting vector fields

Let Z be any of the following vector fields:

3
0o, =0,1,2,3; S=t0t+rd, =td; + inai;
i=1

Qij =x,-6j—xj8i, 1<i<j<3; Qu=xi0,+10;,i=1,2,3.

2.1
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We write these vector fields as Z1, Z», . .., Z1, respectively. For any multiindex I = (iy,...,i,) with
length m = |I| such that 1 <i, < 11, we set Z! = Z; Z;, -+~ Z;, . Then we have Leibniz’s rule

Z'(fe) = Z CfKZJf -zKg, where CfK are constants. 2.2)
JI+IK =11

We have the following commutation properties:

[S,O] = -20, [Z,1] = 0 for other Z; 2.3)

[Z, Z] = Z Cz,'z‘,lzl’ where CZ,Z,I are constants; 2.4)
[71=1

[Z,0,] = Z Cz,0p08, where Cz ,p are constants. 2.5)
B

We now recall several useful estimates involving the commuting vector fields. Their proofs are
standard and can be found in, for example, [67, 26, 45]. We start with the following pointwise estimates.

Lemma 2.1. For any function ¢ = ¢(t, x), we have

ool < Clt—-rF D11zl Vk20; 2.6)
|I|<k
3
DM@ +wid)gl < Clt+r)"1Zgl. @7
i=1

For each x € R3, we set r = |x| and w = (w;)i=1,2.3 = x/|x|. For each s € R, we define the Japanese
bracket {s) := /1 + |s|2. We also define |Z¢| := 2ir|=1 |z p].
In addition, we have the Klainerman-Sobolev inequality.
Proposition 2.2. For ¢ € C*(R'*3) which vanishes for large |x|, we have
@+ el = 1D 2100 < € Y260 e - 2.8)

<2

Moreover, we state a corollary of [74, Lemma 2.6]. It can be viewed as the estimates for Taylor’s
series adapted to the commuting vector fields. Note that the original lemma is stronger but unnecessary
for this paper.

Lemma 2.3. Fix two positive integer N, ly. Assume that ¢ = $(t,x) is an R*-valued function satisfying
2N |Z? ¢| < 1 at a certain point (tg, x0). Also assume that f € C*(R¥) and that f(s) = O(|s|")
whenever s is near the origin. Then, at (ty, xg) we have

PRGOS I
/1N [JI<N
The implicit constant is independent of the choice of (to, xp).

We also recall [74, Lemma 2.1] on the commutator [d; — 8, Z].

Lemma 2.4. For each multiindex I, we have

[0, -0, 2'1F= ) |fo-Z/(Fi=F)+ > fo- (0 +wid)Z' F|.
[J1<I1] i=1,2,3
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Here, fy denotes an arbitrary finite sum of terms of the form C - H;’zl zZl w;; with i, € {1,2,3}, and we
allow fy to vary from line to line.

2.4. A function space
To simplify our computations, we make the following definition. Fix a small parameter § € (0, 1). For
each & € (0, 1), we suppose that there is a nonempty openset D, C {(t,x) : t > ¢%/%, |x|/t € [1/2,2]}.

Definition 2.5. Fix n,m, p € R. Suppose that we have a function F = F(z, x; £) that is defined for all
(t,x) € D, as long as ¢ < 1. We say that F € E"Sg’p if for each integer N > 1, there exists an
en € (0, 1) depending on {D,}, §, N, such that for all £ € (0,&x), we have F(-;&) € CV(D,) and

Z |Z'F(t,x;8)| sy e"™CNS(r =P, ¥(1,x) € D,.
[I|<N

2.9

The constants in (2.9) depend on {D..}, N, and &, but they are independent of € € (0, ep).

Moreover, we say that F' € s”Sl'Z :g if we add a factor (1 + In(r — t)) on the right-hand side of (2.9).
Such a definition is useful in the proof of Proposition 3.3.

Finally, we will omit the subscript D for simplicity if it is clear what D, is according to the context.
That is, we can write £"S™P and &"S, " . If we have n = 0, then we will also omit £ and write §™-P
and ;7.

We summarize some useful properties in the next lemma. This lemma is essentially the same as
[74, Lemma 2.8], so we omit the proof here.

Lemma 2.6.
(a) We haver —t € S%1, r™, ™, (t+r)" e §m0 and w € §%9,
(b) Forany Fy € M S"™-Pl and F, € £"8™P2 we have

F] + F2 c Smin{nl,nz}smax{ml,mg},max{pl,pg}’ F1F2 I= 8n1+n2Sm1+m2,p1+p2.
(c) Forany Fy € &"S,""" and F € £8P, we have
Fi+F e gmin{nl,nz}S;:ax{ml,mz},max{l’l,ﬂz}’ FiF, e 8n1+nZS]n:1+m2,pl+p2-
(d) Forany F € &"S™P, we have ZF € £"S™P, dF € £"S"™P~! and (8; + w;0;)F € e"S" 1P,

We also present a key lemma that will be applied repeatedly in this paper.

Lemma 2.7. Let p = p(t,x;€) € SO such that (r — ty < {(p(t,x;€))t% in D, for ¢ < 1. Let
D, C [0, 00) X R x S? be an open set such that

D, > {(slnt =6, p(t,x;€),x/|x]) : (1,x) € D,}.

Suppose that G = G (s, q, w; €) is a function such that for each integer N > 0, as long as ¢ <y 1, we
have G(-;¢) € CN (D) and

- n s+m- 30 ~
D (@)e1050005G (s, g, wi )| S )P e (s,q.0) €D (10

a+b+c<N

Then we have G(glnt — 6, p(t,x;€),x/|x|; &) € e"S"™P,
Proof. We first notice that

(r=0rC <(p) <it®(r—1), V(t.x)eDn{r>e%}.

The first half is in the assumption of this lemma, and the second half follows from p € §%!.
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Fix an integer N > 0. Choose £ < 1 so that G(s,q,w;&) € CN (58), o(t,x;e) € CN(D,), and
that both (2.9) (with F replaced by p and (n,m, p) = (0,0, 1)) and (2.10) hold for this N. We need to
check (2.9) with F replaced by G (t,x;¢) := G(elnt -6, p(t,x;€),x/|x|; €) and m = 0. Fix a multiindex
I with [I| < N.If |I| = 0, then (2.10) implies that

|G| < e™(p)Pt™Ce < &"(r —1)PmCe Y(t,x) € Dg,

so we are done. If | 1] > 0, we write Z' (G (¢, x; €)) as a linear combination (with real constant coefficients
independent of &) of terms of the form

b a c
65&5’6(‘;)G(slnt -68,p(t,x;€),x/|x|;€) - l_[ZIf(slnt -0)- l_[Zpr . HZwa.
j=1 j=1 j=1

Here, a + b + ¢ < N, each of I., J., K, is nonzero, and the sum of these multiindices is |I|. Since
|I.| > 0, we have Z'(glnt — §) = O(e). Since p € §%! and w € §*0, we have Z%p = O(tC¢(r — 1))
and Z%w = O(1) (we can show that there is no t©# factor here). We also apply (2.10) to control the
derivatives of G. In summary, each term of the form above is controlled by

8n—b<p>p—atm+Ce . Sb X <r _ t>atC8 1< 8n<r _ t>ptm+Ce.

Thus, we have Z/ G = O("(r — t)P1"™*C#) in D,.. O

3. A review on the asymptotic completeness result

The proofs of the main theorems rely heavily on the author’s previous paper [75] on the asymptotic
completeness for (1.1). In this section, we summarize the results in [75] that are necessary for the proofs
in this paper. In Section 3.1, we quickly review the global existence result in [45]. In Section 3.2, we
discuss the construction of the optical function ¢. In Sections 3.3 and 3.4, we define the scattering data
A for the asymptotic completeness problem and show that one can construct a matching approximate
solution u to (1.1). Finally, in Section 3.6, we discuss a gauge independence result.

We also need some new results whose proofs rely on the computations in [75]. In Section 3.5, we
prove Proposition 3.3 on the higher derivatives of the approximate solution # constructed in Section
1.2.3. The proof of Proposition 3.3 is lengthy, so we add a brief overview of its proof after its statement. In
Section 3.6, we present a new version of the gauge independence result. By changing the definition of the
scattering data, we show Corollary 3.9 which is of a much cleaner form than the one in [75, Section 6].

3.1. Global existence

Fix ug,u; € C®(R3). Choose R > 0 such that supp(ug,u;) C {|x| < R}, and we remark that the
meaning of R will remain unchanged in the rest of this paper. For £ <« 1, the Cauchy problem (1.1) and
(1.2) admits a unique global C* solution u = u(t, x; &) for all + > 0. Sometimes we omit £ and write
u(t,x) for simplicity. Here, we first apply the global existence result for (1.1) in Lindblad [45] to get
a global C'* solution. Then, we apply [67, Theorems I.4.1 and 1.4.2] to show that this C'* solution is
indeed the unique C* solution.

Moreover, for each nonnegative integer N, we have the following pointwise bounds aslongas ¢ < 1:

Z 1Z u(t,x 8)| <y &) NS Ve >0, x e R3,
I[<N

3.

There is a better bound for du: |0u| < &(t)~'. By the finite speed of propagation, we also have u = 0
forr —t > R.
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3.2. The optical function

Fix a small parameter § € (0, 1). Define

1
Q=Qspr.c:={(t,x) € (e%%,00) xR : |x| > i ¢®/®) + 2R}. (3.2)

Heuristically, one can view Q as {t > ¢%/#, |x| > 1/2}. Here, we use (3.2) for technical reasons; see
the discussion below (3.3). From now on, if we use the notation &"S§"? or S”S]"; P we always take
D, =Qs.r.e N{r—1t < 2R} in Definition 2.5. Thus, by (3.1), we have u € £S~1-°,

In [75, Propositions 3.1 and 4.1], we applied the method of characteristics and proved that the eikonal
equation

g”ﬁ(u)ﬁaqﬁﬁq =0 inQ; qg=|x|-t ondQ 3.3)

admits a unique global C? solution ¢ = ¢(z,x; &) in Q. Because dQ is not a smooth surface, it seems
that we need to carefully choose the boundary condition near the ‘corner’ of Q2

{t=e%%,|x| = ¢%/% + 2R} C 6Q

to make g a C? solution. However, it is not necessary here because of our choice (3.2) of Q. We have
ulr—t>g = 0 and ¢|,—,>r = r —t, so we only need to consider those characteristics emanating from a
smooth subset of AQ (i.e., IQ N {r > e%/¢}). Besides, we have g € S®!' and (r — 1) < (¢)t€% in Q, so
we can take p = ¢ in Lemma 2.7. To see this, we apply [75, Lemma 3.8] to obtain |¢g — (r —¢)| < € and
17C¢ < (q)/(r—t) < t©%inQ.Next, we apply [75, Proposition 4.1] to conclude that for each fixed integer
N > 2, the C? solution g is CV aslong as & < 1. We also have 37 <y 127 g| < (q)1€° < (r —1)1€#
in Q.
Next, if we set

Q ={(s,q,w) € [0,00) xRXS*: g > %(1 —¢%/%)e%/ + 2R}, (3.4)
then the map
Q- Q" : (t,x) > (elnt - 6,q(t,x;€),x/|x|)
is bijective and has an inverse map. As a result, any function defined for all (¢, x) € Q induces a function

of (s, ¢, w). Again, for each fixed integer N > 2, both the map Q — Q’ and its inverse are CV as long
ase <y 1.

3.3. The geometric reduced system
In Q, we set (u, U)(¢t,x;€) :=(q; —qyr, e lru)(t, x; €) and obtain an induced function (u, U) (s, ¢, w; €)
in Q. In [75, Section 5], we proved that (u, U) is an approximate solution to the geometric reduced
system (1.14). In addition, the following three limits exist for all (¢, w) € R x S
1
A(q,w;e) = ~5 lim (nUq) (s, q, w; &),
N [oe] l
Ai(q,w;e) := lim exp(EG(w)A(q, w; &)s)u(s, q,w; ), 3.9
S§—00

1
Ar(q,wse) = Slgn;} exp(—EG(a))A(q,w;s)s)Uq(s,q,w;8).
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Note that AjA; = —2A. Since u = 0 whenever r > ¢ + R, we have (A, A;) =0and A; = -2 for g > R.
By setting

— 1
(s, q,w;e) = A exp(—EG(w)As),

ﬁq(s,q,w;s) = A exp(%G(w)As), (3.6)

lim l7(s, q,w;e) =0,
g—o0

we obtain an exact solution (1, U ) to the reduced system (1.14). We refer our readers to [75, Proposition
5.1] for more details. Since A, A, A, are defined for all (¢, w) € R x S, we emphasize that (z, ) is
defined for all (s, g, w) € R X R x S2. However, (u, U) is only defined in '.

In [75, Proposition 5.1], we also proved several bounds for A, A, A; in the coordinate set (¢, w):

0805, (A, Ag) = 0. ((q) "4 Ce®),  0505A1 = O0ac((g)™ " C<®),  Va,c20.  (3.7)

Here, we remind our readers of the convention introduced in Section 2.2. First, the estimates (3.7) should
be understood in the following way: for each integer N > 0, as long as € < 1, the functions A, Ay, A,
are CV and satisfy (3.7) for all a + ¢ < N. Moreover, we emphasize that the constants in (3.7) can be
chosen to be uniform for all ¢ << 1.

In [75, Lemma 5.8], we proved that

A1 +2] < (9)7*°%,  3< A <-1<0. (3.8)

Finally, we recall from [75, Proposition 5.1, (5.11), and (5.12)] that

020205, (1 — 1) = Oap.c(e70(g) 41 ¥ Cabc®), Va,b,c >0, (s,q,w) € Q'; (3.9)
080P 05 (U = U) = Ogp.c(e77(q)! ~ 1 ¥ Cabc®), Va,b,c >0, (s,q,w) € Q; '
020205, (11, U) = Oap.c (870 (g)~1Care®), Ya,b,c >0, (s,q,w) € Q. (3.10)

All the functions above are defined for (s, ¢, w) € Q’ C [0, ) X R x S? where Q' is defined by (3.4).

Besides, we set ¢t = e Again, all the estimates above should be understood in the following way: for
each integer N > 0, we can choose € < 1 so that these estimates hold foralla + b +c¢ < N.

As discussed in Section 3.2, every function of (s, ¢, w) induces a function of (z,x) via the map
(t,x) — (glnt = 6, q(t,x;€),x/|x]). Below (3.3), we mentioned that ¢ € S%! and (r — 1) < (g)r€?.
Thus, we can apply Lemma 2.7 with p = g to obtain the following lemma.

Lemma 3.1. We have u — er~'U € eS~2! and Oqit — e,r 1A € £§5720 for @ = 0,1,2,3. Here,

wo=-1land @; = wj for j = 1,2,3. That is, for each fixed integer N > 0, as long as € <n 1, we have

D12 w(t,x) - er” Uz Int = 6,9(1,%),x/Ix])| < 817 — 1),
[II<N

> 1Z! (Bau(t,x) — 8Bar Alq(t,x),x/Ix])| < 172+C*
[T|<N

for all (t,x) € Q. Note that the estimates hold trivially when r — t > R since u, U, A vanish there.

Proof. We apply Lemma 2.7 with p = ¢, G = U—U, and (n, m, p) = (0,~1, 1). Thus, we have U — Ue
S~1.1 ByLemma?2.6, wehave sr~! € eS~"Qandthusu—er-'U = er ' (U-U) € £§710.§7 1! c £§721,
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Next, by part (d) of Lemma 2.6, we have 9, (1 —&r™! (7) € £5720 It suffices to prove that 9, (sr™! ﬁ) -
£or 'A € £5720. By the chain rule and since A = —%ﬁUq, we have

Ao (er™'U) —er 'Gq,A
=gr! (ﬁqqa —@aA) —er 2(0r)-U+er’'Us-d(elnt) +er U, - 0w

1 . —~
=erl(gg + Ea)aﬁ)Uq +e857%0

To obtain the last estimate, we first apply (3.10) and Lemma 2.7 to obtain U, U, € $%° and Uy € &' 5%
By Lemma 2.6, we have er~20r,er™'0w € £S™>% and er 'd(g1n1) € £257%0. N
Finally, we need to show &r™!(qq + @)U, € £5*0. We have er~! € 5710 and U, € $%7! by

(3.10) and Lemma 2.7. Moreover, we have

1_ 1 1
qr = §ﬂ+§(#—ﬁ)+§(qz+qr),

1

— 1
qi = ~HHwi = 5(“ - Ww; +(q; — wiqr).

By (3.9) and Lemma 2.7, we have u — i1 € S0, Since ¢ € S%!, we apply part (d) of Lemma 2.6 to
obtain g; + g, q; — wiqr € S As aresult, we have g, + 3[id, € S™"*!. In summary, we have

1_ —~
8]"_1 (qa + Ewaqu e SS_I’O . S—l,l . SO’_I c 8S_2’0. a

3.4. Approximation

In [75, Section 7], we used the limits in (3.5) to generate an approximate solution to (1.1) that is
sufficiently close to the exact solution u in some sense. The construction is as follows. Recall from (3.6)
that we have an exact solution (&, U) (s, ¢, w; &) to the geometric reduced system (1.14). Now, we define
a new function g = (¢, x; &) in Q by solving

qr — qr = u(elnt — 6,q(t,x;€),x/|x|;€) inQ; q = |x| —tfor |x] —¢ > 2R. (3.1D)
We then define
u(t,x;€) = elx|"'U(ent - 6,q(t, x; €), x/|x]; ), Y(t,x) € Q. (3.12)

Once again, both g and u are CV as long as ¢ <y 1. In [75, Proposition 7.1 and Lemma 7.7], we
proved that this  is an approximate solution to (1.1), that for each integer N > 0, as long as ¢ <y 1,

Z |Z1a(t, x e)| < et *C5, V(t,x) € Q,

(3.13)
[I|<N
and that for each y € (0, 1) and each integer N > 0, as long as € <, y 1,
|Z(u—0)(t,x;8)| Syv e FNEGr—1),  V(,x)eQn{lr—t| st} (3.14)

[I|<N

We ask our readers to compare (3.14) with Lemma 3. 1. First, the estimates (3.14) hold in QN {|r—¢| < 17},
and the implicit constants depend on y. From this point of view, the estimates in Lemma 3.1 are better
since they hold in Q. However, we can construct u from the functions A, A, A, without knowing what
the exact solution u to (1.1) and the exact optical function ¢ are. Recall that we construct an approximate
optical function ¢ by solving a transport equation which does not depend on u and g. However, to apply
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Lemma 3.1, we need the exact optical function ¢ which is determined by the eikonal equation (3.3)
involving u.

Here, we recall an alternative way to define u from [75, Section 7.2] which will simplify our
computations. Define

4 2
F(q,w;e) := 2R—/

— dp, V(q,w) € Rx S2. (3.15)
2R A1(p,w;€)

Recall that A} € [-3,-1] everywhere, so F is well defined. In [75, Section 7.2], we proved that
(F(q.w;&)) ~ (g) for all (¢,w) € R x §2. For each fixed w € §?, the map ¢ — F(q,w; &) has an
inverse F(q, w; ). Set

A(g,w;8) = A(F(q, w; 8), w; 8),
—~ 1 —~
u(s,q,w;e) = —Zexp(—EG(w)A(q,w;s)s), (3.16)

. 0 1 ~
U(s,q,w;e) = —/ A(p,w; &) exp(zG(w)A(p,w;a)s) dp.
q

This A is called the scattering data for the asymptotic completeness problem. Note that (i, U ) is again
a solution to the geometric reduced system (1.14).

We summarize several estimates for A, [z, U in the next lemma. We again remind our readers of the
convention in Section 2.2.

Lemma 3.2. For all a,c > 0, we have
080GA = 0g,c((q) ™ 7" Cac®), V(q,w) e R xS (3.17)
Forall a,b,c > 0, we have
050706,(H+2) = Oapp.c({q) P CabceeCabesy,
040205 Ug = O c((g)~ 707D Cab et eCabics); (3.18)

82050 = Op e ((71g) P 1pmg + 1ps0)e o)

for all (s,q,w) € [0,00) X R x S%. Finally, forall ¢ > 0, s > 0, w € S% and q > Cye“0s(e®/% —
e 9*9)/& _ 1) for some constant Cy > 1, we have

05U = O, c,(eCe<0%). (3.19)
Proof. The estimates (3.17) have been proved in [75, Proposition 7.3]. We now prove (3.18) for all

(s5,¢,w) € [0,00) x R x S2. Since |e* — 1] < |x|e!*!, we have |7+ 2| < |G(w)gs|ecs < (g)71*C8Cs,

Next, for a + ¢ > 0, we write [7‘;65) [ as a linear combination (with real constant coefficients depending

only on a and c¢) of terms of the form
1~ & 1 -
exp(—zGAs) . g (95"02](—§GAS), Z a, =a, Z c.=c, aj+c; > 0foreach j.
The estimates for A imply that

k
1~ ajac;, 1~ , 1Y a; _1- ‘
|exp(—§GAs) . | |aq'6w'(—§GAS)| < eCs . <q> 1 Zaj+CsSk < <q> 1 a+C£eC5.
J=l

3To motivate this definition, we recall that g; — g, = 1. If we set g = F (¢, w) andset i = gy — g, then i = Fy - (G: — ;) =
F, . Recall that f1]4—9 = Ay and that our goal is to make fi|s—g = —2. This suggests that we should choose F so that A| F, = -2.
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In summary, we have |8;‘62)[[| Sa.c {q) 174+ CaceeCacs That is, we obtain the first estimate in (3.18)
with b = 0.
Now, by (3.16), we notice that

_ | P 1~

920P95U, = 0205, ((sGA)P A - exp(5 G As)), a,b,c>0;
q q 2 2

e e (3.20)

6;8?65)[[: 6;‘[)5,((—§GA)I’ . exp(—zGAs)), a,c>0,b>0.

Both of these rows are of the form
9505, [Fi(q, w) - exp(Fa(g, w)s)].

Here, for all a,c > 0 and j = 1,2, we have d70(,F; = Oa.c({g)~Pi*Cac®) for some fixed constants
by > 0 and b, = 1. Following the same proof in the previous paragraph for fi, we obtain that for all
a,c > 0and (s, q,w),

0405, (xp(F>(g, )s) = 1) = O o((g) ™' ~##Ca 2 Cac),
Thus, by Leibniz’s rule, for all a, ¢ > 0 and (s, ¢, w), we have

0405, [Fi (g, ) - exp(F>(g, w)s)] = 30, F1 + 0005, [Fi - (exp(Fas) — )]

= Oa’c(<q>_b] _a+ca,('secu,cs + <q>_bl _l_a+ca,c$eCcz,cS) — Oa,c (<q>_bl_a+ca,c seca,cs) .

To estimate the derivatives of ﬁq, we use (3.20) to set F; = (%Gg)b;f and F;, = %GZ In this case, we
have by = b + 1, so we obtain the second row of (3.18). To estimate the derivatives of i, we use (3.20)
to set F| = (%GA)I’ and F» = —%GA. In this case, we have b| = b, so we obtain the first row of (3.18)
with b > 0.

To end the proof of (3.18), we prove the bounds for 9? 62)1’]\ . Note that U = 0 for ¢ > R and that for
g <R,

R
10205 T (s, ¢, )| < / () 1PHCEeCS g,
q

When b = 0, the right side is O(£7!(g)¢%eC%). If b > 1, the right side is O ().

Finally, we check (3.19). Recall from [75, Proposition 7.3] that 85)6 = 0(e) for (s,q,w) € Q.
That is, (s,w) € [0,00) X S? and g > g5 z) = 3(e%/% — e579/2) £ 2R. Since 9/ — e(6)/& ] =
2q(s,s) —4R —1 < 0 and since q(s5,) < 2R, we have

Cos Sle (5+s)/ &

(@ /{qs.e)) +{d(5.))/{q) SR.Co € whenever Cpe** (e?/¢ — ¢ -1) < g <qs,e)

Since 0, ﬁq = 0({g)"*€%¢C%) by (3.18), by the mean value theorem, we have

Bﬁ,ﬁ(s,q,w;a) = agﬁ(s, G(s.e), ;&) +O(Iq — q(s.e)| - <q(s’s)>—1+caeCS)
= O(eCS) +0(<6](s,e)> . <q(S,e)>_1+C8 . eCS) — O(ECS)

for all Cpe€0s (e9/2 — e(0+9)/2 _ 1) < ¢ < q(s,s)- This finishes the proof. O
Remark 3.2.1. The bounds for i in (3.18) are better than those for u. For example, we have

fy = 0({q)™*C=eC5) but iy, = O({gq)~"*C#e"*). Suchadifference occurs because we have 9, (—2) = 0
and 9,A; = O({g)~'*C#). This explains why we introduce this new map F.
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It follows from [75, Lemma 7.2] that (¢, x; &) := F(q(t,x; &), x/|x|; €) solves
q: —qr = u(elnt - 6,4q(t,x; &), x/|x|; €), in Q, (3.21)
that g = r — ¢t forr — ¢t > R, and that
i(t,x;€) = u(t,x;€) = elx| 'Uelnt - 6, G(t, x; €), x/|x]; €), in Q. (3.22)

In the rest of this subsection, every function of (s, g, w) induces a function of (z,x) via the map
(t,x) — (glnt = 8, q(t, x; €),x/|x|). Note that this is different from the setting in Section 3.3. By [75,
Lemmas 7.4 and 7.7], we have 7 € S®! and (r — 1) < (g)t%. Thus, we can apply Lemma 2.7 with
o = q. For convenience, we list some results from (3.18) and (3.19):

U, sl/J\s €SO0 T=gr U e e5710; H+2e€ §0--1. (3.23)

All the functions here are of (¢, x) via the map (z,x) — (glnt - 6,q(t,x;&),x/|x]) = (s,q,w). We
will use them in the next subsection. Note that (z,x) € Q does not imply that (elnt -6, g, x/|x|) € Q.
Instead, by [75, Lemma 7.4], we have (g)/(r —t) +{r —t)/{(g) < €% in Q. Thatis,in QN {r —t < 2R},
we have ¢ < 2R and

0<(R+1-9) ~(q) < (r—t€% < (1 — %% + 1)1C°.

We hope that the estimate (3.19) holds for such a g, so we assume g > Cpe<0%(e%/% — (5+9)/2 _ 1) in
Lemma 3.2.

3.5. Further computations

In the next proposition, we present asymptotic formulas for Z’#% and (8, — 8,)Z! i in Q. We remind our
readers of the definitions of £*S** and s*Sl*[;* in Definition 2.5.

Proposition 3.3. For each multiindex I, there exist functions Uy = Uy (s, q, w; &) and A1 = A1(q, w; €)
defined for all (s, q, w) € [0,00) x R x S? and € < 1, such that

rZ'i = eUp(elnt — 6, |x| - 1,x/|x|; €) +sSﬁ;_1 +es7 b,

I~ 0,-2 1,0 (3.24)
r(0r — 0r)Z u=eAr(Ix| - t,x/|x[;&) + &S, " +&S™ .

Here, Uy and Ay are defined inductively on |I|. First, we have Uy = U and Ap = —2A. Moreover, for
each |1| > 0, by writing Z' = ZZ" with |I’| = |I| - 1, we define Uy and Ay inductively by

885U1f+q0qU1f—U1f, z! ZSZI,;
o) (Widy, —w;d,)Ur, Zl =07z, 1<i<j<3;
Ur(s:4:0:8) =\ 0 ,0,U1 = quidyUs: + 8o, Up — 0iUs, 28 = Quz!', 1 < i < 3; (3:25)
0, 7zl =9z,
qo4Ar, zl =sz7!';
o) (Wide, —widw)Ar, Zl=Q;;7", 1<i<j<3;
Arlg, w;e) = —qa),-anp + aw[Ap —2w;Ar, z!l = Q()iZI/, 1<i<3; (3.26)
0, 7' =9z",

Note that U = A = 0for g > R, so by (3.25) and (3.26), we have Uy = Ay = 0 for all ¢ > R. For all
a,b,c >0, we have
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0805AL = 0g.0((g)~ 7 Car®);
020205,04U; = Oap.c((q) 747 PHCabcfeCabesy, (3.27)

0205UL = 0p ((87(g) " 1p=g + 1p>0)e )
for all (s,q,w) € [0,00) xR x S2. Forall ¢ > 0, we have
S Up = Op.c,(eCeco’) (3.28)

foralls >0, w € S, and g > Coe©*(e%/% — (992 _ 1) for some constant Cy > 1. Finally, for all
a,b,c >0, we have

020205, (204Ur + Ap) (5,4, w;8) = O pc ((q)~ ™1 PI71a¥Cabce o Cabcs) (3.29)

for all (s, q,w) € [0,00) xR x S2.

Remark 3.3.1. Since i = er~'U(s, §, w) is defined explicitly by (3.22), one can compute Zi by the
chain rule and Leibniz’s rule. This has been done in, for example, the proof of Lemma 2.7. Thus, we can
obtain an identity for Z/%. Similarly for (8, — 0,)Z" . In this paper, we prefer the asymptotic formulas
(3.24) over these identities because (3.24) are much simpler.

Let us compute Zi as an example. It suffices to compute Z(rit) = Z(eU(gInt — 8, §, w)) because of
the commutator [Z, r] = Zr. By the chain rule, we obtain the following term in the expansion of Z (ri):

gU,(elnt - 6,3, w) - Zq. (3.30)

Recall that ¢ is a solution to the transport equation (3.21). There is no explicit formula for Zg, so we
cannot further simplify (3.30). In Proposition 3.3, we use an alternative way. We first show that Z (riz)
equals Z (817 (elnt — 6,r — t,w)) up to a remainder term. This remainder term is good because we
expect g ~ r — t to some extent; see Lemma 3.4 below. By the chain rule, we replace (3.30) with

sﬁq(slnt -6, r—t,w)-Z(r—1).
We can compute this expression explicitly because we have S(r — 1) = r — 1, Qo; (r —t) = (t — r)w;, and
Z(r —t) = 0 for other Z. As a result, we obtain a simpler asymptotic formula for Zi.

Remark 3.3.2. As commented in Remark 1.4, if Z! contains a translation, we have A; = 0. In this case,
we can still approximate Z’#. We achieve this goal by following Remark 1.4, and we remark that the
key is the identity (1.25).

The key step in the proof of Proposition 3.3 is to show the following estimates:

ru—eU(elnt - 6,r —t,w;€) € sS?n’_l +es7 b1,

. (3.31)
(0; = 0,)(ru) +2eA(r —t,w;¢) € 8S?I;_2 +es™ 10,

Recall that r = |x| and w = x/|x|. Proving these estimates requires several estimates for the approximate
optical function g; see Section 3.5.1.
In Section 3.5.2, we extend (3.31) by showing that for each multiindex I, we have

rZIﬁzsUI(slnt—é,r—t,w;s)+SS&_1 +eS5~ b1

(3.32)
(8, —0.)(rZ'n) = eA; (r —t,w; €) + sSﬂ;_z +e85710,

Here, the U; and A; are defined in the statement of Proposition 3.3: we set (Uy, Ag) = (ﬁ , —22) and
define (Uy, A7) inductively by (3.25) and (3.26) for |I| > 0. We can induct on |/| to check (3.27) and
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(3.28); the details of the proofs are omitted. We also notice that [0; — 0,,r|Z it = —Z'iw = O (et71%€?)
by (3.13), so we obtain (3.24).

Finally, we prove (3.29). By setting By = 20,U; + Ay for each I, we note that the By’s satisfy the
induction formulas

g0sb = I' + g0, By, VAR VA

B, = (Widw; — w;0u,)Br, Zl=0,;7" 1<i<j<3;
cwi0sh : 1" — qa),ﬁqu +8w,~Bl’ —2w; By, 7! = QOiZI/, 1<i<3
0, 7' =97V,

We also have By = ZX(exp(%G(w)Zs) —1). Since exp(%G(w)Xs) — 1 has essentially the same form as
11+ 2, by following the proof of (3.18), we obtain for all a, b, ¢ > 0 and all (s, g, w) € [0, 0) X R X s?,

. 1 - - —a . -
0095, (exp(5G(W)AS) = 1) = O p.c((g)” "MW1 CunceeCanes),
It follows from Leibniz’s rule that
636;962)30 — Oa,b,c((q)_ma"{l’b}_l_wc‘*"’*‘Eec“"’*'“‘).

Now, (3.29) follows by induction on ||. We again omit the details of the proof.

3.5.1. Proof of (3.31)
By the definition of u, in Q we have
rii = U,
; — 0,)(rit) = (0; — O, sl) = &2 AS+8A;7=8I_ AS— gA.
(0 = 8,)(ri) = (8, — 8,)(eU) = 7 Uy + eUyfi = £t Uy — 2eA

Here, U, Uy, A are functions of (,x) via the map (z,x) — (elnt -, q(t,x),x/|x]). By (3.23) at the
end of Section 3.4, we have €Uy € 59-0_ Thus, we have

(8, — 0,)(rit) = —2eA + &5,
It remains to show that

eU(elnt - 6,3, wie) —eU(elnt = 6,r —t,w;e) € eS80 +e571, .
SA\(qs w; 8) _gA\(r _t,(l.);{-,‘) c gS?r;_2+8S71’0, B

We first prove a lemma for g. This lemma both relies on and improves [75, Lemma 7.7].

Lemma 3.4. We have g—r +1t € S?H’O. That is, for each I, we have Z' (7 —r +1) = O((1 +In{r —1))1€?)
in Q.

Proof. Forr —t > R, we have ¢ = r — t. It remains to prove Z! (g —r + 1) = O((1 + In(r — 1))1€?)
for each 7 in Q N {r —t < 2R}. Before we start the proof, we recall from [75, Lemma 7.4] that
7€ < (q)/(r—1t) < t€% in Q. Thus, every power of () can be controlled by {(r — )¢ ¢ and vice versa.

We first apply Lemma 2.4 to compute (9; — 0,)Z’ (g — r + t) for each multiindex 1. For each integer
N > 0, in Q we have
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>0 =02 (G- r+1)]

[I|<N

3
DIZNE+D+ Y (12 @2+ )10 + w002 (G -1 +1)] (3.34)

l1|<N |7 |<N j=1

D, 12N @e i+ e Y 12N @G-+l

[I]<N [I]<N

Here, we recall that i = g; — g,. In the last estimate, we apply Lemma 2.1 to get the factor (r + 1)~
Meanwhile, we recall that 1 +2 € S0-=1 n fact, the results in (3.23) hold because it is already known
that g € S*! from [75, Lemma 7.7]. Thus, we have 3,y 12/ (T +2)| < (r —1)"'t“¢ in Q.

We can now use Gronwall’s inequality to finish the proof. Fix an integer N > 0 and a point
(t9,x0) € QN {|xo| —to < 2R}.Foreach 1 € [M R, 1], we set

an()= > 1ZN G- r+0)(x, (o + ol = 7)

<N

||)I

Note that (7, (o + |xo| — 2‘1')| )eQN{r—t<2R}forallt e [w — R, t9]. Moreover, given a
function h(t, x), for Z(7) = h(x, (|xo| +10—7) - i), we have ££Z= (h, = h,) (7, (Ixol +10 = 7) - 57)-
Thus, the inequality (3.34) implies that for each 7y € [M R, 1],

to + |x 70
fot ol _ Y12C 4 (xol + 10) zn () dir

R) +

70

znv (1) S 2w ( <|X0|+to—27

t+|x\

< (Ixol +10)™! v (1) d7 41§ ° (1 +In(lxo = 7o)

to+|xg|
-7 R

To obtain the second estimate, we notice that (t"jx"l - R, (t"ix"l R)ny) € {(t,x) ¢ |x] -1 > R}.
Thus, we have § = r — 1 near this point and thus zy (M — R) = 0. Moreover, for M —R<1<1,

we have 7€¢ < 1§ and 1 + xo — 27 < 2R. It follows that
70 70
(lxo| + 10 — 27172 dr < 1$® (27 = |xo| —fo +2R+ 1) dt
+lxgl 0 to+|xg| _R
2 2

<155 In(to — Ixol + 2R + 1) < 1§ (1 +In(to — xo)).

Thus, by Gronwall’s inequality, we have

fo

zn (t0) < 5 (1 +1Indto — xol)) exp( <|x0| +10)”" dT)

r+\x|

to— IXOI

< 16 °(1+1In(to = xo|)) exp(C - ) 5 15 °(1+1In{tg — |xol)).- o

|x | +1+1
Using Lemma 3.4 and the bounds for U, X, we now show (3.33) which implies (3.31).

Lemma 3.5. Fix an integer N > 0. Then, for ¢ <y 1 and all (t,x) € Q, we have

Z 1Z!(U(slnt = 6,G,w;e) —U(elnt = 6,r —t,w; €))| < (1 +1In(r — ) (r — 1)"14€2,
[11<N

Z 12! (A(G, w) = A(r = t, )| 5 (1+1Ingr = 1))(r — 1) 2%

|I|<N
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Proof. Since g =r —tforr —t > R, it remains to prove this lemma in Q N {r —r < 2R}. We will prove
by induction on |I].
When |I| = 0, by the mean value theorem, we have (here we set s = £ Int—¢ and omit the parameter &)

|U(s,q,w) = U(s,r —t,w)| < |g—r+1]| - sup U, (5, p, )]

p lies between q,r—t
<(L+In(r —t)tC% - r =) ™C%C% < 1+ In(r — ) (r — 1) 14€%,
lA(q, w) - A(r —t,w)| S lg—r+1]- sup |Aq(p, W)
p lies between q,r—t

< (L+In{r —t)C% - (r =) Ce < (1+In@r — ) (r — 1) 24C%.

Here, we use (3.17), (3.18), and Lemma 3.4. Besides, we also use the fact that if p lies between g and
r—t, then (r —t) < (p)t€%. In fact, since § < 2R and r —t < 2R in Q N {r —t < 2R}, we also have
p < 2R. And since 17C¢ < (q)/(r —t) < t€%, we have

E) '~ 14+2R-p) ' <A +2R- '+ (1+2R-r+1)!
S@ '+ -0 s r-n7CE

We thus finish the proof when |I| =

In general, we fix a multiindex 7 with |I| > 0. By the chain rule and Leibniz’s rule, we can write
AN U (s, g, w) — U (s,r —t,w)) as a linear combination (with real constant coefficients depending on /)
of terms of the form

b a c
(920205,0) (5,7, w) - ]_[ Zli(elnt - 6) - ]_[ z7ig- ]_[ A
J=1 Jj=1

J=1

b a c

— (020295 0) (s, —1,0) - ]—[ Zli(elnt - 6) - ]—[ Zi(r=1) - ]_[ zKiw.
j=1 j=1 j=1

Here, a + b + ¢ > 0, the sum of all the multiindices is ||, and each of these multiindices is nonzero.

This term equals

b a c
[(950205,0) (5,3, w) = (950205,0) (s, r —t,)] - [ [ 2 (emny - [ [ 277G [ | 28
j=1 j=1 i=1
. a k a
+ (000205 0) (s, r—tw)- | Y [ 275 - 2" @G-r+0- || 27 (r-1)
k=1 j=1 j=k+1
b c
. l_[ZIf(slnt) . l_[Zwa.

J=1 J=1

If a = 0, then the second row vanishes. We claim that this term is O((1 + In{r — £)){r — £)"1¢€%). In
fact, by (3.18), we follow a similar proof in the case || = 0 to show that

(0202050) (5,3, w) — (020205U) (s, r — t,w) = O((1 +In(r — 1)) (r — )" 791€®).

Moreover, by (3.18) and (3.19), we have (6;8?6;[7)(& r—t,w) = 0((r-1"%c?)inQn{r-r < 2R}.
We also have Z/w = O(1), Z'(q,r —1) = O((r —1)1“#), and Z7 (g — r +1) = O((1 + In(r — 1))1°#).
Combine all these estimates and we obtain the estimates for U in the lemma. The estimates for A can
be proved similarly. O
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3.5.2. Proof of (3.32)
We induct on |/|. The case when |I| = 0 has been proved; see (3.31). Now, fix a multiindex 7 with |I| > 0
and write Z! = ZZ!". We have

rZ'a =72 Z"0) + [r, 21277
=¢e(0sUp) - Z(elnt) +€(0,Uy) - Z(r — 1)

5 (3.35)
+ 800, Ur) - Zoy - Zr - 2 T+ 887 + 8571,
k=1
(8, - 8.)(rZ'n) = Z[(8, - 8.)(rZ" )] + [6; - 8,, Z)(rZV' W) + (8, — 8,)([r, Z)Z" )
3
= &(ByAr) - Z(r—1) + Z £(0u A1) - Zwg (3.36)

k=1
+ [0 = 0,, Z)(rZ"0) = (8, = 8,)(Zr - Z"' i) + £S):7% + &S

On the right sides, every function of (s, ¢, w) is evaluated at (s, ¢, w) = (elnt -6, r —t, w). For example,
OsUp = (0,Up)(elnt — 6,r — t,w; &); similarly for Uy, Ay, 8,(Uy, Ayr), 0, (Upr, Apr). We apply the
induction hypotheses and the chain rule to compute Z(rZ''%) and Z((8, — 8,)(rZ''i1)). Now we can
prove (3.32).

Lemma 3.6. Fix a multiindex I with |I| > 0 and Z' = ZZ"'. Assuming that (3.32) holds with I replaced
by I, we have (3.32) for I. Here, the functions Uy and Ay are defined in the statement of Proposition 3.3.

Proof. In this proof, every function of (s,q,w) (such as Uy, and A;/) is evaluated at (s,q,w) =
(elnt—-6,r —t,w).

Since the U;y’s and A;’s are defined inductively by (3.25) and (3.26), we can prove (3.27) and (3.28)
without proving (3.24). Thus, for each multiindex /, we have

Ur,e8,Ur,8,Ur € S*°, 8,U1,8,A; € %' 8,A; € §O72, (3.37)

Here, we apply Lemma 2.7 (with p = r — ), (3.27), and (3.28).
(a) Suppose that Z! = dZ!". We have d(glnt),dw € &S0 and d(r — 1) € S%0. By (3.37) and
Lemma 2.6, we have

3
g(0sUr) - 0(elnt) +e(0,Up) - 0(r — 1) + Zs(ﬁwkUp) - dwy
k=1

e S(),() . SS_I’O +8S0’_1 . S(),() +8SO’0 . S—l,() c 850’_1,

3
£(0gAr) - 0(r =)+ )" e(Buy Ar) - dg € 8872 S™0 4 55071 570 € £5072,
k=1

Moreover, we have [0, — 8,,0;] = r1(8; — w;id,) = S50 -9 (by S71:0 - 3 we mean f2(t,x)d, where
£ e 8% 9ir =w; € %% and [, — ,,8;] = 8,r = 0. Since i € €S-0, by Lemma 2.6, we have

ar-z"i e §90. g§710 ¢ g5710,
[0, — 8,,0]1(rZ"w) € S0 8(e5%0) c es717!,
(8, = 8,)(0r - Z"'w) € 3(S*0 - &5710) c 57171,

In summary, by (3.35) and (3.36), we have rdZ"'it € sS?n’_1 +eS7 " and (8, - 8,)(roZ''n) € sS?H’_2 +
eSO e U = A; =0.
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(b) Suppose that Z/ = SZ”'. In this case, we have S(¢lnt) = &, S(r —1t) = r — t, Sw = 0,
[0; = 0,,8] = — 0y, and Sr = r. By (3.35) and (3.36), we have

rSZ' i = e2(8,Up) + e(0qUp)-(r=1)—r- VARTE® sSﬁ;_l +es7 bl
= ¢e(edsUp +qo,Up — Up) +8Sﬁ;_1 +eS5 b
(0 = 8,)(rSZ"0) = £(8,Ar) - (r —1) + sS?r;_z +eS710 = g(qo,Ap) + sS?r;_z +e5710

That is, Uy = €d,Up + q0,Up — Up and Af = qd,Ap. In these estimates, we apply the induction
hypotheses to compute Z! 7. We also notice that [S, 7(d; — 8,)] =

(c) Suppose that Z! = QijZI/. In this case, we have Q;;(gInt) = Q;;(r —t) = Q;jr = 0, Q;;wi =
w0 jk —w;dik, and [0; — 0,,Q;;] = 0. By (3.35) and (3.36), we have

3
Y‘Qijzl’il\: Z S(awkU]f) . ((Uiéjk - 0.)]'6[]{) +85?n’_1 + 85_1’1
k=1

= 8((wiam_i - ch?mi)UI,) +SS?H’_1 + SS_I’l,
3
(0 — 8,)(rQ; 2" i) = Z eBu Ar) - (widjk — w;0ik) +eSp > + 5710
k=1
= 8((wiawj - wjawi)AI’) + 55?572 + 8571,0‘

That is, Uy = (w;0.; — w;j0u,)Ur and Ay = (w;0 w; — Wj0w, )AL

(d) Suppose that Z! = Qq;Z"". In this case, we have Qo;(eIn?) = sw;(1 + =1), Qui(r — 1) =
—(r = Hw;, Qoiwi = (1 = EH)(6ik — wiwy), [8; — 8r, Q0] = —wi(d; — 9;) - r+t Zi | w;;j, and
Qoir = tw; = (1 - =L)rw;. By (3.35) and (3.36), we have

rQOiZI n

= 5(0,Ur) -1+ 1) = 5(0,Ur) - (r =

3
* ),
k=1

28(8(1.)'6 Uy —qwia U]f + 0, U[f —wiUp)

-t ’ - _
yrw; - 2 +sS?n’ Lyes it

,
ik —wiwg) — (1 -

Wk

+&2(0, Up)w; - _t - 8(6wlU1/) —_— + (r— t)a)lZ] u +¢9S0 Tres bl
r
(8 — 8,)(rQui 2" )

3
=—2(0,Ar) - (7 =i+ Y 80 Ar) - (1= =) ik - win)
k=1

~wi(8 = ) ((r+0Z"'i) — — w,g,j (rZ"'i) + 8% + S0
j=1

-1
= 8(—qw,~6qA1/ + awiA]/ - ZwiAp) - 8(6w,-AI’ : !

3
’ +t !~ - —
+wi(8; - 0.)((r—-0Z"n) - r_2 E ij,-jZI u+ sS?I; 24 es710,
r
=
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By (3.37), we have
_t -1 ’
&2 (0,Up)w; - rT - &(0,,Ur) - L (r-twZ"'nees™™!,
r

3
—t ’ t ’
—&(0w,Ar) - UL wi(8; —8,)((r—0Z") - % x,-Qi,-ZI nees O
, . E jse
j=1

In summary, we have

rQo 2" = e(ew;0,Up — quwiOyUp + 0, Up — w;Up) + sS?n’_l +esbL

(0 = 0,)(rQuZ" i) = e(~qw;idgAp + Do Ap — 2wiAp) + &S0 72 + 870,
That is, U[ = 8w,~6xUp - qwquUp + 6w[U1/ - LL)l'UI/ and A[ = —qw,-(')qu + awiA[/ - 2wl~A1/. [m}

3.6. Gauge independence

In Section 3.2, we construct the optical function ¢ = ¢(¢,x; &) by solving the eikonal equation (3.3).
There, we consider the region Q = Qs g, - defined by (3.2) and assign the boundary condition g|pq = r—t.
Meanwhile, we will obtain different optical functions by choosing different regions € and by assigning
different boundary conditions. For example, for 8, x € (0, 1), we can set

Qs poe = {(1,x) R 1> 028 x| = ¢0% —2R > k(1 - €%/%)}

and solve the eikonal equation (3.3) with Q replaced by Q. Note that Qs R e = ﬁ(g,R,g,l 2. All the

computations and proofs in Sections 3.2—3.5 will work, so we will again obtain functions such as A
(from (3.16)) and A; (from Proposition 3.3), etc. It is natural to ask how these new functions are related
to the old ones. We seek to obtain a gauge independence result; see [75, Section 6].

For convenience, we make the following definition.

Definition 3.7. Fix 6, k € (0, 1). Let ¢ = g(t, x; &) be a C? optical function defined for all &£ <, s 1 and
for all (7,x) € R!*3 with t > ¢%/% and |x| > «t. That is, we have

g“ﬁ(u)(?aqaﬁq =0, Vi > e%/% |x| > «t.

Also suppose that g|,—;>g = r — t. We say that the optical function ¢ is (9, x)-admissible if it satisfies
the following assumptions:

Sle

a) Forall t > ¢°/¢ and |x| > «t, we have

D12 gr a7 (= gD €%
[r1<1

1+Ce.
9

12 (qi + wiqi)| S 17
111=1i=1,2,3

b) The map (s,q,w) = (eIlnt -6, q(t, x; €),x/|x|) induces a C! diffeomorphism from {r > ¢%/%, |x| >

Kt} to a subset of [0, ) x R x S2, so every C! function of (¢, x) induces a C' function of (s, g, w);
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¢) Define (i, U)(t,x) = (q; — q,,& 'ru)(t,x) and consider the induced functions (u, U)(s, g, w; €).
The limits in (3.5) exist; that is,

1
Aq, w;€) = ~5 lim (uUq) (s, ¢, w; &),

. 1
Ai(q,w;e) = Sh_}ngo exp(zG(w)A(q,w;s)s),u(s,q,w;s),

1
Ax(q, w; ) = lim exp(—2 G (w)A(q, w: £)5)Uq (s, ¢, w: ).

Remark 3.7.1. For each « € (1/2,1) and 6 € [6,1), the optical function g constructed in Section 3.2 is
(6, k)-admissible. We cannot take x = 1/2 because Qs g o C {t > €%, |x| > t/2}.
We now state the gauge independence result. It is indeed stronger than the one in [75].

Proposition 3.8. Fix 6,«,6,% € (0,1). Let q,q be a (5, «)-admissible optical function and a (6,%)-
admissible optical function, respectively. Define 69 = max{d, 0} and kg = max{k, x}. Then, whenever
€ < 5z L wehave

i) There exists Qo = Qu(q, w; &) € C (R x S?) such that
0w(q,w;e) = lim q(s, q, w; €),
§—00

where q(s, q,w; ) is the function induced by q(t,x; &) via the coordinate changes (s, q,w) =
(elnt - 6,q(t,x;€),x/|x|). Besides, we have

040w = 1im 8,3, 0,00 = lim 8,,7.
§—00 §—00

All the convergences are here uniform in (q, w) € R x S2.
ii) One can exchange the roles of q and g to obtain Q (g, w; &) € C'(R x S?) such that

0.(q, w; &) = lim q(5,q, w; &),
S—00

§—00 S§S—00
Moreover, we have
Qoo(aoo(a’ U), ‘9)’ Ll), 8) = E?
0.(0x(q,ws8),w56) = q.

iii) Let (A, A1, A2)(q, w; €) and (A, Ay, A2)(G, w; &) be the limits defined by (3.5), respectively. Then
we have

A(Qw(q,wi8),w;8) = A(q, w; &),
_ 1 _
A1(Qw(q, w;8), w5 8) = (A1 - 040)(q, w; &) - eXp(zG(w)A(q,w;S) (6 -9)).

Proof. The existence of Q. has been proved in [75, Proposition 6.1]. We recall that the key step in the
proof is to write

N R 7 v
0sq =€ ltqr — - —).
q4r dr
Here, v = g, + ¢, and ¥ = g, + ¢q,.. Using the eikonal equation, we write v/q, as the sum of a quantity
not involving ¢ and a remainder term. We thus obtain d;g = O(+~'*€#) and show that the limit Q.

https://doi.org/10.1017/fms.2025.10072 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10072

Forum of Mathematics, Sigma 33

exists. Following a similar proof, we can show 0,Qc = limg_,co 0gq and 0., Qoo = limg_00 0., G. The
details are skipped. This finishes the proof of part i).

In part i), we recall from the definition that both (s, ¢, w) = (eInt-6, ¢(t,x; €),x/|x|) and (5, ¢, w) =
(elnt — 6,q(t,x;€),x/|x|) are C' diffeomorphisms. These diffeomorphisms are defined whenever
t > ¢%/% and |x| > kot. We thus have two maps that are the inverses of each other:

(5,q,w) — (s+6-06,q(s,q,w;€), w);
(5.q,w) —~ (5-6+6,9(5,7, w;€), w).
It follows that for each (s, ¢, w), we have
g=q(5,q(s+6 - 6,q,w;€), w; €).
By the continuity and the uniform convergence, we obtain
4= 0 (0o (g, w3 6), w3 ).
The other limit can be proved similarly.

In part iii), we have proved Z(Qoo(q, w;€),w;€) = A(q,w; €) in [75, Proposition 6.1]. To show the
other limit, we recall that

_ 1 _
Ai(q,w;e) = lim exp(EG(w)A(E,w;s)E)ﬁ(E, q,w;€).
§—00
Here,5=¢clnt -6 =s+6 — 0. Set g = 0w (g, w; €), and we obtain
_ 1 _ _
A1(Qw (g, w; &), w; €) = lim exp(EG(w)A(q,w;s) c(s+0-0)u(s+0—90,0(q,w; €), w; ).

Using the C! diffeomorphisms mentioned in the proof of part ii), we identify the following three points:

(s+6— S, 0w(q,w;€),w) in (5, ¢, w)-coordinates,
(5,q(s+6 = 6,00(q, w;8), w), w) in (s, g, w)-coordinates, (3.38)
(e x(s,q, w;¢)) in (7, x)-coordinates.

(s+0)/ &

Here, x(s, ¢, w; &) is chosen so that x(s, g, w;&) = |x(s,q,w;e)|w and g(e ,x(s,q,w;€)) =

0o (g, w). Meanwhile, we have
I__1 = V - Zar =y - quaqa = (/J — V)aqq"‘ 0(t—1+C£)'
At the point specified by (3.38), we have (using (s, g, w)-coordinates)

(049)(5.9(s +6 = 6,00 (q, w3 8), w3 £), W3 &) = (04000)(q, w3 E), 5 — 0.

This limit holds because the underlined part converges to O, (Qw (g, w; €), w; €) = q. As a result, we
can skip the term -vd,q + O(+71*€#) as it will not affect the limit. In summary, we have

}ergo exp(%G(w)A(q,w;a) (s+6=0))(s+6 = 08,00(q, w; &), w; €)
= lengo exp(%G(w)A(q, w;e) - (s+6—08))(u- 0qq)(s,q(s+06 — 6, 00(q, w; €), W), W; &)

1 _
= (A1 040)(q, w; &) - eXp(EG(w)A(q,w; g) - (6 -9)). o
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We now discuss two important corollaries of this gauge independence result. First, suppose that
0 < 0, k < Kk, and that g is simply a restriction of g. In this case, we have Q. = O, = g everywhere, so
part iii) of Proposition 3.8 suggests that

— §-0
A=A, A=A exp(TG(w)A).

If we define (&, U) and (ﬁ U) by (3.6) correspondingly, it is easy to check that

(1, U)(s+6—-06,q,w;€) = (I, ﬁ)(s,q,w;s).
Such a time translation follows from the fact that the time ¢ corresponds to s = elnt — ¢ in (s, g, w)-

coordinates and 5 = In? — 6 in (s, q, a))-c_oordinates. _
The second corollary states that, if § = ¢, then the outcome A defined by (3.16) should be the same.

Corollary 3.9. Fix §,k,x € (0,1). Let q,q be a (6, k)-admissible optical function and a (9,%)-
admissible optical function, respectively. Let A, A be the functions defined by (3.16), respectively. Then

we have A = A.

Proof. Fix (p,w) € R x S2. We seek to prove /T(p, w; €) = A(p, w; ), or equivalently,
A(f(p,w;s),w;e) = Z(f(p,w;e),w;s).

The definitions of I?,F are given above (3.16). Since Z(Qoo(q, w;e),w;e) = A(gq, w; €), it suffices to
prove

F(p,w;e) = Qoo(l::(p,w;s),w;s).
Setg = ﬁ(p, w; &) and § = F(p, w; €). By the definitions, we have
p=F(q,w;¢e) = F(q,w;e).

We seek to prove g = Qo (¢, w; €). Note that

q 2 4 20,0x(p,w;e
F(q,a);s):ZR—/ —dp=2R—/ = 4 Qe (P )
2k A1(p,w;€) 2R A1(Qu(p,w; €), w; &)
0w (q,w;e) 2 _
=2R—/ —— dp = F(Qx(q,w; &), w;€).
2R Ai(p,w;e)

In the second identity, we use part iii) of Proposition 3.8. Since O« (-; w; €) has an inverse, its derivative
with respect to ¢ cannot vanish. Moreover, since ¢, g = r —t forr —t > R, we have Qo (2R, w; €) = 2R.
It follows that

p = F(q,w;¢) = F(Qu(q, w3 6), w3 €) = F(q, w; &).
Since (%F =2/A; # 0, we must have ¢ = Q (g, w; €). This finishes our proof. O
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4. A general result for inhomogeneous wave equations

We now consider the following general inhomogeneous wave equation:
O¢ = F(t,x) in O. 4.1
Here, the region O c R!*3 is defined by
O={(t,x) eR"™: >0, |x| <t} 4.2)

The main proposition in this section is a representation formula for a solution ¢ in O.

Proposition 4.1. Suppose that ¢ € C*(O) is a solution to (4.1). Suppose that for some constants
M,vy1,y2 > 0, we have

|F(t,x)] < M) (x| =)™, V(t,x) € O.
Then, by setting ©(t,x) = (=0; + 0,) (|x|9), for all (t,x) € O and T > 2t, we have
1
o(t,x) = —/ O(T,x — (T —1)0) dSg
dr S2
(T—1)? 4.3)
+O(Ix[I10G(T) |l o + Mt = x[)77 - ((1)* 7" +/2 (1+p)/ dp)).
t

The implicit constant in O(. . .) is universal and does not depend on T, t,x, M,y1,>.
Remark 4.1.1. Note that the integral can be estimated explicitly:

(T
1-y1/2>

T2 _
L (1+p) "2 dp < 21n(LY), 5, =2;

(0
v/2-1°

Y1 <2;

’)/1>2.

It suffices to prove this proposition for M = 1. For general M > 0, we simply replace (¢, F)) with
(¢/M, F/M)in (4.1). In the proof, we view ¢ as a solution to (4.1) with initial data (¢, ¢1) = (¢, ¢:)(T)
at t = T. This allows us to write ¢ = ¢yin + Pinn. Here, we have ¢y, solves D¢y, = 0 with data (¢, @)
att =T, and ¢inh solves (4.1) with zero data at ¢ = T. See Lemma 4.2. Note that ¢y, can be expressed
explicitly in terms of (¢, ¢1) and that @i, can be expressed explicitly in terms of F. In Lemmas 4.3
and 4.4, we estimate ¢y, and ¢ by applying these explicit formulas.

4.1. A representation formula

Lemma 4.2. Let ¢ € C%(O) be a solution to (4.1). Then, for all (t,x) € O and T > t, we have

drd(t,x) = ‘/S.2 ST, x—(T-1)0)— (T -1)(¢;+0-V)(T,x — (T —1)0) dSy

“4.4)

—/ F(t+ylox + )™ dy.
yeR3: |y|<T -t

Proof. Fix T > 0 and set w(z,x) = ¢(T —t,—x). Note that w € C>({0 <t < T, |x| < T — t}) and that
w solves (Ow)(t,x) = F(T — t,—x) in its domain. Using formulas from, for example, [67, 26], we can
explicitly express w in terms of (w, w;)|;=o and F. Whenever ¢ € (0,7) and |x| < T — ¢, we have
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dy
drw(t,x) = O (tw(0,x +10)) + tw; (0, x +16) dS¢y — (aw)(t = |yl,x —y) —.
s? yeR3: |y|<t |yl
Since (w, w;)li=0 = (¢(T, —x), —¢, (T, —x)), by the chain rule, we have

O (tw(0,x +10)) +tw;(0,x +10) = w(0,x +t0) + t(w; + 0 - V,w)(0,x + 16)
=¢(T,—x —1t0) —t(¢; +0 - V) (T, —x — 10).

And since (Ow)(t — |y|,x —y) = F(T =t +|y|,y — x), we have
daw(t,x) = / (T, —x —10) —t(p; +6-Vy)(T,—x —16) dS¢
SZ

[ ITEE -y - .

yeR3: |y|<t

Finally, by replacing (z,x) with (T — t,—x), we obtain the formula for ¢. This is because ¢(t,x) =
w(T —t, —x). O

For each (¢,x) € O and T > ¢, we rewrite (4.4) as ¢ = @in + Pinn Where

Prin(1,x:T) = % /S2 ¢(T,x = (T —1)0) — (T —1)(¢: +6 - Vi) (T, x = (T —1)6) dSg, ~ (4.5)

1

bt =7 [ F(+ ylx+ 9™ dy. “6)
T JyeR3: |y|<T -t

When T is fixed, we note that ¢y, is the solution to the linear wave equation O¢j;, = 0inON{0 <t < T}
with data (Pyin, 0;@1in) =1 = (¢(T), ¢,(T)) and that ¢y, is the solution to the inhomogeneous equation
O¢inn = FinON{0<t<T}withzerodataatt=T.

In the next two subsections, we will estimate ¢y, and ¢iqn, respectively. Proposition 4.1 will then
follow directly from Lemmas 4.3 and 4.4 below.

4.2. Estimates for ¢y,
Let us start with ¢y;, defined by (4.5).

Lemma 4.3. Set ©(¢t,x) = (=0; + 9,)(|x|¢). Then, for all (t,x) € O witht < T, we have

1
Giin (1, x;T) = e /sz O(T,x = (T —1)0) dSg + O(Ix|[|0(T) || o= ((xer3: [x]<T}))-
The implicit constant in O(. . .) is universal and does not depend on T, t, x.

Proof. For simplicity, we write y = y(¢,x,6,T) = x — (T — t)6. Then, we have

3
O(T,y) = ¢(T,y) = |yl(¢: — ) (T,y) = ¢(T,y) = |y|¢: (T, y) + Z Yoy, (T.y),
j=1
while the integrand on the right side of (4.5) is
3
$(T,y) = (T =1)(§; +0 - Vy@)(T,y) = $(T,y) = (T = 1)¢,(T,y) = > 0;(T = 1)y, (T, y).

j=
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The difference between these two formulas is (7' — ¢ — |y|)¢: (T, y) + 23.:1 (vj+(T=1)6;)¢y,(T,y). By
the definition of y, we have y; + (T —1)8; = x; and

T—t—-|x|<|yl=x—-(T-0)0| < |x|+T -t = |T —t—|y|| < |x|.
Here, we use 6 € S? and T > ¢. This finishes the proof. [
4.3. Estimates for ¢inn

We now estimate ¢;,, defined by (4.6).

Lemma 4.4. Suppose that |F(t,x)| < (t)7"'(|x| — )% in O for some constants y1,y2 > 0. Then, for
all t,x, T with (t,x) € O and T > t (later we will set T =T — t), we have

T-Z
<ot — ) - () + / (1+p) "2 dp).

/ R+ ylx )l dy
yeR3: |y|<T

Proof. Using the bound for F, we have

/ CF(+ Iyl + )yl dy‘
yeR3: |y|<T
< / e Dy == Ry dy
yeR3: |y|<T
< (- |x|>-72/ e+ D dy
yeR3: |y|<T

T
<ante- ) [ )Mo .
0

To get the second estimate, we recall |x| < ¢ and |x + y| — |y| < |x|. Since s + (s) is increasing for
s > 0, we have (t — |[x + y| + |y|) = {t — |x|). In the last step, we write the integral in polar coordinates.
Next, we notice that

T
/ (t+p) pdp
0

IA

t T
[arredes [ aepyrPodp

0 t
1 1
ST S [ (+p) 2 dp,

t

IN

This finishes the proof. m}

It is now obvious that Proposition 4.1 follows directly from Lemmas 4.3 and 4.4. We also note that
we assume 7' > 2¢ in Proposition 4.1 because T — ¢t =T > ¢t in Lemma 4.4.

5. Proof of Theorem 1

We now prove Theorem 1. Let u be the global solution to (1.1) in the statement of the theorem. In
Section 5.1, we apply Proposition 4.1 to ¢ = Z'u for a fixed multiindex 1. Because of (5.2), it remains
to compute the integral

/ O;(T,x — (T -1)6;¢) dSy,
S2
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where ®; = (=8, + 8,)(rZ'u). This computation is then done in Section 5.2. By setting T = > and
y =y(t,x,T,0) = x — (T — 1), we have (T,y) € Q and ||y| - T| < T'/? whenever 1 > (2¢%/%)1/3,
|x| < t,and 6 € S2. Here, we recall that Q = Qs g . was defined by (3.2). As a result, we can apply
(3.14) to show

O;(T,y;e) ~—r(d; — c')r)Zlﬁ(T,y; ).
Moreover, by Proposition 3.3, we also have
—r(8; - 8,)Z"u(T, y;8) = —r (6, — 0,)Z"u(T,y; &) ~ —eA;(Iy| = T, y/Iyl; &).

Finally, by Lemma 5.1, we have |y| - T ~ —t — x - 6 and y/|y| ~ —6. We thus have
/ O;(T,x— (T —1)0;¢) dS¢y ~ —s/ Aj(—-t—x-0,-0;¢) dSyg.
52 52

Thus, we obtain the integral on the right-hand side of (1.23). We still need to estimate the error terms
in these computations. The details will be given in the proof below.

5.1. Setup

Fix (uo,u1) € CX(R?). Let u be the global C* solution to (1.1) with data (gug, su;) for & < 1. Now
fix a multiindex 1. Set N = |I| + 2 and choose £ < 1 so that (3.1) holds for N.

In order to apply Proposition 4.1 to Z'u, we need to estimate 0Z’u. In fact, since g% (u) =
m® + 0(|ul), it follows from (3.1) and Lemma 2.3 (with [y = 1) that

12" oul = 12! (P (@) = mP)dabpu)l < 3 127 (g (w) — mP)| 2”20l
i+ J21=11]
< > 1Z%ul =07 YT 127l < =072 (e TN s X T - 1)
[J<II] [JI<|T|+2

Now we apply Proposition 4.1 to Z'u (with M = Ce?, y; = 2 — Ce and y, = 2). By setting
®;(t,x;8) = (=0; + 8,)(rZ'u)(t,x; &), for all (¢,x) withz > 0 and |x| < ¢, and all T > 2¢, we have

‘(Zlu)(t,x;s) - % /Sz @ (T,x — (T —1)0;8) dSy

1 2 ) Ce T-0)? “1+Ce G.D
< Wl0Z! u(D)||, o + €36 — xly2 - (46 +/2 (14 p) " dp)

< etT7HC8 4 &2(r — |x])72()C% + (2 — |x])2TC2.

If t > 2 and if we set T = 1> > 2¢, then T€? < €% and T~17C% < r72*C% < (r — |x|)~2t€# (since
0 <t — |x| < t). That is, we have

(Z'u)(t,x;€) - ﬁ/ @ (T, x — (T —1)0;€) dSe| < &(r — |x|) 2. (5.2)
SZ

It remains to compute the integral of ®;.

14The proof will still work if we set T = 1 with a fixed parameter A > 2. However, we need the estimate TC% < €% inour
proof, so we cannot set this T arbitrarily. For example, we cannot set T = e”.
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5.2. Computing the integral of ®;

We now apply the results in Section 3. Since most estimates there hold in € defined by (3.2), our first
goal is to show that

(T,x-—(T-00)€Q,  Vi> 23 T=F,|x| <t,6 € S%. (5.3)

Here, we recall that 6 € (0, 1) is a small constant chosen at the beginning of Section 3.2. By choosing
e <sr l,wehave T > 2¢9/¢ and

1 1
b= (T =00] = (F(T+e?!*) +2R) > (T = 1) = x| - 5(T +¢°/) - 2R
I

1 11
> T —2t——¢%¢ _2R > -T(= —4T723 _2RT™ ") > 0.
=32 2¢ 2573 )>

Thus, we have (5.3).

Next, wesety = y(¢,x,T,0) =x— (T —1)0. Since T > t > |x|, we expect y ~ —T6. This expectation
is made rigorous in the next lemma.
Lemma 5.1. For all t > (2¢%/5)!3, T = 13, |x| < t, and 6 € S% we have |y| ~ T, T — |y| =
t+x-0+0@ Y et—|x|-1,2t+1], and y/|y| + 0 = O(t7?).

Proof. We have ||y| — (T —1t)| < |x|. It follows that

IT =yl <y = (T -0+t <t+|x] <2t
E < 2 a2 < p(p0ley-23,
T T

6/8)—2/3

For & < 1, we have (e = e % <1/4,50 |y ~T.

Next, we have

T2y =T = (x> + (T -1)> =2(T —t)x - 0) = 2T — 1> — |x|> + 2(T - 1)x - 6,
2T — 12 — x> +2(T —1)x - 6
T+ |yl
1T = |y) =2 = x>+ (T = |y| = 20)x - 0

T+ |yl
=t+x-0+0E/T)=t+x-0+0(7").

T—-|yl=

=t+x-0+

In the second last estimate, we use |x| <, |T — |y|| < 2t, and |y| ~ T. It is also clear that f — |x| — 1 <
T-|y|<2t+1.
Finally, we have

_ =T —-1yDel
|yl

'ﬁw‘ ST (x| +0) s t/T =172 0
y

We can now compute ®; (7, y; ). For simplicity, in the remaining computations of the current
subsection, we omit the parameter ¢ in the functions ®;,u,u, Ay, etc. That is, we will only write
®;(T,y). Since ||y| = T| <t =T'/3, by applying (3.14) with N = |I| + 2, for £ <y 1, we have

®;(T,y) = =[r(8; = 8,)(Z'w)|(T,y) + Z'u(T, y)
= —[r(8 = 0)(Z' DT, y) = [r (8 = 8,)(Z" (u = )T, y) + O(eT~ %)
= —[r(8, = 8,)(Z'W(T,y) + O(eT~*C?).
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Here, we use [0Z (u—)| < (r—t)~'|ZZ" (u—)| to remove the (r—t) factorin (3.14). By Proposition 3.3,
we have

= [r(3: = 9,)(Z' DT, y)
= —eAr(Iy| = T, y/Iy) + O(e(1 + In{ly| = D))yl = T) T +£T71+C%)
= —eAr(Iyl =T, y/Iy) + O((t = Ix]) %1% + £177C%),

In the last step, we use that eIn(T — |y|) < e +&InT < e +elnr < €% and that (Jy| = T)™2 <
(1+1—1|x])72 < {t — |x|)~2 by Lemma 5.1. Moreover, for p lies between |y| — 7 and —f — x - 6,

—p>min{T - |y|,t+x-0} >t+x-0-Ct ' >r—|x|-1>—1.
Thus, we have (p) ~ (2 —p) > (t — |x| + 1) ~ (¢ — |x|). By the mean value theorem, we have
| —eAr(yl =T,y/ly]) +eA; (=t —x - 6,-0)]|

< elAr(yl =T.y/ly]) = Ar(=t =x- 0, y/IyD| + €lAr (=t —x - 6, y/|y]) = Ar (=1 —x - 6,-6)]
sellyl=T+t+x-6|- sup 10g A1 (p,y/1yDI

p lies between |y |-T, —t—x-6

+e| 2 0] sup [8wAs(—t —x - 6,7)]
Iyl UESZ

<et! sup (p)7C8 et 2t +x - 9)1C2
p lies between |y |-T', —t—x-60

<ot = ) 2CE e (s — x|)7HCE < s 0 (x| — 1),
In summary, we have

O (T,y;8) =—eAr(—t —x-0,-0;) + O((r — 1) 21tC?).
Plugging this back to (5.2), we obtain

Zlu(t,x;s)z—%/ Ar(=t+x-6,0;8) dSe +O({r — |x|)2t€%), Vi > (2973, |x| < 1.
SZ
(5.4)

6. Corollaries of Theorem 1

Combining Theorem | with the asymptotic completeness result for (1.1), we can prove several interesting
corollaries. _

In Section 6.1, we show a special decaying property for A and U; see (6.2) in Proposition 6.1. In the
proof, we compute the integral fgz u(t, (t — **)w) dS,, in two ways. First, we can use the estimates
from the asymptotic completeness result. By (3.14) and Proposition 3.3, we have

/ u(t, (t = 23)w) dS., ~ et — 237! / U(elnt —6,-1*3,w) dS,, Vi s 1.
s2 52
Meanwhile, we can apply the main theorem for this paper. By (1.23), we have

/u(t,(t—t2/3)a)) dSwzi/ / A(=t+ (t—1*P)w - 0,0, ¢) dSedS.,
S2 271' S2 Js§2

_p2/3

8 —
- A(p, 0 ) dpdsS
1 -2 /sz [2t+12/3 (p.6:£) dpdSe
E

W/ [ﬁ(slnt -0, —[2/3,10;8) - ﬁ(slnt -0, —2t+t2/3,w;s)] dSe, Vs 1.
_ @

X
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In the second step, we integrate with respect to w. In the last step, we notice that ﬁq ~ A. Comparing
these two approximate identities, we notice that there is a cancellation. We thus have

&

W/ U(slnt - 6,2t +1*%,w;8) dSg ~ 0
— i

to some extent. For simplicity, we skip the discussion on how to control the error terms in these
computations, and we refer to the proof of Proposition 6.1 below. Following the same idea, one can
derive similar decay properties for the U;’s defined in Proposition 3.3; see (6.1).

In Sections 6.2 and 6.3, we prove Theorems 2 and 3. Here, Proposition 6.2 is the same as
Theorem 2, while Proposition 6.6 is slightly stronger than Theorem 3. Note that the ideas of the proofs
of Propositions 6.2 and 6.6 have been explained in the introduction, so we will not repeat them here.

6.1. Decaying properties of the U;’s

We now discuss the decaying properties mentioned at the beginning of this section.

Proposition 6.1. For each multiindex I, we let Uy be the function of (s, q, w) defined in the statement of
Proposition 3.3. Then, for all t > 2¢%/2, we have

| /Sz Ur(elnt — 6, =21, w; €) dS,,| < e 1132, (6.1
In particular, since Uy = U which was defined in (3.16), we have

R
—~ 1 —~
|// A(q,w;e)exp(EG(w)A(q,w;g).(elnt—a))dquw|ss”f‘/“@?. (6.2)
§2 J -2t

Proof. Fix a constant y € (0, 1). For each (¢,x) € QN {-2tY <r —t < —tY/2}, we have two ways to
approximate Z/u. By (3.14) and Proposition 3.3, we have

Z'u=7"0+0,(er™C%(r — 1))

=er'WUi(elnt = 6,r —t,w;€) + Oy(t_l_”c‘g + et HYHCE),

Here, we use |r — f| ~ 7. Meanwhile, by Theorem 1, we have

Zlhu=—2 | Aj(c14x-6,6,8) dSe+O((r — 1)2(C%)
47'[ S2
=2 | Aj(—t4x-6,0:8) dSg+ O(1727¥C?).
471' S2

By combining these two estimates, we have

Ul(elnt—é,r—t,w;8)+L/ Ar(-t+x-0,0;¢) dSy
4n Js (6.3)
=0 (8—1t1—27+C£+t—1+y+C8)

=Uy

whenever (¢,x) € Qand -2t¥ <r —1 < —tY/2.

To continue, we let 7 > 2¢%/% and r = t — t2/3 in (6.3). Note that max{1 — 2y, —1 +v} from the power
of ¢ in (6.3) is minimized at y = 2/3. Moreover, we have

r—(t+e%%))2-2R=(1-¢%2))2 =P 2R > 1/4-** - 2R > 0,
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so {t > 2¢%/¢ r =1 — >3} c Q. This gives us

Ui(elnt -6, -1, w; 8) + é/ Aj(~t+rw-6,0;8) dSg = O(s” ' 1/3+C#),
Integrate both sides with respect to w on S, and we get

/ Ur(elnt -5, wie) dSy = —1- Ap(~t +rw - 0,0;8) dS,dSg +O(s'171/3+C#)
52 4n Jsaxs2

1 —t+r
=—= / / Ar(p,0;€) dpdSg + O(e7 17 1/3+C#),
2 S2 J—t-r
Note that
/ Aj(-t+rw-0,0;¢e) dS,, = / Ar(-t+rws, 0;¢e) dS,,
s2 2
2 bg 1
:/ / Aj(—t+rcosa,0;e)sina dadﬁ:ZJT/ Ar(-t+r7,0;¢) dt 6.4)
0 0 -1

—t+r
=2r ! / Ar(p,0;¢) dp.

t—r

In the first step, we notice that the integral is invariant under rotation. In the second step, we write the
integral in the spherical coordinates. Moreover, recall from (3.29) that 20,U; + Ay = O((g)~2+C%eCs),
so we have (recall that r — ¢ = -2/ 3

/ Ur(slnt = 6,-1*3, w; €) dS.,
_n _2

/ / 0,Ur(elnt - 6,p,0;¢) dpng+O(tC8/ (p) €8 dp + 7117 1/3+C#)
s? —t-r

= / [Uj(elnt —6,—1*13,0;8) = Uy (elnt — 6, -2t + 1*/3,0; )] dSg + O(e™'+71/3C#),
S2
It follows that

/ Ur(elnt — 6, -2t + 23, 0;e) dSg = 0(5_1t_1/3+c‘9), Vi > 29/,
SZ

Finally, by (3.27), we have 0,U; = O({g)~'*€#¢C*). By the mean value theorem, we have
|Up(elnt =6, =2t +123,0;€) — U (elnt — 6, -2t,0;¢)| < tC% . 23 < 471/3+Ce, O
Remark 6.1.1. Letus compare (6. 1) with the pointwise bounds for Uy obtained in Proposition 3.3. There
it was proved that for all (s, g, w) € [0, 00) x R x S, we have U; = O(e™'(g)€?¢*). Thus, we have
\Ui(elnt -6, -2t,w;e)| < & 1€%,  Vi>2e%% we s
The estimate (6.1), however, indicates that

inf |Uj(elnt -6, -2t,w;e)| < & 17 13+C2, Vi > 2e%7/%.
wes?
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6.2. Sufficient conditions for vanishing A
‘We can now prove Theorem 2.

Proposition 6.2. Suppose that the quasilinear wave equation (1.1) violates the null condition. That is,

we have G(w) % 0 on S?, or equivalently, ggﬁ # 0 for some a, 8 =0,1,2,3. Fix (ug,u;) € Cf(R3)

and 0 < & < 1. Let u be the global C* solution to (1.1) with data (&ugy, euy). Fix 6 € (0,1) and let A

be the corresponding function defined by (3.16) in the asymptotic completeness result in Section 3.
Moreover, suppose that one of the following assumptions holds:

a) We have min, ) erxs? X(q, w;€) 2 0 0r max g, ) erxs? X(q, w;e) <0;

b) We have min,, s G(w) > 0 and min{X,O} € L};,w(R x §?), or we have max .2 G(w) < 0 and
max{A,0} € L} ,(Rx §?);

c) Let Cy > 0 be a constant uniform in all ¢ < 1 such that

1 _
Coz sup [|5G(w)A(g, w;e)l.
(q,w) ERxS? 2

Suppose that there exists a constant By > Cy that is also uniform in all € < 1, such that

lim (g)"*%°¢ sup |A(q,w;e)| = 0.
g——00

weS?

Then, as long as € < 1 (depending on the constant By in part c)), we have A =0 and thus u = 0.

To prove Proposition 6.2, we will first prove that if one of the assumptions a), b) and ¢) holds, then
we have A = 0. We will then show thatu = 0if A = 0.

6.2.1. The assumption a)'> _
Assume that min, ) erxs? A(g, w; €) > 00r max g ) erxs? A(g, w; ) < 0. Now, we can rewrite (6.2)
as

,/Sz/quE[_ZI’R] . |Z(q,w;s)| exp(%G(w)g(q,w;s) -(elnt —96)) dgdS,, < el 3Ce yp > 26972,
Here the integrand is nonnegative everywhere. Besides, we have

exp(%G(w)X(q, w;e) - (elnr - 6)) > exp(=C(elnt - 8)) 2 2.
As a result, we have

/ /1qe[—21,R] . |Z(q,a);£)| dqdS, < e '3 Ce Ce Vi > 2¢9/%
s2 JrR

We send 1 — oo and apply the monotone convergence theorem. As long as £ < 1, we have r~1/3+C# .

€2 < /% This yields
/ /|X(q,w;s)| dqdS, =0
s2 JR

and thus A = 0 almost everywhere. Since Ais continuous, we conclude that A=0.

15Note that the violation of the null condition is not used at all in this proof. Thus, the same conclusion holds no matter whether
the null condition is satisfied or not.
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6.2.2. The assumption b) N
Assume that min,, g2 G(w) > 0 and min{A, 0} € L}],w(R x §?). Or, assume that max s> G(w) < 0
and max{g, 0} € L;’M(R x S%). We now set

O, :={(q,w) eRxS*: G(w);{(q,w;s) > 0},
O_:={(q,w) e Rx §?*: G(a));{(q,w;s) <0},
Op = {(¢,w) eRxS*: G(w) =0}.

Note that A = 0 in (Rx S\ (O, UO_UOy) and that O,, O_, Oy are pairwise disjoint. Thus, we can
write the integral on the left-hand side of (6.2) as the sum of

—~ 1 -
/ A(q, w; &) - 1ge[-21,R] -exp(EG(w)A(q,w;e) -(elnt = 9)) dqdS,,
Oy
~ 1 -
/O Alg, w;8) - lge[-21,r) - eXP(5G(W)A(q wie) - (elnt = 6)) dgdS.,

/ A(q.:8) - 1yelanry dqdSe.
Op

Since G(w) # 0 on S2, the set {w € S? : G(w) = 0} has surface measure 0. Thus, the last integral
equals zero.

If mlnwegz G(w) = 0, we have A|(9+ > 0 and A|o < 0. If max .52 G(w) < 0, we have A|@ >0
and A|o, < 0. Thus, by (6.2), we have for all 1 > 2¢%/¢

|/ lyer-2e,R7 exp( G(w)A (elnt - 6)) dqdS .,

—/ A] - 1gef-2.r] - exp(5 G(a))A (elnt —6)) dqdS,| < e ' 1/3+C2,
O

Under the assumption b), we have A lo. = A 1G(w)2<0 € L}I’w. Moreover, we have 1 > exp(%G(w)Z-
(elnt—-0)) — Oast — ooin O_. Thus, by the Lebesgue dominated convergence theorem, we conclude
that
—~ 1 —~
/ |A] - 1ge[-2:,R] - exp(EG(w)A -(elnt - 96)) dqdS,, — 0, ast — co.

As a result, we have

- 1 -
/ |A] - 14e[-2¢,R) ~exp(§G(w)A -(elnt - 6)) dgdS,, — 0, ast — oo,

However, since G (w)A > 0 in O,, by the monotone convergence theorem, we have

/ |A| dgdS., = hm/ lye[-20.R] d9dS.,
O,

- 1 -
< lim |A] - 1ge[-2¢,R) -exp(EG(w)A -(elnt —96)) dqdS,, = 0.

t—00 o,

It follows that A = 0 almost everywhere in O,. But the definition of O, implies that A #0in O,. Thus,
O, has zero measure in R x 2. By (6.2) again, we have
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~ 1 ~
‘/SZ ‘/]R |A| - 1ger-2:,R] -exp(EG(w)A -(elnt - 96)) dqdS,,

- 1 -
=/ AL gei-arr) - exp(3G(@)A - (sInt = 8)) dgdS,, < &7 ' 171 /C*.

Following the proof in Section 6.2.1, we conclude that A=0.

6.2.3. The assumption c)
Let Cy > 0 be a constant uniform in all £ < 1 such that

1 ~
Co > sup  |=G(w)A(q,w;e)|.
(q,w) eRxS? 2

Such a Cy exists because we have IX | < (g)~'*C# with an implicit constant uniform in & < 1. Suppose

that there exists a constant By > Cy that is also uniform in all £ < 1, such that

lim (g)"*%¢ sup |A(q, w;&)| =0.
q——

wes?

Recall that A is a continuous function and that A| lg=r = 0. From this limit, we have

|X(q’ (1), 8)' SB(),S <q>_l_BOE’ V(q’ (1)) € R X 82' (65)

The implicit constant in (6.5) is allowed to depend on €. We remark that this implicit constant is not
important in our proof for part c).
We now derive a pointwise decay for u from (6.5). Recall that (5.4) with |7| = 0 yields

u(t,x;e) = % /Sz A(—t+x-0,0,8) dSg + O({t — |x|)2€%)

whenever 1 > (2¢%/¢)!/3 and |x| < 1.

Lemma 6.3. Fix vo € (1/2,1). Then, for all (t,x) € R witht > (2¢/)'3 and |x| <t —1"/2,
we have

Ju(t,3)] S0, 17 (I = 1)750°
as long as € <p,,y, 1.

Proof. We first estimate the spherical integral of A above. By (6.5), we have
. —t+]|x|
[Arex 0000 dSo sage [ (rex- 0B aso < [ e dp,

—1=|x|

To obtain the last estimate, we express the spherical integral in the spherical coordinates. A similar
computation has been done in (6.4). If |x| < ¢/2, we use the mean value theorem to show that the right side
is O({|x|—t)"17Bo®) = O (+~1-B0) Ift/2 < |x| < t—1"0/2, therightsideis O (t~!-(Boe) ™ (|x|—1)~Bo®).
In summary, we have

/ |A\(_l‘ +x-60,0;¢)| dSg <B, e f1<|x| _ t)—Bog'
SZ
This estimate does not involve the parameter vy.
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It remains to estimate the remainder term O ((r —1)"2€¢). Forall 1 > (2¢%/¢)!/3 and |x| < t —1"/2,
we have (r — t) > 1" /2 and thus

<r _ t>—2tC£ < (7‘ _ t>—Bo£tC£ . (tvo/z)—2+Boa < <l" _ t>_BO'9t_2VO+(BO+C)5 < <r _ t>—Bo£t—l.

The last estimate holds because 2vg > 1. We thus have —2vg + (Bo + C)e < —1 as long as € <p,,, 1.
This finishes our proof. O

In addition to (5.4), we have a different way to approximate u. That is, we have (3. 14) in Section 3.4.
We also recall that 7 = 7 = &r~'U. The bound in Lemma 6.3 then implies a bound for U.

Lemma 6.4. Fix vy € (1/2,1). As long as € <p,, 1, we have

v0(5+6)

U (s, g, w3 €)| Se.Byvy (q) 750, Vs > eln2, we S, —ge~ € [1/2,2].

The last condition for q is equivalent to g € [-21"°, —1"0 /2] with t = e5*9)/2,
Proof. By (3.14), we have

Ju(t,x58) = elx| "' U(eInt = 6, (1,x58), %/ Ixl: £)| Sy 81727 (1 = |x])
8t—2+(1+Boa)v+C£<t _ |)C|>_BO‘9 <y Sl‘_1<t - |)C|>_BO‘9

~Vo

forall (z,x) € QN {|r —t| < 2t™}. Since vy < 1, we have =2+ (1 + Bpe)vp+ Ce < -1 for & <, 5, 1.
By Lemma 6.3, for all (f,x) € QN {2 <r —t < —1"°/2}, as long as € <p,,, 1, we have

1

Iﬁ(slnt -9, q(t’X;e)’x”xke)l $V() |871ru| +te r- 8t71<t - |x|>7B()g $¢9,Bo,vo <l - |x|>7BOg-

Moreover, in the proof of Lemma 3.5, we have shown that for all (z,x) € QN {-21" < |x| -t < —£"0/2},

|U(elnt - 6,3(t,x;6),x/|xl;€) - U(gInt - 6, |x| - 1,x/|x]; &)
< (1+In{|x| = ) {|x| = £)1C8 < (1 — x|y B0 - 71 (|x| — 1)+ (BorC) 8, Ce

> Bye | (Z‘VO/Z) l+(B()+C)F CF >—B0£.

ss,Bo,Vo (t - |x| Se ,Bo,vo (t |x|

In the last step, we use v > 1/2 and choose € <, g, 1. In summary, we have
5 -B
|U(elnt =6, |x| — t,x/|x]; )| S8y, (t— |x])770°

inQN{=2t" < |x| -t < —1"/2}.
Finally, we notice that

{t>2e%%, 22" <r—1 <=2} cQN{=20" <r—1t<—1")2}.

In fact, if t > 2¢%/¢ and =26 <r—1 < —t"0/2, then

t+e%/¢ t—edl® t
- ; OR=r—1+ ¢ 2R > 7 - (2" +2R) > 0.
Thus, we have (t,x) € Q by the definition (3.2) of Q. This finishes the proof. O

We can now show that G(w)X (g, w; €) = 0 everywhere. The value of v( in Lemmas 6.3 and 6.4 will
be chosen in the proof of the next lemma.

Lemma 6.5. As long as € <p, 1, we have G(w)g(q, w;€) =0forall (q,w) € R x S2.
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Proof. Because of the finite speed of propagation, we only need to prove this lemma for ¢ < R. There
is nothing to prove when G (w) = 0, so let us fix w € S? so that G(w) # 0.

Since By > Cy, we choose vg € (1/2,1), depending only on By and Cy but not on &, such that
voBo > Co. We now apply Lemmas 6.3 and 6.4 with this choice of vy. This gives us a bound for U; see
Lemma 6.4. _

We first show that GA < 0 everywhere. Set

c={¢<R: G(w)A(q,w;e) >0}, I.:={g<R: G(w)A(q,w;&) <O}

Note that A = 0 on (=00, R]\ (I UI.). By Lemma 6.4 (with s = gInt — § and g = —t"°), we have

R 1 - _
‘/ A(q, w; &) GXP(EG(w)A(q,w;a)S) dq’ = U (s, ~1", w3 &)| Se.Bovy t7050F, Vi 2 2e97°.
—1Y0
(6.6)

The left side here can be written as ||Z,| — |Z_||, where
I. =T.(t,w) = / Z(q,w;e) exp(lG(w)A\(q,w;s)s) dg.
1.A[-"0,R] 2
To see this, we notice that the sign of A remains unchanged in /; (or I_). In other words, we have
Jim [|Zy] = |Z-[| = 0

In addition, since GA < 0in I_, we have lim;_, A exp(%GZs) = 0 whenever ¢ € I_. Moreover,
by (6.5), we have

/|A<q,ws>|dq 530/ (@) dg 5, 1.
As a result, we have
—~ 1 —~ —~
Ngern(-ro.r) - A(g, w; €) eXp(EG(w)A(q,w;S)S)I < |A(q,w;8)| € L, (R).

By the Lebesgue dominated convergence theorem, we conclude that lim; . Z- = 0. This also forces
lim;_, Z; = 0. However, since GAs > 0 and since the sign of A( w; €) remains unchanged on I,, we
have

/ |A(q, w3 8)| dg < |T..
LN[-t"0,R]
By sending + — oo on both sides and applying the monotone convergence theorem, we conclude that

/ |;{(q9w’8)| dq < thm |I+| =00 th =0.
In —00

This forces I, = @. Thus, GA < 0 everywhere.
Now, since Z, = 0, by (6.6) we have |Z_| <. p, t7B0%. Since

1 ~
Co> sup [5G(w)A(q,w;ie)l,
(q,w) €eRXS? 2
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we have

—~ 1 ~
[ IAqweld<IT] swp  ep(-36@Ag.0ie
1_n[-1*0,R] (¢, @) ERXS?

Se.By tv0Bos -exp(Co(elnt —9)) <z.B, t(-oBo+Co)e

The choice of vo implies that voBy > Cp, so we have fL |Z | dg = 0 by sending t — co. Thus, we have
A\|L =0. O

Finally, we show that if G(w)g (g, w; &) = 0 everywhere and if G(w) # 0 on S, then A = 0. In fact,
in Section 6.2.2, we have mentioned that the set {w € S?: G(w) = 0} has surface measure zero. In
other words, we have A = 0 almost everywhere on S2. We thus conclude that A=0 by its continuity.

6.2.4. The final step
To end the proof of Proposition 6.2, we show that if A =0, thenu = 0.

Suppose that A = 0. We first claim that 0u(0) 123y < &7/ for all t > 2¢°/¢. Here, we want
to apply Lemma 3.1 instead of (3.14), because Lemma 3.1 holds in the whole region Q. By (3.16), we
have

A(q,w) = A(F(q, w),w) =0, Y(q,w) € R x S2.

Recall that AjA; = —2A and that A; < —1. Thus, we also have A, = 0 and thus U = 0. Here, we recall
the definitions of A, Ay, A, U in (3.5) and (3.6). By Lemma 3.1, we have

Z 1Zlu| < et™2CE @ —1),  V(t,x) € Q.
|[71<1

Thus, we have |du| < et=>*C# for all (1, x) € Q by (2.6). Moreover, whenever 1 > 2¢%/¢ but (t,x) ¢ Q,
we have |x| < %(t +¢%/%) + 2R < 3t/4 + 2R < 7t/8. Since Z'u = O(er7'%€%) by (3.1), we have

l0u| < (r—1)"Zu| < 7' et 1¥C8 < g7 2CE, t>2e%% (1,x) ¢ Q.

In summary, we have |du| < 7 2*C% for all t > 2¢%/# and all x € R3. Since u|,_;>g = 0, we conclude
that

10Ul 253 S &87CF - |B(0, 1+ R)|'? < er™'/2*Ce v > 297

This finishes the proof of our claim.
Now, we apply the standard energy estimate from, for example, [67, Proposition 1.2.1]. Since u is a
global solution to (1.1), for each 0 < #; < t,, we have

0u(tD)ll2 < 0u(t2)ll 12 eXp(/ zlla(g**(u))(T)Ile dr). (6.7)

Note that there is no inhomogeneous term in (1.1). Moreover, the energy estimate in [67, Proposition
1.2.1] is forward in time while (6.7) is backward in time. To handle this difference, we simply apply the
forward energy estimate to w(z,x) := u(t, — t, —x) which still solves (1.1).

By the chain rule and the bound |du| < £(t)~! for all t > 0, we have

lz+1

exp(/ |a<g**<u>><r>||Lwdr><exp</ Colt+)! dr) 5 (A
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And since ||0u(t)||;> < et7/*C% for all t > 2¢°/%, we have
1+T ¢, -1/2+Ce 5/e
l0u()|lz2 < [0u(T)||z2 - (m) s el , VO<t<T, T>2e%%.

The left side is independent of 7. Thus, by choosing £ <« 1 and sending T — oo, we conclude that
Au(t) = 0 foreach t > 0. Since u(t, -) has a compact support, we have u = 0 for all (¢, x) € [0, c0) x R3.

6.3. Corollaries of Proposition 6.2

We finally prove Theorem 3. We will prove a slightly stronger version of this theorem.

Proposition 6.6. Suppose that the quasilinear wave equation (1.1) violates the null condition. Fix
(1o, u1) € CX(R3) and 0 < & < 1. Let u be the C* global solution to (1.1) with initial data (gug, suy).
Also fix § € (0,1). Then, there exist constants By, By > 0 depending on ugy,u;, 8 (and not on &), such
that the following conclusion holds. Suppose that one of the following assumptions holds:

i) FixO<vg < 1. Forallt > e%'¢ and w € S%, we have
[(ur — up) (2, (f — 0)w)| < e (10)y~17BoE L gy 1m0~ v0Boe, (6.8)
ii) Fix0 < vy < 1. Forallt > %% and all x € R3 with |x| € [t — 21", — "0 /2], we have
lu(t,x)| < er”1~00BoBI) e, (6.9)
iii) Fix0 < vy < 1. Forallt > e%'? and w € S?, we have

Z (8, = 8, ju(t, (t — ) w)| < et ()71 Boe « g1 -0=nBoz,

6.10
1<i<j<3 ( )

Moreover, we have
lu(r,0)| < st™17B02  yr > ¢9/%, (6.11)

Then, as long as € < 1 which may depend on the constants in each of the assumptions, we have u = 0.

In its proof, we will apply part c) of Proposition 6.2. Let Cy > 0 be the constant in part c) of
Proposition 6.2. Let the By in the statement of Proposition 6.6 be an arbitrary constant larger than Co
(e.g., Bo = Cy + 1). Following Section 3, we obtain a corresponding function A. It suffices to prove that

|A(q, ;8)| Se.my (@) 7B%, V(g w) e Rx S

6.3.1. The assumption i)
Lemma 6.7. Fix 0 < vy < 1. Suppose that

[(uy — uy) (2, (f — 20 w)| < 17707080 (b (1, ) — 1)1 7808 i > €98 we S
Then, we have

|A(q, s 8)| SBoo (@) 75, V(q,w) eRx S
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Proof. Ttis easy to check that (¢, (f — t"°)w) € QN {|r —t| < "} whenever ¢ > ¢%/2. Thus, by (3.14),
we have

10— (1, (1 = ") w; &) | 5 () Z(u =) (1, (1 = ") w3 8)|
Sy £172CE < gym1-von0Bos
In the last estimate, we use =2+ Ce < —1 — vo — vpBoe as long as € <, g, 1. We thus have
1(8; — 8,)i(t, (t — *°)w; €)| < et 1 700B0e,
By (3.24) in Proposition 3.3, we also have
(0; = 0,)u(t, (t —t")w; &)
—2e(t = ") T A(=1", wi ) + O(e(1 +In("0)) (1"0) 211+ 4 g1727C)

—2&(t - tVO)_IX(—tVO, w;e) + O(SI_I_"O_"OBO‘S).

Previously, we have proved that £r72*C¢ < er™(r(t,w) — t)"'70%  Besides, we have £(1 +
In{e"0))(r0) =2~ 1+Ce < er0/2=20-14Ce < gr=1-v=%0B0& Tn summary, we have

|Z(—t"°,w;s)| < &7t = 1) - 710 0Bos < (poy-l-Boe
This estimate holds for all 7 > ¢%/¢ and w € S2. Thus, we have
Alg.we)l s (@) 7%, Vg < - we s,
Recall that ;ﬂqu = 0. Besides, whenever g € [—¢"%/¢ R], we have
|X| < (q)"1¥CE < (g)17Boe . (o088 (BotC)e <B, (q)~"Boe.
This finishes the proof. O

6.3.2. The assumption ii)
Assuming (6.9), we will prove that (6.8) holds. Let By > 1 be a constant to be chosen. By taking
g=—1"and g = —1"0 — 107812 in (6.9), we obtain

lu(t, (1 — 1)) — ult, (1 — "0 = 7 B1¥) )| < er~1-(00BotB) e _ o~1-vo-wBos  o-Bis
By the mean value theorem, there exists by € (0, 1) such that
luy (1, (1 = 170 = bot™ B1¥)w)| < g7 707 0Bo0e,
Moreover, we notice that
lupr (2, %)] < 10%u] +r7YOu| < er™CE (x| =), Ve 1, |x|/re [1/2,2].

It follows that

"0 +b()l‘v0731 €

s (1, (1 = £)0)] < Juy (1 (1 = %0 = byt B19)e0)| + / ity (8, (1 = p))| dp

"0

A

tY0+byr"0-B1#

gt—l—vo—voBoa+‘/ 8t—1+C8<p>—2 dp
1Yo

gt—l—V()—VoBos

-1+Ce | tVO—BIE . t—Zvo < gt—l—vo—voBos —l—vo—(Bl—C)s.

N

+¢&t + ¢t
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To estimate the integral in the second row, we notice that (o)~ ~ t~2"0. Now, by choosing B such that
B > By + C, we conclude that u, (¢, (t — "0)w) = O(st~!7070B0) And since u, +u, = O(et™>*¢?%),
we obtain (6.8).

6.3.3. The assumption iii)
Lemma 6.8. Fix 0 < vy < 1. Suppose that

D0 10 =0)Quult, (1= )w)| s e (0) 1B o0 BE 2 00w e 82,

1<i<j<3
Then, we have

D (@ida, — ©j00)Aq w3 8)] SByyy (@) 7%, V(g.w) eR XS

1<i<j<3

Proof. By following the proof in Lemma 6.7, we first obtain

DT 10 = 0)QuT( (1 = )ws 8)| 5 817! 0T 0B0e,

1<i<j<3

If we chose a multiindex 7 such that Z! = Q;;, then by (3.26), we have A; = ~2(wilw,; - a)jéwi)g.
By (3.24) in Proposition 3.3, we thus have

(0r = 0p)Qijult, (t — 1) w; &)
~2e(t = 1) N (Widu; — W00 A=, w &) + O(e(1 +In(r"0)) (1) 21717 4 g72+C#)

~2e(t = 1) N (widw, — w0, A(-1", w; &) + O (er 07 0B0E)

The remaining proof is the same as that of Lemma 6.7. O

By (6.11) and (5.4) with |I| = 0, we have

|/ A(-1,0;8) dSg| < e 1172Ce 71-Boe < y~1=Boe vy > o0/%
S2

Thus, for all £ > ¢9/¢ and w € S2, we have
—~ —~ 1 —~ 1 -~
[A(—t,w;8)| < |A(—t,w;8) — = A(—t,0;¢) dSgl+ —| [ A(-t,0;¢) dSg]
T Js2 47T S2
< /Sz |A(=t,w;€) — A(=1,0; )| dSg + 17 750% gp , 171Boe,
In the last estimate, we apply Lemma 6.8. It follows that
|A(q, w€)| < (@)%, g<—-e¥fwes

Using A = 0({g)""*€*#) and Al,>r = 0, we can once again prove |A(q, w;&)| <z, (g)~'~50¢ for all
(¢, w).
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