Bull. Aust. Math. Soc. 97 (2018), 15-25
doi:10.1017/S0004972717000788

MORE ON A CERTAIN ARITHMETICAL DETERMINANT

ZONGBING LIN and SIAO HONG™
(Received 26 June 2017; accepted 8 July 2017; first published online 17 October 2017)

Abstract

Letn > 1 be an integer and f be an arithmetical function. Let S = {x, ..., x,} be a set of n distinct positive
integers with the property that d € S if x € § and d|x. Then min(S) = 1. Let (f(S)) = (f(ged(xi, x;)))
and (f[S]) = (f(Iem(x;, x;))) denote the n X n matrices whose (i, j)-entries are f evaluated at the greatest
common divisor of x; and x; and the least common multiple of x; and x;, respectively. In 1875, Smith
[‘On the value of a certain arithmetical determinant’, Proc. Lond. Math. Soc. 7 (1875-76), 208-212]
showed that det(f(S)) = [Tj-,(f * 1)(x;), where f  u is the Dirichlet convolution of f and the Mobius
function p. Bourque and Ligh [‘Matrices associated with classes of multiplicative functions’, Linear
Algebra Appl. 216 (1995), 267-275] computed the determinant det(f[S ]) if f is multiplicative and, Hong,
Hu and Lin [‘On a certain arithmetical determinant’, Acta Math. Hungar. 150 (2016), 372-382] gave
formulae for the determinants det(f(S\{1})) and det(f[S \{1}]). In this paper, we evaluate the determinant
det(f(S \{x,})) for any integer ¢ with 1 < ¢ < n and also the determinant det(f[S \{x,}]) if f is multiplicative.
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1. Introduction

Let n be a positive integer. In 1875, Smith [15] published his famous result stating
that the determinant of the n X n matrix (ged(i, j))1<i, j<n» having the greatest common
divisor gcd(i, j) of i and j as the (i, j)-entry for all integers i and j between 1 and n,
is equal to [];_, ¢(k), where ¢ is Euler’s totient function. Throughout, let f be an
arithmetical function and S = {x, ..., x,} be a set of n distinct positive integers. Let
(f(ged(xi, x))1<i,j<n and (f(lcm(x;, x;)))1<i, j<n denote the n X n matrices whose (i, j)-
entries are f evaluated at the greatest common divisor gcd(x;, x;) and the least common
multiple lem(x;, x;) of x; and x;, respectively. Smith [15] also showed that

n
det(lem(x;, X)iijen = | | (rm(x)
i=1
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and

det(f(ged(xi, x)nsijen = | |(F * )0x0)
i=1
if S is factor closed (that is, d € S if x € § and d|x), where f = pu is the Dirichlet
convolution of f and the M&bius function y and 7 is the multiplicative function defined
for any prime power p” by m(p”) := —p. One hundred and twenty years later, Bourque
and Ligh [3] showed that if S is factor closed and f is a multiplicative function such
that f(x) # 0 for all x € §, then

n
det(f(em(xi, )i<ijen = | [ FODP" 5 p)(x0),
i=1
where f~! is defined for any positive integer x by f~'(x) := 1/f(x) if f(x) # 0, and 0
otherwise.

Since Smith’s paper, this area has been studied intensely. Apostol [2] points out that
Smith’s determinant has connections with Ramanujan’s sum and its generalisations
(see also [10, 14, 17]). Haukkanen, Wang and Sillanpii [6] review papers relating to
Smith’s determinant and present a common structure in the language of posets (further
developed in [1, 13]). Weber [16] investigates gcd quadratic forms }; x;x;F((i, j))
and their connections with the Riemann zeta function. The asymptotic behaviour
of the eigenvalues of gcd and Iem matrices and their generalisations has also been
investigated (see [11] and references therein). Multidimensional determinants have
been considered (see [5] for a review and [10, 17] for recent developments). Related
determinants involving other multiplicative functions or multiple gcd-closed sets are
considered in [4, 7, 8].

Let us recall that a positive integer is called squarefree if it is divisible by no other
perfect square than 1. In 2016, Hong et al. [9] showed that if S is factor closed,

detFS\IM = Y. [ [ =,

=1 k=1
X squarefree k # [

and if f is multiplicative and f(x) # O forall x € §,

det(f[S\{1}]) = ( ﬁ f(xl)z) i ]l[(f_1 * 10)(Xg).
I=1

=1 k=1
x; squarefree k # [

In this paper, we address the problem of calculating the determinants of the
following (n — 1) X (n — 1) matrices:
(FS\{x D) = (f(ged(xis X)) <ij<n
i#nLj#t
and

(FIS\x)D) = (femC X)) <i <.

L#£Lj#+1
where S is factor closed and x; is any given element of S. Our main results can be
stated as follows.
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THeOREM 1.1. Let n > 2 be an integer and let t be an integer with 1 <t <n. Let f be
an arithmetical function and S = {x, ..., x,} be factor closed. Then

det(f(ged(xi, X)) <i.j<n = Z ]_[(f  4)(XE).

it jEt =1
X¢|x1, x;/x; squarefree k ¢ l

Moreover, if f is multiplicative, then

det(f(lcm(xnx;)))1<u<n—(ﬂf(xl)z) 3 ﬂ(f  H)Cx0).

=1
l-,-" t x¢|x;, x;/x; squarefree k ¢ l

Theorem 1.1 extends the results of Smith, Bourque and Ligh, and Hong, Hu and
Lin. If x, = max(S), then Theorem 1.1 reduces to the theorems of Smith [15] and
Bourque and Ligh [3]. If x, = min(S), then Theorem 1.1 gives [9, Theorem 2]. The
problem of removing elements from the set S (and inserting elements into §') was also
considered in [12] in the more general setting of posets using partitioned matrices.

For any positive integer x, we let w(x) and rad(x) stand for the number and the
product of all distinct prime divisors of x, respectively. Taking f = [ in Theorem 1.1,
where /(x) := x for any positive integer x, gives the following result.

THEOREM 1.2. Let n > 2 be an integer and let t be an integer with 1 <t < n. Let
S =A{xy,...,x,} be factor closed. Then

n
1
det cdx,x ij<n —( (X))
(ged(xe X1 =12, 1—[90 ! kzl o
X¢|xk, xx/x; squarefree

and
det((em(x;, x))1 <ij<n
it jEL
(-DEL w()fz)( n n (_1)w(xk)x]%
= ([ [ radcwwetan) A
37 11_1[ Y kzl rad (v ()
Xt|xk, X /X squarefree

For any real number x, | x| stands for the largest integer that is less than or equal to
x. Taking § = {1,2,...,n}in Theorem 1.2 gives the following result.

TueoreM 1.3. Let n > 2 be an integer and let t be an integer with 1 <t < n. Then

Ln/t] 1

det((ged(, J)))ll:”;:z—(nsﬁ(l)) Y b

k squarefree
and

. n Ln/t] (_l)w(zk)kz
det((em(i, )1 i 50 = DE ([ [radwp) >} S
1

it j#t =1 i=
k squarefree
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Taking ¢ = 1 in Theorem 1.3, gives [9, Theorem 1].

The proof of Theorem 1.1 is similar to the proofs of the results in Smith [15] and
Hong et al. [9], but more complicated.

We organise this paper as follows. In Section 2, we present several lemmas which
are needed in the proof of Theorem 1.1. In Section 3, we first give the proof of
Theorem 1.1 and then apply Theorem 1.1 to show Theorems 1.2 and 1.3.

2. Preliminary lemmas
In this section, we present several lemmas that are needed in the next section.

LEvmMA 2.1. Let n > 2 be an integer and let S = {x1,. .., x,} be a factor-closed set such
that x; < --- < x,.

(1)  The smallest element of S is x; = 1.

(i) Let t be an integer with 1 <t < n. The set S\{x;} is factor closed if and only if x;
is not a proper divisor of any element of S .

(iii) The set S\{1} is not factor closed.

(iv) The set S\{x,} is factor closed.

Proor. Parts (i) and (ii) are easy deductions from the definition of a factor-closed set
and parts (iii) and (iv) follow from part (ii). O

Lemma 2.2 [9]. Let m > 2 be an integer and f be an arithmetical function. Define the
arithmetical function F, for any positive integer n by

Fuln = (5 )(eedon, dy.

din
Then
_J(f=w@)  ifnlm,
Fntn) = {0 otherwise.

Lemma 2.3. Let m and n be positive integers such that min and m < n and let f be an
arithmetical function. Then

32 (2)= s 1(2) Ao
mldn

d>2

where the arithmetical functions 1 and 6 are defined by 1(x) = 1 for any positive integer
x and 6(x) = 1 if x =1 and 0 otherwise.

Proor. For any integer d with m|d|n, we can write d = mk with an integer £ > 1. So

S 5 )

Kl
d>2 mk > 2 mk >2
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If m = 1, the right-hand side of (2.1) is

kme(g)1<k)—f<n)=(f*1>(n)_ fo = D(2) - (2ot

n n
m m
If m > 1, then mk > 2 for any positive integer k and so the right-hand side of (2.1) is
n n n n
S AE w0 = 1(2) = (5 D(2) - (2 o)
k|ﬁ m m m m

as expected. This ends the proof of Lemma 2.3. O

By the well-known result that ., u(d) = 0 for any integer n with n > 1, taking
f =pin Lemma 2.3 and noting that 1 % y = § gives the following corollary.

CoroLLARY 2.4 [9, Lemma 5] . Let m and n be positive integers with m dividing n and

m < n. Then
Z (ﬁ) (D™ if m =1 and n is squarefree,
m Mz)7 0 otherwise.
d>2
LEmma 2.5. Let n > 2 be an integer and ay, . ..,a, and by, ..., b, be 2n elements in a

commutative ring. Let M = diag(a%, by,...,by) + My + M>, where My and M> are the
n X n matrices defined by:

(1)  the first row of My is (0, —ayxby, ..., —a,b1) and all other elements are zero;
(ii)  the first column of My is (0,as, . ..,a,)" and all other elements are zero.
Then
n n
det(M) = > a? | | bw.
=1 k=1
k#i

Proor. Write M := (m;;)uxn. Let A; be the minor of m;;. Then Ay = b, - -- b, and, for
2 <i < n, all the elements of the (i — 1)th column of A; are zero except that the first
element equals —a;b,. Consequently

A= (=) =aib)by biibiy by = (<D [ ] b (22)

=1
J#I

By the Laplace expansion theorem and (2.2),

n n

det(A) = Z(—l)"+1m,~,A,~ = A + Z(—l)i+1a,~A,~
i=1 i=2

n

n n n n
= ]_2[ b+ Z;‘(—l)’”a,» (=1 ]_1[ b= lea,? | lb,-
Jj= i= j= i= =

J. .
J#i j#i

as required. This concludes the proof of Lemma 2.5. O
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3. Proofs of Theorems 1.1 to 1.3

For a positive integer x, we introduce the auxiliary arithmetical function u, defined
for any positive integer y by

() = {“(f) if 1y,

0 otherwise.

Proor o Theorem 1.1. For any set § = {xy,..., x,}, we define S5 := {x5)5 . .., X, }»
where o is a permutation on {1, ..., n}. Then (f(S)) = PT(f(S))P for any arithmetical
function f, where P is the n X n permutation matrix whose ith row is equal to
©,...,0,1,0,...,0) with a 1 in the o(i)th place, for 1 <i<n. It follows that
det(f(S)) = det(f(S)) and det(f[S]) = det(f[S]). So we can rearrange the elements
of S in any case of necessity. Without loss of generality, we assume that x; < --- < x,
in what follows. Then, by Lemma 2.1, x; = 1.

Define the n X n matrix A = (a;;) as follows: a, =1, a; :==0if i # ¢, and a;; :=
f(ged(x;, x;)) for all integers i and j with 1 <i,j<nand j#1.

Let R, and T be the empty set. For each integer r with 2 < r < n, define two subsets
R, and T, of § by

R, :={xq: x4lx,,1 <d <7}, T,:=R\{x}.

Then, R, is nonempty and R, U {x,} is factor closed, but 7, may be empty for any
integer r with 2 < r < n.

For each integer r with 2 < r < n and each integer d with x; € R,, multiply the
entries of the dth row of A by u(x,/x;) and then add them to the corresponding entries
of the rth row of A. We obtain a new n X n matrix, denoted by B := (b;;).

Lemma 3.1. For all integers i and jwith 1 <i, j<n,

ux,(xi) lf] =1,
bij = (f *w)(x;) if j#tand xi|x;,
0 otherwise.

Proor. For any integers i and j with 1 <, j <n, since R; U {x;} is factor closed,
Xi Xi
bij = a,-j + Z ll(x—d)adj = Z,u(x—d)ddl (31)
X4€ER; Xqlx;
Since a;; = 1 and a;; = 0 if i # ¢, it follows that
Xi
bir = Zu(—)am = Uy, (Xi) Ay = Uy, (X7)
Xalxi td

as desired.
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Now let j be an integer different from ¢ and between 1 to n. Since S is factor closed
and a; = f(ged(xg, x;)) for any integer k with 1 < k < n, it follows from Lemma 2.2
and (3.1) that

by = 3 (2 ) rteedenyxan = (5 Jeeed )

Xqlx;i d|x;
_J(f=w(x;) if xilxjand j#t,
—10 if x; 4 xjand j#1.
Therefore Lemma 3.1 is proved. O

Next, for each integer r with r # ¢t and 1 < r < n and each integer d with x; € T,
(if T, is nonempty), multiply the entries of the dth column of B by u(x,/x;) and add
them to the corresponding entries of the rth column of B, to arrive at the n X n matrix
C:= (Ci j).

Lemma 3.2. For all integers i and jwith 1 <i,j<n,

Uy, (X;) ifj=t
(f*,u)(xj) ifj#£tandi=j,
cij = )Cj p .
_/"(;)(f # 1) (x;) lf] >t and x,-lxtlxj,
t
0 otherwise.

Proor. Let 7 and j be integers between 1 and n. If j = ¢, then clearly c;; = b;; = u,, (x;).
In the following, we suppose j # t, so that

Xj Xi
cij=bij+ Y ,u(x—;)bid = Zﬂ(x—;)b,»d. (3.2)

xdETj xdlx_,-
d#t

Consider the following three cases.

Case 1: i> j. For each integer d with x; € T, we have d # t and d < j < i, which
implies that x; 1 x;. Also, b;; = 0 since d # ¢t. From Lemma 3.1,

Xj (f () ifi=j,
Cf/:bfﬁz/“‘(x_;)xozb"fz{o if j<i.
X,IET_,'

Case 2: i< jand x; f x;. For each integer d with x; € T;, we must have x; { x4.
Otherwise, x;|x; and, from x,|x;, we deduce that x;/x; which contradicts the assumption
x; 1 xj. Since x; 1 x; and x; 1 x4, by Lemma 3.1, b;; = 0 and b;4 = 0 for each d with
xq € T;. Hence, by (3.2), ¢;; = 0.
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Case 3: i< jand xjx;. Since § is factor closed, x; = 1 and x; > 1,

eiy= Y (2w = Y () - )

b xalx;
d+t
= (f dZu(%) - 0, x|

—(f*u)(xou(ﬁ) it xilx;
~(F =) = 4 % ’

(3.3)

otherwise.

Now take i > 1. Then x; > 1. By (3.2), Lemma 3.1, Corollary 2.4 and noting that S
is factor closed,

cy= 2 u( )t = e Y u(7)

X; X\
e D u(Z)-u(2)) itk
_ Xi|xalx; !
(f = ) (x) Z ﬂ(i—:) otherwise
Xilxalx;
X; X
o 3 AZ) )
_ xild|x; 4
(f * w)(x;) Z /«t(%) otherwise
xild|x;
Y
_ - meon( L) it o
= ; )
0 otherwise.

Taking (3.3) and (3.4) together gives the evaluation of ¢;; in this case.
Finally, combining Cases 1 to 3 gives the desired result and proves Lemma 3.2. 0O

We continue the proof of Theorem 1.1. Obviously,
det(f(S\{x;})) = det(A) = det(B) = det(C).
By Lemma 3.2, the sth column of C is
Oy, 0, Lt (a1 - - o g (0))
the ¢th row of C is
0,.., 0, 1, =1y, (e DO # 1)), - -y =1, (X ) p)(31)),
the diagonal elements of C are

(f * M)(X]), cees (f * /'t)(xt—l)a la (f * ,U)(XH_I), ey (f * /'l)(-xn)’
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and ¢;; = 0 for all integers i and jwith 1< j<t—-1landi# jort+1<i j<nand

i # j. Since uy(x)2 = 1if x/y is squarefree and u, (x;) = O for any integer [ with 1 </ <t
and, for any square matrices P and Q,

det( 0 Q) det(P) - det(Q),

by Lemmas 2.5 and 3.2,

det(C) = det(diag((f * p)(x1), ., (f * p) (- n»Z(ux,(xz)) ]_[(f*m(xk)

k # l

t—1 n n
= (10 m060) Dt [ T # e

k=1 I=t =

k#1

= Z(ux,m)) ﬂ(f * p)(5) = Z(uxt (x))? ]_[(f ()

1=t =1

k * l k # l

Z ﬂ(f  10)(5)

EARYS x,/x, squaretree k # l
as desired. This finishes the proof of the first part of Theorem 1.1.
We are now in a position to prove the second part of Theorem 1.1. Since f is
multiplicative, f(gcd(x;, x;)) f(lem(x;, x;)) = f(x;) f(x;). It follows that
(f(lcm(x,, .xj)))l <i, j <n = =A- (f (ng(-xl’ X])))l <i, J sn’ A’

it j+t I#£tj#t
where A := diag(f(xl), coes f(x21), f(x,H), ..., f(x,))is the (n — 1) X (n — 1) diagonal
matrix with f(xy),..., f(x=1), f(X+1), - - ., f(x,) as its diagonal elements. So

det(f(lcm(x,,x,)>)1<,j<n_(]_[f(x, ?)- det(f~ (gedrn XD <1<

tLj#t it jEL
t;ﬁt
Thus, the first part of Theorem 1.1 applied to f~' gives the expected formula. This
completes the proof of Theorem 1.1. |

Proor or THeoreEM 1.2. We apply Theorem 1.1 with f = 1. Note that I = u = ¢ and
I # w)(x) = 7(x0)e(x)/x* = (=1)*Prad(x)¢(x)/x> for any positive integer x. So by
Theorem 1.1,

det(ged(xi, X)) <ij<n = Z l—l o(xz)

it j#t
Xl Xk X /x, squaretree k # l

2(1;[90()61)) y ¢(ik)

k=1
X¢|Xk, Xi/X; squarefree
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and, similarly,

det(lem(xi, xj)1 < j<n

it jEL
n n n
( 2 7T (xz)go(x;)
=(T1x )
L) 2 I
I+t X¢lxk, X /X squarefree [ # k
(=1)Zie @) ( n n (=1)e0n 2
= ([ [ radtagcnn) )
2 H A kzl rad (e (xp)

XelXk, Xk /X, squarefree

as required. This completes the proof of Theorem 1.2.

Proor oF THEOREM 1.3. Applying Theorem 1.2 with x; =ifor 1 <i <n,

de(ged(i J)))1<zj<n—(1_[(p(l)) oL

i1+t j*t k=1 ‘,D(k)
tlk, k/t squarefree
Ln/t] 1

=(];[90(l)) kZl )

k is squarefree

and
det((lem(Z, )1 <i,j<n
iFtjEL
B (_1)2?:110(1) n n (—l)w(k)kz
ST 7 (Brad(l)‘p(l)) kZAl rad(k)e(k)

tlk, k/t sauarefree

_(=DZhed o (L)@ (k)2
- e (Drad(l)‘”(l)) k; rad(th)p (k)

k is squarefree

; n ln/t] -1 w(tk)kZ
k=1

=1
k is squarefree

as desired. The proof of Theorem 1.3 is complete.
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