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A COMPARISON BETWEEN THIN SETS AND
GENERALIZED AZARIN SETS

BY
M. ESSEN AND H. L. JACKSON

1. Introduction. Let R?(p>2) denote p-dimensional Euclidean space, D the
half space defined by {P=(x,, Xy, . . . , X,,) € R?:x,>0} and 0D the frontier of D
in R?. The Martin boundary (see [2]) of D can be identified with dD U {c0}. We
recall that the function A(P)=x,, is a minimal harmonic function on D with pole
at . In 1949 (see [6]), Mme. Lelong defined thin sets at the boundary of D,
including the point at oo, of the type that we shall in future refer to as minimally
thin sets. If « is a subharmonic function on D such that lim sup #<0 everywhere
on 0D and sup u(P)/x,=pf< oo, she proved ([6], Théoréme la) that there exists
a set <D, minimally thin at oo, such that lim u(P)/x,=p, P—c, P € D\E.
Conversely (see [2] and [6], Reciproque la), her results imply that if E< D is
minimally thin at oo, then there exists a subharmonic function « on D satisfying
the above conditions such that

Pgrg’g% u(P)/x, <1}iglo'sg€r;) u(P)[x, = B.

If P=(xy, X5, . .. , X,) and 0 is defined such that cos 6=ux,/|P|, 0<6<7/2, then
Azarin [1] has obtained results which imply that if u is subharmonic on .D and
subject to the above restrictions, then there exists a set F<.D such that
lim u(P)/|P|=p cos 6, P—co, P € D—F, uniformly in 6 where the exceptional
set F satisfies the following thinness condition:

There exists a sequence of balls {B,} which covers F such that
1.1) >, (r./R)** < o, where r, is the radius of B, and R, is the distance
between its centre and the origin.

We note here that the results of Azarin have since been generalized by Essén
and Lewis (see [4]).

If E is contained in a Stolz domain K={Pe D:0<0<0,<w[2}, then
lim((u(P)/x,)—p)=0, P>, P € K\E, if and only if im((u(P)/|P|)—f cos 6)=0,
P—c0, P € K\E, uniformly in 0. If E< K is a minimally thin set at co with respect
to D, it follows that E must also satisfy Azarin’s condition (1.1). We shall show,
however, that the converse does not hold (see in particular the corollaries of
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Theorem 5). Our main purpose here is to work out some of the relations between
minimally thin sets at co which are restricted to a Stolz domain, and those which
satisfy a generalized form of Azarin’s condition. We point out here that Azarin’s
work, which extends and unifies earlier generalizations of the Ahlfors-Heins
version of the Phragmén-Lindelof principle, is applicable to exceptional sets in
the half space itself. We only claim to improve on the results of Azarin when the
exceptional set in question is restricted to a Stolz domain.

DerFINITION 1. Let A:[0, c0)—[0, o) be a continuous non-decreasing function
such that #(0)=0. We define E< D to be a generalized Azarin set with respect to
h if and only if there exists a sequence of balls {B,} such that their union covers E
and such that 3 A(r,/R,)< oo, where r, is the radius of B, and R, is the distance
between its centre and the origin such that R,—o0 as n—co.

DEerINITION 2. If >0 and A(r)=r® r>0, we shall say that E is a generalized
Azarin set of order « if it is a generalized Azarin set with respect to 4. In R? (p>2),
a generalized Azarin set of order p—1 shall simply be called an Azarin set (see

(L.1)).

REMARK 1. Any generalized Azarin set of order « is also a generalized Azarin
set of order ', whenever «'>«.

NOTATION:

(i) B, means an open ball in R? of radius r, and centre P,,, where |P,|=R,
(ii) K is the Stolz domain {P € D:0<0<L0,<w/2}.
(iii) Let s>1 be fixed and I, be the intersphere {P € R?:s"<|P|<s"t1}.

Qog (1),  O0<r<s™,
(@iv) ¢(r) = {(log s)™* r>s
0, r=0.
(v) If E<D is a given set, ¢c(E) denotes the ordinary (Newtonian if p=3)
capacity in R? of E and we define E,=E N I, so that ¢,=c(E,). In RZ,
A(E) denotes the logarithmic capacity of E and 1,=A(E,).

Let us also state known criteria for minimal thinness at oo for a set E contained
in a Stolz domain: In R?, p>3, a necessary and sufficient condition is that

(1.2 Y ¢, /s"" < oo,
n=1
(see Mme. Lelong [6], p. 131). In R?, a necessary and sufficient condition is that
(13) 3 /(5" < o
(see Jackson [5], Theorem 1°).

2. Some results on generalized Azarin sets. When is a generalized Azarin set
minimally thin at co? We start with two preliminary results.

https://doi.org/10.4153/CMB-1975-062-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-062-1

1975] AZARIN SETS 337

THEOREM 1. If E=,_1 B, is a subset of R?(p>3) such that each ball B,<
I, N K, then E is minimally thin at o if and only if it is a generalized Azarin set of
order p—2.

Proof. Since E is contained in the Stolz domain K, we can use (1.2). E N I,=B,,
is a ball of radius r,, and it is clear that ¢,=r2"%. We also know that S"<R,<s™,
Hence c¢,/[s"® 2> (r,/R,)P2>c,[s"(®-2), Since the series Y c,[/s"®2 and
> c,[s" -2 are co-convergent, the theorem is proved.

REMARK 2. When p>3, it is clear that Azarin’s condition (1.1) does not charac-
terize minimally thin sets at co which are restricted to a Stolz domain.

THEOREM 2. If E=\J, B, is defined as in Theorem 1 subject to the modification
that E<R?, then E is minimally thin at o if and only if it is a generalized Azarin
set with respect to y. This means that

(2.1) 2 ¥(ralR,) < 0.

Proof. E is minimally thin at co if and only if (1.3) is true. Since E N I,=B,, is
a disc of radius r,, 4,=r,. Thus Theorem 2 will be proved if we can show that (2.1)
is equivalent to

@2) S Y(rals™ < co.

Since s"< R, <s™1 it is clear that r,/s"—0, n—o0, if either one of these two con-
ditions hold. The function y is nondecreasing and hence

(2.3) Y(rals"™) < ¥(ru/R,) < p(ra[s").
Since

y(xy) = yX)yMEE+yoN™,  x,y€(0,s7,

we also know that if # is large enough,

@49 PIals™) = p(rals")yA[)P(rals™)+y(1[s) 7

But y(1/s)>0, and it is clear from (2.3) and (2.4) that conditions (2.1) and (2.2)
are equivalent.

REMARK 3. Let E be constructed as in Theorem 2 so that r,/R,=s"" for all n.
Then E is a generalized Azarin set of order « for all >0, but E is not minimally
thin at co. We can conclude that in two dimensions a minimally thin set at co
which is restricted to a Stolz domain cannot be characterized as a generalized
Azarin set of any order.

We shall now consider a sufficient condition for minimal thinness.

THEOREM 3. If E€ K<R?, (p>3) such that E is a generalized Azarin set of order
P—2, then E is minimally thin at co.
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Proof. By assumption, there exists a sequence of balls {B,} which covers E
such that Y (r,/R,)?2<c. We now re-label the sequence {B,} to form a double
sequence {B,,;} such that the centre of each ball B,; lies in the intersphere I,,. Hence
s"<R,;<s", and it follows that >, (r,;/R.)*2<co if and only if
Dn.s (Pas/s™P2< 0. Let c,; denote the ordinary capacity in R? (p>3) of E,;=
E N B,,. Then ¢,;<c(B,;)=r2;" so that

(2.5 S c,sTM P < oo,

n,J
Since the capacity function is countably subadditive (see [2], chapters IV, VIII),
c(U; Enj)< D ¢nj- Hence with the possible exception of at most finitely many #,
we have

c(E) = c(E,) < E (Cp—1,5FCritCpia,i)-

It then follows from (2.5) that > ¢,(E)s~"*~? < co. By (1.2), E is minimally thin
at oo, and Theorem 3 is proved.

THEOREM 4. If E< K<R? is a generalized Azarin set with respect to y, then E
is minimally thin at oo.

Proof. Arguing as in the previous proof, we have a sequence of balls {B,;} such
that s"<R,;<s"*' and such that Y, ;y(r,/s"<o. If E,;=E N B,;, then
ME,;)<rp;. Furthermore, A(E,;/s")=s"A(E,;) (see [7], p. 56) and therefore
>n.; Vo MEnls")<co. The ordinary capacity function y o 4 is countably sub-
additive (even though A fails to have this property). Therefore

gzy(ln(E)/s") = gzy o ME,[s") L3 Zy o ME,;[s") < .
By applying (1.3) we conclude that E is minimally thin at co.

REMARK 4. The results of this section remain valid for minimally thin sets at
the origin provided that we modify our sequence of balls {B,} in such a way that
the distance between the origin and each B, is greater than zero.

REMARK 5. If p=3, the axis which is normal to 9D constitutes an example of a
minimally thin set at oo which is not an Azarin set of order 1. The implication
proved in Theorem 3 is therefore strict in general.

3. ALemma. In the sequel, we need certain results from Carleson ([3], §§II-IV).
Let h: [0, 0)—[0, ) be a continuous, non-decreasing function such that #(0)=0.
If E is a bounded set, consider a countable number of balls {B,} with radii {r,}
such that E< {J, B,, and define M,(E)=inf h(r,) for all such coverings.
For every compact set F, there is a non-negative set function x depending on F
such that

3.0 #(B) < h(r)
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for every ball B of radius r, and such that the following inequality holds:

(3.2 M,(F) < const. u(F).

The constant depends only on the dimension p (see [3], Theorem 1 p. 7).

We want to study the relation between the outer measure M, and outer capacity
C;, with respect to a kernel L which is defined in the following way.

Let us define

? ., p>2,r>0.

If H is a non-negative, continuous increasing function on R, we consider kernels
of the form L=H o ¢, which are restricted so that

() = {log(llr), p=2r>0.

JL(r)r"‘I dr < .
0

REMARK 6. Carleson ([3], p. 14) also assumes that H is convex, which induces
a strong form of the maximum principle ([3], p. 15) for L-potentials. Since the
potentials of our kernel L satisfy a weak form of the maximum principle as dis-
covered by Ugaheri ([8], p. 38, Fundamental Lemma), the convexity property of
H is not required in the proofs of those results in Carleson’s book which we shall
need.

LemMA 1. Let EER? (p>2) be a bounded set. If

(3.3) A =f L(r) dh(r) < oo.
0
there exists a constant depending only on A and p such that

(3.4 M;(E) < const. Cr(E)
where Cy, is the outer capacity function with respect to L.

Proof. We first claim that (3.4) holds for compact sets. If the compact set F is
given, let 4 be a non-negative set function associated with F such that (3.1) and
(3.2) are true. Let

u,(x) = JL(Ix—yl) du(y) be the L-potential of u.

Arguing as in the second part of the proof of Theorem 1 in Carleson ([3}, p. 28),
we see that if x, is an arbitrary point and if ®(r)=pu({x:|x—x,|<r}),

) = ["Lr) d00) < [ "L di) = 4.

Hence u(F)<ACL(F). It follows from (3.2) that
M,(F) < const. Cy(F),

and we have completed the first step in the proof of Lemma 1.
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Secondly, we prove that (3.4) is true for open sets. We use the auxiliary function
my, defined in Carleson ([3], pp. 6 and 11). It has the following properties: there
exist constants C, and C, depending only on the dimension such that

CM(E) £ my(E) < C:My(E).
If 0 is open,

my(0) = ;LlC})O my(F), F compact.

(see [3], §2, (1.3) and (3.6)). Hence, since the lemma is true for compact sets,

M,(0) < const. m;(0) < const. sup m(F) < const. sup My(F)
Fco F<o
< const. sup Cz(F) = const. C(0).
Fco

Thus (3.4) holds for open sets.
The result for general bounded sets is now immediate since

M,(E) = inf M,(0), 0 open,
0O FK
(see [3], p. 9) and
CL(E) = inf Cz(0), O open.
(EY)

4. On sets which are minimally thin at co. Let E< K be minimally thin at co.
How can we characterize E as a generalized Azarin set?

THEOREM 5. If ECK<R? (p>2) is minimally thin at o, then E is a generalized
Azarin set with respect to any function h such that [ ¢} (r) dh(r)< oo.

Proof. Let ¢ be the outer ordinary capacity function in R? (p>2). If p=2,
c=7y o A Since c¢(rE)=r?"%c(E) if p>3, and A(rE)=rA(E), p=2, E is minimally
thin at oo in R? (p>2) if and only if

2 (E,[s") < o,

(see (1.2)when p>3and (1.3)when p=2). By Lemma 1, M, (E,[s") < Const.c(E,[s™).
Therefore, the minimal thinness of E< K at oo implies that > M ,(E,[s")< co.
For each n, there exists a covering of E,[s" by a sequence of balls {B,}, each of
radius r,;, such that >, A(r,;) <M, (E,[s")+2~". We can now construct a sequence
of {B,,;} of balls, each of radius r,;=s"r,; such that {B,;} covers E, and r,,;/R,,;<rn;
for each i. Since A is non-decreasing, i(r,;/R,;) <h(r,;), and therefore

Z h(rm'/Rm') S Mh(En/Sn)'l'z—”.

Summing over n, we get a double sequence of balls {B,,} which covers E such that
the corresponding generalized Azarin sum is finite. The proof of Theorem 5 is
complete.

https://doi.org/10.4153/CMB-1975-062-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-062-1

1975] AZARIN SETS 341

COROLLARY 1. Let a>p—2 be given. If E< K is minimally thin at o, then E
is a generalized Azarin set of order o.

Proof. Choosing

_[% 0<r<i,
h(r) = {1, r>1,

it is easily checked that if a>p—2, [§ ¢4 (r) dh(r)< oo, and the result is immediate
from Theorem 5.

We introduce

, r>el
COROLLARY 2. Let a>1 be given. If E< K<R? is minimally thin at o, then E
is a generalized Azarin set with respect to y,.

Proof. Choosing h=7y,, itis easily checked that if «>1, [§> ¢35 (r) dy,(r)< 0, and
the result follows directly from Theorem 5.

V(1) = {ilog(l/r)} o 0<r<e’

ReMARK 7. It is clear from these corollaries that a subset E of a Stolz domain
which is minimally thin at co, is much smaller than most of those sets which can
be covered by the coverings considered by Azarin ([1]).

5. On radial projections. Let E< D be minimally thin at co. According to a
result of Mme. Lelong (see [6], p. 132), the radial projection onto the unit sphere
of those rays through the origin whose intersection with E have co as a limit
point has ordinary capacity zero. What can be said about the radial projection
onto the unit sphere of those rays through the origin which hit infinitely many of the
balls in a generalized Azarin covering of E with respect to a given function /#?

We need one more concept. Let A=[0, c0)—[0, c0) be a continuous, non-
decreasing function such that 4(0)=0. If p>o is given, let

APYE) = inf 3 h(r,)
where the set E is covered by a set of balls of radii {r,} where r,<p for all .
The limit A,(E)=lim,_, A‘,{”(E) is the classical Hausdorff measure of E (see
Carleson [3], p. 6).

THEOREM 6. (i) Let E< D<R? (p>2) be the union of a sequence of balls {B,}
which has co as a limit point and such that Y h(r,|R,)<+ 0. If E* is the projection
onto the unit sphere of those rays whose intersections with E have o as a limit point
then A ,(E*)=0.

(ii) Let g:[0, 4+ 0)—[0, 4 o) fulfil the same conditions as h and satisfy the
inequality h<g. If there exists a subset G= D N {P:|P|=1} such that A (G)>0
and A, (G)=0, then there exists a union E of a sequence of balls {B,} as described
in (i) such that G E* and such that

(5.1) S h(rR,) < +o.
(52) S g(ralR,) = + 0.
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Proof. The radial projections of the balls {B,} onto the unit sphere have radii
{ra/Ry}. If p>0is given, E* can be covered by balls whose radii {r,/R,}; are all
<p, and such that

APE*) < S h(rafR)).

Since the right hand member can be made arbitrarily small by choosing ¢
arbitrarily large, it follows that A ,(E*)=0, and hence (i) is proved.

If B is a ball of radius r and centre P, let T,,B be a ball of radius s"r and of
centre s"P. Since A,(G)=0, if n is given, we can cover G by a v-sequence of balls
{B,,} whose radii {r,,} are all less than 27 and such that

> h(ry,) <27

We define B,,=T,B,, and E={J, , B,,- It is clear from the construction that the
sum (5.1) associated with this set converges. Since G= E* and A (G)>0, it follows
from (i) that the sum (5.2) associated with the set E diverges. We have proved
(ii) and hence our theorem.

As a corollary, we can characterize the size of projections of the type discussed
here in terms of capacity. If «>0 is given, let C, be the capacity with respect to
the kernel | P|~*

COROLLARY 1. If E is a generalized Azarin set of order a<p—1 then C,(E*)=0.

Proof. It follows from the first part of Theorem 6 that A, (E*)=0 where A(r)=r",
a<p—1. By making use of the first part of Theorem 1 in Carleson ([3], p. 28) it
follows immediately that C,(E*)=0.

ReMARK 8. If p—1<a<p then Corollary 1 is still valid but it is no longer
significant because C,(S)=0 in this case where S is the unit sphere.

COROLLARY 2. For each a<p—1, there exists a generalized Azarin set E of
order «, such that Cg(E*)>0 for all <.

Proof. Let A(r)=r" and choose g>h such that

(5.3) r~*g(r)—0, r—0, forallf, 0<B<a
5.4 r~*g(r) - o, r—0,
(5.5) If L(r)= (gr)), L(r) < Const. L(r),

for all r sufficiently small.

For the definition of L, see ([3], Theorem 1, p- 28). One possibility is to take
g(r)=r*(1+y(r)?), where y(r)=max(log 1/r, 1).

From (5.4) and (5.5), we see that the conditions for Theorem 4 in Carleson
([3], p. 34) are satisfied. It follows that there exists a subset G of the unit sphere
such that C;(G)>0 and A,(G)=0. It is clear from Carleson ([3], Theorem 1,
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p. 28), that A (G)=oo0. It is also clear from (5.3) and (5.5) that Cz(G)>0, all
B<«. We can now apply the second part of Theorem 6 to construct the set E
with the desired properties.

COROLLARY 3. For each h such that j's(h(r)/r) dr< o, there exists a generalized
Azarin set E with respect to h such that C,(E*)>0, where y(r)=max(log 1/r, 1).

Proof. Apply Theorem 5 of Carleson ([3], p. 35) and then repeat the argument
of Corollary 2.

REMARK 9. It is clear from Corollary 3 of Theorem 6 along with Mme. Lelong’s
radial limit theorem for minimally thin sets at co in R? (see [6], p. 132) that the
implication proved in Theorem 5 is strict in general when p=2. One cannot hope
therefore to characterize minimally thin sets at oo as an Azarin set with respect
to some function 4 such that f, ¢, (r) dh(r)< .

6. On classically thin sets in R% A set E<R? is thin at 0 in the classical sense,
or simply thin at 0, if and only if there exists a positive superharmonic function u

in some neighbourhood of 0 such that u(0)<+ co, whereas lim,_, u(x)=+ co.
)

If 1,,, c,=c(E,), A,=A(E,) are defined as in section 1 but subject to the modifi-
cation that 0<s<1, then E is thin at 0 if and only if 3, nc, <+ oo (see [2], p. 81)
or 3, 74" <+ o, since ¢,=y(4,) and y{(x)'/"}=ny(x). Some elementary
calculations show that E is thin at 0 if and only if

6.1) ) ny{%} <+,

We recall (see [5], Theorem 1’) that E is minimally thin at O with respect to a half
plane if and only if Y, y{4,/s"}<+ oo, provided that E is restricted to a Stolz
domain. It is now clear that thin sets at 0 which are restricted to a Stolz domain are
necessarily minimally thin at 0 with respect to a half plane and that this impli-
cation is strict in general. Since ordinary thinness is invariant with respect to the
inversion mapping, E is thin at co in R?if and only if

6.2) Snyo l{%‘} < 4o, or > ny{l—:} < 0,
n S n S

where it is again required that s>1 as in earlier sections. We shall now prove some
covering theorems for thin sets at oo in R* which are analogous to our earlier
theorems for minimally thin sets at co with respect to the half plane.

THEOREM 7. (Analogue of Theorem 2). Let E=\J_; B, be defined as in Theorem
2. Then E is thin at oo if and only if

n

(6.3) S ny{l%} < +oo.
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Proof. Since s"< R, <s™! we can repeat the reasoning in the proof of Theorem
2 to show that the series >, ny{4,/s"} and Y, ny{4,[s"t1} are co-convergent which
in turn implies that E is thin at oo if and only if >, ny{r,/R,} <+ .

THEOREM 8. (Analogue of Theorem 4). Assume that E<R® can be covered by a
sequence of balls {B,} where each B,={z:|z—z,|<r,, |z,|=R,} and R,—> as
n—co. If

(6.4) 3 (log Rn)yil—:?—} < +oo,

n

then E is thin at o in R2,

Proof. We define the double sequence {B,;} as in the proof of Theorem 4.
Then the argument in the proof of Theorem 4 may be repeated to obtain
Sz n(log $)y{A,[s™1<3 >, ; (log R,;)y o M{E,;[s"} < + co. The theorem follows.

THEOREM 9. (Analogue of Theorem 5). If E is thin at oo in R? and if h is defined
so that |, qS:,'(r) dh(r)< + o, then there exists a sequence of disks {B,} which covers
E such that 3, (log R)h{r,[R,}< + 0.

Proof. Now E is thin at co in R? if and only if 3, nc{E,[s"} <+ 0, and if we
apply Lemma 1 of section 3 it follows that >, nM ,{E,[s"} < + 0. We now proceed
as in the proof of Theorem 5 except that we now define the covering sequence
{B,;} of E,[s, such that 1<R;;<s. The covering sequence {B,;} for each E,
will necessarily satisfy the restrictions that s"<R,;<s"tl. It follows that
> b{ry| Ry} <M {E,[s"}+2~" and therefore

2. (10g Ruh {rpi[Ryi} < (n+1) log s[M, {E,[s"}+27"].

If we now sum over # it is clear that the double sequence {B,,;} satisfies the require-
ments of the theorem.

ReMARrk 10. We can conclude from Theorem 7 that a generalized Azarin set
with respect to y is not necessarily thin at oo in R%. We pointed out in Remark 5
that the implication proved in Theorem 3 is strict in general. We shall now demon-
strate by example that the implication proved in Theorem 4 is also strict and that
ordinary thin sets at co in R? are non-comparable in general with generalized
Azarin sets with respect to y. In defining y we let s=e and note that 1/y(r)=
w(r)=max{log(l/r), 1}. We shall now construct a one-dimensional Cantor type
of set F< [0, 1] such that C,(F)=0 whereas A, (F)>0 and note that the basic
general idea is mentioned in Carleson ([3], p. 35).

We now proceed as in ([3], p. 31). Let F=[,_; F, be the usual type of Cantor
set with the special requirement that each F,, consists of 2" closed intervals each
of length e,=2"2%". We write F,= U?’;I (J ;) where each J,,; is a component interval
of length ¢,,.
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LeEMMA 2. The Cantor set F that we have constructed above possesses the property
that C(F)=0 whereas A ,(F)>0.

Proof. Since Y, 2 "y(e,)=>, (272 (log2)=c0 it follows from Carleson
([31, p. 31, Theorem 3) that C,(F)=0. Let J,, be one of the component intervals
of F,. Then if m>n, 3 y(e,,)=y(¢,), where we sum over those intervals of F,,
which are contained in J,,. (In the case m=n+1, it is obvious that 2y (e, )=y ().
The general case follows by an induction argument). We claim that m,(F)>0,
where m, is defined as in Carleson ([3], p. 6-7). In order to see this we observe
that if F is covered by a finite collection of intervals of length {r,}{ such that
min{r,}>2"2" and such that r,=2%, p,=1,2,3,..., then >, y(r,)>2"y(e,)=
(log 2)7*. Because of the equivalence of m, and M, (see [3], p. 7), we can therefore
conclude that M,(F)>0, and hence A,(F)>0 which proves our lemma.

ReMARK 11. If we constructed a Cantor set F such that each &,=2-2"/"  then
a slight modification of the proof of Lemma 2 shows that C (F)=0 but A (F)= co.

THEOREM 10. We can construct a set E<R? which is thin at o but is not a genera-
lized Azarin set with respect to .

Proof. Let E’ be the image of the Cantor set F as defined in Lemma 2 under a
standard one-one mapping which carries the unit interval [0, 1) onto the unit circle.
We can still say that C (E")=0 and A,(E')>0. We now let E,=T,(E’) where we
recall that T, is defined in the proof of Theorem 6. Then E=|, ; E, has the
property that E*=E’'=E; for all n. Hence ¢(E})=0, and therefore ¥, nc(Ey)<
+ co, which implies that E is thin at co. We also have A, (E*)>0, and hence can
conclude from Theorem 6 that E is not a generalized Azarin set with respect to y.

REMARK 12. We can conclude from Theorems 7 and 10 that ordinary thin sets
at co in R? are non comparable with generalized Azarin sets with respect to y.
This observation trivially implies that the implication of Theorem 4 is also strict.

REMARK 13. There is no difference between a classically thin set £ at 0 in R?
(p>3) and a minimally thin set at 0 with respect to a half space, if E is restricted to
a Stolz domain [see [2], p. 150). The situation is somewhat different at co because
minimally thin sets are preserved by inversion maps whereas classically thin sets
are not (see [2], p. 148). At o in R? (p>3), classically thin sets are necessarily
minimally thin but the converse does not hold in general. A necessary and suffi-
cient condition that E be thin at co in R? (p>3) is that >, ¢(E,)< . For such
sets an analogue of Theorem 1 would be that >, (r,)*2<co. Theorems 3 and 9
have similar analogues.

Some of these results have been announced in the Compt. Rend. Acad. Sci.
Paris, t. 277 (30 juillet 1973), Série A, 241-242.
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