ON A THEOREM ON ORDERED GROUPS

by C. G. CHEHATA
(Received 19th May, 1958)

1. Introduction. The following work establishes a new proof of the theorem : Every
archimedean ordered group is abelian. This theorem has been proved differently by many
authors. It was first proved by O. Hélder [2]. A second proof has been given by H. Cartan
[1]: he uses the topology which is naturally introduced in the group by its order.

Later on F. W. Levi [3] gave a third proof ; he showed that if in an ordered group we
denote by A the subgroup of those elements which are either archimedean comparable (in a
sense which will be defined later) with a particular element a or infinitely small relative to a,
and by E the normal subgroup of the latter class of elements, then the factor group 4/E is
isomorphic to a module of real numbers. In fact, if the group is archimedean ordered, then A
will consist of the whole group, E will contain the identity alone and the theorem follows.

In this paper an entirely different proof of the theorem is given by showing that in any
ordered group the commutator of two elements is infinitely small relative to the greater of the
two. An example in which the smaller of the two elements is infinitely small relative to their
commutator is established, showing that the above result is the best possible.

We conclude by showing that in any finitely generated ordered group the commutator
subgroup has infinite index, a result which had also been shown by F. W. Levi [4]. It follows
that an ordered group which coincides with its commutator group cannot be finitely generated.

2. Definitions and Preliminaries.

DermaTiON 1. A group G s called an ordered group, when in G a binary transitive relation
a < b can be defined such that, of the three alternatives a << b, @ = b, b < a, one and only one
takes place, and a < b implies at < bt and ta < tb for all o, b and t in G.

For b < a we also write @ > b; moreover < and = will be used in the customary sense.
We shall denote by e the unit element of G.

The following simple results follow immediately from the definition :

(1) & < b implies b-! <a~'.

(2) a < b implies t-1at < -6t for any ¢ in G.

(3) @ <band ¢ < d imply ac < bd.

(4) a < b implies @™ < b for any positive integer m.

DEFINITION 2. An element a in an ordered group is called positive if e < a ; it is called nega-
tive if a <e.
DEFINITION 3. T'he absolute value | a | of a is defined by :
|a|=aifaze |a|=alifa<e.

Thus | @ |" =| a* | for any positive integer n.
LemMma 1. T'he following relations for the absolute value of the product of two elements hold :
1) |ab|=]a| |b]| i a>eb>e.
(2)|ab|=|b‘|a[ if a<e b<e.

Ylab|=|a| || if a>eb<e and |a|>]|b];

|ab| [l la|™ if a>e b<e and |a|<|b].
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4) |abj=|b|?*|a| if a>eb<e and |a|>|b];

fab|=|a| |b] if a<eb>e and |a|<|b].
Proof. a>eand b>eimply ab> e ; thus
|ab|=ab=|a] |b]|,
which proves (1). One proves (2) similarly. To prove the first part of (3) we have :
|a|>|b|implies |a| |b|2>e, ie. ab>e;
thus |ab |=ab=|a| | b |
One proves the other relations similarly.

LEMMA 2. |t-lat |=t a|t forall t in G.

This follows by direct application of Lemma 1.

DEFINITION 4. |@| is said to be infinitely small relative to | b |, and we denote this by
|a|<|b|, if|a|™ <|b| for all positive integers m. If there exist two positive integers m and n
such that

la|<]b]™ and |b]| <|a],
then a and b are said to be archimedean comparable (or briefly : comparable), and we denote
this by a ~b.

LemMa 3. |a|<|b| of and only if a® < |b] for all integers n (negative, zero or positive).

Proof. If|a|<|b|, then a®, for any integer x, is trivially smaller than | b |. Conversely,
a® < | b | for all integers n, implies that | @ | < | b | for all positive integers m ; otherwise we
would have a£™ > | b | for some integer m.

LemMa 4. For any two elements a, b, different from e, of an ordered group, one and only

one of the following relations holds :
|a|<|b|, a~b, |b|<]|a]l.

Proof. If [a|=|b|, thena~b. If |a|<|b|, then either | a|* < |b | for all positive
integers n and thus | a | €| b |, or there exists a positive integer m for which | b | <|a|™and
thus a ~b.

Similarly, if | b | < | a |, then either | b |<|a | ora ~b.

LeMMa 5. (1) |a|<| b | implies | t-1at | €| -0t | for any ¢t in G.

2) |a|<|b|and b~cimply |a|<]|c]|.
(B) |a|<|b|and d~a imply |d|<]|b]|.

Proof. (1) (t7'at)" = t'a™ <t~ b|t = |tbt|, by Lemma 2. Thus

| t-1at | <| ¢t |,
by Lemma 3.

(2) b ~c implies | ¢ |" > | b | for some positive integer m. If | a | is not infinitely small

relative to | c |, then there exists a positive integer » for which | a |" > |¢|. Thus
la*m>]e|"> 0],
contrary to the assumption that |a | <|b|.

One proves (3) similarly.

LemMma 6. T'he relation < s transitive.

Proof. |a|<|b| and |b|<|c| imply |a|<|c|; for if not, there exists a positive
integer n for which [a |* > | ¢ |, and since | b| > |a |* then || > | ¢|, contrary to the assump-
tion that | b |<|c|.

B G.M.A,
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From Lemmas 5 and 6 follows immediately
Lemma 7. |o'j<|al, |a|<|bland |b|<|b | imply|a’|<|b |
LEMMa 8. a” ~a for all integers n +0.
This follows from the fact that
la® | <la|"™", m=|n| and |a|<]|a"|%.
LeEMMA 9.0 Let p be any positive integer and v be any negative integer ; then
(1) e ua>u implies a Pua*>u and a‘ue® <u,
(2) oua>u implies a*ua™>u and aua™ <u.
The proof is immediate by induction.
We conclude this section with the following lemma.
LeMMa 10.  If we denote a='b"'ab by [a, b), then the following identities hold in any group :
() @b = I (@a bl

u==p— 1

(2) [a=™, bl = II (a*[b, ala~¥),

() [b,a") = I (a*[a, bJa),
p=1
@) [ba] = 1'70 (a=+ b, alas)

Jor all positive integers m.
These relations may be verified by direct multiplication.

3. The Main Result.
THEOREM 1. T'he following relation holds in any ordered group :
| [a, b] | <max([a], |b]).
for any elements a and b of the group. _
Proof. To prove this theorem we have to consider three possibilities.
(I) Both @ and b are positive :
Assume that @ > b > e. We distinguish four cases :
) aa,bla>[a, b]>e,
(ii) e>aYa, bla> [a,b)
(ili) e <a Y a, bla <[a, b .,
(iv) aa,bla <[a,b] <e.
We notice that e cannot fall between a—[a, b]a and [a, b], since x = e implies i~xt = e.
Case (i). Relations (i) together with Lemma 9 give

a#[a, bla* > [a, b] > ¢
for all positive integers p. For all positive integers m we have

0
fam, 0] = II (a#[a, bla*) > [a, b]™ > e.

u=m-1

Thus | @, 8)|™ = | [a, b]™ | <|[a™, b]| = a~"b~la™b < a~Mea™a =a.
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Case (11). Relations (ii) give
e < a-'[b, ala < [b, a] <a[b, ala.
Thus, by Lemma 9,
as[b, ala=* > [b, a] > e,

for all positive integers o ; and, for all positive integers m, by Lemma 10, (2),
1
[a=™, b] = IT (a*[b, ala=™) > [b, a]™ > e.
u=m

Thus | [a, 8] |™ = | [b,a] |™ <|[a=™ b] | = a™b~la~™b < a™ea™a = a.
Case (ti1). Relations (iii) give
e <aYa, bla < [a, b] < ala, bla—t.
Thus, by Lemma 9,
a*[a, bla=* = [a, b] > ¢,

for all positive integers p ; and, for all positive integers m, by Lemma 10, (3),
[6, &) = I (a#[a, 5ja—*) > [a, b]" > e.
=1

Thus | @, ] |™ = | [@, b]™ | < | [b, @] | = b~la™ba—™ < ea™aa™" = a.
Case (iv). Relations (iv) give
a7b,ala = [b,a]l >e.
Thus, by Lemma 9,
a#[b,ala*>=[b,al >e

for all positive integers u ; and, for all positive integers m, by Lemma 10, (4),
m—1
(b, ") = II (a*[b, ala*) = [b, a]™ > e.
p=0

Thus | [a, 8] | = | [b, a]™ | < | [b, a™] | = b7 'a~™ba™ < ea™™aa™ = a.

Thus the theorem is true for positive elements.
(II) One element, a say, is negative and b is positive :
Assume that @ <e <b <a!. By (I), we have

| [a=1, b] | =] a[a, b] Y0t |<]|a].
Thus. by Lemma 5, (1), we get

| [a,b]7] < |a],
and hence |{a,b]| < |al.

(III) Both a and b are negative :
Assume that @ < b <e. By (I) we have

|[@, b7 | = |abla, bJb"a") | < |a|.
By Lemma 5, (1) we get
| [@, 0] | < | b~%ab |.
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But [o6%b | =bYab<|a||ale=]al

Thus |2, 0] | < |a |2

Since | a [2~| a | (Lemma 8), then, by Lemma 5,
[[a, ]| < |a].

(1), (II) and (I1I) together show that Theorem 1 is generally true.

DEFINTTION 5. An ordered group is called an archimedean ordered group if, for any
b+e, |a|<|b| implies a=e.

Thus an ordered group is archimedean ordered if any two elements not equal to e are
archimedean comparable.

Theorem 1 together with Definition 5 give

TaEOREM 2. Every archimedean ordered group is cbelian.

4. Example. The result which we obtained in Theorem 1 is the best possible result
in the sense that | [a, b] | need not be small compared to both @ and b ; on the contrary here
is an example in which

min(la |, [5]) < | o8],
Let H be the free abelian group generated by
cee s b_yy by, by, by oil;
we define an order in H such that
e<...<b_ <by<b <....

An element of H is thus to be positive if the generator b, with the highest suffix in it appears
with a positive exponent. The mapping b,— b, ,, defines an automorphism of H which leaves
the order of H invariant. Now form

G={H, a}
with alba="0,, (=0 £1, +2..)
Order G by making a > ¢ and A<a for all  in H. Now in G we have
[bg, @] = by la~bye = b5,
and, since b, > b+ for all m, then

by < by, = [by, @] for all m.

Thus | by | = min (b, @) < | [by, a]].

5. Finally we conclude with the following theorem, a result which was obtained differently
by F. W. Levi :

THEOREM 3. Let a,, a,, ..., a, be n elements of an ordered group G not all equal to e, let B
be the subgroup generated by them and C(B) its commutator group ; then B|C(B) contains elements
of infinite order.

Proof. Let a=max(|a,|,|ay|, ..., |@a,]), let 4, be the set of elements which are

comparable with a or which are in modulus infinitely small relative to a, and let 4, be the set
of elements which are in modulus infinitely small relative to @. Then clearly 4, 2 Band a ¢ B.
One easily shows that A, is a subgroup of @ and 4, a sabgroup of 4,.
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If b, c € A, with | ¢ |>]| b |, say, then by Theorem I,

[ b, e]| <]el,
and, since ¢ is either comparable to @ or | ¢ |<|a |, then
[, e]| <]a].
Thus [b, c}e 4y,
and hence C(4,) € A,.
In particular C(B) G A,
Now, since at!, a%2, ..., are all comparable with a (Lemma 8), none of them is situated in ~

C(B). Hence the element aC(B) of B/C(B) is of infinite order.
I wish to express my indebtedness to Dr B. H. Neumann for his help and advice during
this work.

REFERENCES
1. H. Cartan, Un théoréme sur les groupes ordonnés, Bull. Sci. Math., 63 (1939), 201-205.
2. O. Hoélder, Die Axiome der Quantitiit and die Lehre von Mass, Ber. Verh, Sdchs. Ges. Wiss.
Leipzig Math.-Phys. Cl., 53 (1901), 1-64.
3. F. W. Levi, Ordered groups, Proc. Indian Acad. Sci., 16 (1942), 256-263.
4. F. W. Levi, Contributions to the theory of ordered groups, Proc. Indian Acad. Sci., 17
(1943), 199-201.

FacuLry oF SCIENCE
TrE UNIVERSITY
ALEXANDRIA

https://doi.org/10.1017/52040618500033785 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033785

