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Separable Reduction and Supporting
Properties of Fréchet-Like Normals in
Banach Spaces

Marian Fabian and Boris S. Mordukhovich

Abstract. We develop a method of separable reduction for Fréchet-like normals and e-normals to arbitrary
sets in general Banach spaces. This method allows us to reduce certain problems involving such normals in
nonseparable spaces to the separable case. It is particularly helpful in Asplund spaces where every separable
subspace admits a Fréchet smooth renorm. As an applicaton of the separable reduction method in Asplund
spaces, we provide a new direct proof of a nonconvex extension of the celebrated Bishop-Phelps density theo-
rem. Moreover, in this way we establish new characterizations of Asplund spaces in terms of e-normals.

1 Introduction

Let (X, || - ||) be a Banach space with dual X*, Q@ C X a nonempty set, x € Q, and € > 0.
Using the notation u L x:u— xwithu e Q, we define the set of e-normals

(1.1) N(x; Q) = {5 e X*: lim supH < e}

to Q2 at x [KM]. When e = 0, the set No(x; ©2) in (1.1) is a cone called the Fréchet normal
cone to Q at x. For € > 0, we also consider the set

Ne(x; Q) = {€ € X*: Jv > 0with (£,u—x) < eflu—x|ifue Qand Ju—x|| < v}
called the local e-support of 2 at x [EL]. One can easily observe the relationships

(1.2) Ne(; Q) = [ Nesr Q) and - Ne(x; ) D No(x; Q) + By

v>0

for any e > 0. Moreover, if 2 is convex, the inclusion in (1.2) becomes the equality since

(1.3) N Q) = {€ e X*: (£,u—x) < e|lu—x| forallu € Q}.
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It is well known that the sets N (x; ©2) and N.(x; ©2) are closely related to the correspond-
ing subdifferential sets

B f(x) = {g & X" : liminf fW =10 = (Eu=x —e},

[lu—x|

A f(x) = {€ € X* : Jv > 0with f(u) — f(X) > (,u—X) —¢lju — x| ifu € X
and |ju — x|| < v} defined for any extended-real-valued function f: X — (—o0, co] with
f(X) < co. Indeed,

(1.4) N.(x; Q) = 8.6(x ) and  N.(x; Q) = d.5(x; Q)
where 6( - ; Q) is the indicator function of the set Q:
ou; ) =0 ifueQ and §(u; Q) = oco otherwise.

_ Note that, in contrast to the hat-constructions N, and f?e, the tilde-constructions N, and
0. carry little information when ¢ = 0, even in finite dimensional spaces. For example,
Oof(x) = @ everywhere for quite a nice function f(x) = —x? on R, while dyf(X) =
{f’(x)} forany function f : X — R Fréchet differentiable at x € X onaBanach space X. We
refer the reader to [BS], [L], [MS2] and their bibliographies for various useful properties of
the Fréchet subdifferential 9, f (x). In what follows we consider the hat-constructions for
all e > 0 and the tilde-constructions only for ¢ > 0.

Itis shown in [FZ] that the construction of 9, f is separably determined in the following
sense: Given a separable subspace Yo C X and any f: X — (—o0, oo] locally bounded from
below, there exists a separable subspace Y C X such thatY, C Y and

(1.5) df(x) #2 whenever xeY and d.(fy)(x) # @

where fy denotes the restriction of f to the subspace Y. If X is Asplund (that is, every
convex continuous function on X is generically Fréchet differentiable), this fact made it
possible [FZ] to establish that, for any € > 0, the set

(1.6) {x e X:8.f(x) # 2}

isdenseindom f = {x € X : f(x) < oo} for each lower semicontinuous function f: X —
(—00, >0]. Indeed, the separable reduction (1.5) allows to reduce the density result to the
case of spaces admitting a Fréchet smooth renorm. In the latter case the density of (1.6) was
earlier proved in [EL] with the help of Ekeland’s variational principle. Moreover, it follows
from [EL] that the density of (1.6) for every such f and every e > 0 implies the Asplund
property of X. A A

An analogue of the separable reduction result (1.5) for the case of 9y f (actually for 9, f
with any e > 0) is obtained in [F]. This made it possible to characterize Asplund spaces in
terms of the density of the set

{(x f(x)) € X x R:x & dom f,df(x) # 2}
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in the graph of f, for every lower semicontinuous function f: X — (—o0, co]. The latter
fact is proved in [F] by a separable reduction to the case of spaces admitting a Fréchet
smooth renorm which was previously resolved in [BP] on the base of the Borwein-Preiss
smooth variational principle. .

It is well known that if X is not Asplund, the condition 9y f (X) # @ may be violated at
each x € dom f even for concave continuous functions. However, in the case of indicator
functions f = 6(-; Q) we have

Ao ) =No(x;Q) £2 VX € Q

(the cone Nj always contains & = 0) for every set 2 C X'inany Banach space. Therefore,
in this case the above separable reduction result for gy f does not carry any information. It
follows from (1.2) and (1.4) that

By C 0.6(%; ) = Ne(x; ) € N(x; )

i.e., for e > 0 the separable reduction (1.5) also provides, even to a greater extent, an empty
statement when f = 4(-; Q).

The primary goal of this paper is to obtain valuable separable reduction results for the
constructions N, and N, to cover, first of all, the most important case of No. To achieve
this, we are going to further elaborate the separable reduction results from [FZ] and [F] so
that they can be nontrivially applied for the set indicator functions f = §(-;2). A natural
framework for such an improvement of (1.5) is to provide a separable reduction in the form

9.f(x) \MBx- # @ whenever xeY and 9.(fy)(x)\ MBy- # &

where M is any fixed number greater than e and Y is an appropriate separable subspace of
the Banach space X. Having a separable reduction of 9, f (x) in this form, we can apply it
for the case of f = 0(-; ) and get

(1.7) N Q) \MBx- #2 whenever xeY and N.(;QNY)\MBy. # @

which is a valuable separable reduction for N,. Indeed, (1.7) allows us to find elements
of N(x; €2) with the norm as large as sup{||{]| : € € Ne(x; 2 NY)}. Asimilar separable
reduction result for the case of Ny makes it possible to justify that the condition Ng(x; €2) #
{0} is separably determined in any Banach space. Note that to get separable reduction
results in the required new form for both tilde- and hat-constructions, we need to overcome
essential technical difficulties in comparison with [FZ] and [F].

The separable reduction results obtained in this vein are notably efficient in Asplund
spaces, where every separable subspace is Asplund and thus admits a Fréchet smooth re-
norm; see [D], [P]. Based on (1.7) and involving Ekeland’s variational principle in the
separable case, we can show that, in any Asplund space X, the set

{x e bd 2 : N.(x; ) \ MBx- # &}

and its N.-counterpart are dense in the boundary bd Q of  for every closed set Q C X,
where e > 0 is as small as we wish and M > ¢ is as large as we wish. Moreover, we are going
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to justify that the validity of these properties (even the nonemptiness of the corresponding
sets) for every e > 0, every M > ¢, and every closed set Q C X of a special nature is also
necessary for X to be Asplund.

In the case of e = 0 we get characterizations of Asplund spaces through the existence of
X € bd 2 satisfying

(18) No(x; ©2) # {0}

for any closed sets 2 C X, as well as through the density of such points in the boundary
of Q. If Q is convex, (1.8) means that x is a support point of €, in the classical sense, due
to representation (1.3) as e = 0. Thus the density of points x € bd 2 satisfying (1.8) is a
natural extension of the celebrated Bishop-Phelps theorem [P, Theorem 3.18] to the case
of nonconvex sets in Asplund spaces. This result was first proved in [MS1] with the help
of Ekeland’s variational principle and “fuzzy calculus” for Fréchet subdifferentials. (See
also [MS2, Section 3] for another proof based on the same ideas.) The new proof given
below is more direct and allows us to avoid “fuzzy calculus”. This proof is based on the
separable reduction of (1.8) to the case of spaces having a Fréchet smooth renorm and
admitting the usage of the Borwein-Preiss smooth variational principle. The reverse result
that the existence (and density) of points satisfying (1.8) for any closed set 2 C X implies
the Asplund property of X was proved in [FM]. This also ensues from the corresponding
fact for N, and N, e > 0, established in the present paper.

The rest of the paper is organized as follows. In Section 2 we provide the basic separable
reduction for the tilde-constructions 8, and N, with ¢ > 0. (As we mentioned above,
the tilde-constructions for e = 0 do not make much sense.) The methods and results
developed for the tilde-case are of some independent interest and also prepare the reader to
the handling of more complicated hat-constructions. Section 3 is devoted to the separable
reduction for the hat-constructions 9, and N, with e > 0 which are considered as a limiting
case of the tilde-constructions as ¢ | e. Section 4 contains applications of the separable
reductions results and characterizations of Asplund spaces via supporting properties of
Fréchet-like normals and e-normals to nonconvex closed sets.

Everywhere we use standard notation except special symbols introduced where they are
defined. Recall that S denotes the closure of a set S, and that sp(S) means the span of S, i.e.,
the collection of all linear combinations of elements of S.

2 Separable Reduction for the Tilde-Constructions

The purpose of this section is to conduct an appropriate separable reduction for the con-
struction &, which allows us to cover the case of N, as in (1.7) with € > 0. According to the
discussion in Section 1, we need to provide a separable reduction of the assertion

(2.1) d.f(X) \ MBx- # @

for any given number M > e. Note that this assertion involves elements of the dual space
X*, while the method of separable reduction requires working only with elements of the
initial Banach space X. So our first step is to translate assertion (2.1) equivalently into the
language of the space X. To furnish this, we apply a certain convexification procedure, based
on the definition of J., and then the classical separation theorem for convex sets; cf. [FZ].

https://doi.org/10.4153/CJM-1999-003-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-003-7

30 Marian Fabian and Boris S. Mordukhovich

Given a proper function f: X — (—o0, oc], a point x € dom f, and positive numbers
d and ¢, we define a function ¢¢ x 5.: X — [—00, c0] by
m
ng,)@(S’e(h) = mf{ Qj [f(X + h.) + 6||h||” ‘meN, hi eX,

i=1

22)

m m

il <80 >0i=1....m> a =13 ah :h}

i=1 i=1

if [[h]| < d and pr x5.(h) = oo otherwise. Note that ¢y x 5. is convex if ¢ x 5. > —o0, and
that ot x5..(0) < f(x). We can easily check that if 0. f (x) # @, then ¢+ x5 IS proper and
one has B

(pf,x,é,e(o) = f(X) and @ 7& &Pf,x,&,e(o) C 8€f(x)

for all § > 0 small enough, where 9 denotes the subdifferential of convex analysis. On the
other hand, if dp x5..(0) # @ for some § > 0and ¢y x5.(0) = f(x), then O+ x5.(0) C
0. f(x) as well.

The following lemma provides an equivalent translation of (2.1) into the language of the
initial space X.

Lemma 2.1 Let f: X — (—o0, 0] be a function on a Banach space X, x € dom f, e > 0,
and M > e. Then one has (2.1) if and only if there are numbers 6 > 0,y > 0,¢ > 0,and a
nonempty open set U C X such that

() @ixse(h) > f(x) —c|/h|| whenever h € X, and
(i) @ixseth) > f(x) + (M +~)t||h| wheneverh € U and t € (0, 1].

Proof First let us prove the necessity. Take § € 56f(x) \ MBx- and find 6 > 0 from the
definition of . f (x). Then (i) is clearly satisfied with ¢ = ||£||. To establish (ii), we choose
~ > 0with ||€]| > M+~ and find a nonempty open setU C X so that (¢, h) > (M+~)]h]|
for every h € U. Then (ii) is satisfied, and we get the necessity.

Let us prove the sufficiency. In what follows we replace ¢+ x 5. by ¢ for simplicity. As-
suming (i) and (ii), we take ¢, v, and U satisfying these conditions. Fix0 # h € U and
find by (ii) a nonempty open convex set 0 ¢ Uy C U, containing h, and a nonempty open
convex set 0 ¢ U; C R such that

M < 7/|ull <M+~ whenever (u,7) € Ug x Uj.
Since ¢ is convex and ¢(0) < f(x), we get from (ii)
04 (0)(u) > (M +~)lull whenever ue Uy

for the right-hand directional derivative of ¢ at 0. Now let us consider the two nonempty
convex sets

Ci={(ut)eXxR:pu) <t} and C,:=|JA(UoxUy)
A>0
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and observe thatC; NC, = @. Indeed, if A(u, 7) € C; NC, for some A > 0, then
AT > p(Au) > @ (0)(Au) = Api(0)u > (M + AJJul| > AT

due to the choice of 7 < (M + ~)u, i.e., we get a contradiction. Since C; is open, we apply
the classical separation theorem and find (0,0) # (&,s) € (X x R)* = X* x R such that

l:= inf<(§7s)7cl> > SUp<(§,S),C2> =r

Note that | < 0dueto (0,0) € C; and thatr > 0 due to the structure of C,. Thusl =r =0,
and we have

inf{(¢,u) +st: (u,t) € X x R, p(u) < (0) +t}

(2.3)
= sup{A(&,u) + Ars: (u,7) € Ug x Ug, A >0} =0.

Since st = (¢,0) +st > 0forallt > 0, we gets > 0.
To proceed, we first assume that s > 0. Then, puttingt = ©(u) in (2.3), we have
—(& u) < sp(u) and

<_%§,u> < () = p(u) — ¢(0)

if u € dom . This also obviously holds if p(u) = oco. Since (0) = f(x) by (ii), we
conclude that

—%g € 9¢p(0) C O, f (x).

On the other hand, from (2.3) for 7 € U; and u = h we have (¢, h) + 7s < 0, and hence

1 h T
> —=¢, —> > = >M
‘ < s [Ih]l ([hl]

due to the choice of 7 > M|[h||. Thus we obtain

1
H‘€5

<—%§,h>>M||h| and —%geéef(x)\MBx*

which justifies (2.1) in the case of s > 0. Note that we have not used (i) so far.

Next let us consider the remaining case of s = 0 in (2.3) and justify (2.1) using (i). If
s = 0, we necessarily have £ # 0 and get from (2.3) the following two conditions:
(2.4) (&,u) >0 foralluedomy and (£,u) <0 forallueU,.

Since £ # 0and Uy is a neighborhood of h, the second condition in (2.4) yields (£, h) < 0.
Further, let us form a closed convex subset of X x R as follows:

Cs={(ut) e XxR:t < —cl|ul}.
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Then (i) ensures that C; N C3 = @. Employing again the separation theorem, we find
(0,0) # (n, @) € X* x R such that

| = inf((n, @),C1) > sup((n, a),Cs) =: .
It is easy to check that | = r = 0, and thus

inf{(n,u) +at : (u,t) € X x R, o(u) < p(0) +t}

(2.5)
=sup{(n,u) +at : (u,t) € X x R,t < —cjjul|} = 0.

It follows from (2.5) that o« > 0. In fact « > 0, since for « = 0 condition (2.5) yields
(n,u) < 0whenever u € X, which contradicts (, «) # (0,0). Thus (2.5) implies —%Tl €
0p(0) similarly to the case of (2.3). Now put

1
(26) (= —177 — K¢ with K> max<0, 7w )
“ (€

Then using the definition of 9(0) and the first condition in (2.4), we get
1 .
P =9 = (~2nu) = (Cu) ifuedomg
«
and hence ¢ € d¢(0) C 9. f(x). Moreover, using (2.6) and (&, h)y < 0, we conclude that
1
@ (€0 = {~Zn0) ~K(e.h) > M,

Thus (2.7) yields ||| > M, and we finally get ¢ € 5€f(x) \ MBx-. This justifies (2.1) for
the case of s = 0 in (2.3) and completes the proof of the lemma. ]

Corollary 2.2 Let 2 be a nonempty set in a Banach space X, x € Q,¢ > 0,and M > e.
Then

(2.8) Ne(x; Q) \ MBx- # @

holds if and only if there exist § > 0, v > 0, and a nonempty open set U C X such that
m m

(29) > aielltill = (M + )| 3 e
i=1 i=1

whenever m € N, hj € X, ||hi|| < &, x+hi € Q, s >0,i =1,....,m, 3", ai = 1, and
Zim:laihi € (0,1]U.
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Proof To establish this fact, we apply Lemma 2.1 where f is the indicator function of the
set 2. One can easily see that (2.1) reduces to (2.8) due to (1.4). It also follows from the
definition of ¢ in (2.2) that condition (i) in the lemma automatically holds with ¢ = 0,
while condition (ii) coincides with (2.9) in this case. ]

Now, based on Lemma 2.1 and Corollary 2.2, we are ready to perform the desired sepa-
rable reduction for the constructions of 9. and N, with € > 0. The next theorem contains
the main result of this section.

Theorem 2.3 Let Y be a separable subspace of an arbitrary Banach space X, let f: X —
(—o0, oc] be a proper function locally bounded from below, and let e > 0. Then there exists a
separable subspace Y < X such thatYy, C Y and one has

(210) 9. f(x)\MBx- # @ whenever xeY and 9.(fy)(X)\ MBy- # &

forany M > e.

Proof Let A be the countable set of all sequences (), with rational nonnegative entries
satisfying a; = O for all largei € Nand }_;°, a; = 1. Given x € X, we take p(x) > 0 such
that f is bounded from below on the ball around x with radius p(x). ]

For x € X, fora = (a;) € A, for rational numbersr > 0 and § € (0, p(x)), and for
k € Nwe find ui(x,a,r,d,k) € X, i € N, such that ||ui(x,a,r,d,K)|| < d foralli € N, that
| >°7 aiui(x,a,1,8,K)|| < r,and that

<l

Zai [f(x+ui(x,a,r,d,k) +el|ui(x,a,r,6,K)] —
i1

< inf{ > as[Foc+ he) +ellll] + hy € X, Il < 8, 11> ahyl] <}

i i=1

-

Further, for x € X, fora = («;) € A, for rational numbersr > 0and § € (O,p(x)),
fork € N, and for h € X, with ||h|| < ¢, we find gi(x,h,a,r,§,k) € X, i € N, such that
llgi(x,h,a,r,d,k)| <dforalli eN,that || > ;" @igi(x,h,a,r,d,k) —h| < r,and that

x| =

Zai [f (X + gi(xa hvav I',(S, k)) + eHgi(X, ha ar, 57 k)|” -
i=1

< inf{Zai [Foc+h) + ] b € X, Il < 8, 11> ashi — hj < r}.

=1 i=1

Let us construct a separable subspace Y < X for which (2.10) holds. To proceed, we start
with the given subspace Y, C X and build by induction a sequence of separable subspaces
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Y1,Y2,... of Xasfollows. IfasubspaceY, C X isalready constructed for somen € NU{0},
we take any countable and dense subset C,, of Y, and define Y41 by

Yne1 i= ﬁ(Cn U {ui(x,a,r,6,k) : x €Cp,a€ A,r > 0,6 € (0, p(x)) rational, k, i € N}
U{gi(x,h,a,rd,k):x,heCqacA,lh| <dr>0,

§ € (0, p(x)) rational k, i € N}).

Finally we putY = [J{Yn:n € N}andC = [J{Cn : n € N}. Itimmediately follows from
the presented construction that C = Y and that Y is a separable subspace of X contain-
ing Y.

Now let us fix an arbitrary number M > e and prove that (2.10) holds with the separable
subspace Y C X constructed above. Our goal is to show that for any x € Y with d.(fiy )(x)\
MBy. # @ one has (2.1). To furnish this, we need to verify conditions (i) and (ii) in
Lemma 2.1 providing a complete characterization of (2.1) in terms of the function o+ xs.c
defined in (2.2). Take £ € O.(fy)(x) \ MBy- and, using the definition of d., finda rational
number § > 0 so that

(211) fx+y) +ellyl| = f(x)+(&y) forallyeY with [y| <24.

Since x € Y, for every n € N we can find x, € C,, and a rational number ~, satisfying
IX = Xn]] = 0asn — ocoand

(212) I = Xall < 70 < 2[X = %al, nEN.
Further, fix any h € X with ||h|| < § and consider any a = (o) € A and any h; € X,
Ilhill < d,i € N, such that >";°, ajhj = h. Since a; = 0 for all large i € N, we may take
hi = 0 for these i. Then taking an arbitrary rational number r € (||h||, §), one has

(2.13) I+ <t [l +9n <8, and ya+3d <28

for all i € N and for all sufficiently large n € N. Thus putting h! := h; + x — X, for these
n, i and taking into account (2.11)—(2.13) and the construction of Y, we get

8

I(h) = o [fx+ ) +el[hil]] = o [f(xa + i) + e[|y ]
i=1

i=1

Mg

> ailfCn+ ) +ellfl] — e

I\/
I
3||—\ L

— € + Zal Xn + Ui(Xn, ar 57 n)) + €||Ui(Xn,a, r,(S, n)H]

(as [IN7)) < 10l + 70 < and | >~ st || < JInf| + 30 < 1)
i=1
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1 o0
Z _ﬁ — ZE'Yn + Zai [f (X + Xn — X + Ui(xn737 r757 n))
i=1
+€[Xn — X+ Ui(Xn, a, 1, 8, n) ]
1 o0
> T 2eyn + <§,xn — X+ Zaiui(xn,a, r,5,n)> + f(x)

i=1

(@s Xy — X+ Uui(Xy,a,r,9,n) €Y and ||xn — X + Ui(Xn, &, 1, 0,N)|| <+ < 20)

1 o0
>~ =20 — [l — ]| 3 G, a o, + 109
i=1
1
> = 2690 = [|¢llon — I€]Ir + 100).

Now passing to the limit as n — oo, one has

I(h) = —[[gfir + £0).

Letting there r — ||h|| and putting ¢ := ||£]|, we get I(h) > —c|/h|| + f(x). Finally com-
paring the construction of I(h) and the definition of ¢+ x5 () in (2.2), we conclude that
condition (i) in Lemma 2.1 is verified.

It remains to verify condition (ii) in the lemma. Takey € Y, |ly|]| < é,and v € (0,1) so
that

(2.14) (& y) > M+3)|yll-

Take a rational number ¢ satisfying

(2.15) 0 <¢<min{o —[ly[l,¥lIlyll/GlIED, vIIyll/(M+ 1)}

and putU = {h € X : |h —y| < ¢}. Now fixany h € U and any rational number
t € (0,1]. Then ||th|| < ||h]| < d. Find hy € C so that |[th — hyl| < t¢.

Consider any a = (i) € A, hy € X, ||hi]| < &, € N, such that >°°, ajhj = th. As
before, we may take h; = 0 for all large i € N. Taking ~, satisfying (2.12), we observe
that (2.13) holds for all n € N sufficiently large. Note also that hy € C,, for all large n. Thus
putting hi! ;= h; +x — X,, i,n € N, and taking into account relationships (2.11)—(2.15) and
the construction of Y (since x € Y'), we get the following chain of inequalities holding for

all largen € N:
Ith) == o [fx+h) +eflnif]] = ai[f(xq + i) +ef|hy]]
i=1 i=1

> oi[f(xa + ) +e[[f]|] — evn
i—1
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1 0o
Z _ﬁ —€Mn + Zai [f(xn + gi(Xm h07a7t< +’Yn757 n)
i=1

+ €]|6i (Xn, ho, @, t¢ +n, 6, 1)|]]

(as [l <0,

>~ aih = o[ < th = hol| + [jxa = X|| < ¢ +0)
i=1

1 e’}
Z _ﬁ - ZE’Yn + Zai [f(X+Xn - X+gi(xnah07a>tc+’}’n75a n))
i=1
+6||Xn _X+gi(xn7h07a7tc+’yn763 n)H]
1 [}
> _ﬁ - 2€7n + <£»Xn —X+ Zaigi(xnth)aatC + 7“757 n)> + f(X)

i=1

@sxyp—x+gi(---)eYand|[xy = x+gi(---)|| <+ < 26)

> L e ) — Dl (0 3 G o2, 38— o) + 100
i=1

1
> == =26y + (6:ty) = 2[€[tC = [I€]1 (7 + X+ 0)) + 1)

1
> = = 2em + (M + 3Nty = 3[EfltC = 2[|€]ln + F(X).
The latter yields, by passing to the limitas n — oo, that

I(th) — £(x) = (M +3)t]ly[| — 3[[[t¢ = (M +27)t[y||
> (M +)(t]|h]| —t&) +tllyl| > (M +)t|h]|
by (2.15). Hence I(th) > f(x) + (M + 4)t|/h|| for all h € U and all rational numbers
t € (0,1]. Ift € (0,1] is irrational, then we change ~, a little so that t{ + ~, is rational.

This implies condition (ii) in Lemma 2.1 due to (2.2) and the above definition of I(th).
Thus we have (2.1) and complete the proof of the theorem. ]

Corollary 2.4 Let Y be a separable subspace of a Banach space X, let 2 C X be a nonempty
set, and let e > 0. Then there exists a separable subspace Y C X such that Yo C Y and one
has

Ne(x; Q) \ MBx- # @ whenever xeVY and N.(x;QNY)\MBy. # &

forany M > e.
Proof This follows from Theorem 2.3 applied for the indicator function f = §(-; Q) due
to (1.4). It can also be obtained directly from the separable reduction result of Corollary 2.2

using just the second half of the proof of Theorem 2.3. (Condition (i) in Lemma 2.1 is
trivially fulfilled.) ]
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Remark 2.5 A careful reading of the proof of Theorem 2.3 yields that we may even assert
that

sup{|lnll : n € D fy (0} = sup{[ig]| : € € D F(x)}

provided thatx € Y and 5((f‘y)(x) # @. A similar remark applies to Corollary 2.4 as well
as to Theorem 3.3 and Corollary 3.4 in the next section.

3 Separable Reduction for the Hat-Constructions

In this section we provide a separable reduction for the subdifferential constructions d.,
€ > 0, in the form

(3.1) 9. F(X) \ MBx- # @

(with any given number M > ¢) which allows us to cover the case of N, as well. It follows
directly from the definitions that

(32) Ocf(x) = () Dot ()

v>0

for any e > 0, i.e., the hat-constructions may be treated as a limiting case of the tilde-
constructions with bigger e. In particular, the crucial case of 9 f in (3.2) corresponds to
O f with e > 0 going to 0. This allows us to use the methods and results of Section 2 to
conduct the required separable reduction for the hat-constructions.

Let A := (&), be a sequence of positive numbers such that 6, > d, > --- > 0 and
0i L 0asi — oo. Given a proper function f: X — (—o0,00], x € dom f, and ¢ > 0, for
h € X we define the function

m
Prxaeh) = inf{z i@t xs.e+1/i(hi) 1 m € N, hj € X,
(33) =

where each ¢ x5 +1/i, | € N, is constructed in (2.2). Note that ot xa: X — [—00, 0],
that ot x a ¢ is convex if i xa > —oo, and that ¢ x a (0) < f(x). It follows from the
definitions that if 9, f (X) # @, then o, a.(0) = f(x) and &, F(X) D O x.a.(0) # @ for
some A. Also

(3.4) i xnc(0) C D f(x) foranye >0

if Ot xae(0) # @and @i xa(0) = f(X) for some A.
The next statement provides an equivalent translation of the basic assertion (3.1) into
the language of the original space X.

Lemma 3.1 Let f: X — (—o0, 00] be a function on a Banach space X, x € dom f, e > 0,
and M > e. Then one has (3.1) if and only if there are numbers v > 0 and ¢ > 0, a sequence
A = (6)72; C (0,00) with §; | 0, and a nonempty open set U C X such that

https://doi.org/10.4153/CJM-1999-003-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-003-7

38 Marian Fabian and Boris S. Mordukhovich

() ixach) > f(x) —c|h| whenever h € X, and
(ii) @ixac(th) > f(x)+ (M +~)t|/h|| wheneverh € U and t € (0, 1].

Proof First let us show the necessity, that is, the existence of £ ef)sf(x) \ MBx~ implies
both conditions (i) and (ii) in the lemma. Using the definition of 0. f (x), forany i € N we
find §; > 0 such that §; < min{%, di—1} (ifi > 1) and

f(x+h)—f(x) > (& h) — <e+ %) IIhl whenever heX and |h| <.

This yields by (2.2) that ¢ x5 c+1/i(N) > (£,h) foralli € N. Now putting A := (6;){;,
we get ot x ac(h) > (&, h) forall h € X. Hence (i) holds with ¢ := ||£]|. Since ||£]| > M,
we find v > 0 and a nonempty open set U C X so that (¢,h) > (M + v)||h|| for every
h € U. This immediately implies (ii) with the sequence A chosen above, and thus we get

the necessity part of the lemma.
The sufficiency part is almost identical with the proof of the sufficiency in Lemma 2.1.
Indeed, in this way we find £ € Jptxa.(0) \ MBx-, and hence (3.4) finishes the proof.
[ |

Corollary 3.2 Let ©2 be a nonempty set in a Banach space X, x € Q,¢ > 0,and M > e.
Then

Ne(x; Q) \ MBx- # @

holds if and only if there exist a number v > 0, a sequence A = (6;)°; C (0, co) with §; | 0,
and a nonempty open set U C X such that

m m 1 m m
Zai > G <6+ T) [hal| > (M "‘V)HZ % ZﬁilhilH
i=1 I=1 i=1 1=1
whenever m € N, hy € X, |[hy]] < di,x+hy € Q, s >0, 6 >0, 1=1,....,m,

eril 6“ =1,i= 1,...,m, Z:n:l aj =1, and Z:n:l Qj eril ﬁnh” S (0, 1]U.

Proof This follows from Lemma 3.1 for the indicator function f (x) := d(x; 2) due to (1.4),
(3.3), and (2.2). Note that condition (i) of the lemma is automatically fulfilled in this case
withc = 0. ]

Now we establish the main result of this section providing the desired separable reduc-
tion of the hat-contructions for any e > 0.

Theorem 3.3 Let Y, be a separable subspace of an arbitrary Banach space X, let f: X —
(—00, o] be a function locally bounded from below, and let ¢ > 0. Then there exists a
separable subspace Y C X such thatYy C Y and one has

(35  Of(X)\MBx- #@ whenever xeY and .(fy)(x)\MBy- # &

forany M > e.
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Proof To prove the theorem, we develop the same procedure as in the proof of Theo-
rem 2.3, using Lemma 3.1 instead of Lemma 2.1. We need to construct a separable sub-
space Y C X ensuring the fulfillment of (3.5) for any M > €. The construction of such a
subspace presented below is more complicated in comparison with Theorem 2.1 since we
need to take into account an additional sequential process generated by (6;)°, in (3.3).

Let A be the (countable) set of all sequences («;)°; with rational nonnegative entries
satisfying o = O for all large i € N and >°;°; @i = 1. Let B be the (countable) set of
all infinite matrices (;){_; with rational nonnegative entries satisfying 3 > 0 for only
finitely many couples (i,I) € N2 and ", 8y = 1 forall i € N. Let D be the (countable)
set of all sequences (6;){°; with rational entries satisfying 0 < §; > d, > --- > 0 and
0i = O0forall large i € N. Given x € X, let p(x) > 0 be such that f is bounded from below
on the ball around x with radius p(x).

Forx € X, fora = (a;) € A, forb = (Biy) € B, for A = (§) € D satisfying
di > 0 whenever «; > 0and é; < p(x), for a rational number r > 0, and fork € N
we find uj(x,a,b,r, A k) € X, i,I € N, such that ||uy(x,a,b,r, A, K)|| < 6 if 6 > 0and
ui(x,a,b,r, A, k) = 0 otherwise forall | € N, that || 3°7°, ai 0%, Buuin(x, a, b, r, A, K)|| <
r, and that

Zai Z/Bil |:f(X+ Ui|(X, a7b7 r,A,k)) + (€+ T> ||Ui|(X,a, ba rvAv k)H - E

i=1 =1

o0 o0 1
<> ad B [f(X +hi) + (6 + T) ||hil|:|
i=1 1=1

whenever h; € X, ||hy|| < & if & > 0and hy = 0 otherwise, and || Y7, a; > Gihil|| <
r.

Further, for all a,b,r, A, k,x as above, and for all h € X with ||h]] < ¢; we find
gin(x,h,a,b,r,A k) € X, i, € N, such that ||gi(x,h,a,b,r,A,K)|| < & if 6 > 0and
gil(x, h,a,b,r, A, k) = 0 otherwise forall | € N, that || >°;°; oi >~ Gugii(x, h,a, b, r, A, k)
—h|| < r, and that

i=1 1=1

Zai Zﬂil |:f(X+gi|(X7h7aa ba rvAv k)) + <€+ T) ||gi|(x,haa,b,raA’)|| - E

< iai iﬂn [f(X+hi|) + <€+ %) |hil||:|

i=1 I=1

whenever || > ai S5 Bahi — h|| < r with hy € X satisfying ||hy|| < 6; if & > 0and
hj; = 0 otherwise.

Let us construct the desired separable subspace Y C X by induction. If a separable
subspace Y, C X is already constructed for some n € N U {0} (Yo is given), let Cp, be a
countable and dense subset of Y,,. Then put

Y1 i= ﬁ(cn U {ui(x,a,b,r,AJk) : x € Cp,a € A,b € B,

r > Orational, A € D,k,i,l € N}
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U {gi(x,h,a,b,r,A/k) : x,h € Cp, ||h|| < d1,2 € A,b € B,

r > Orational, K, i, € N}).

We obviously have Yo C Y; C --- C X. Finally let us defineY = [J{Yn:n € N} and
C=U{Cnh:neN}. ThenC =Y andY is a separable subspace of X containing Y.

Let us prove that the constructed subspace Y ensures the fulfillment of (3.5) for any
given numbers e > 0and M > e. Taking x € Y with d.(fiy)(x) \ MBy -, we need to show
that (3.1) holds for this x. According to Lemma 3.1, the latter reduces to the verification of
conditions (i) and (ii) therein. A

Taking £ € O.(fyy)(X) \ MBy- and using the definition of 9, we find a sequence A :=
(6){2, of rational numbers §; such that §; > §, > --- > 0and

@8t s (7 ) Iyl = 100+ (6y) forallyeY with Iy <25

andalli = 1,2,.... We are going to prove that both conditions (i) and (ii) in Lemma 3.1
are satisfied along this A.
First let show that condition (i) in Lemma 3.1 holds with ¢ = ||¢|| along the chosen

sequence A. Similarly to the proof of Theorem 2.3, for any n € N we find x, € C, and a
rational number -, such that ||[x — x,|| — 0asn — oo and

X = Xnll < 90 < 2[[x =Xal|, neEN.

Fix any h € X and assume that ||h|| < d;; otherwise ¢t x a (h) = oo by (3.3) and (2.2),
and we are done. Further, take an arbitrary rational number r € (||h||, §1) and consider any
a = (o) € A anyb = (8)) € B, and any h; € X with ||hy]| < &, i,] € N, such that
Yoo i Yo Bihi = h. Find i € N so large that o = 0 fori > ig and 3 = 0 if either
i >iporl > ig. Then we may take h;y = 0 for all such i and I. So we have

3.7 [lh| + v <1, |lhall + 9 < &, and &6 +vy, < 20, 1<ip,|l €N,

for all sufficiently large n € N. Let us put hj} := hj; + X — X, for these n, i, and consider
the sequence Ay = (01,02, ..,0i,,0,0,...). Thus Ay € D. Taking into account the
construction of Y > x (the part involving uj) and the above estimates, we get

I(h) == iai iﬁi. [f(x+hn)+ <e+ %) IIhnl}
ailf;‘ [y (e ) Il
Efleer el £

i=1

'F”18 I

i=1

qug

I\/
Il
3|r—\ =

Zal Z/BII |: Xn +ui|(xr‘laaa ba f, AO)“))
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1
+ (6+ i_) [uir(xn; @, b, T, Ao, N)

@s |l < il + 90 < difori=1,... ip

and HZ Qj Z ﬂ“hﬂ
i=1 =1

< [h[[+v <T1)
1 oo oo
> _ﬁ - 2’YI’1 +Zai Zﬂil [f(X+UiI(Xn7aab7 r, A07n) + Xy — X)
i=1 =1

+ (e + %) [[uir(Xn, 8, b, 7, Ag, M) + Xn — X”]

2 7% - 27n + <§7Zai Z/Bﬂuil(xn?a?b? r AO’ n) +Xn — X> * f(X)

i=1 =1

(aS Uil(xna a, b, f, AOv n) +X—Xn € Y

and ||ui|(Xn7a7b7 r7 AOa n) +Xn - XH < 6i +'Yn < 2(SI)

> T 29— el — el [ o D Bt by, B, )+ 100
i=1 1=1

> ~2 — 230~ [l ~ llllr + £,
Now letting first n — oo and then r — ||h]|, we arrive at
I(h) = —c|[h]| + f(x)
with ¢ := ||¢]|. Comparing the definition of ¢ x a . in (3.3) with the above construction of
[, we get condition (i) in Lemma 3.1 along the sequence A selected in (3.6).

To complete the proof of the theorem, it remains to verify condition (ii) in Lemma 3.1.
Takey €Y, ||y|| < d,and v € (0, 1) so that

(€, y) > (M +3y)ly|.

Take a rational number ¢ satisfying

0 < ¢ <min{oy — [Iyll, 7 lIyll/GIED; AIIyll/ (M + 1)}

and putU = {h € X : |h —y| < ¢}. Now fixany h € U and any rational number
t € (0,1]. Then ||th|| < ||h|| < é. Find hy € C so that |[th — hyl| < t¢.

Then we repeat the arguments in the verification of condition (i) and find iy € N such
that (3.7) holds for the corresponding h;; when n € N is sufficiently large. Also hy € C,, for
all large n. Again putting hj} := hjj +X —Xn, A¢ := (61,92, . . ., ;,, 0,0, ... ) and taking into
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account the construction of Y > x (the part involving g;)) as well as the above estimates,

we get
I(th) := g‘ai Ifl:,@n [f(X+ hir) + <e + %) Ihull]

> 3 [t ety (c+ 1) | S (#7)

i=1

1
> n — (e +1)

+ Zai Zﬁil |:f(xr‘l + gil(xn, hOaaa batc + M, AOa n)
i=1 1=1
1
+ (6+ T> ||gi|(xn7h0)a7b7tg+7n7A07n)|‘
(as ||hij]| < difori=1,...,io,

and [ 3" i > bl — ol | < flth — holl + by x| < t¢ +70)
i=1 I=1

1
> = —2m(e+1)

+> @iy B {f (X +Xn — X + i (%n, ho, @, b, t¢ + 7, Ao, N))

i=1 =1

1
+ (€+ T) ||Xn — X "'g”(Xn7 ho,a,b,tC +7n7A07n)||i|

> L2+ )

+ <§7Xn — X+ Zai ;ﬁ”g“(xna hOyavbatC +7ﬂ7A07n)> + f(X)

i=1 =

@sxy —x+giy(---) eYand Xy — X +giu(-- )| <+ <268)

>~ ok )+ (6,
- H§H(% +11> i Y Bugin(xn, ho, @, b, t¢ + 0, Ag, ) — ho||) +f(x)
i1

> =2 = (et )+ (6,8y) ~ 2060~ €] (o + €+ ) + 160
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1
> =0 = 2mle+ )+ (M +3Ntly]| = 3[l]te = 2[|¢]ln + T(x)-
Passing there to the limitas n — oo, we get

I(th) > (M +3t]y]| — 3[I€[|t¢ + F ().

Then arguing identically to the proof in the end of Theorem 2.3, we finally arrive at the
estimate
I(th) = f(x) + (M +tlh[.

This implies condition (ii) in Lemma 3.1 due to the above construction of I(th) and the
definition of ¢ A . in (3.3) along the sequence A selected in (3.6). This completes the
proof of the theorem. ]

Corollary 3.4 Let Y be a separable subspace of a Banach space X, let 2 C X be a nonempty
set, and let e > 0. Then there exists a separable subspace Y C X such that Yo C Y and one
has

(3.8) Ne(x; Q) \ MBx- # @ wheneverx € Y and N.(x; 2 NY)\ MBy- # @

forany M > e.

Proof This follows from Theorem 3.3 applied for the indicator function f = §(-; ) due
to (1.4). It can also be obtained directly from the separable reduction result of Corollary 3.2
using just the second half of the proof of Theorem 3.3. Note that condition (i) in Lemma 3.1
is trivially fulfilled in this case. [ ]

Remark 3.5 For e = 0 we know that No(x; ) is a cone. Thus condition (3.8) can be read
in this case as

(3.9) No(x; ) # {0} wheneverx e Y and No(x; 2NY) # {0}.

Remark 3.6 The assumption about the local lower boundedness of the function f in
Theorems 2.3 and 3.3 can be dropped by a further elaboration of the separable reduction
method. Indeed, a rather simpler argument gives the following:

Given a separable subspace Y, of a Banach space X and a function f: X — (—o0, o0],
there exists a separable subspace Y C X such thatY, C Y and f is bounded from below on a
neighborhood of x whenever x € Y and fjy is bounded from below on a neighborhood (in'Y')
of x.

Note that fiy is locally bounded from below (in Y) if either 5E(f‘y)(x) £ @ or
éé(f‘y)(X) # @ for e > 0. Taking this into account and incorporating the proof of the
latter statement into the proof of Theorem 2.3 and 3.3 respectively, we may drop the lo-
cal lower boundedness assumption in these theorems. Of course, we do not need such an
improvement for Corollaries 2.4 and 3.4.
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4 Characterizations of Asplund Spaces

In the concluding section of the paper we consider a remarkable subclass of Banach spaces
called Asplund spaces. This class is well investigated in the geometric theory of Banach
spaces. It is sufficiently broad and convenient for many applications; in particular, it con-
tains reflexive Banach spaces. We refer the reader to the books [D], [P] for various prop-
erties and characterizations of Asplund spaces, and to [MS2] for recent applications in
nonsmooth analysis and optimization. Note that this class includes every Banach space
with Fréchet differentiable bump functions, being in general very much related to Fréchet
type differentiability and subdifferentiability. On the other hand, there are Asplund spaces
which fail to have even a Gateaux differentiable renorm.

Itis well known that the Asplund property is inherited by subspaces [P, Proposition 2.33].
Moreover, every separable Asplund space admits an equivalent norm Fréchet differentiable
away from the origin; see [D, p. 118]. This ensures a peculiar efficiency of the separable
reduction method in the framework of Asplund spaces.

In what follows we provide some applications of the separable reduction results obtained
above to the case of Asplund spaces. In this way, we establish conditions in terms of N,
e > 0,and N, ¢ > 0, which occur to be characterizations of Asplund spaces. First let
us present new characterizations of the Asplund property formulated in terms of the e-
constructions N, and N, with e > 0.

Theorem 4.1 Let X be a Banach space. The following assertions are equivalent:

(a) Xisan Asplund space.
(b) For every proper closed subset 2 of X, every e > 0, and every M > e the set

{x e bd Q: N.(x; ) \ MBx- # &}

is dense in the boundary of Q.
(c) Forevery proper closed subset 2 of X, every e > 0, and every M > e the set

{x € bd Q: N.(x; ) \ MBx- # &}

is dense in the boundary of Q.

(d) Forevery proper closed subset €2 of X, every e > 0, and every M > ¢ there exists x € bd
such that N.(x; ) \ MBx- # @.

(e) Forevery proper closed subset €2 of X, every e > 0, and every M > ¢ there exists x € bd 2
such that N.(x; ) \ MBx- # @.

Proof Let us observe that

N Q) € N Q) € Nty (x; Q) foralle >0andy >0
whenever x € Q. This implies that (b)<(c) and (d)<(e) in the theorem. Implication
(c)=-(e) is trivial. We need to prove that (a)=-(c) and (e)=-(a).

First we establish (a)=-(c) using the separable reduction result from Corollary 3.4 with
e > 0 and Ekeland’s variational principle. So let €2 be a proper closed subset of an Asplund
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space X, lete > 0,and let M > ¢. Fixx € bd Q and v > 0. We want to find x € bd €2 such
that ||x — x|| < ~y and

(4.1) N(x; Q) \ MBx- # @.

We can always assume that e < ~. Since X is a boundary point of Q, there isa € X
such that |laf| < €2/(M + 1) and X +a ¢ Q. PutY, := sp{x,a} and pick the separable
subspace Y C X from Corollary 3.4 found for the given €2, Yo, and e. Note that @ NY isa
proper closed subset of Y due to the choice of Yo C Y. Then we take an equivalent Fréchet
smooth norm | - |onY with | - | < || - || and consider a lower semicontinuous function
f:Y — (—o0, 0] defined by

4.2 f(y) =(M+1))y—x—a|+d(y;QNY), yey.

Note that inf f > 0 and f(X) < € > inf f + €2. By Ekeland’s variational principle (see [P,
p. 45]), there is yo € Y such that |y — X| < € < v and

f(yo) < f(y) +ely —yo| VyeY.

Due to (4.2), this gives that y, lies in © and
(4.3) M+1)y—x—a—(M+1)lyo—x—a| > —ely —yo| VyeQny.

Note that yo — X —a # 0since x +a ¢ Q. Denote by n € Y * the Fréchet derivative of | - | at
Yo — X —a. Then |n| = 1, and we get from (4.3) and the definition of the Fréchet derivative
that

(4.4) (M +1)(n,y — yo) +o(ly — Yo|) > —€|ly —Yo| VyeQny.

Now invoking the definition of N, we conclude from (4.4) that £ € N.(yo; 2 NY) for
£ := —(M+1)n. Since |¢| = M +1, we have N.(yo; 2NY)\ MBy- # @. Thisimplies (4.1)
due to Corollary 3.4 and thus completes the proof of (a)=-(c).

It remains to establish (e)=-(a). We need to show the following: if X is not Asplund,
then there exist a closed set 2 C X as well as numbers e > 0and M > ¢ such that

(4.5) [x*|| <M forallx* € N.(x;Q) andallx € bd Q.

Using arguments from the proof of [FM, Theorem 3.7], it is possible to get more: we con-
struct a set @ C X so that (4.5) holds with M = Ke for every e > 0 and some constant
K > 1independent of e.

To furnish this, we take an arbitrary non-Asplund space X and represent it in the form
X = Z x R with the norm ||(z, p)|| := ||z|| + || for (z, u) € X. Then Z is non-Asplund as
well, since the opposite implies the Asplund property of X. In this case there exist a number
¢ > 0andanorm|-| on Z, which is equivalent to the original norm || - ||, so that |- | < || - ||
and

(4.6) Iimsupi[|z+h|+|z—h\ —2z]] >¢ forallzez
h—o [Nl
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(cf. [P, Corollary 2.35] and [FM, Theorem 2.1]). Based on the norm | - |, we construct a set
Q C X in the epigraphical form

(4.7) Q={@z,p) eX:p>p@} with @:=—|-|.

Clearly bd © = {(z,¢(z)) € X : z € Z}. Our goal is to show that there exists a constant
K > 1 such that

(4.8) |W1»H§Kefmmaﬂ»eﬂ4ﬁwch) ze€Z, and >0,

where [|(z*, A)|| = max{ 2", []} is the dual norm to [|(z, )| = |lz]| + .
To proceed, we fix arbitrary z € Z and (z*, ) € N(((Z, 90(27); Q) It follows directly
from the definition of N, that

(49) (@2 - 2) + M= ¢@) < 2¢(lz — 2 + |n — ¢@))
forallznearzand all 1 > ¢(z) near (z). Taking into account that ¢ = —|-| is Lipschitzian
on (Z,]| - |) withconstantL = 1and that| - | < || - ||, we get from (4.9) the estimate

(4.10) (#*,2-2) + Mp(2) — () < 4ellz - 2]

forall z € Z near z, which further implies
(411) 2 < e+ | forany @°,3) € Ne( (7 0@); 2).

Takingz = Zin (4.9), we get A < 2e.

Now let us show that (4.11) ensures (4.8) with K = max{6,4 +8/c}, where ¢ > 0 is the
fixed positive number from (4.6). We consider the two cases: A > 0and A < 0.

If A > 0, (4.11) gives ||(z*, \)|| < 6¢, and we get (4.8) with K = 6. Let us consider the
other case when A < 0. Using (4.10) with ¢ = —| - |, we conclude in this case that

_ _ _ 8¢ _
Z+@-2)|+[z— (2 —-2)| -2z S—XHZ—ZH

which implies |A| < 8¢/c by (4.6). Thus (4.11) gives ||z*|| < 4e + (8¢/c) for A < 0, and we
arrive at (4.8) with K = 4 + 8/c. This ends the proof of the theorem. ]

Remark 4.2 It follows from the above proof that to get characterizations of Asplund spaces,
it is sufficient to have each of the equivalent properties (b)—(e) not for every closed set €2
but just for epigraphical sets of type (4.7) generated by norm functions. Furthermore, we
can equivalently replace “every e > 0” with “exists e > 0",

Remark 4.3 The proof of Theorem 4.1 also justifies modified characterizations of Asplund
spaces where M is replaced with Ke, K > 1, in conditions (b)-(e). These modifications
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emphasize a linear dependence of M on ¢, being more convenient for the limiting procedure
as € | 0. In particular, condition (4.5) with M = Ke immediately yields that

N(x; ) = {0} forallx € bdQ

where
N(x; Q) := limsup N.(u; ©2)
u—X,el0
is the normal cone used in [FM, Theorem 3.7] for characterizations of Asplund spaces.
Here “limsup” denotes the sequential Painlevé-Kuratowski upper limit of multifunctions
with respect to the norm topology in X and the weak-star topology in X*.

Remark 4.4 One can observe that (0, 2¢) € N.((0,0); ) for all € > 0, where the set Q is
constructed in (4.7). Thus this set provides an example showing that N.(x; ©) may contain
elements with norm greater than €, while No(x; Q) c N(x;Q) = {0} for the limiting
normal cone from the previous remark.

The concluding result of the paper provides characterizations of Asplund spaces through
the normal cone Ny. It contains a nonconvex extension of the Bishop-Phelps density theo-
rem with a proof based on the separable reduction; see the comments in Introduction.

Theorem 4.5 Let X be a Banach space. The following assertions are equivalent:

() X isan Asplund space.
(b) For every proper closed subset €2 of X the set of points

x ebdQ with No(x; Q) # {0}

is dense in the boundary of 2. .
(c) For every proper closed subset 2 of X there exists x € bd Q such that No(x; ©2) # {0}.

Proof To justify (a)=-(b), we proceed similarly to the proof of (a)=-(c) in Theorem 4.1, just
replacing Ekeland’s principle by the Borwein-Preiss smooth variational principle for spaces
with Fréchet smooth renorms; see [BP, Theorem 2.6 and its proof]. Using this result for the
function f in (4.2) on the separable Asplund space Y found for the set 2 in question, for
e =0, and for Yy = sp{x, a} in Corollary 3.4, we get a Fréchet smooth functiong: Y — R
and a point yo € QNY such that |y, — X| < ¢, |g'(Yo)| < €, and

(4.12)
M+D]y—x—a—(M+1)yo—x—a+g(y) —g(yo) >0 VYyeQny.

Recall that |- | is Fréchet differentiable at yo —x —a # 0 with the derivative n € Y*, [ = 1.
Employing this, the Fréchet differentiability of g at yo, and the definition of Ny, we derive
from (4.12) that

(4.13) —(M +1)n — g'(yo) € No(yo; 2N Y) \ MBy-

if ¢ < 1, which we can always assume. Since Ny is a cone and M > 0, (4.13) means that
No(yo; 2NY) # {0}. Finally, employing condition (3.9) (which is Corollary 3.4 as e = 0),
we conclude that No(yo; ©2) # {0}. Thus we have proved (a)=(b).

To complete the proof of the theorem, we observe that (b)=-(c) is trivial, while (c)=-(a)
follows directly from (e)=-(a) in Theorem 4.1. ]
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