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Abstract. We first study the regularised version of a modified two-component
Camassa-Holm shallow water system and obtain the energy estimates of the
corresponding approximate solutions. Then, we present a sufficient condition which
guarantees that these approximate solutions converge to a low regularity weak solution
of the modified two-component Camassa—Holm shallow water system.
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1. Introduction. In this paper, we consider the following modified two-
component Camassa—Holm shallow water system [23]:

m, + umy + 2mu, = —oppy, t>0,xeR,

or + (pu)y =0, t>0,xeR, (1.1)
m(0, x) = my(x), xeR, ’
10(07 X) = p()(x)9 X € Rs

where m = u — uy, and p = (1 — 32)(p — o).

The Camassa—Holm equation is a well-known integrable equation describing the
unidirectional propagation of shallow water waves over a flat bottom [2, 7, 15, 24]. It is
also a model for the propagation axially symmetric waves in hyperelastic rods [13]. It
has a bi-Hamiltonian structure [5] and is completely integrable [2, 6]. Its solitary waves
are peaked [3], capturing thus the shape of solitary wave solutions to the governing
equations for water waves [10]. The orbital stability of the peaked solutions is proved
in [12]. In fact, a lot of works have been carried out to study the Cauchy problem and
initial-boundary value problem for the Camassa—Holm equation [8, 9, 14, 17, 18, 26,
28].

The two-component Camassa—Holm equation was recently introduced by Chen
et al. in [4], Flaqui in [19] and Constantin and Ivanov in [11]. The variable u(x, ¢)
describes the horizontal velocity of the fluid and the variable p(x, 7) is in connection
with the horizontal deviation of the surface from equilibrium, all measured in
dimensionless units [11]. The mathematical properties of two-component Camassa—
Holm equation have been studied in many works cf. [4, 11, 16, 20].

The Camassa-Holm equation was recently extended to a two-component
integrable system by combing its integrability property with compressibility, or
free-surface elevation dynamics in its shallow-water interpretation [11, 23]. The
system (1.1) introduced recently by Holm et al. in [23] is a modified version of the
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two-component integrable system to allow a dependence on the average density p as
well as the pointwise density p, cf. [23]. The modified two-component Camassa—Holm
system is written in terms of velocity u# and locally averaged density p and oy is taken to
be constant. Recently, Holm and Ivanov [22] gave a new interpretation of this system.
The modified CH2 system in 1D has been shown to be equivalent to the original
EPDIff(H") equation in 2D coordinates (x, x;) € R>.

Recently, the modified two-component Camassa—Holm system was studied in [21].
Their work established the local well-posedness and derived precise blow-up scenarios,
and proved that the system has strong solutions which blow up in finite time.

Motivated by [21] and [26], the purpose of this paper is to study the low regularity
solutions for the modified two-component Camassa—Holm system (1.1). For the sake
of convenience, we always assume o = 1 in the remainder of the paper.

Our paper is organised as follows. In Section 2, we summarise our basic notations
and recall some required equalities. In Section 3, we present some results of the
regularised modified two-component Camassa—Holm system. In Section 4, we study
the low regularity solutions for a modified two-component Camassa—Holm system.

2. Preliminaries. We begin by summarising our basic notations. For any real
number s, we let H* = H*(R) denote the Sobolev space consisting of all tempered
distributions f such that

- 1/2
Wl = (f 1+ |§|2)S[7(§)|2d§> < 00.

For any function u = u(x, t) : R x [0, T) — R of two variables with 7" > 0, we denote

its Fourier transform, L7-norm and H*-norm with respect to x by @ = u(&, 1), ||ull;, =

lu(-, £, and |lull g = |lu(-, )|l s, respectively. The integral operator A = (I — 32)!/?

will play a key role. We let [4, B] denote the commutator of linear operator 4 and B.
Next, we will give a few basic inequalities.

LEMMA 2.1. [25]. If r > O, then H" (| L™ is an algebra. Moreover,

Wglar < clf il lighar + W e ligliee), (2.1)
where c is a constant depending only on r.

LEMMA 2.2. [25]. If r > 0, then

A" f1gllze < clldf <A gl + A Il 2 ligll ) (2.2)
where c is a constant depending only on r.

Then, we shall reformulate the problem (1.1). With m = u — uyy, p = y — Y« and
y = p — po, we can rewrite the system (1.1) as follows:

Uy — Upex + 3uuy, = F, t>0,xeR,

Vi — Yxxt + (()/ - Vxx)u)x =0, r>0,xeR, (2 3)
u(0, x) = up(x), x eR, :
7(0, x) = yo(x), xeR,

where F' = 2u iy + Uty — VX(V - yxx)'
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3. A priori estimates. In this section, we will consider the initial-value problem
for a regularised version of the system (2.3):

Uy — Upex + EUyxyyy + 3uu, = F, t>0,xeR,

Vi — Yxxt T EVxxxxr + ((V - yxx)u)x = 0, t> 07 X € Ra (3 1)
u(0, x) = up(x), xeR, ’
v(0, x) = yo(x), x eR,

where F = 2uity, + ttiyyy — Yo(¥ — yxx) and g is a constant with 0 < ¢ < 1/4.

LEMMA 3.1. For any 0 < ¢ < 1/4 and any s > 1, the integral operator
D=(1-3+edH':H — H™M

defines a bounded linear operator on the indicated Sobolev spaces. Moreover,

D) = (Go #f)(x) = /R Go(x — )y, f € H',

can be expressed as a convolution with respect to

Gs(x) =

1 L+ VT4 /i
21 —4¢ V2

- L,mm '
1+ 1 —4¢

To show the existence of a solution to the regularised problem (3.1), we apply the
operator of the above lemma to the regularised problem (3.1). A standard application
of the contraction mapping theorem leads to the following result.

THEOREM 3.1. For each initial data zy = (‘;g) e HxH, s>1, thereisa T >0
depending only on the norm of zy in H* x H*, and a unique solution z = (*) to (3.1) such
that z(x, t) € C([0, T); H® x H®) satisfies (3.1) in the sense of distributions. If s > 2, the
solution z(x, t) € C*([0, co); H* x H*) exists globally in the time. In particular, when
s > 4, the corresponding solution is a classical global solution.

Next, we consider the norms of solutions by energy estimates.

LEMMA 3.2. Suppose that for some s > 4, the function z = () is a solution of (3.1)
corresponding to the initial data zy = (]‘ﬁg) in H* x H®. Then the /}éllowing hold:

lull2 + Iy I3, < fR (@ +u +eul, +y> +y] +ey))dx

= /R (1 + U, + eu + Vi + Vi + EVihy) dX. 3.2)
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For any real number q € (0, s — 1], there exists a constant ¢ depending only on q, such
that

f (AT + (A%)) dx
R
< /((Aq+lu0)2 + E(AquO)cx)2 + (Aq+ly0)2 + (A{IVOxx)z) dx
R
t
+c/O Ul + lyallze + lullzs + 1y Iz (17 1300 + lull20) dT. (3.3)

For any real number q € [0, s — 1], there exists a constant ¢ such that

(I =2e)uell e < cllluell g el gt + Ny N Ny N pzeer)s (3.4)

(I =28yl e < clllull g 1y Nl o) (3.5)

Proof. Multiplying the first equation in (3.1) by « and then integrating by parts,

we get
d
E /[R (u2 + u?c + 8”,?0:) dx = — /I‘Q 2uy yx + 2uyxyx dx.
Multiplying the second equation in (3.1) by y and then integrating by parts, we
obtain
d
o /R (v? + vy +eyd) dx

=-2 /R((V - yxx)u)xydx = /I‘Qzuyyx - 2“Vxxyx-

Combining the above two equalities, we have

d
7 / (”2 tup e, +y v+ 5VX2x) dx =0,
R

which implies the equality (3.2).
For any ¢ € (0,5 — 1], applying (A%u4)A? to the first equation in (3.1) and
integrating by parts, we get

1d
3 LA - (AT (AP
2dt Jr
= —3/ Aqqu(uux)dx+/ Aqqu(uuxxx)dx—i—/ AuNTQuyuy,) dx
R R R
- [ Anatypdr+ [ Atuatyy) dx
R R
1
= —2/ Aqqu(uux)dx—/AqHquH(uux)dx—i— E/ Aq(ui)Aq(ux)dx
R R R

1 1
- / AU () edx + ~ f AUAY(y2), dox.
2 Jr 2 Jr
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It follows from (2.1)—(2.2) that there exists a constant ¢ such that

d

s / (AT + o(A%u,)Jdx

< clllullz + Nyllzs + Ml e 4+ 1y ) (17 Ve + el 3geen)-

Similar to the estimate of u, we can obtain

dl (Aq+17/)2 + S(AqVM) ldx

= C(Iluxllm vl + lullze + 1y Iz (1Y 1o + lull3gen)-
By the above two inequalities, we have

d

G L0 4 (A (AT 4 (AT Pl
< cllluxllz= + lyxllze + Nl + 1y 1z ) (17 e + Nl 3

Integrating with respect to ¢ on both sides of the above inequality leads to the inequality
(3.2).
Applying the operator A~ to both sides of the first equation in (3.1), we get

(1 = &)y — ety + uny (3.6)
2 2 2
= - aﬁ)” [—eu, + 0 <—u2 Y + y—*):| )

Then applying A%u, A? to both sides of (3.6), we obtain

/[(1 — &) (A% + e(Auy)? + Au, Auuy)dx
R
2

2 2
= | Au(I — 9>y A4 ]| — N B SR 6 .
/R uy( 95) [ su,~|—8¢< u 5 2 + > dx

Note that there exists a constant ¢ such that

(1+83)7 < (14 € =)+ 1+ )]

holds, for any ¢ > 0, &, n € R. By Schwarz’s and Young’s inequalities, one can obtain
(3.4). Similar to (3.6), we have

-1

(1= &)y — eyan = (I = 37) " [—ev — (¥ — YW1, (3.7)

Similarly, one also can estimate the norm of y, of (3.4). This completes the proof of
the lemma. g

We also need the properties of the initial data u, in the following lemma, which is
similar to that of Lemma 5 in [1].

LEMMA 3.3. Let u.,g be the convolution u.y = Pe * Up of the funclzons ¢s(x)
e~ Y4¢ (e~ V4 x) and uy such that the Fourier transform ¢ of ¢ satisfies ¢ € (G L pE)=0
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and ¢(&) =1 for any & € (—1,1). Then the following estimates hold for any & with

1.
0<e<g

llueoll e < c, fqss, (3.8)

lucollmre < ce 7, ifq>s. (3.9

Similarly, we can also define y.o and get the estimates of yeo. For this, we just replace ug
by v.o and obtain the same estimates as that of u.

4. The existence of low regularity weak solutions. From the above preparations,
the following property holds for the weak solutions:

THEOREM 4.1. Suppose that uy(x) and yy(x) are functions of Sobolev space H’ for
s € [1,3/2] such that ||lugx||L> < 00 and || yoxllL> < 00. Let uyy and yyo be defined as in
Lemma 3.3. Then there exist constants T > 0 and ¢ > 0 being independent of € such that
the corresponding solution z, of (3.1) satisfies ||usx||L> + || VexllL> < cforanyt € [0, T).

Proof. Let us start from the first equation of the regularised problem (3.1) with
u = u,. Differentiating with respect to x on both sides of (3.6), one obtain

(1 - 8)ul‘x — ElUxxxt T Ullyx +

o |><:l\)

2 2 2
=(’—3f)_1< 8um—uz—%—%+y2‘)+<u2+%—%‘).

Let n > 0 be an integer. Then multiplying the above equation by (u,)*"*! to integrate
with respect to x yields the equality

1 2n+2 2n+1 / 2n+3
2n+2dt[() dx - /(u) e+ 5 [

2
/(uY)Z”J’lA ( Sy — U 2—?’*—%4—%)4&

on+1 2 v: v
n+ _x
+/R(ux) <(u + —2 5 >dx.

2
u?

Setg = A2 (—sup — > — 5 — & ”“) By Holder’s inequality, we get
l—¢ d 2n42
_—t4 nt2 g
2n+2di /R(”x) ¥

< </ |ux|2n+2dx> P (/ |uxxxt|2n+2dx> + </ |u|4l’l+4dx>
R R R
1 1
1 242 1 2n+2
2 \Ur 2 \Ur
1
2n+2d w2 n - 2n+2 d
([reean) 4 s [
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or

: 1
w2 n+2
=¢ (/ |uxxx1|2n+2dx) + </ |u|4"+4dx)
R
1 2 2
(/ |)/|4"+4dx> (f Iyl 4n+4dx)
2n+2 l’l“u ”L / 2n+2
2n+2d X 2”+2d '
* </ﬂ;{ |g| X> 5 2n + 2 | v| X

Since ||f Iy — |Iflz~ asp — ooforanyf € L>® () L?, integrating with respect to # and
taking the limit as p — oo on both sides of the above inequality leads to the estimate

(I — &)yl

t
< (I = &)lluoxll = +/ |:8||uxxxt||L°° + e[l || + llgll s
0
2 L Lo
+lly ||L°°)+§||Vx ||L°"+§”ux”Loo dr. 4.1

Note that if p(x) := e, x € R, then A~/ = p x f for all f € L. Thus,

lglz < e(lullze + Nel3> + Nl + 1117 + lvelizz),

where the constant ¢ is independent of €. Therefore, it follows from (3.2), (3.4) and
(3.8) that

lglz < erlllucollzr + 1Ol )* < e,

where constants ¢y, ¢; are independent of ¢. Moreover, for any fixed r € (%, 1), there
is a constant ¢, such that ||ty llzx < ¢ lluxxnellgr < ¢ llug]| gr+3. This combining (3.2)
with (3.4) yields

||”xxxl||L°° = C”””H’*“- (42)
Similarly, we have

-1
(1 - E)Vtx — EVxxxt = (1 - 33) [—€sz - (V - Vxx)”] + (J/ - Vn)u

By integration by parts and Holder’s inequality, we get

a-o5 ([ |Vx|2"+2dx)
58< / |yxxxz|2"+2dx> "y ( / |u|4"+4dx) ( / |y|4n+4dx) &
. R
G n]+2
( | e |2”+2dx> ( | |h|2"+2dx) ,
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where h = A™%(—&y;x — uy — u,y,). Thus,

(1 = &)llyxlir=
t
= (1 - 8)”7/0):”L°° +/ [‘c:”yxxxt”L‘>C
0
+c(llullz=ly = + lglz=) + Nyxll e lluxl <] dz. (4.3)

Like the situation with the function g, we get ||4||z~ < ¢; and
||V)oo(t||L’~’C = C”)/”HVH. (44)
Applying Gronwall’s inequality to (3.3) with ¢ = r + 3 and u = u,, we obtain
et Fyrsa =+ Nl Wgres
< (A + o o+ (A 4 (80P
R
t
exp (C/ (Nl + Nyl + C)df> .
0
Then it follows from (3.9), (4.2) and (4.4) that
llttcxell oo =+ 1Yt |l Lo 4.5)
—p— t
< e exp (C/ (Nl e + Nyl + C3)d‘[> :
0
Since 0 < ¢ < %, combining (3.2), (4.1), (4.3) and (4.5) to obtain
loexllzoe + 1yl oo
4C t S—r T
< (luoxll= + IVoxllz=) + ?/ = [84 eXP(C/ (luxll 2 + Nlyxllz<) ds)
0 0
1
+ §(||ux||L°° + el + 1} dr.

Applying the contraction mapping principle yields that there exists a 7 > 0 such that
the integral equation

4e (! " I
00 =Gt + i) + 5 [ exste [0+ 3070 41 ar

has a unique solution ¥(f) € C[0, T]. The comparison principle leads to the estimate
lletxllzos + lyxllze < ¥ (¢) for any t € [0, 7], which implies the conclusion of the
theorem. This completes the proof of the theorem. O

As a direct result of Theorem 4.1, one can estimate norms of u = u, and y = y,.
Using (3.3), (3.4), (3.5), (3.8) and (3.9) and Gronwall’s inequality, we deduce that there
is a constant ¢ > 0 such that the inequalities

et llze -+ el = lelzo + [
t t

scexpcf (sl + lyallze) d fcech/f(r)dr,
0 0
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and
t
el e + Nyeellgr = Nullgr + lvellgr < CCXPC/ f(r)dr,
0

hold for any ¢ € (0, s], r € (0, s — 1] and any ¢ € [0, T]. Then it follows from Eberlein-
Shmulyan theorem, that there are subsequences of {u.} and {y.}, denoted by {u,,} and
{v.,} respectively, such that {u,, } and {y.,} are weakly convergent to the function u(x, f)
and y(x, 1) in L*([0, T], H*), respectively. Their temporal derivatives {u,,} and {y,,}
weakly converge to the temporal derivatives u, and y; in L*([0, T, H*~"), respectively.
Moreover, for any real number R > 0, it follows from Lions-Aubin’s compactness
theorem [27], {u,,} and {y,} are convergent to the function u and y strongly in
the space L2([0, T], HY(—R, R)) for any ¢ < [0, ), respectively. And {u,,} and {y.,}
converge to u, and y, strongly in the space L*([0, T], H'(—R, R)) for any r € [0, s — 1),
respectively.

Therefore, one can obtain the existence of a weak solution to the Cauchy problem
(2.3) as follows:

THEOREM 4.2. Suppose that zy = (;g) is a pair of functions of Sobolev space H* x H*
for s € (1, 3/2] satisfying ||uox|lL> < 00 and || yox|lr= < 00. Then there is a T > 0 such
that the Cauchy problem (2.3) with the initial data zy = (”0) has a solution z = (") such
that z(x, t) € L*([0, T); H® x H*) in the sense of dzslrzbutlons and u, € L*>([0, T] x
R), yr € L*=([0, T x R).

Proof. 1t follows from Theorem 4.1 that {uw} and {ygﬂx} are bounded in the
space L, respectively. Hence, the sequences {u? 1 {“s,, 1, {;/5”} {)/F” b, {ug, ve,} and
{Ue, xVe,x} Weakly converge to u?, u?, y2, y2, uy and uyy, in L*([0, T], H'(—R, R)) for
any r € [0, s — 1), respectively. Therefore, u and y satisfy the equation as follows:

T
/ / U, — o) dc di
/ / ——u ——u2—1y2+1y2 %) +lu2<p | dx dt
> 5 Vx x 5 xxx s

T T
/ / Y(@r — @) dx dt 2/ /(—yu — Yally)py dx dt.
0 R 0 R

for any ¢ € C°.

Moreover, {u,, .} is a bounded sequence in the space X* = L>([0, 7] x R) of X =
LY([0, T] x R), so there is a subsequence of {u,,}, still denoted by {u,, .}, weakly
converging to a function vin L>([0, 7] x R). Since {u;,} is also weakly convergent to u,
in L*([0, T x R), it follows that u, = v almost everywhere. Hence, u, € L>°([0, T] x R).
Similarly, we can also obtain y, € L*([0, 7] x R). This completes the proof of the
theorem. O

and
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