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Abstract

We develop a concrete Fourier transform on a compact Lie group by means of a symbol calculus,
or *-product, on each integral co-adjoint orbit. These *-products are constructed by means of a
moment map defined for each irreducible representation. We derive integral formulae for these
algebra structures and discuss the relationship between two naturally occurring inner products on
them. A global Kirillov-type character is obtained for each irreducible representation. The case
of SU(2) is treated in some detail, where some interesting connections with classical spherical
trigonometry are obtained.
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Introduction

Classical harmonic analysis on the real line R and the torus T is largely the
study of the Fourier transform. This is a map from functions on the group G to
functions on the dual G, the set of unitary characters of G. It is given by the
formula

) "GO = fG $()x(g)dg

where ¢ isafunctionon G and x € G. Of course this is a formal definition whose
meaning must be investigated for ¢ belonging to various spaces of functions (or
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distributions) on G. The point here is that for these groups, the dual G is itself
a topological group and the Fourier transform defined by (x) is a very explicit
and computable object. The resulting theory has a well-known generalisation
to locally compact abelian groups. For non-abelian groups, the situation is
considerably more complicated. We will restrict our attention here to real Lie
groups. Then the proper definition of the dual G is the set of equivalence classes
of irreducible unitary representations. One then defines the Fourier transform
for G by generalising (x). That is for ¢ a function on G and p € G one defines

() (o) = / $(2)p(3) dg.
G

This is then an operator-valued function of G, with the operators ¢"(p) acting
on (generally) different Hilbert spaces for different p € G. Assuchitalso really
depends on our choice of representation in each equivalence class of G. ltis
also clear that a necessary preliminary to any systematic study of the Fourier
transform is a description of the dual G. This turns out to be a deep and difficult
problem. For example, the dual of G = GL(n,R) has only recently been
classified (see Vogan [21]), and the situation for general reductive groups is not
yet understood, although progress has been made (see for example, Knapp and
Speh [10]).

Even with the dual G in hand however, the abstract nature of (*x%) 1s an
obstacle to further study. It may not be possible to even formulate analogues of
classical results from the abelian theory in any natural way.

The purpose of this paper is to describe an alternate framework for the defin-
ition and study of the Fourier transform for G a compact connected semisimple
Lie group. In effect we construct a new, geometric Fourier transform F for such
a group and then show that it incorporates the abstract definition of (xx). We
may motivate this construction by going back to the Fourier transform for R or
T and rewriting (*) as

(x5 %) 6" (x) = f 6 (9)e(g. x) dg.
G

Here e(g, x) = x(g) can be considered a function on G x G. Now for these
groups G can be naturally identified with a subset of the dual of the Lie algebra
g. Thatis G ~ @iy Where gjyr is the set of points in g* satisfying a certain
integrality condition. Thus e may be considered to be a function on G x gjyr,
which is naturally a subset of the cotangent bundle T*G of G, which we may
call T*Gr, the integral cotangent bundle.
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The usefulness of this point of view is that even for non-abelian groups,
there is a close connection between G and the dual of the Lie algebra g*.
Now the group G acts nontrivially on g* however, so it is the orbits of this
action, the so-called co-adjoint orbits, that play the role of the points of g*
in the abelian case. It is Kirillov’s fundamental observation that for nilpotent
connected simply-connected Lie groups, there is a natural bijection between
G and the set of co-adjoint orbits (see Kirillov [9]). The theory of geometric
quantization, introduced by Kostant [11] and Souriau [16], has shown that this
close connection extends to many other groups. It becomes necessary, however,
to introduce an integrality condition on co-adjoint orbits and thus to consider
only integral co-adjoint orbits. One consequence of this theory is that for G a
compact connected semisimple Lie group, G is naturally in bijection with the
set of integral orbits in g*, which we call gf;. (This fact can be considered to
be a restatement of the classical description of G by highest weights together
with the Borel-Weil theorem.)

Now we may define as before, the integral contangent bundle T*Gy as
G X @ixr- Our main result is the following. There exists on T*Gr a function
e which we call the Fourier kernel of G, which defines a Fourier transform F
from functions on G to functions on gjy by

Fé(f) = f $(2)els, f)dg
G

for ¢ afunctionon G, f € gjyr. This Fourier transform incorporates the abstract
one by means of a symbol calculus on each orbit (to be explained). The Fourier
kernel is constructed in a theoretically explicit fashion, it turns out to be both
unique and canonical, and in some sense contains all the representation theoretic
information for the group.

To justify our terminology of Fourier transform for the map F, we show that
it behaves in ways that resemble the abelian case. To describe this analogy in
more detail requires some additional results and notation.

First of all, if p € G and 0, C gi\r is the associated integral orbit, we show
that there is a canonical finite dimensional space of functions A, on £, and an
isomorphism

a:End V, - A,

where V, is the space on which p acts. The isomorphism ‘a’ establishes a
symbol calculus for operators on End V,,. It also allows the algebra structure
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of End V, to be transferred to A,; we call this the *-product on A, (or on &,).
This construction generalises the *-products constructed on the 2-sphere S? by
Moreno and Ortega-Navarro [14].

Now it turns out that if U, C C(G) is the space of all matrix coefficients of
p,then F : U, — A, is an isomorphism. That is, for u € U,, Fu is supported
only on the orbit &, where it is an element of A,. Thus F separates a function
on G into its Fourier components. Furthermore convolution in U, is taken to
the *-product on A,, so we may say that convolution on the group is taken to
an orbitwise product on gy by F. We also show that the Fourier transform of
a positive-definite function u € U, is a positive function in A,.

One of the most important results in the classical representation theory for
G is the Weyl character formula. Recently it has become well-known that
this formula is equivalent to Kirillov’s character formula, which states that the
character x, of a representation p € G can be obtained by ‘pushing down’ from
g the Euclidean inverse Fourier transform of the invariant measure dy on 0.
This ‘push down’ involves the exponential map as well as a factor related to its
Jacobian. (For a precise description, see Khalgui [8]).

Kirillov’s character formula seems to break down where the exponential map
is not well- behaved. We show that the Fourier transform F may be used to
introduce a similar character formula which however is globally defined. The
result is that

. | @mV,)""' ond,;
Fx = { 0 elsewhere.

In other words x, is the ‘inverse Fourier transform’ in our sense of a constant
function on &,,.

We now describe more explicitly the techniques employed to obtain these
results.

In Section 1 we study a calculus of operators on a representation space (V, p)
with respect to a non-zero G-orbit .#. The main notion here is that of an
effective orbit — one that has the property that for T € End V, T = 0if and only
if (Tm, m) = 0 for all m € .#. Then we may associate to each T its symbol
or(m) = (Tm, m). We also define an orbit to be symmetric if

/ {v1, m){vy, mY{m, v3){(m, vs) dm
A

is a multiple of (vy, v3) (v, v4) + (v1, v4)(v2, v3). Various integral formulae for
symbols on a symmetric orbit are proven, and we conclude in Proposition 1.17
that a symmetric orbit is effective.
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In Section 2 we introduce some ideas to describe algebras of functions on a
manifold .# which carry a Hilbert space structure. We employ an integral-type
notation to deal with certain bilinear forms that arise and use it to define the
notion of a triple-kernel of the algebra (with respect to the inner product). This
is a function on . x .# x .# which encodes the algebra structure in a fashion
similar to the way in which the kernel of an operator encodes the operator.

If ./ is an effective orbit, the space of symbols W on .# turns out to carry two
natural Hilbert space structures and an algebra structure. In Section 3 we study
the operators which relate these two inner products. For a symmetric orbit, we
develop explicit formulae for the kernels of these operators. We also study the
triple-kernels for W, the main result being Theorem 3.11, giving a formula for
the triple-kernel with respect to one of the inner products for a general effective
orbit.

In Section 4, we relate the previous discussion to orbits in g* by introducing
the moment map of a representation (V, p). Since G acts on the projective
space PV of V in a Hamiltonian way, there is a canonical map (the moment
map) &' : PV — g*. Now if Q is the unit spherein V ande : @ — PV
the natural map, we define ® = &’ o € and call it the moment map of p. Our
definition is actually more direct but equivalent. We study the image of &
and prove various functorial properties of it. These results are analogues of
the functorial relationships between representations and co-adjoint orbits first
discovered by Kirillov [9] for nilpotent groups. We show that the extremal set
of Im® is a single G-orbit &, and that $~'(6,) = .#, is a single G-orbit in .
Furthermore ® : .#, — 0, is an §' bundle, which we call the canonical bundle
of p (Proposition 4.9). In Theorem 4.11 we show that .#, is an effective orbit.

The association of the orbit &, toeach p € Gis injective and is closely related
to classical descriptions of G. If we fix a choice of positive roots, then &, and
#, can be considered to be the orbits of the highest weight and highest weight
vector respectively. It also turns out that the canonical bundle of p is the same
as that constructed in geometric quantization—this fact was communicated to
us in conversation by 1. Frenkel, to whom we are grateful.

In Section 5 we use @ to transfer structure from .#, to £,. We show how
the canonical 2-form on &, and the connection 1-form on .#,, are related to the
complex structure of V. We define the space of functions A, on &,,.

In Section 6 the main definitions concerning the Fourier kemel e and the
Fourier transform F are introduced. The main results here have already been
described.

In Section 7 we turn in some detail to the case of G = SU(2). Here the
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integral orbits are spheres in g* of radii £ = 0, 1/2, 1, 3/2, . ... We compute the
Fourier kernel e of G in Theorem 7.5 and discover that it is closely related to the
Cayley transform for G. At this point we remark that in the thesis Wildberger
[22] we have constructed a similar Fourier transform theory for nilpotent Lie
groups using entirely different methods (see also Arnal and Cortet [2]). For the
group of real upper triangular matrices we found that the Fourier kernel also
involved the Cayley transform. This phenomenon has been investigated for a
wide class of nilpotent groups in Howe, Ratcliff and Wildberger [7] where it is
shown that the role of the Cayley transform is closely related to the theory of
the oscillator representation of the symplectic group.

We also remark that our Fourier transform theory coincides in the case of
SU (2) with that introduced by Sherman [15] in his work on Fourier analysis on
spheres (see also Helgason [6]). In Theorems 7.12 and 7.13 we give formulae for
the triple-kemels of the x-products on the integral spheres. These are related in a
surprising way to certain classical identities of spherical trigonometry, and shed
new light on the *-products of Moreno and Ortega-Navarro [14] as well as on
Sherman’s work. More generally, our theory provides an explicit construction
of a s-product on any integral co-adjoint orbit of a compact semisimple Lie
group. It would be of interest to compare this with the general construction of
x-products on symplectic manifolds studied by Lichnerowicz [13], Gutt [5] and
others.

This paper is meant to be largely self-contained, the major requirement of
the reader being a familiarity with elementary representation theory, for which
references are Varadarajan [18] and Helgason [6].

This paper has existed in preprint form for some years now. A different
version of our geometric Fourier transform construction has since appeared in
Figueroa, Gracia-Bondia and Virilly {4] (see also Varilly and Gracia-Bondia
[19], Arnal, Cahen and Gutt [1]). Additional work on the relationship between
representations and moment maps has appeared in Wildberger [23, 24] and Arnal
and Ludwig [3].

Section 1

Let G be a compact Lie group and (V, p) an irreducible unitary representation
of G. The Hermitian form on V will be denoted by (, ), and will be taken to be
linear in the first variable and conjugate linear in the second. Let dim V = n.
Let .# be a non-zero orbit in V, so that there exists v # 0 in V with .# =
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{g - vlg € G}. Here the use of p is suppressed, so that g - v = p(g)(v). The
orbit .# carries a G-invariant measure.

LEMMA 1.1. The G-invariant measure dm on .# may be normalised so that
foranyv eV,

(1.1) v=/ (v,mymdm.
#

PROOF. Consider the operator A € End V defined by

A(v) =/ {v, mymdm
A

forve V. Thenforany g € G,

A(g-v)=/ (g - v, mym dm
M
=/ (v,g7' - m)mdm
M

=f {(v,m)g -mdm
A
=g-A®).

Thus A commutes with all g € G and so by Schur’s Lemma is a multiple of the
identity. By an appropriate normalisation of dm we may choose the multiple to
be 1.

Fix the measure dm on .# so that (1.1) holds. Introduce L2(.#, dm) with
inner product ( , ),. Thus for ¢y, ¢, € L>(A, dm),

(. )2 = f/l(m)qsz(m)dm.

For v € V, let ¥ be the function on //lgeﬁned by v(m) = (v, m). Let V be the
space of all v, v € V,and let™: V — V be the map that sends v to v.

LEMMA 12.7: V — V C LX(#, dm) is an isometry.
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PROOF. Since (V, p) is irreducible, v = 0 if and only if v = 0, so " is an
isomorphism. If v;, v, € V, then by Lemma 1.1,

(1, va) = f (o1, m)(m, v) dm
M

= (51, 52)2~

DEFINITION 1.3. For T € End V, define Ky : 4 x # — C,the kermnelof T
with respect to .4, by the formula
Ki(m',m)={(T -m',m)

form',m € A.

LEMMA 1.4. ForT;, T, e End V and m",m € .#,
Kz, (m", m) = f Kz, (m", m') K, (' m) dn’
M

PROOF. For T € End V, let T be the integral operator on L2(.#, dm) with
kemnel K7. That is, for ¢ € L?>(#,dm) and m € A,

T¢(m)=/ Kr(m', m)¢(m’)dm'.
N

Thenforve Vandm e #,

T5(m) =/ (T -m’, m)(v, m'y dm’
VA

=(T -v,m)
= (Tv) (m).

Here we have used Lemma 1.1. Now let
V=g € LA, dm)|(¢,5), =0 VveV}].

Thenfor¢ € VX andm € #,
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T(m) = / (Tm', m)g (m') dm’
M

_ / & ()T m)” () dim!
M

= (¢, (T"m)"),

=0.

Here T* is the adjoint of T. Now the facts that T3 = (Tv) forall v € V and
T¢ = 0 forall € V+ imply that the kernel of T,T; with respect to ./ is just
the kernel of the integral operator T,T; on L*(.#, dm). But it is a standard fact
that this is

Ky, (m", m) = f Ky, (m",m")Kr,(m',m)ydm'.
N

PROPOSITION 1.5. For T e End V,u T = [ ,Kr(m,m)dm.

PROOF. It follows by the argument in the previous Lemma that tr T = tr T
since L*(#,dm) =V & V. Buttr T = [ Kr(m, m)dm.

Let |.#], the modulus of .#, be the number /(m, m) for any m € 4.
COROLLARY 1.6.
/ dm = n/|.H#\".
#
PROOF. Apply Proposition 1.5 to the identity / € End V. Then
trl =n =f (m,m)ydm = W]Z/ dm
A A

so the result follows.

COROLLARY 1.7. If |.#) = 1, then [ ,dm =n.

DEFINITION 1.8. For T € End V, define o7 : .# — C, the symbol of T with
respect to .#, by the formula

or(m) = Kr(m, m).

Also let W be the space of all o, T € End V,andleto : End V — W be the
map that sends T to or.
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We are primarily interested in orbits .# for which the map o can be used to
establish a symbol calculus.

DEFINITION 1.9. An orbit .# C V is called effective if the map o is an
isomorphism from End V to W.

EXAMPLE 1.10. Let G = SU(n) and (V, p) be the standard (or defining)
representation of G. Thus dim V = n, and the orbits of G are simply spheres.
Let .# be the unit sphere. Then .# is an effective orbit. This is a restatement of
the fact from elementary linear algebra that if T € End V and (T'm, m) = O for
allm € #,then T = 0. This fact follows from the formula

(Tv,w) = (T +w), v+ w) — (T —w),v —w)
+i(T(+iw),v+iw) — (T —iw),v —iw))

for all v, w € v. For vy, v,, v3, v4 € v define

P (v, v2, 03, 14) = / (v1, m){vy, m){m, v3)(m, v4) dm
M

DEFINITION 1.11. An orbit .# C V is called symmetric if there exists a
constant ¢ = c(.#) such that for all v, v, v3, v4 € V,

P 4(vy, v2, v3, v3) = ¢ ({1, v3){V2, Va) + (V1, V4){(V2, V3)) .

PROPOSITION 1.12. Let .# C V be the unit sphere, considered as an orbit of
SU(n) acting on V. Then .# is symmetric and for v(, v;, v3,v4 € V,

Py(v1, vz, v3, va) = (1/(n + 1) ({1, v3)(v2, va) + (v, va)(v2, V3)).

PROOF. By multilinearity if suffices to prove the result for v,, v,, v3, v, mem-
bers of an orthonormal basis of V. This is then an exercise in advanced calculus.

LEMMA 1.13. Let # C V be a symmetric orbit with constant ¢ = c(//{)
Thenfor T\, T, € End V,

f (Tim,mY{(m,m)dm =c(rt Tyur T, + t T\ T5) .
7
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PROOF. Fix an orthonormal basis {v,,...,v,} of V. For 1 < i, j < n define
T;; € End V by the equation T;;(v) = (v, v;)v; for v € V. These form a
basis of End V so we may find constants «;;, B;; such that T, = Zi' j % T;; and
T, = Zi‘j Bi;jT;j. Then

[ i,y T, myam = 3 Y s [ (T, ) (T m)
M k1 e

iJj

=Y " a;iBuPu (vi, vy, vy, )

ij Kkl

=c Z Zaij.BkI (Cvis v3) (ve, ) + (Vi v) (v, v)))

ij Kl

=c Z Zaijﬂkl (818 + 8:84;)

ij kil

=c (i a;; Zﬂkk + Zaijﬁji)
=1 k=1 7J

= c(tr Tl tr T2 + tr T1T2) .

COROLLARY 1.14.

¢ = c(M) = .M /(n+1).

PROOF. Let 7} = T, = [ in the previous lemma. Then
/ (m,m)>dm = c (n* +n).
A
But from Corollary 1.6,

f (m,m)*dm = |//ﬂ4/ dm = |.#)*n
H v

sothatc = |.#)?/(n + 1)

COROLLARY 1.15. If | #) = 1 thenc = c( M) = 1/(n + 1).

The constant ¢ is thus independent of the symmetric orbit .# if |.#] = 1.
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PROPOSITION 1.16. Let .# C V be a symmetric orbit. Then for T € End V
andv,weV,

(Tv,w) = /I(Tm, m) ((—TJ_—/’;IZL)(U, m)(m, w) — (v, w)) dm.

PROOF. Write T = }_, ; @;;T;; in the notation of the proof of Lemma 1.13.
Then forv,w e V,

f (Tm, m)(v, m){m, w)dm = ZaijP./{((Ui’ v, v, w)
M ij

_ A
=i ;au (Cvi, ) (v, W) + (v, WV, v)))

- |'/ﬂ|2 (v w)ia_}_za(Tv w)
n+ 1 s L ii - ij\LijV,

2
= rlz/fll ({v,witr T 4+ (Tv, w)).

Now since tr T = [, Kr(m,m)dm = [ (Tm, m)dm (from Proposition 1.5),
the result follows.

Proposition 1.16 shows how to recover the values (T v, w) (v, w € V) from
the symbol o7 of T. In particular, we have the following immediate con-
sequence.

PROPOSITION 1.17. If A C V is a symmetric orbit, then it is also an effective
orbit.

We may also write down an integral alternative to the formula of Example
1.10.

PROPOSITION 1.18. Let # C V be the unit sphere. Let T € End V and or
be its symbol with respect to #. Then forv,w eV,

(Tv,w) = /ﬂar(m) ((n+ D{w,m)y{m, w) — (v, w)) dm.
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Section 2

Let .# be a compact manifold and W a finite-dimensional space of continuous
functions on .#, closed under conjugation and containing the constants. Suppose
further that W is a Hilbert space with inner product {, ),. In the application we
have in mind, ¢ will be an index for several Hilbert space structures on W.

For a positive integer k, define W® to be the space of all functions on
M X ... x M (k factors ) which belong to W in each argument. Consider the
symmetric bilinear form on W defined by (w,, w,), = (w,, W), for wy, w; €
W. We introduce the integral-like symbol fa dm for this form and write

(w1, W)y = fwl(m)wz(m)dm.

o

The reader is warned that this symbol does not have its standard meaning
here, but nevertheless behaves in a fashion similar to the usual integral under
elementary operations. The following facts are immediate.

LEMMA 2.1. For any w,, w,, ws € Wandc € C,

(@) fwl(m)wz(m)dm =fwz(m)w1(m)dm;

o

(b) /(cwl)(m)wz(m)dm = fwl(m)(cwz)(m)dm = C/wl(m)wz(m)dm;

© /wx(m)(wz + wy)(m)dm = fwl(m)wz(m)dm + /wl(m)ws(m)dm;

o [+4

@ [ B\ (M)W (m) dm = / wy(m)ws(m) dm.

Now suppose that ¢; € W® and ¢, € W©® with ¢, = ¢ (m,y, ..., my) and
¢ = Pa(myy, ..., my). Letl <i <k,1 < j < £. Then we can extend the
above notation to give meaning to the expression

f¢1(m11, e My, M My, e, M)
o

) ¢2(m219 cvey m2,j—15 m, m2,j+11 ceey le) dm'
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The result is an element of W**¢=2? in the variables my, ..., My, ..., My,
My, ..., Ny j» .., Mg, Where " means deletion. More generally we may ‘in-
tegrate’ in this fashion any finite product of functions belonging to W® =
P2, W® as long as the variable of integration appears as an argument of ex-
actly two of them. We also consider ‘multiple integrals’, that is, expressions
such as

/<f¢1(m1,m2)¢2(m1,m2) dm1>dm2 =/ d1(my, my)@a(my, my) dmdm;.

We leave the reader to check that we may freely interchange the order of integ-
ration in any such multiple integral. Thus the quantity in the above expression

is also equal to
/ ( [ ¢1(m1,m2)¢2<m1,m2)dm2) dm,.

Such manipulations will be made without further comment in what follows. We
now show how to use the above conventions to introduce some familiar objects
associated to W and End W.

DEFINITION 2.2. A reproducing kernel for W withrespectto (, ), is a function
R, € W® such that forall w € W,

w(m) =fRa(m’,m)w(m’)dm’.

DEFINITION 2.3. If T € End W, a kernel for T with respect to { , ), is a
function K,(T) € W@ such that forall w € W,

Tw(m) =/Ka(T)(m’,m)w(m’)dm’.

Note that a reproducing kernel for W is just a kemel for the identity I €
End W. (When «a is fixed or there is no possibility of confusion, we will drop
the reference to (, ),.)

The following is a standard fact whose proof we leave to the reader.

LEMMA 2.4. Suppose dim W = p and that {e,, ..., e,} is an orthonormal
basis of W with respect to {, },. Then for any T € EndW, a kernel for T with
respectto { , ), I

P
Ko(T)(m',m) = e;(m)Te;(m).
i=1
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Furthermore it is unique (so does not depend on the particular basis). In
particular

14
Roy(m',m) = e;(m')e;(m)
i=1
is the unique reproducing kernel for W with respect to ( , ),.

Now suppose that the space W has in addition an algebra structure, denoted
by x. It will be useful to construct an object which will encode the algebra
structure of (W, x) in a fashion similar to the way the kemel K,(T') encodes
the operator T € End W.

DEFINITION 2.5. A triple-kernel (or 3-kernel) for the algebra (W, x) with
respect to (, ), is a function B, € W® such that for all w;, w, € W

w; X wy(m) =/fBa(m,ml,mz)wl(ml)wz(mz)dmldmz.

LEMMA 2.6. Suppose as before that {e,, . .., ep,} is an orthonormal basis of
W with respect to (, )o and thatfor1 <i, j < p,

14
e X ej = E cisex, c;; € C.
k=1

Then a triple-kernel for the algebra (W, x) with respect to { , ), is given by

Bo(m,my,my) =) ckei(my)e;(my)er(m).

ij,k
Furthermore it is unique (so does not depend on the choice of basis).

PROOF. Let wy, w, € W with wy = Y 1 aie;, w, = Y +_ bie;. Then

/ / Z Cij€i (ml)e] (my)ex(m)w,(m)w,(m,) dm,dm,

i,j,k
=Y Z Zc,,a, f / e:(m)e; (ma)e, (my)es(ma)e,(m) dmydm,

i,Jk r=1 s=

= Z Z Cijarbsariasjek(m)

i,j,k rs
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= Z a, b, Z ct ex(m)
rs k
= Za,b,e, x es(m)
rs
= w; X wy(m).

Thus B,(m,my,my) = ), ., cfei(mi)e;(my)e,(m) is a triple-kernel for the

algebra (W, x) with respect to (, ),. Its uniqueness follows directly from the
condition that B, € W,

The next few results show how properties of the algebra (W, x) are reflected
in properties of the triple-kemel B,.

PROPOSITION 2.7. (W, x) is associative if and only if for all m,, m,, m3, my
A

fBa(m,ml,mz)Ba(m4,m,m3)dm =/Ba(m4,m1,m)Ba(m,mz,ms)dm.

PROOF. Let w;, wy, w3y € W. Then
(wy x wy) X wi(my)
=//Ba(m4, m, m3)//Ba(ma my, my)wy(my)w,(my) dmdmows(ms) dmdms
while .
wy X (wa X w3)(my)
=f/Ba(m4,m1,m)w1(m1) /Ba(m,mz,ms)wz(mz)ws(ma)dmzdmsdmldm.

Thus (W, x) is associative if and only if for all m, € .# and for all w,, w,, w3 €
w,

f//Ca(ml,mz,m;.m4)w1(m1)wz(mz)w3(m3)dmldmzdma=0

where
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Co(my, my, m3, my)

=/Ba(rm,m.ms)Ba(m,ml,mz)—Ba(m4,m1,m)Ba(m,mz,ms)dm-

[

But since B, € W®, it is clear that C, € W®, Thus C, must be identically
zero, and we are done.

PROPOSITION 2.8. (W, x) is commutative if and only if
B,(m, my, my) = By(m, my, my).

PROOF. Immediate from the definitions and a change of variable.

PROPOSITION 2.9. 1 € W is the identity of (W, X) if and only if both

f&mmmmﬂm=&mwm and

o

/Ba(m,mlva) dm; = R,(my, m).

o
-~

PROOF. This follows immediately from the fact that

w X 1(m) = ffBa(m,ml,mz)w(ml)dmldmz and
1xmm=/f&WMMMmemmz

since of course 1(m) = 1.

PROPOSITION 2.10. The algebra (W, x) has the property that w, X w, =
wy X wy if and only if

B,(m, my, m) = B,(m, my, my).

PROOF. Left to the reader.
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PROPOSITION 2.11. The algebra (W, x) has the property that for all w,, w, €
W

/wl X Way(m)dm = (wy, wr)a
if and only if

B(!(m, ny, m2) dm = Rd(m2a ml)'

PROOF. We first remark that the left hand side of both expressions is valid
sincel € W. Forw,, w, € W,

fwn X wy(m)dm =//fBa(m,ml,mz)wn(ml)wz(mz)dmldmzdm
while
(W, wy)e = /wl(mz)mz(mz) dm,.

Thus (W, x) has the required property if and only if for all w; € W,

wy(m3) =ffBa(m,ml,mz)dmwl(ml)dml,
that is, if and only if

/B(Z(m9 my, mZ)dm = Ra(ml’mz)-

These propositions show that in general an asymmetry exists between the first
argument of a triple-kernel B, (m, m,, m,) and the last two. We will say that a
triple-kernel B, is symmetric if

Ba(m’mlv m2) = Bu(ml’m2’m) = Ba(mZ’mvml)

forallm, m,, m, € .#. Analgebra (W, x) will be called symmetric with respect
to (, ), if its triple-kemnel B, is symmetric.

PROPOSITION 2.12. The algebra (W, x) is symmetric with respect to { , )y if
and only if

(Wi X Wy, W3)g = (Wy X W3, Wh)a = (W3 X W, Wa)e
forall wy, wy, w; € W.

PROOF. This follows along the same lines as the previous arguments.
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Section 3

The definitions and notation of Section 2 will now be applied to the situation
in Section 1. Thus .# C V will be taken to be an effective orbit of the compact
group G, and to each T € End V we have the unique symbol oy. The space
W of all symbols on .# is a finite dimensional space of continuous functions
on .# which contains the constants and is closed under conjugation. Let {, ),
be the inner product on W which is the restriction of the inner product from
L*(.#, dm), so that for w,, w, € W,

(wy, wa)2 =/ wy(m)w,(m)dm.
A

We may also consider another inner product on W, arising from the Hilbert
space structure of End V.

DEFINITION 3.1. For w;, w, € W witho~!(w;) = T}, 0 "} (w,) = T, define
(wi, wy)y = tr (T T3)).

The two Hilbert space structures {, ); and {, ), are in general not the same.
Let n : W — W be the unique invertible operator such that
(n(w1), wa); = (wy, wa)2

for all wy, w, € W. Equivalently consider the operator n : End V — End V
such that o,y = n(or) forall T € End V.

PROPOSITION 3.2. For T e End Vandv e V,
n(T)(v) = Lar(m)(v,m)mdm.
PROOF. Let 1 : End V — End V be defined by
wD)©) = [ orm)tv, mmdm
for T € End V and v € V. The kernel of u(T) with respect to .# is

Ku(T)(ml’m2) =/ or(m){my, m)(m, my)mdm.
M

https://doi.org/10.1017/51446788700034741 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034741

[20] Fourier transforms of Lie groups 83

Thus for T, T, € End V, u(T)T; has kernel

Kum)r;(ml,mz) =/ KT;(ml,m)Ku(m(m,mz)dm
v
=/ /(ml,sz)an(m’)(m,m’)(m’,mz)dm’dm
A A

=f%WWmMMWmMW
MN

from Lemma 1.4.
Thus by Proposition 1.5,

twunﬂ;=/"ftmowxmhnmvmamndmuml
M M
=/ Un(m/)(m', Tom'ydm’
M

Z/%w%EEM'
4

= (UT, , 012)2-

COROLLARY 3.3.

(@ ForT e EndV, trn(T) = | At T
(b)  For I = Identity, nl = |.#1I.

PROOF.

(a) tr n(T) =/ Kyary(m,m)ydm
A
=/ f or(mN{m, m'Y(m', m)dm’'dm
#J

=/WWNMWMW
M
=|MuT

(b) n(l)(v)=f (m, m)(v, m)mdm
F4
= | A v.
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LEMMA 3.4. 1 commutes with the action of G on End V by conjugation.
PROOF. For g € G,v € Vand T € End V we use Proposition 3.2 to obtain

n(T)(g - v) = //T<m)<g v mymdm

=/ or(g-m)(v,m)g -mdm
H
Butor(g-m)= (g '-T-g-m,m)so

g ((T)(g - v) = n(g ' Te)(w),
PROPOSITION 3.5. The kernel for 1 : W — W with respect to { , ), is the
function N € WP given by
N@m',m) = |(m', m)|.

PROOF. We must show that N(m’, m) € W® and that for all w € W and
me A,

fi(w)(m) =/ N(@m',m)w(m’")dm.
M
Now for fixed m’ € .# the operator T,,, € End V defined by T, (v) = (v, m")m’
has symbol oz, (m) = |{m’, m)|* so by the symmetry of N, N € W®.

Now let w € W and suppose that w = o7, T € End V. For m € #, use
Proposition 3.2 to obtain

n(w)(m) = o,qy(m)
= (n(T)m, m)

= / or(mY(m, m'Y(m’, m)dm’
H

=f N@m', m)w(m')dm'.
N
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It now follows that knowledge of n~' (or equivalently, /') allows one to
recover an operator T € End V from its symbol or. In fact, from Proposition 3.2
it follows that forv, w € V,

(Tv, w) = / Oy-1(ry(m){v, m){m, w)dm.
M

It is thus an interesting problem to write down explicitly the kernel of 77!, In
the case of .# a symmetric orbit we use the results of Section 1 to do this. For
convenience we treat only the case |.#] = 1.

PROPOSITION 3.6. Let .# be a symmetric orbit with |.#)| = 1. Then the kernel
of 17! : W — W with respect to {, ), is the function M € W® given by

M@ ,m) = (n+ D*(m', m)*— (n+2).

PROOF. It is clear that M € W®, Thuslet{ : W — W be the operator
whose kernel with respect to {, ), is M(m’, m). Then the kernel of {7 is by
Lemma 1.4

K(m", m)=f Nm", mYM@m',m)dm’
M
= f [, )P (1 + D2l m)P — (1 +2)) dm!
N

=+ 1)Pym’,m,m",m)— (n+ 2)/ [(m", m')|>dm’
A

= (n+ D((m", m"Yim, m) + (m", m)(m, m"}) — (n + 2)

= (n+ Dlim", m)]* - 1.

Here we have used Corollary 1.15. Now for v, v; € V let w € W be defined
by

w(m) = (v, m)(m, v3).

Then

/ K(m',m)w(m')dm' = / ((n + D', m))> = 1) (v, m')(m', vy) dr’
H #

=+ 1)Pyg(m, v, m, v;) — (vi, v2)
= (v, m)(m, vp)

= w(m).
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Now since elements of the form (v, m){m, v,} span W, we see that K (m’, m)

is the reproducing kernel with respect to ( , ), and so & = 7.

COROLLARY 3.7. Let .# be a symmetric orbit with |.#) = 1. Then the
reproducing kernel of W with respect to { , ), is

Ry(m',m) = (n + D)|(m', m)|* — 1.

Now returning to the general effective orbit .#, which we assume to be of
modulus 1, we can transfer the natural algebra structure of End V to W.

DEFINITION 3.8. Let w;, w, € W witho ' (w;) = T, € EndV,i = 1,2.
Define wy x w, € W by

w; X we(m) = o (T, T)(m) forallm e 4.

The algebra (W, x) thus defined is isomorphic to the full matrix algebra
End V. Let B;(m, m,, m,) and B,(m, m,, m,) in W be the triple kernels for
(W, x) withrtespectto (, ); and {, ), respectively. We may utilise the results of
Section 2 and obvious properties of the algebra End V to deduce the following
properties of B; and B,.

PROPOSITION 3.9,

Forallm,m,,m3,my € #,anda =1, 2,

o

@ [ Bum my, m)Bu(ma, m ms) dm = / By (ma, my, m) Ba(m, mz, ms) dm
(b) /Ba(m1m19 mZ)dmZ = Ra(ml, m) and

fBa(m, my, m) dmy = Ra(ma, m)

() By(m,my, m;) = B,(m,my, my)
(d) /Bl(m, my, my)dm = Ry(m,, m;)
1

(e) Bi(m,m;, m,) is symmetric.

This result suggests that in general B; will be a more natural object than B,.
Nevertheless we can compute B, in the case of .# a symmetric orbit.
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PROPOSITION 3.10. Let .# be a symmetric orbit with |.#| = 1. Then for
m,my,m, € A,

BZ(ma my, m2) = (n + 1)2<m’ ml)(mh m2)<m2’ m)
—(n + Dlim, m)* — (n 4+ D|(m, m2) > + 1.

PROOF. Suppose w;,w, € W witho ' (w;) =T, € EndV,i = 1,2. Let
T; = T, T, and let K; be the kernel of 7; with respect to .#. By Proposition 1.16

Ki(my, ma) = f (Tom, m) (2 + 1) (ma, m)(m, m3) — (my, ma)) dm
M

fori =1, 2. Thus

Ky(m',m) = f / f (Tomym) (1) (' oy’ — ()
MIMS N
(Tama,ma) ((n+1) (m',m3) (my,m) — (m',m)) dmdm,dm’
- / / (MY wa(ma) (0 + D2, ma)my, ma) . m)
M M

— (n 4+ D)(m", m)(my, m) — (n 4 1)(m", ma) (my, m)
4 (m", m)) dmydmy.

Thus

wy X wy(m) = K3(m, m)
=/ / wi(m)w,(ma) By(m, my, my) dm,dm,
2 Ja
where
By(m, my, my) = (n + 1)*(m, my)(my, my)(my, m) — (n + 1)|{m, m,)|?
—(n+ Dl{m, my)|” + 1.

In contrast, the triple-kernel B, has a simple form even in the general case.

THEOREM 3.11. Let # be an effective orbit with |.#4) = 1. Then for
m,my,m, € HA,

Bi(m,my, my) = {m, my)(my, my)(m,, m).
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PROOF. Let T, T, € End V. Thenforv e V,

(LTyv,v) = f (Tyv, m){(Tym, v) dm
A
=/ /(n_l(Tl)ml,ml)(v,ml)(ml,m)d"h
oy
-/(n_l(Tz)mz,mz)(m,mz)(mz, v)dmydm
v

=//(n_l(Tl)ml,ml)("’_l(TZ)mbm?.)(v’ml)
).

- (my, my){m,, v) dmdm,.

Thus for w;, w, € W,

wy X wy(m) =/ / 7 (w)) (M)~ (w2 (my) (m,my ) (my ,my) (may,m) dmdm,.
)

But forw, w’ € W,

(7 (w), w2 = (w, w',

SO
w; X wy(m) = //wl(ml)w2(m2)(m,ml)(mlamz)(m2am)dmldm2
1J1
for all w;, w, € W. Thus

By(m, my, my) = (m, m){m,, my)(m;, m).

Section 4

Let G be a compact Lie group and (V, p) a finite-dimensional unitary rep-
resentation of G (not necessarily irreducible). Let Q = {v € V|(v,v) = 1} be
the unit sphere, and suppose dim V = n. Let g be the Lie algebra of G and
g* its dual. We will continue to suppress the notation p, so that for X € g and
v €V, p(X)(v) will be denoted simply by X - v.
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DEFINITION 4.1. ¢ : @ — g*
1
v @)(X) = (X -v,v)
i
forv e Q, X € g, is the moment map of (V, p).

LEMMA 4.2. @ is a G-map between S2 and g*, where G acts on g* via the
co-adjoint action Ad*.

PROOF. For g € G,
1
P(g-v)(X) = 7‘<X (g v),g-v)

(87 - (X-(g-v),v)

(Ad g7'(X) - v, v)

= ®(v)(Ad g7 (X))
= Ad"g(P(v)).

1
i
1
i

LetIm @& = {®(v) | v € R} be the image of ®. This is a compact subset of

*

g.

LEMMA 4.3. Let (Vy, p1) and (Va, p2) be two unitary representations of G
with moment maps ®, and ®, respectively. Let V = V|, & V, and ® be the
corresponding moment map. Then

Imb={feg'|f=tHh+Q-0f,, 0=<t<1, fielmd,, i=1,2}.

PROOF. If ©2,, §2, and €2 are the unit spheres of V|, V, and V respectively,
then any v € 2 can be written as v = z;v; + zv; with v, € Q,, v, € Q; and
z1, 2, € C satisfying |z,|* + |z3/* = 1. Thenfor X € g,

1
PW)(X) = -.(X (z1v1 + 22v,), 71y + 220)

= |z;? —(X vy, V1) + |za)? <X Ua, U2)
since (X - vy, v3) = (X - vp, v1) = 0. Thus

O (v) = |2,)2@, (v)) + |22 Do (vy).
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LEMMA 4.4. Let (Vy, py) and (V,, p,) be two unitary representations of G
with moment maps ®, and ®, respectively. Let V =V, Q Vyand p = p ® p,
the representation of G x G = G’ given by p(g1, 82)(vi ® 1y) = (g1 - v)) ®
(g2-v2), 81, & € G and vy, v, € V, with moment map &. ThenIm® C h* x g*
satisfies

Im®; x Im®, C Im® C conv (Imd,) x conv (ImP,)
where conv (S) means the convex hull of S.

PROOF. Let €24, £2, and €2 be the unit spheres of V), V, and V respectively.
Thenforany vy € Qy, v, € ,, v = 1, ®v, € QLsothatforany (X, X,) € gxag,
O (V)(X1, X2) =i H(Xy-v1) @ vy + 01 ® (X2 - v2), V1 ® v2)
=Xy - vr, vi) (g, 0) + (Ur, )X - Vg, 1)
= @, (v)(Xy) + P2 (v2)(X2).
Thus Im &; x Im &, C Im ®. Now let {v,, ..., v,} be an orthonormal basis

of V;. Then if v € Q, we may write v = ) _;_, v ® w; where w; € V, with
> i, lwel* = 1. Then

P)(X1, Xz) = i7" ) (X1~ v) @ wic + 0 ® (Xz - wy), vy @ wy)

k=1
so that

D)0, X2) =i Y 8ei((Xa - i), wy)

k=1

=i Z((Xz - W), we)

Wy
Z lwel2(X | ol

lwkI#O

( Z Jwel d>2(uk>)<xz>

Iwkl#o

where u;, = w,/|wy| if |w| # 0 so that u; € 5.

Thus if p, : g* x g — g~ is the projection onto the second factor, we
see that p,(Im ®) C conv (Im ®,) so by symmetry Im & C conv (Im ¢,) x
conv (Im ®,).
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LEMMA 4.5. Let (V, p) be a unitary representation with moment map ® and
let H be a Lie subgroup of G with Lie algebra by. Let p : g* — b* be the
projection dual to the inclusioni : ) — g. If &y : Q — b is the moment map
of (V. p|,) then ®y = po ®.

PROOF. Obvious from the definitions.

In general Im ® need not be convex. For example, if G = SU(2) and (V, p),
is the standard two-dimensional representation of G, then Im ® is easily seen to
be a single G-orbit in g*, namely a 2-sphere. However we have the following.

LEMMA 4.6. Let T be a torus with Lie algebra t. Let (V, p) be a finite
dimensional representation of T with weights iAq, ...,i\, € it*. Then Im® is
the convex hull of (M1, ..., A} C . In particular Im® is convex.

PROOF. Write V =V, ®...® V, with V; the one-dimensional representation
with weight iA;. Thatis, for X € tand v; € V;, X - v; = iA;(X)v;. Now if &;
is the moment map of V; and if v; € ;, the unit sphere in V;, we have

1
(X . 'Uj, 'Uj) = A.I(X)

D;(v;)(X) = 7

Thus Im &; = A;, and the result follows from Lemma 4.3 by induction.

Now let T C G be a maximal torus with Lie algebra . Choose a G-invariant
positive-definite form (, )ong. LetiA,,...,iA, € it* be the weights of (V, p)
restricted to T and let D C ¢* be the convex hull of {A;,...,A,;}. Then if
p: g* — t*is the projection, Lemmas 4.5 and 4.6 imply immediately that

p(Im ®) = D.

Denote by Ext (D) those points of D which are not contained in any open line
segment in D. Clearly Ext (D) is a subset of {A, ..., A,}.

It will be useful to sometimes identify g with g* via (, ) and thus to consider
ttCcg'.

LEMMA 4.7. If f € Im® C g* and p(f) = A € Ext(D), then f = A.

PROOF. Write f = A + u with u € g*, u(t) = 0. Let 6 be the co-adjoint
orbit through f and let X - f € T 6 with X € g. Thendp(X - f) is a tangent
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vector to t* at p(f) = A. Now since p(6) C D, any curve in & through f with
tangent vector X - f is sent by p to a curve in D through A € Ext (D). But any
such curve must be singular since D is a solid convex polyhedron in t* with a
finite number of vertices and A is such a vertex. Thus p(X - f) = 0, so that for
allZet, Xeg, X f(Z)=0.

Now a basic fact about Lie algebras of compact groups is that they are
reductive. This implies that g = t&®[t, g], an orthogonal direct sum with respect
to the form (, ). Thus since we can rewrite the above as (A + w)([Z, X]) =0,
we get u([Z, X]) =0forall Z € tand X € gsothat u =0 and f = A.

LEMMA 4.8. Let . € Ext(D). Then v € Q is a weight vector for T of weight
iA if and only if ®(v) = A.

PROOF. Suppose first that v € 2 is a weight vector of weight iA. Then
p(®P(v)) = X so that by the previous lemma, ®(v) = A.

On the other hand let v € Q with ®(v) = A. If {v,, ..., v,} is an orthonormal
basis of weight vectors with v; of weight iA; then we can write v = ) ,_, o;v;
with Y7 [e;° = 1. Thenif Z € ¢,

1

—(Z-v,v)

l

1¢ )

== loy[X(Z - v, )
j=1

1

= (Z 1a,-|2<1><v,-)) (2)
j=t1
j=t

Butif ®(v) = Atheni = }_7_, |o;|*};. Now since A € Ext (D) all the ; must

be zero except for one and so v is actually a weight vector of weight i A.

e)(Z) =

We remark more generally that if F C D is a face of D and
Fﬂ{)\l,...,)»,,}={kil,...,Xik}
then the set of v € Q for which p(®(v)) C F is

k k
2
v= E o,V E o, |1©=1¢.
j=1 j=1
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Now we assume henceforth that G is semisimple and that (V, p) is irreducible.
Then it is well known that the weights iAj, ..., iA, of (V, p) are contained in
the convex hull of the G-translates of one of them, say iA;. That is, if £ is the
co-adjoint orbit through A,, then & intersects t in exactly Ext (D), which is just
the set of Weyl group translates of A,. From this it follows that p(&) C D, which
is part of a classical result of Kostant [12] which in this context is p(&) = D.
The orbit € so determined will be called the extremal orbit of Im ®, and since
it is determined solely by the representation, it will be denoted &,,.

The weight i A, is usually called a highest weight and it is a standard fact that
a weight vector v, for i}, is unique up to a scalar.

PROPOSITION 4.9. Let ®~'(0,) = #, C Q. Then #, — O, is an S'
principal bundle.

PROOF. From the remark, ®~'(A,) = {zv||z|> = 1}. Butfor X € ¢,

exptX - v, =™ Py,

so since & is a G-map by Lemma 4.2, we have that .#,, is a single G-orbit. Both
#, and O, are homogeneous spaces for G so ® : .#, — 0, is a fibre bundle
with fibre S'. But S!, when regarded as the unit circle in C, acts naturally on
V and preserves the fibre. We see that the S! action on a fibre arises from the
group action of a one-parameter subgroup.

DEFINITION 4.10. The bundle ® : .#, — &, will be called the canonical S*
bundle of (V, p).

THEOREM 4.11. The orbit #, C Q is effective.

PROOF. We begin by recalling some basic facts about G and the representation
(v, p).

Let g be the complexification of g and h C g a Cartan subalgebra con-
taining t. Let A be the set of roots of g with respect to the action of b, and
fix a subset A* C A of positive roots. For each ¢ € A*, we may choose
non-zero vectors X, and Y, in the root spaces for o and —a« respectively such
that (X, -v,w) = (v, Y, -w) forallv,w e V.

An element . € §* is a weight of p if for some non-zero vector v € V and
all H € h, H-v = pw(H)v. The set of all weights of p, denoted A(p), is
partially ordered by setting u > ' if u = p' + ZLI m;a;, where o; € AY
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and the m; > O are integers not all zero. Then A(p) contains a unique highest
weight p; with the property that 1, > u for any other weight 4 € A(p). Itis
the extension to § of the functional iA; on t, for some A, € Ext (D).

For each 1 € A(p), we denote the weight space of i by V,, so that

V = ®#GA(P) Vu.

For vy, v, € V, define T,, ,, € End V by

1,V2
Tvl,vz(v) = (U, 'Uz)vl-

For u, u' € A(p) define U, ,» C End V to be the span of all T,,,, with v €
V., v € V.. Then clearly

EndV = &, yerryUpw-
The spaces U, ,» can be partially ordered by setting U, ,, > U, ,» if 4 > norif
w=nandpy' >n'.

Let 7 be the representation of G on End V by conjugation so that for g €
G, TeEndVandv eV,

m(@)(TMw=g-(T-(g" -v))
while if X € g then
a(X)TYyv=X-T-v—-T -X-v.
Fora e At,veV,,veV,weV,

JT(XU)T,,,,/('LU) = X, - ('LU, U,)U - (Xa - w, U,)'U
={(w, V)Xq-v—(w, Y, - v
= TX,,~v,v’(w) - Tv,Ya-v’(w)-

Thus
4.1 A X)Uppw CUptaw ®Uppw—a-
Similarly

r(Y)T, y(w) = Ty, (w) — T, x,.v (W)
so that

H(Ya)Uu,u/ C U“_q”u’ @ quﬂ(“’a'
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Now let
U={T €End V(Tm,m)=0 Vm € .4,}.

We must show U = 0. Clearly U is invariant under 7 (G) since .#, is a G-orbit,
so it is also m(g ) invariant. Forany T € U, we may write T as

T = Z Suw

w1 eA(p)

where S, ,, € U, . Consider the set of all spaces U, ,- for which there exists a
T e U with non-zero component S, ., in U, ..

We will show this set to be empty. If not, let U, ,, be a maximal element, so
that there exists T € U with

T =S8+ Z Suw

u.p'eA(p)
(e, w4 n")

where 0 # S, , € U,y and S, € U, forall u, u' € A(p).
We claim that n = n’ = w,. For suppose first that 1, > 7. Write

5
Spy = § :Tw:,w,’
=1

where {w1, ..., w;} is a basis of V,;, and w, € V,, with say w; # 0. Then since
(V, p) is irreducible, we can find ¢ € A" such that X,, - w; # 0. Thus

s

T(Xa)Snrt = Y (T = Trntoowt)
=1

has a nonzero component in U, , since {w), ..., w;} is linearly independent.

Combining this with the fact that none of the elements 7 (X,)S,, ./, (1, ©') #
(n, n'), can have a component in U,y (by the maximality of U, ,, and (4.1)),
we find that 7 (X, )T has a non-zero component in U, . But this is impossible
since w(X,)T € U, so we must have n = u,.

Now suppose that 1, > n’. Then we write

Sy = Ty

where v, € V, =V, and v' € V,,, with both v, v’ non-zero. This is possible
since V,,, is one-dimensional. Now again by the irreducibility of (V, p), we may
find B € At such that X4 - v’ # 0. Then

”(Yﬂ)sr],n’ = TY,;»vl,v’ - Tul,X,g-v’
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so that m(¥g)T has a non-zero component in U, .. But since n(¥Yp)T € U,
we have a contradiction so that n' = u,.
We have thus shown that if U # 0, then there exists T € U with

T=8,u+ § : Sy
' €A(P)
e, Y# (1)

where 0 # S, ,, € Uy, and S, o € U, for (u, p') # (1, 1). Now let
v; € 2 be a weight vector for u,, that is, vy € V,,. Then ®(v;) = A, € 6, so
that v, € M,. But then

(Tvi,v) = (Spwvn v+ ) (Suwvr, vr)

' eA(p)
(1, 1 )# (1, 11)

= (S[l.l,[l.l vl’ vl)

£ 0.

This is a contradiction, so that U = 0 and .4, is effective.

Section 5

Recall that the co-adjoint orbit &, is canonically a symplectic manifold, that
is, it carries a closed non-degenerate 2-form w. For f € 6,,1let X, - f, X, f €
T0,(f) where X,, X, € g. Then

5.1 wf(Xl'fa X, - )= (X1, Xa]).
On the other hand, the complex structure of V defines the 1-form 6 on V by

6,(w) = Im (w, v)
forveV,weTV@w) ~V. Thenforve V,w,w, e TV(v),
do,(w,, wy) = 2Im (w,, w,).

This is the 2-form on V which determines its symplectic structure. Both 6
and d6 may be restricted to .#, C V.

LEMMA 5.1. On A, , d6 = (dP)*(w).
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PROOF. Let m € A, and X, - m, X, - m € T.#,(m), where X, X, € g.
Then
d6, (X, -m, X, -m)=2Im (X, -m, X, -m)
= ‘ll.'((Xl -m, Xy -m) —(X;-m, X, -m))

1
= 7([X1, X2] 'm,m)
= &(m)([X1, X2))
=wf(X1'f,X2'f)

where f = ®(m) € 6,. But ® is a G-map, so that d®(X; -m) = X, - f,
i =1,2so0thatdf = (dP)*(w).

Note that the 1-form 6, when restricted to .4, is a connection 1-form for the
canonical bundle ¢ : .#, — &, whose curvature 2-form, by the Lemma above,
is w. Thus the familiar connection and curvature on the quantum bundle in
geometric quantization appear here naturally as manifestations of the complex
structure of V.

The orbit .#, carries a space W of symbols where as before

W ={or | T € End V}
and by Theorem 4.11, ¢ : End V — W is an isomorphism. As in Section 3, we
have two inner products (, ), and {, ); on W, as well as the algebra structure
(W, x).
We now make a simple but crucial observation. Each function oy € W has

the property that o7 (zm) = o7 (m) for all z € S?, so that W really ‘lives’ on the
orbit O,,.

DEFINITION 5.2. For T € End V, let ar be the function on &, defined by

ar(f) = or(®7'(f))

for f € 0. This function will be called the symbol of T. Let A, be the space of
allar, T € End V,anda : End V — A, the map that sends T to ar.

LEMMA 5.3. a : EndV — A, is an isomorphism.
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Now let d i be the unique G-invariant measure on &, such that
[ eraury = [ sy
o, A,

for all continuous functions ¢ on &,. Note that du may also be specified
by requiring that it be G-invariant and that o, du = n (this follows from
Corollary 1.7).

Define inner products {, ),, @ = 1,2 0n A, by

(aT‘ ’ aTz)a = (GTI £ aTz)a

forall ), T, e End V. Letn’ : A, — A, be the unique invertible operator such
that for all a;, a; € A,,

(n'(a1), @)1 = (a1, @)a.

Equivalently we may say that forall T € End V, a,r) = n'(ar).
We let N' € A be the kemnel of 5’ with respect to (, ),, so that for all
a€Ay,and f € O,

n@(f) = [ N'(f, Ha(fHdu(f).

8

The kemel of (n')~' : A, — A, withrespect to (, ), will be denoted M’ € A®.
The reproducing kemel for A, withrespectto (, ), willbe denoted R, @ = 1, 2.

DEFINITION 5.4. For ar,, ar, € A, (T, T, € End V') we define the *-product
of ar, and ay, to be
ar, % ar, = ar,y,.

The triple-kemel for the algebra (A,, *) with respect to (, ), will be denoted
B,(f, fi, f2),a = 1,2. The following is a direct consequence of Proposi-
tions 2.7, 2.9, 2.10, 2.11 and 2.12 and elementary properties of End V.

PROPOSITION 5.5.

Forall fi, 5, f3, fa€ O, =1,2,
@ f BL(f, fu f)BL furf, f3) du(f) = f B.(fur fu FBL(S, for fi) du(f)
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) [B S S i) =Rfin ) and [BL(F.fuf A= Ro ()
© B(fs frr ) = By(f fi, ) ) |

@ [ B i o) = Ri(hi £

(e) Bi(f, f1, f2) is symmetric .

Section 6

We now construct the Fourier transform for G, a compact semisimple Lie
group. For each p € G, the unitary dual of G, we have the canonical S! bundle
® : .#, > 0, with 6, the extremal orbit in g*. Since G is parametrized
by the set of highest weights, it follows from the discussion in Section 4 that a
representation p € G is uniquely determined by the extremal orbit &,. Define
@it C 8° to be the union of all extremal orbits

g;NT = Upeé ﬁp’

We use the subscript InT since the set of extremal orbits is the same as the set of
integral orbits, in the sense of geometric quantization (see Kostant [11]).

The cotangent bundle 7*G of G can be identified with G x g* by right
translation. Define T*Gr, the integral cotangent bundle, to be

T*Gur = G x gy C T*G.

DEFINITION 6.1. The Fourier kernel of G is the function e on T* Gy defined
by
e(g, f)=(g-®7'(f), 27 (f)
where g € G, f € 0, C gjyr,and ® : #, — 0, is the canonical S' bundle of
p.

It is clear that e is well-defined and is a continuous function on T*Gnt. Also
note that

e(g, f=e(g. g f)

whenever g and g’ in G commute. Thus e does not depend on our choice of
identification of T*G with G x g*.
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DEFINITION 6.2. The Fourier transform of a function ¢ € L'(G) is the func-
tion F¢ on gjyr defined by

Fo(f) = fG b(9)e(s. ) dg
where f € giyr-

Here we have chosen Haar measure dg on G so that | cdg =1
Now fix an irreducible unitary representation (V, p) with extremal orbit &,
and a : End V — A, as in Section 5.

LEMMA 6.3. If ¢ € L'(G), then Folp = aye) where

(@) = f $(¢)p(g)dg €End V.
G

PROOF. Follows immediately from the definitions.

Now since any T € End V can be written as p(¢) for some ¢ € L'(G), we
see that the image of F restricted to &, C gpy is exactly A,.
For vy, v; € V, define the matrix coefficient u,, ,, € L'(G) by

uvl,vz(g) = (vla g * UZ)
for g € G, and let U, be the space of all such functions.

LEMMA 6.4. For vi,v, € V, let T,
(v, va)vy. Then

€ EndV be defined by T, ,,(v) =

1,2

Fuv;,vz I0p= ;‘laT"l-"Z.

PROOF. Let f € 0, and m € .#, such that ®(m) = f. Then

Fu,, .,(f) = f Uy, (8)(g-m,m)dg

G

- f @ o o){g - m.m) dg
G
1

= '—<vlam)(m1 v2)
n
1

= _(Tvl,vz(m)7 m)
n

1
= —ar,,, N
n
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where we have used the Schur orthogonality relations.

LEMMA 6.5. Let ¢ € L'(G) such that ¢ € U;. Then Fé|s, = 0.
PROOF. If ¢ € U then for f € 6, and m € .4, with &(m) = f, we have

F¢<f>=f¢(g><g-m.m>dg
G

G
=0.
Now let x, be the character of p, so that for g € G,
Xp(8) =tr p(g).
The following is our version of the Kirillov character formula in this setting.

THEOREM 6.6. X, € U, and Fx,(f) = 1/nforall f € 0,,.
PRrROOF. If {v}, ..., v,} is an orthonormal basis of V then for g € G,

Xo(8) = Z(g -V, Vi)
i=1

= i Uy,,v; (g)
i=1

Thus x, € U,. Now

n
Fo=) Fuy,
i=1

1 n
= - E ar, ..
n . (At
i=1

1

= —ay
n

1

n
where we have used the notation and result of LLemma 6.4 and where I € End V
is the identity.
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THEOREM 6.7. For any ¢ € L'(G),

tr p(d) = fo Fé(f)du(f).
PROOF.
tr p(d) = f (o ($)m, m) dm
“,
=/; ape)(f)du(f)
- /0 Fo(f)du(f)

where we have used Proposition 1.5.

PROPOSITION 6.8. Let u € U, be a positive-definite function. Then Fu(f)
>O0forall f € 0,.

PROOF. It is a standard fact that any u,, € U, is positive-definite and any
u € U, which is positive-definite can be written as

r
u= § :uwiywi
i=l1

withw; e V,i=1,...,r. Thenfor f € 6, and m € .#, with ®(m) = f, we
have

Fu(f) = ZFuw;‘w.'(f)
i=l1

1 r
=-> a5, ()
n i=1
1 5
==Y l(w;,m)* >0
n i=1

from Lemma 6.4.
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Now for ¢y, ¢, € L'(G), define their convolution

8101 = [ 01(a83")0u(e0) dgo
G
Then p(¢; * $2) = p(¢2)p(¢) and from Lemma 6.3 and Definition 5.4 we get
PROPOSITION 6.9. For ¢, ¢, € L'(G),

F(¢1 x2) lg,= F(¢1) lo, ¥ F($2) lo, -

Thus the *-product on A,, is the ‘Fourier transform side’ of convolutionin U,,.

Section 7

We now examine in some detail the case of G = SU(2). Notation and the
basic facts about the representation theory are taken from Vilenkin [20]. We first
review these facts. The representations in G are indexed byl=0,1/2,1,...
and denoted p,. Let V, be the space of polynomials in one variable of degree
2¢. Thenif ¢ € V, and

_| @ B
then p,(g)¢(x) = (Bx + &> ¢ ((ax — B)/(Bx +@)). Let
0 i 0 -1 0
Xi=3|, 6 o Xe=3 g |0 = 6 —i

Then {X|, X,, X3} is a basis of g and [X,, X3] = X3,[X,, X3] = X, and
[X3, X1] = X,. A basis for V, consists of the monomials
xl—n

WV, (x) = NI for —{<n<{.

This basis is orthonormal and the action of the Lie algebra is given by the
formulae

p(Xpxt" = -12-(8 — )t Lo 4 myxtrt

2
1 1
p(X)x' ™" = i n)xtt - 5(5 + n)xlrH

p(X)x™" = —inxt™".
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We denote the unit sphere in V, by ©, and &, : Q, — g* the moment map
for p,. From the above equations we have

LEMMA 7.1.
®,(V,) =—-nX; for —€<n<t.

Let f, = £X € g%, and O, the orbit through f;. Then &, is the extremal
orbit for the representation p, and is simply a 2-sphere. Then for g € G,

e(g, fo = (g-V_p, Vo).
LEMMA 7.2. For
g = ‘ 5 Blec ewm=at
PROOF. From Vilenkin [20], we have
e(g. fo =1L, (&) = (72? a—}'ff (Z—zi(zz‘)
= o,

Introduce the positive definite form on g
(X,Y)=-2tr (XY)

for X,Y € g = SU(2). The basis {X,, X,, X3} is thus orthonormal. The orbit
0, is the sphere of radius £ when g is identified with g* by the above form.

DEFINITION 7.3. For

define C(g) € g by

Cie=| 2
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LEMMA 7.4. For

We note thatd = det(/ +g) =2+ trg. Themapg —> (I — g)/U + g)
is the well-known Cayley transform. Because of the possible singularity when
tr g = —2, it is defined only on a subset of G. Note however that the map
C : G — g has no such problem and is defined on all of G.

We also remark that the Cayley transform has been shown to play an important
role in the study of the Fourier transform for certain nilpotent Lie groups (see
Howe, Ratcliff and Wildberger [7] and Wildberger [22]).

THEOREM 7.5. Forg e Gand X € 0, C g,

. 2¢
e(g. X) = (% + (€@, X)) .

PROOF. Since X € 6;,, X =g - fyforsome g’ € G. If
a B i£ ) 2P -1 =28

55| -F @ 2| 208 12
Now since e(g, g'feg'™!) = e(g"'gg’, fo) we apply Lemma 7.2 to obtain

e(g, &' feg'™") = («")* where
-1t ’ a” ﬂ_” ) )

} then ¢'fig"™"' =

8788 =] 7z &

A short calculation shows that
o' =ale/P+alf P+ B'B) — B@P).
But |82 =1—|&'|* so

o = (a - a) 2l - 1) + B@'B) — @B + (“ T "‘)

2 2
-«
i 5 -B ig| AP -1 —20p Lata
24 ’B a;a 2 _m 1 —2|6¥'|2 2

_Te i
== +5;(C(0). X).
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Thus

e(g, X) = (@")*

—(“g L@ )
= —2—+2—é 8)» )

LEMMA 7.6. C : G — g has the following properties

(@ C(e)=0;

(b) C isa G-map under the actions of G on G and g by conjugation and the
adjoint action respectively;

(© ImC ={X e g|IX|* = (X, X) <4}.

PROOF. (a) and (b) are easily checked. Now for

B &0 0
0 e |
we have
—isinf 0
C(g)‘| 0 isinf)}
so that

|C(g)]* = 4sin’0 < 4.
Let #, € 2, be the extremal orbit of p,.

PROPOSITION 7.7. Let my, m, € #, and ®(m;) = f;,i = 1,2 with f; € 0.

Then
2
, (1 1
[{my, m3}| =(5+§ﬁ(f1,f2)) .
PROOF. Let
_| @ B

A short computation shows that

@feg™, fo = £l - D).

Thus 1 )
2 _ -1
la|® = §+—2e2(gfzg , fo).
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Let m, € .#, such that ®(m,) = f, (for example, we could take m, = {¥_, by
Lemma 7.1). Then (g - m,, m;) = e(g, f:) = a*. Thus

[{(g - me, me)lz = (|0!|2)28
1 1 . 2
= (5 + ﬁ(gfeg ) fe)) .

For any other g’ € G, we thus have

1 1 2¢
. r, 2= - - -1 ’ r—1 .
g - me, &' - my)| (2 top8fs. 8 feg ))
But then gf,g™! = f), and g'f,g"~' = f, are arbitrary elements of &, and

my =g -my,my =g -m,with ®(m;) = f.

COROLLARY 7.8. If m,m, € My and ®(m;) = f; € O,,i = 1,2, then

@ [{mi,my))* =1 ifandonly if fi = fo;
(®) [{my, my)|* =0 ifandonly if fi =—fo;
©) {my, m)|* = (1/2)* ifand only if (fi, f2) =0.

PROOF. These statements follow immediately from the previous proposition
and the fact that for fi, f, € O,

— < (f1, f2) = A

since O, is a sphere of radius £.

COROLLARY 7.9. For anym € M, if mt = {v € V | (v,m) = 0} then
mt N A, is a circle S'.

PROOF. Corollary 7.8 shows that if (m, m’) = O withm’' € .#,, then ®(m’) =
—®(m). But then m’' is deterrnined uniquely up to a scalar of modulus one.

We now tumn to the space of functions A, = A, on &, and the *-product on
this space. For g € G, let ¢,(f) = e(g, f). Then the functions e,, g € G span
A, and

€ ¥ €5 = €piq,-
Any X € g may be regarded as a function on g* and so also on 0,. If ¢ is
any polynomial then ¢ (X) is the corresponding element in S(g), which we also
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view as a function on g* and so on &,. Note thatif g e Gand C(g) =Y € g,
then Theorem 7.5 shows that

trg i a
— (X8, 1y
% (2 ) )

which is a polynomial function on &,.

PROPOSITION 7.10. If X € g and ¢ is a polynomial, with ¢ (X) € Ay, then

(X>—@er?) d

X % p(X) = Xp(X) — T X

$(X)
where r = | X|/2.
PROOE. We will prove this for

ix O

X=|0 —ix

€g.

The general case will follow since an arbitrary element of g is conjugate (under
G)tosuchan X. Let

eitx O

0 e-itx €G.

g =exptX =

Then
(7'1) eg: * egs = egn-s

where ¢, s € R and N
i
e, = (cos tx + EZC(g,))
with
—isintx 0
0 isintx

sintx
= - X.
X

C(g) =

We differentiate both sides of (7.1) with respect to ¢ and set ¢t = 0

1 IsSmsx
28| -=—X — X
( 27 ) * (cos sx 2l )

.« . 26—1 .
=2¢ (cos SX — ! S;Z:x X) (—x sinsx — tcc;sx X) .
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Then
isinsx 2
X — X
* (cos sx lx )
isinsx \*!
= {cossx — X) (—2fixsinsx + cossxX)
26x
Isinsx 21
= {cossx — X
( 20x )
o I x (cossx — tsmsxX 3 ( (2£x) tsmsx
2€x
% (sos isinsx\* (X%*-— (2x)?) d gy SRS 2
= SX — — — -
26x 2¢ ax 26x
Thus

(X — (2tx)?) d

20 dx°*
Now if ¢ is any polynomial such that ¢ (X) € A,, then ¢ (X) is in the span of
the e, as s € R, so that

X e, = Xep, —

— (2x)?
X*¢(X)=X¢(X)—(#l

Note that (X, X) =4x’sox = |X|/2=r.

-~ ¢ (X).

The above proposition shows that the x-product we have constructed agrees
in the case of G = SU(2) with that obtained by Moreno and Ortega-Navarro
[14] on S2.

COROLLARY 7.11. X * X1+ Xox Xo + X5 x X; =L2(£ + 1).

PROOF. From the previous proposition, we have

(X2 - £2) 2—1\ ¢
X;x X, =X> -+ 2 —x*|—_ =,
i X=X 20 i\2¢ ) t2

Thus

ixi* (23—1)23:)( L3
i=1

i=1

20 -1 3¢
==+ =
(28) +2

=L+ 1).
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The inner product (, ); on A, is determined by the kernel N'(f, f’) on O,

(see Section 5) and from Proposition 7.7 we see immediately that

11 2
N'(f, f) = (§+523(f» f’))

for f, f' € 0,. The x-product is determined by the triple kemel B;(fi, f2, f3)

with respect to (, ); which we now determine,

THEOREM 7.12. For fi, f>, f3 € O, let A = A(f\, f2, f3) be a geodesic

triangle through fi, f», f5. Then

2

6 o [2)
Bi(fi, f2, f3) = |cos 3’ cos 52 cos 53 AL

where 6y, 6,, 0; are the angles subtended at the origin 0 by the arcs f, f3, f3/i
and f, f, respectively, and | A(fi, f2, f3)| is the (signed) area of the triangle A

with respect to the 2-form w.

PROOF. Let m; € #; C Q, such that ®(m;) = f;,i = 1,2, 3. Then

B;(fl’ f2, f3) = Bl(ml, ms, M3)
= (my, my)(my, ms){ms, m;)

from Theorem 3.11.
Thus using Proposition 3.5

|B;(f1» fa f3)|2 = I(ml,m2)|2|(m2,m3)|2|(m3,m1)|2
= N(my, my)N(mz, m3)N (m3, my)

=N,(fl’f2)N/(f2af3)Nl(f3’fl)
_ (1 cosb 2 l cosez)u(l_'_cos()—:; 2
—(§+ 2 ) (2+ 2 2 2 ) '

2¢

Thus

91 02 3
COS — COS — COS —

1By (fi, f2, f) = 7 €08 5 c0s 2

and we need only show that

arg B (f1, f, ) = —|A(f1, fo, I
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Let the arcs f, f3, f3f1 and f, f> on £, be denoted by y,, ¥, and y; where

y(t) = exptY,-fo 0<t<l
1) = exptY,-f3 0<t<l1
ya(t) = exptl3-fy 0<r=<l1

and Y, Y,, Y5 € g. The condition that the y; be geodesics is equivalent to the
conditions

0= fo(Y)) = fs(Yr) = fi(Y3).

We now choose m,, ..., m3 as above more carefully. Begin with an arbitrary
but fixed m; € ®~'(f;), and define the curve y; in .#, by

y;(t) = exptYs; - my, 0<r<l1
with final endpoint m, = exp Y3 - m,. Then define
y,(t) = exptY, -my, 0<t<l1
with final endpoint m; = exp Y, - m,. Then define
Y,(t) =exptY, - ms, 0<r<l1
and call its endpoint m, = exp Y, - m3;. Then by Lemma 4.2,
Poy/ =y i=1,...,3
and ®(m;) = fi,i =1,..., 3. Since ®(m,) = f,, Proposition 4.9 implies that
m; =e"my
for some t € R. Thus define
Vi) =e'my 0<t<rt

Denote the closed curve y, + ¥, + y3 in O, by y and the closed curve
Y1+ s+ vi+y; by y'. Then y’ lies over y in the S' bundle ® : .#, — O,.
Suppose that y is oriented positively with respect to the 2-form w on &,. Recall
from Lemma 5.1 and the remarks following it that w is the curvature form for
the connection 1-form 8 on .#;. Thus

[A(f1, f2, ) =f60

A

=/9.
yl
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" v n

Forletm = expsX; - m,,0 < s < 1, be on y, say. Then a tangent vector to y,
atmisn = X, -m and so

We claim that

On(n) = Im (n, m)
=Im (X, - m, m)
= &(m)(X,)
= ®(my)(exp—sX; - Xy)

= f2(X1)
=0.

This proves the claim and shows that

8Gifu fl = [ 0

Vs
= / Im (ie''my, €' ms)dt
0
=1iT.
On the other hand

arg Bi(f1, f2, f3) = arg(m,, my) + arg(my, m3)
+ arg(ms, my) + arg(mgy, m,).

We now claim that
arg(my, my) = arg(m,, ms) = arg(ms, my) = 0.

To see this, it suffices to consider the model of V, described at the beginning of
this section. Suppose m; = ¥_,. Then from Lemma 7.1,

DY) = £X; = fi.
Then since f;(Y;) = 0, we may take Y; to be

0 1

Y3=s’ 1 0

‘, s €R.
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by conjugating by an element of G if necessary. But then exp¢Y; has the form

cosst  sinst
—sinst cosst

and thus we find that
(exptYs-my,m) € R

forallt € Rsothat {m;, m,) € R. This proves the second claim since the other
two cases are conjugate to this one. We thus have

arg B{(f1, fa2, f3) = arg(my, m,)
=—it

= —|A(f1, fr I

as required.
If ¥ is not oriented positively then we apply the argument to the triangle
A(f1, f3, f2) to show that

argB;(fl! f3’ f2) = _lA(fl’ f3v f2)|
= IA(fls f2’ f3)|

But Bi(f1, f3, f2) = B{(f1, f2, f3) so we are done.

Note that the geodesic triangle A was not uniquely specified in the above
theorem. This is due to the integrality of the 2-form w on &, that is

/w
O,

is a multiple of 2xr. In fact we may view this as a consequence of Theorem 7.12
if we wish. Of course it is the existence of the S! bundle with connection over
0O, that is the real reason for the integrality of &, (see for example Kostant [11]).

It turns out that the function B;(fi, f2, f3) has a simple radial dependence.
Since f; € 0, let

x,~=%eﬁl, l=1,2,3
If A(fi, f2, f3) is a geodesic triangle through f|, f> and f5, let A’(x, x5, x3) be

the corresponding triangle on £;. Then it is an immediate consequence of (5.1)
that

[A(f1, f2r )] = L] A(xy, X2, X3)|.
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We may thus rewrite the formula of Theorem 7.12 as

2¢
% 63 e A ,xz,x3)|/2) )

6, )
COS — COS — COS —

B;(le,fxz,ﬁm) = ( 5 5 )

Thus it suffices to study B| on the unit sphere &.
THEOREM 7.13. For x,, x5, x3 € 0},
4B{(x1, X2, X3) = 1 4+ (x1, x2) + X2, x3) + (x3, X1) — i (X1, X2 X X3)

where x, X X3 is the cross product of x, and x3, and is identified with [x,, x3]
under g* >~ g.

PROOF. This is a result of certain formulae in spherical trigonometry. If A is
the spherical triangle whose sides are all no greater than m with vertices x;, x;
and x; and opposite sides a, b and c respectively then we find the following
formula from Todhunter [17, Section 138]

1 2n
7.2 tan - E =
(7.2) an2 1+ cosa+cosb +cosc

where E is the spherical excess of A, and is equal to the absolute value of the
area in our case, and 2n is the sine of the trihedral angle subtended by the triangle
at the origin. From remarks made in [17, Section 51] of the same reference we
may conclude that in our notation

2n = (x1, x3 X x3)
that is, it is the triple-product of x;, x, and x;. We also find there that
4n* =1 —cos’a — cos’b — cos’ ¢ + 2cosacosbcosc.

From this we may easily calculate that

b 2
(2n)*> + (1 + cosa + cosb + cosc)* = (4cos g cos 3 cos %) .
It follows that

b c .
1+ cosa+cosbhb+cosc—i2n = 4cos%cos 5 cos Ee"E/z.

Our result follows.
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We cannot resist extracting a few more relevant formulae from Todhunter.
From Section 154 we get Keogh’s theorem, stating that

1
in-E =2n'
sin n

where 2n’ is the sine of the trihedral angle subtended by the triangle whose
vertices are in the midpoints of A. Combining this with (7.2), we have

1 1 1 2n
4 — - —C = —.
cos 2a cos 2b cos 2c o

This is a purely geometric interpretation of | B|. Another one is

1 1 1
4 cos Ea cos Eb cos EC = cos s + cos(s — a) + cos(s — b) + cos(s — ¢)

where 2s =a + b + ¢, found in [17, Section 119].
It seems an interesting program to extend these results to more general com-
pact groups.
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