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1. Introduction

It is well-known that for any set X, &y, the semigroup of all partial trans-
formations on X, can be embedded in J y,, for some a ¢ X (see for example
Clifford and Preston (1967) and Ljapin (1963)). Recently Magill (1967) has con-
sidered a special case of what we call ‘generalised partial transformation semi-
groups’. We show here that any such semigroup can always be embedded in a full
transformation smigroup in which the operation is not in general equal to the
usual composition of mappinas. We then examine conditions under which such a
semigroup, (7 yx,0), is isomorphic to the semigroup, under composition, of all
transformations on the same set X.

The results in this paper from part of the author’s thesis written under the
guidance of Professor G. B. Preston. I wish to express my gratitude to him for
his guidance during this work.

2. The embedding

We assume a familiarity with the notation of Clifford and Preston (1961 and
1967). If X, Y are any two sets, let P(X, Y) denote the set of all mapping with
domain in X and range in Y, and choose 0 € P(Y, X). Define an operation * on S,
any non-empty subset of P(X, Y) by

o*f = abf for o,f in S.

Any such system (S, X, Y,0) will be a semigroup, a generalised partial trans-
Sormation semigroup, provided a0 € S for all «, § in S. Magill [4] has considered
(S, X, Y,0) when this is a semigroup and dom 8, the domain of 8, equals Y. The
notation (S, X, Y, 0) will be abbreviated to (S, 8) whenever convenient and if no
confusion will arise. In particular, we abbreviate (7 4, X, X, 0) to (7 x,8) if and
only if 0 € .7 y. We now define two mappings: we will show that the first embeds
(S,X,Y,0)in (I x,,,0,) when IX | 2|y |, and that the second embeds (S, X, Y, 0)
470

https://doi.org/10.1017/51446788700034492 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034492

2] Transformation semigroups 471
in (Fyop0,) when | Y| > |X|, where a¢ X U Y and 0, € Ty, 0, €T y,,, and
a;=a, i=1,2

DermnimioN 2.1, If |[Y} £ | X, let A; be a 1 — 1 mapping of Y into X. For
each ae S, define a; and 6, in T4, by

Xa, = Xodq, x edom o

= g, otherwise
and

xf; = xA;7'9, xe(domO)i,

= q, otherwise.
Hence we have the diagram
a7t
Xuvua2doma—"—>Y Xuag2Yi —s Y
e
= L//M o J, %
Xva=X Xvaz2X

DerNrmion 2.2, If {X | <[ Y|, let 4, be a 1-1 mapping of X into Y. For each
o€ S, define «; and 0, in Ty, by

ya, = yiy'a, y & (dom a)k,
=a, otherwise,
and
y8, = y0i,, yedom @
= a, otherwise.
We then have the diagram
Yua;(doma)lzﬁ—)domoc Yua=2domf s X
s
az / azl
J’ v a //12
YuazxY YUuazyY

Then «;,0;,i = 1,2 are well-defined since the corresponding 4; are 1-1. Now de-
fine the mapping w(4,), w(,) where for o in S

aw(d;) = &, as in Definition 2.1 if |Y| < | X|, and
aw(d,) = a, as in Definition 2.2 if ’Xl < ] Yl.
THEOREM 2.3. Suppose (S,X,Y,0) is a semigroup.
() if | Y| 2 |X]| then w(Ay):(S,6) = (Sw(4,),9,)
(i) if | Y|> | X| then w(d,): (S,6) = (Sw(d,),6,).
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ProoF. (i) Let o, feS. If aBf # [, let x e dom (28f). Then xa € dom 6§ and
xaf e dom B. Using Definition 2.1, it follows that

x(a@ﬂ)l = xaaﬂ ¢ j’l
= xaf - fi
= xal; - A710- B,

= xalolﬁl .

Now suppose x ¢ dom (20f8), that is, x(«28p); = a. Then one of only three cases
can occur: either x¢dom o, or xedom o but xx ¢ dom 8, or xaedom 8 but
xxf ¢ dom B. In each of these cases xx,6,8, = a. Hence a,6,8, = («08); and
so w(4,) is a morphism. Furthermore if xa, = xf, for all x in X U a, then
dom « = dom f and xad, = xpi, for all x in doma. Hence « = f§ and so
w(A;) is 1-1. The proof of part (ii) is similar to that given above for part (i).

We shall say that o € Py [strictly] fixesa in X if ax = a[ax = aand xa = a
implies x = a]. We denote by F(X, a) [ F(X, sa)] the subsemigroup of all elements
in Jy [strictly] fixing a in X. The following result shows that Theorem 2.3
generalises the usual method of embedding (Py,tx) in (F xoatx)-

COROLLARY 2.4. Any semigroup (S, X,Y,0) where 8 maps Y 1-1onto X can
be embedded in (7 x ,, 1x,,) JOr some a not in X . In particular,

¢)) o(y): (P, tix) 2 F(XUa,a).

Proor. If ]Xl = ]Y], put A, = 67! in Definition 2.1. Then since 8; = 1y,
the assertion follows by Theorem 2.3(i). If X = Y, 0 = ¢4, and S = P4, then
So(ty)=F(X U a, a) by Definition 2.1 and so again by Theorem 2.3 (i), (1) holds.

We have thus shown that any generalised partial transformation semigroup
can be embedded in (F ,0) for some X and some 6 € 7 . It is now natural to
ask whether the semigroup (7 y,6) can always be embedded in (Fy,tx). The
next result provides a partial answer to this. Following Magill (1967) X, denotes
the mapping in 9y with domain X and range a.

THEOREM 2.5. If there exists an isomorphism ¢ from (7 x,0) onto (J y, tx)
then 0 € %y and there exists g in Gy such that a¢p = g='0ag for all ae T y.

ProoF. Let ae X anda¢ = X,, so that «fo = «. Fix an element u in X and
let A = (X,,)¢. We now have

A= (Xua)¢ = (szed)(ﬁ = )“Xa'

Since A€ Ty, this implies A = X, and so X, = «. Hence « is a constant mapping.
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In a similar fashion we can show that if X, ¢ = o then &« = X, for some b in
X . Now define g in I 4 by

ag = b if and only if X, ¢ = X,.

Then g € @y since ¢ maps the set K = {X,: ae X} 1-1 onto itself, and we have
X¢b=Xgforallgin X. Now let aeX, a = bg, and x€ J . Then we have

X, 09 = Xy ap = (X009 = X, " Oag = X, g~ "0ug.

Hence a¢ = g~ '0ag. It now only remains to show that § € ¥x. To do this note
that ¢y = g~'0g and there exists a such that iy = a¢ = g~ '0ag . Hence Ox = 14
and so ()¢ = g—10-afg = g~'0g. And hence also af = ty. That is, 6 € Fy.

We note that the mapping: a¢ = h~'a0h defined for all e 7y and some h
and 0 in ¥y also embeds (7 x,0) in (I y,tx) but that this mapping is in fact
described in the theorem above; that is, when g = 6h.

REMARK 2.6. This result solves the problem completely when X is finite. For
then J y¢ = Ty for all 1-1 mappings ¢ and so the theorem applies. The case
when X is infinite and ¢ properly embeds (7, 0) into (7 y, 1x) remains open. We
note however that in that case if A, y are any two mappings such that ud = 4,0,
a mapping onto X, and 0, any 1-1 mapping, then ¢,y defined by

@ ap = A0au, of = Aaf,u

are isomorphism of (7 y, 8,) into (7 4, y) and (T y, 0,) into (7 y, ty) respectively.
This is so by the following well-known lemma.

LEMMA 2.7. Let a,fePy.
(i) If ye Ty, then y is 1-1 if and only if ay = By implies o = .
(i) If y € Py, then y is onto X if and only if yo = yf8 impliesa = B.

Note. 1 wish to thank Mr. A. Macdivott, University of Stirling, for detecting
an error in a first draft of this paper, and communicating the information to
the Editor.
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