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Abstract

A group G is said to be an FC-group if each element of G has only finitely many conjugates, and G is
minimal nonF C if all its proper subgroups have the property FC but G is not an F'C-group. It is an open
question whether there exists a group of infinite rank which is minimal nonF'C. We consider here groups
of infinite rank in which all proper subgroups of infinite rank are F'C, and prove that in most cases such
groups are either FC-groups or minimal nonF'C.
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1. Introduction

A group G is called an FC-group if each element of G has only finitely many
conjugates, or equivalently if the centraliser Cg(x) has finite index in G for each
element x of G. The behaviour of groups with finite conjugacy classes has
been investigated by several authors over the last seventy years; we will use the
monograph [15] as a general reference on the theory of FC-groups. Among the basic
properties of FC-groups, it is well known that for any FC-group G, the commutator
subgroup G’ is locally finite and the factor group G/Z(G) is periodic and residually
finite; moreover, finitely generated groups with the property F'C are central-by-finite,
and in particular all FC-groups are locally (soluble-by-finite). The group G is said
to be minimal nonFC if it is not an FC-group but all its proper subgroups have the
property F'C. The structure of minimal nonF'C groups has been completely described
by Belyaev and Sesekin [3] in the case of groups having a nontrivial homomorphic
image which is either finite or abelian; it turns out that such groups are Cernikov
groups, and in particular they have finite rank. (Recall here that a group G is said
to have finite rank r if every finitely generated subgroup of G can be generated by
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at most r elements, and r is the least positive integer with this property.) Although
Tarski groups (that is, infinite simple groups whose proper nontrivial subgroups have
prime order) are minimal nonF'C, it is an open question whether there exists a perfect
locally finite group which is minimal nonFC. It follows from results of Belyaev [2]
and Kuzucuoglu and Phillips [11] that such a group should be a p-group for some
prime number p, and so it should have infinite rank.

In recent years a series of papers has been published on the behaviour of groups of
infinite rank in which every proper subgroup of infinite rank has a suitable property
(see [5—8]). The aim of this paper is to provide a further contribution to this topic,
investigating the structure of groups whose proper subgroups of infinite rank have the
property F'C. Our main result is the following theorem.

THEOREM. Let G be a locally (soluble-by-finite) group whose proper subgroups of
infinite rank are FC-groups. If G has no simple homomorphic images of infinite rank,
then either G has finite rank or all its proper subgroups are FC-groups.

Our main theorem holds in particular in the case of (locally soluble)-by-finite
groups whose proper subgroups of infinite rank are FC. We will prove that the
hypothesis on the simple images of the group can be dropped from the above statement
under the additional assumption that the proper subgroups of infinite rank are (locally
soluble)-by-finite. Finally, we mention that groups in which many subgroups have the
property F'C have also been studied in [9].

Most of our notation is standard and can be found in [13].

2. Proofs

The FC-centre of a group G is the subgroup consisting of all elements of G having
finitely many conjugates. Thus a group is an FC-group if and only if it coincides with
its FC-centre. We need the following elementary result on the F'C-centre of a product
of two FC-groups.

Lemma 2.1. Let the group G = HK be the product of two subgroups H and K. If H and
K are FC-groups, then H N K is contained in the FC-centre of G.

Proor. Let x be any element of H N K. Then the centralisers Cy(x) and Cg(x) have
finite index in H and K, respectively. It follows that the subgroup

(Cu(x), Ck(x))

has finite index in G (see for instance [1, Lemma 1.2.5]), so that the index |G : Cg(x)|
also is finite, and x has finitely many conjugates in G. O

CoroLLARY 2.2. Let G be a group, and let H, K, L be subgroups of G such that
G = HKL. If the subgroups (H, K),{H, L) and (K, L) are FC-groups, then G also
is an FC-group.
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Proor. Clearly, G has the triple factorisation
G=(H,KXH, L)=(H,KXK, L)=(H, L)K, L),

and hence the subgroups H,K and L are contained in the FC-centre of G,
by Lemma 2.1. Therefore, G is an FC-group. O

Recall that the hypercentre Z(G) of a group G is the last term of the upper
central series of G, that is, Z(G) = Z,(G), where 7 is the least (eventually transfinite)
ordinal such that Z.(G) = Z.+1(G); the group G is hypercentral if it coincides with its
hypercentre. Our next two results deal with the hypercentre of locally finite groups
with no proper normal subgroups of infinite rank.

Lemma 2.3. Let G be a locally finite group with no proper subgroups of finite index,
and let N be a normal subgroup of G. If N has finite rank, then it is contained in the
hypercentre Z(G) of G.

Proor. Since N is a locally finite group of finite rank, it is a finite extension of a locally
soluble group (see [14]), and hence the locally soluble radical S of N is a locally
soluble normal subgroup of G and N/S is finite. Moreover, there exists a positive
integer k such that the kth term S ® of the derived series of S is a hypercentral group
(see [13, Part 2, Lemma 10.39]). As locally finite p-groups of finite rank are Cernikov
groups, it follows that N has an ascending G-invariant series whose factors are either
finite or abelian groups satisfying the minimal condition. If H/K is any factor of such
series, the factor group G/Cg(H/K) is finite, since it is isomorphic to a periodic group
of automorphisms of H/K (see [13, Part 1, Corollary to Theorem 3.29.2]). Therefore,
Cg(H/K) =G, and N is contained in the hypercentre of G. O

CoROLLARY 2.4. Let G be a locally finite group of infinite rank. If all proper normal
subgroups of G have finite rank, then the factor group G |Z(G) is simple and has infinite
rank.

Proor. It follows from the hypotheses that G has no proper subgroups of finite index
and G’ =G. Moreover, all proper normal subgroups of G are contained in the
hypercentre of G, by Lemma 2.3, and so the factor group G/Z(G) is simple. Finally,
as G is perfect, it cannot be hypercentral, so that Z(G) is properly contained in G, and
hence Z(G) has finite rank and G/Z(G) has infinite rank. o

LemMma 2.5. Let G be a group of infinite rank whose proper subgroups of infinite rank
are FC-groups. Then either G is an FC-group or all its finite homomorphic images
are cyclic p-groups, for some fixed prime number p.

Proor. Assume that G is not an FC-group. Clearly, every proper subgroup of finite
index of G is contained in the FC-centre of G, so that G cannot be generated by two
proper subgroups of finite index. It follows that any finite homomorphic image G/N of
G is cyclic of prime-power order pX, where p is a prime number independent of N. O
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The proof of our main theorem will be accomplished in a series of steps. In
particular, we will consider first the case of groups containing proper subgroups
of finite index and that of groups with proper commutator subgroup; in both these
situations, the group cannot have simple homomorphic images of infinite rank, since
simple FC-groups are finite.

Lemma 2.6. Let G be a group whose proper subgroups of infinite rank are FC-groups.
If G contains a proper subgroup of finite index, then either G is an FC-group or it has
finite rank.

Proor. Suppose that G has infinite rank, and assume for a contradiction that it is not
an FC-group. Then, by Lemma 2.5, all finite homomorphic images of G are cyclic
p-groups for a fixed prime number p, so that in particular G’ is contained in the finite
residual J of G, and hence G/J is abelian. Assume now that G/J is infinite. As G/J is
residually finite, all its finite subgroups are cyclic p-groups, and hence the elements of
finite order of G/J form a cyclic subgroup C/J. Then C/J is a direct factor of G/J, and
it follows again from Lemma 2.5 that C/J must be trivial, so that G/J is torsion-free.
In this situation it is known that G/J contains three subgroups

Hi/J, Hy/J, Hiz/J

such that G = H{H,H3 and H;H; # G for all i, j. It follows from Corollary 2.2 that at
least one of the subgroups HH,, HH3 and H,Hj3 is not an FC-group, and hence it
has finite rank. Therefore, J has finite rank, so that G/J has infinite rank and hence
it contains a free abelian subgroup of infinite rank. Then there exist subgroups X and
Y of G such that / <Y <X and X/Y is a periodic divisible abelian group with three
nontrivial primary components. Clearly, G/Y splits over X/ Y, so that G can be written
as an irredundant product of three proper subgroups containing Y, and hence G is an
FC-group, by Corollary 2.2. This contradiction shows that G/J is finite, so that J is
an FC-group with no proper subgroups of finite index, and then J is abelian. Thus
G is abelian-by-finite, and so all its proper subgroups of infinite rank are central-by-
finite. Therefore, G/Z(G) is finite (see [5, Corollary 3.2]), and this last contradiction
completes the proof of the statement. O

CoroLLARY 2.7. Let G be a group of infinite rank whose proper subgroups of infinite
rank are FC-groups. If G is not an FC-group, then the factor group G/G’ is divisible.

Lemma 2.8. Let G be a group whose proper subgroups of infinite rank are FC-groups.
Then either G is an FC-group or the factor group G /G’ has finite rank.

Proor. Assume that the abelian group G/G’ has infinite rank, so that there exists a
subgroup K of G of infinite rank such that G’ < K and G/K has infinite rank. Let H
be any subgroup of G of finite rank. The product HK is a proper subgroup of infinite
rank of G, and hence it is an F'C-group, so that H also has the property FC. Therefore,
all proper subgroups of G are FC-groups, and so G itself is an FC-group, as it is
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well known that minimal nonF C-groups with proper commutator subgroup have finite
rank. =

Lemma 2.9. Let G be a group of infinite rank whose proper subgroups of infinite rank
are FC-groups. If G’ <G, then every finitely generated subgroup of G is an FC-
group. In particular, G is locally (soluble-by-finite) and its elements of finite order
form a subgroup containing the commutator subgroup G’ of G.

Proor. Suppose that G is not an FC-group, so that by Lemma 2.6 it has no proper
subgroups of finite index, and in particular the factor group G/G’ cannot be finitely
generated. Moreover, G/G’ has finite rank by Lemma 2.8, and so the commutator
subgroup G’ has infinite rank. If £ is any finitely generated subgroup of G, the product
EG’ is a proper subgroup of infinite rank, and hence it is an F'C-group. Therefore, E
is an FC-group, and G is locally FC. O

Lemma 2.10. Let G be a group whose proper subgroups of infinite rank are FC-groups.
If G contains a proper normal subgroup N of infinite rank and an F C-subgroup H such
that G = HN, then G is an FC-group.

Proor. It can be assumed by Lemma 2.6 that G has no proper subgroups of finite index.
If x is any element of H, it follows that (x, N) is a proper subgroup of infinite rank of
G, and soitis an FC-group. As G = H(x, N), we have by Lemma 2.1 that x has finitely
many conjugates in G. Thus, H is contained in the F'C-centre of G. On the other hand,
the FC-centre and the centre of G coincide, since G has no proper subgroups of finite
index. Therefore, G = Z(G)N is an FC-group. O

Lemma 2.11. Let G be a group whose proper subgroups of infinite rank are F C-groups.
If G’ < G, then either G is an FC-group or it has finite rank.

Proor. Assume for a contradiction that G is neither an FC-group nor has finite rank. It
follows from Corollary 2.7 and Lemma 2.8 that G/G’ is a divisible group of finite rank,
so that in particular G’ has infinite rank, and hence it is FC. Moreover, Lemma 2.10
yields that G cannot be decomposed into the product of two proper normal subgroups
of infinite rank; in particular, G/G’ is a group of type p™ for some prime number p.
By Lemma 2.9, the commutator subgroup G’ of G is periodic, and hence G itself is
periodic. For each positive integer n, let X,,/G’ be the subgroup of order p” of G/G’,
and choose a Sylow p-subgroup P, of X,, in such a way that P, < P, for all n. As
each X, is an FC-group, we have X,, = P,G’ (see for instance [15, Theorem 5.4]), and
hence G = PG’, where
p=|JP,

neN
is a Sylow p-subgroup of G. Then, by Lemma 2.10 the subgroup P cannot be FC. If
P has finite rank, then it is a Cernikov group, and so P contains an abelian subgroup
A of finite index. Clearly, the index |G : AG’| is finite, so that G = AG’ and another
application of Lemma 2.10 yields that G is an FC-group. This contradiction shows
that P has infinite rank, so that G = P is a p-group. Let H be any subgroup of finite

https://doi.org/10.1017/S0004972713000014 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000014

46 M. De Falco et al. [6]

rank of G. Then H is a Cernikov group, and so it contains an abelian subgroup B of
finite index. As above, the product BG’ must be properly contained in G, so that HG’
also is a proper subgroup of G, and hence it is an FC-group. Therefore, all proper
subgroups of G are FC, the final contradiction, as minimal nonF C-groups with proper
commutator subgroup have finite rank. O

We also need the following result, proved in [5]. It can obviously be applied in our
situation.

LemMmaA 2.12. Let G be a locally (soluble-by-finite) group of infinite rank. If all proper
subgroups of infinite rank of G have locally finite commutator subgroup, then also the
commutator subgroup G’ of G is locally finite.

CoroLLARY 2.13. Let G be a locally (soluble-by-finite) group of infinite rank. If all
proper subgroups of infinite rank of G are FC-groups, then G is either FC or locally
finite.

Proor. It follows from Lemma 2.12 that the elements of finite order of G form a locally
finite subgroup 7', and the factor group G/T is abelian. Thus, either G’ < G, and in
this case G is an FC-group by Lemma 2.11, or G = T is locally finite. |

As the factor group of any F'C-group over its centre is residually finite, it follows
that if G is a perfect group with no proper subgroups of finite index, then G cannot
have nontrivial homomorphic images which are FC-groups. Similarly, nontrivial
Cernikov groups cannot occur as homomorphic images of perfect groups having no
proper subgroups of finite index.

Proor oF THE THEOREM. Assume that G has infinite rank. In order to prove that all
proper subgroups of G are F'C-groups, by Lemma 2.6, Lemma 2.11 and Corollary 2.13
we may suppose that G is a perfect locally finite group with no proper subgroups
of finite index. Then G contains a proper normal subgroup N of infinite rank by
Corollary 2.4, and all proper subgroups of G/N are FC-groups. Since G has no
nontrivial homomorphic images with the property FC, it follows that the group G/N is
minimal nonFC, and so it is a p-group for some prime number p. On the other hand,
G has no nontrivial homomorphic images which are Cernikov groups, and hence G/N
must have infinite rank. If H is any subgroup of G of finite rank, the product HN is
a proper subgroup of G of infinite rank, so that HN is an FC-group and hence also
H has the property FC. Therefore, all proper subgroups of G are FC-groups, and the
statement is proved. O

The hypothesis that the group G has no simple homomorphic images of infinite
rank can be omitted in the statement of our main theorem, provided that the class of
FC-groups is replaced by that of FC-groups containing a locally soluble subgroup of
finite index. In fact, we have the following result.
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CoroLLARY 2.14. Let G be a locally (soluble-by-finite) group of infinite rank whose
proper subgroups of infinite rank are (locally soluble)-by-finite F C-groups. Then every
proper subgroup of G is an FC-group.

Proor. It has been proved by Cernikov [4] that any locally (soluble-by-finite) group
of finite rank is a finite extension of a locally soluble subgroup, and hence all proper
subgroups of G are (locally soluble)-by-finite. Assume for a contradiction that G has
an infinite simple homomorphic image G/K, so that in particular G must be locally
finite by Corollary 2.13. Then G/K is isomorphic either to PSL(2, F) or to S z(F) for
some infinite locally finite field (see [10]). On the other hand, each of these two latter
groups contains a proper subgroup of infinite rank having an element with infinitely
many conjugates (see for instance [12]), a contradiction. Therefore G has no simple
homomorphic images of infinite rank, and hence all proper subgroups of G are FC-
groups by the main theorem. O

Observe finally that if G is any locally (soluble-by-finite) group of infinite rank
which is minimal nonF'C, it follows from the theorem of Kuzucuoglu and Phillips [11]
that G is a p-group for some prime number p, so that all its proper subgroups are
hypercentral and hence G is hyperabelian.
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