HOMOTOPY OF NATURAL TRANSFORMATIONS

K. A. HARDIE

1. Introduction. Let C be a full subcategory of T, the category of based
topological spaces and based maps, and let C* be the corresponding category
of n-tuples. Let S, T: T* — T be covariant functors which respect homotopy
classes and let #, v: S — T be natural transformations. # and v are homotopic
in C, denoted u ~v (C), if uX ~vX:SX - TX (X € C"), that is to say,
for every X € G, uX and vX are homotopic (all homotopies are required to
respect base points). # and v are naturally homotopic in G, denoted u >~ v (C),
if there exist morphisms

wX:SX >TX (€I, XeCQ)

such that, for every X € G, #,X is a homotopy from #X to vX and such that,
for every ¢t € I, u,: S— T is a natural transformation. As examples, let
C,C": T—T be the reduced, unreduced cone functors respectively, and,
for any S, 7, let ¢: S — T denote the constant natural transformation (i.e.
c¢X = %, the constant map SX — TX, for each X € T). Then we certainly
have

’L.C =~ (T)y

where 7 denotes the identity natural transformation C — C. Since any point
of a CW-complex is non-degenerate, it follows [7, p. 333, E (proposition)] that

1o > ¢ (GW),

where CW is the full subcategory of based CW-complexes. However, the
assertion ¢¢r =~y ¢ (G) is false unless C contains only one-point spaces. For
let X have more than one point and let *: X — X be the constant map. Then
it is easy to see that no null homotopy of the identity map C'X — C’X can
commute with C’*.

One may ask the question: Does any fixed object X of T” have the property
that #X ~ ¢X implies # ~ ¢ (C)? An answer is possible if one also restricts
the class of functors to which .S and 7" belong. Let P be a based 0-sphere and
let P € T also denote the #n-tuple each of whose components is P. In this
paper we shall consider the case X = P € T" and restrict S and T to the class
of cellular P-functors which we define in § 2. Let W be the full subcategory
of countable CW-complexes. We shall prove the following result.
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THEOREM L.1. If S, T": T* — T are cellular P-functors, if TP is 1-connected
and if u: S — T is a natural transformation such that uP ~ c¢P: SP — TP,
then u~ ¢ (W). Moreover, T'Y is 1-connected (¥ € W").

It would be very satisfactory to be able to replace ¢ in Theorem 1.1 by an
arbitrary natural transformation v:S — 7' satisfying #P ~vP: SP — TP
but in the general case, I have not been able to achieve the desired extension.
However, if Sis of the form 25’, where £: T — T denotes the reduced suspen-
sion functor, then # — v: S — 7" is defined and Theorem 1.1 implies that
u — v~c¢ (W) which in turn yields # ~ v (W). The stronger result may
also be obtained if instead there is a weak homotopy equivalence S — =5/,
but this lies outside the scope of the present work. The objective envisaged
is a method of extending identities known to hold for “ordinary’’ homotopy
operations to ‘‘generalized” homotopy operations. In particular, I hope to
give (elsewhere) a proof along these lines of the Jacobi identity for generalized
higher-order Whitehead products.

For an application of Theorem 1.1 as it stands, let

W(’i) E [22 /\ X, leX] (X = (Xl, Xg, X;;))

be the universal example for the third-order generalized Whitehead product
[6]. Here A and 7; denote the smash and the fat wedge functors. Let
p: T1— T1/T, be the projection which shrinks the thin wedge 7's. We have
the following result.

TueoreM 1.2. p, W) =0 (X, € W,z =1, 2, 3).
Proof. Let
JX = (CX1 X CX3y X X35) U (CX1 X X2 X CX35) U (X1 X CX, X CX5).

Then there is a homotopy equivalent transformation 6: J — 2?A and a
natural transformation u:J— 713 such that W() = {u-671}. Let
w=p- -uJ—>T12/T:Z. We shall prove that u >~ ¢ (W). We have JP =~ §?
and (7:2/7.Z)P =S8V S§?V S? which is l-connected. Since J and
T12/T:% are cellular P-functors, the required result will follow from
Theorem 1.1 if we can prove that {#P} = 0. {#P} is in effect an element of
m2(S? V S? V S?) and, since m(S2V S?2V S?) = Z 4 Z + Z, we need only
observe that the projection of {#P} on to one of the copies of .S? is zero. This
is so since the projection is a class which can be factored through
{J(ip, ip, ¥)} = 0 € [JP, JP]. We remark that use of Theorem 1.1 is an
essential feature of the foregoing proof, for whereas it can be argued similarly
that (le/Tzz)X = 22(X1 A Xz) V 22(X1 N X3) V EZ(Xz N Xa) and
similarly that the projections of {uX} onto 22(X; A X:), 22(X:1 A X3), and
32(X, A X3) are trivial, this is not by itself sufficient to ensure that {#X} = 0

1[4, B] denotes the set of based homotopy classes of based maps from 4 to B.
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since by the Hilton-Milnor theorem (see, e.g., [4, p. 13, Theorem 4]),
[JX, (T'1Z/T:2)X] contains, in addition to the summand

VX, 22(X1 A Xo)] 4+ [TX, 22(X1 A X)) + [JX, 22X, A X3)],

summands of the form [JX, Z3(X: A X2 A X2 A X;)] which in general are
non-trivial. The special case of Theorem 1.2 in which each X, is a suspension
was proved by Porter [5, p. 43, Theorem 14.1].

I am grateful to Dr. Porter for sending me a copy of the relevant pages
of his dissertation.

2. P-functors. In this section we recall the definition and principal properties
of P-functors [1]. If X, ¥V € T, let |X, V| denote their morphism set. Let
II: T* — T be the topological product functor (if # = 1, then II is the identity
functor) and let 7; € |TIX, IIX| denote the projection which leaves unaltered
all the coordinates of x € IIX except the jth which it replaces by x. Let
W € T and let the n-tuple ¢ = (¢1, ¢3, . . . , ¢,) be such that

¢, €W, W, db;-0,=¢; L =j=n),¢i"¢;,=¢;-¢; (i #j).

Associated with the pair (W, ¢) is a covariant functor ®: T* — T described
as follows. If ¥ € T”, then ®Y is the space obtained from (the based topo-
logical product) IIY X W by performing the identification

(2.1) (ry,w) = (@, éw) (YENY,we W, 1 5j=mn).
Let ¢Y: ¥ X W — &Y denote the identification map. Then if f € |7, Z|,
®f = ¢Z - (IIf X 1y) - (V)7

which is base-point preserving, single-valued, and hence continuous.
S: T* — T is a P-functor in G if P € G and if, for some (W, ¢), the restric-
tions of S and ® to C" are naturally equivalent. Examples of P-functors were
given in [1]. We remark here that they include the various wedges, joins,
suspensions, and their composites; however, Lemma 2.1 (below) yields a test
for whether a given S: T — T is a P-functor or not.

If Y € T", then a point of IIY may be regarded as an element of |P, V.

Consequently, for every S: T®" — T and every Y € T", we may define a
function ¢sY: IIY X SP — SY by the rule

YsY(y, x) = Sy(x) (y € Y, x € SP).

Y Y certainly respects base-points. S is valuable tn C if YsY is continuous for
every Y € C~,

Let (W,¢), (W, ¢') be pairs. A pair map i: (W, ¢) — (W', ¢') is a
morphism 4 € |W, W’| such that u-¢;, =¢/-4 (1 £j = n). Associated
with any functor S: T* — T is a pair (SP, ¢s), where

(¢s); = S(g%) l=j=mn)
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and where g7 € |P, P| is the n-tuple such that

NN T
The following result may be found in [1, Lemma 1.4].

LemMma 2.1. If ® is the functor associated with the pair (W, ¢), then ® is
valuable in ‘T and there exists a pair equivalence v: (P, ps) — (W, ¢) such
that Yo = ¢+ (in X 9).

It follows from Lemma 2.1 that to test whether S: T* — T is a P-functor,
we need only set (W, ¢) = (SP, ¢5) and examine whether or not .S and the
resulting ® are naturally equivalent. The reader may find it helpful to perform
the test, for example, on the reduced, unreduced cone functors C, C': T — T.

The proof of Theorem 1.1 proceeds by induction on #. The following result,
which is that of [1, Lemma 1.5], will be required in § 3 in the proof of the case
n = 1 of Theorem 1.1.

Lemma 2.2. If S is a P-functor in G, if T is valuable in G, and if
i: (SP, ¢s) — (TP, ¢r), is a pair map, then there exists a transformation
u: S — T natural in G such that uP = 4.

If ¥ € G*, we remark that #Y is the unique map which completes the
following diagram:

nY X SP X% 1y TP

J¢SY J%Y

K AT A o 7

Moreover, if %,: SP — TP is a homotopy which is a pair map for each ¢ € I,
then u,Y: SY — T'Y is a homotopy.

Let V' = (Y, Yy ...,Y,1) be a fixed object of C*!. We define
(Y’[S): T — T to be such that
VS)Y, =S¥, Y,)=STy, Y, ..., V) (Y, eT),

(Y'|S)f = SGy, f) (f € |Y, Z)).

Similarly, if X € C is fixed, we define (S|X): T~ — T to be such that
SX) Y =SV, X) (Y€ T 1),
(SIX)f" = S(f', 1x) (f" € |Y", Z')).

(Y’|S) and (S|X) are partial functors of S which arise naturally in certain
inductive arguments. The following lemma is [1, Lemma 2.6], to which the
condition SP € D should be added to the hypothesis.
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LemMma 2.3. If C is closed with respect to finite topological products, if f X 1y
is an identification for every W € G and every identification f € G, if SP € C
and if S is a P-functor in C, then (Y'[S) and (S|X) are P-functors in C.

A pair (W, ¢) is cellular if W € W and if ¢, is a cellular map whose image
¢;(W) is a subcomplex of W (1 < j = n). Sis a cellular P-functor if (SP, ¢s)
is a cellular pair and if S'is a P-functor in W. Let S be a cellular P-functor and
let ¥, Z € W". We shall require the following lemma.

LemMa 2.4, (i) SY € W; (i) if f € |Y, Z| is an n-tuple of cellular maps,
then Sf is cellular; (iii) of X € W and YV’ € W1, then (Y’'[S) and (S|X) are
cellular P-functors.

The proof of part (i) has essentially been given in [1, pp. 26, 27] and (ii)
is a corollary of the proof of (i). Finally, Lemma 2.3, together with (ii),
yields (iii).

The following lemma concerning adjunction spaces assembles mostly
well-known results.

Lemma 2.5. If A is a closed subset of X, if the injection A — X 1s a cofibration,
if f: (X, 4) — (Y, B) is an identification map which is a relative homeomor-
phism and if f(A) = B, then the injection B — Y s a cofibration and f induces
relative homology isomorphisms. If, further, B and (X, A) are 1-connected, then
Y is 1-connected.

Proof. 1t follows from [8, Saiz 1 and Definition 2] that there exist maps
v: X XI—X, v: X —1I, and w: X — I such that ¢(x,0) = x (x € X),
Y, 1) € A ifo(x) <1, ¥(t) =a (@€ d,tecl)vd) =0 4 =w10).
Then if we define ¢/ (y,¢) = ff(f~,¢t), vy = of "y, wy =wfly (y€ Y,
t € I), we obtain single-valued and hence continuous maps ¢': ¥ X I — 7,
v: Y— 1, and w': ¥ — I satisfying the conditions ¢'(y,0) =y (y € 1),
v (v,1) € Bifv'(y) < 1,¢/(b,t) =b (b € B,t € I),v(B) =0,B = w'~1(0).
Hence B — Y is a cofibration. An application of [2, p. 122, Corollary] now
proves that f induces relative homology isomorphisms. Finally, let
U =v1(0,1)) and let U’ = v~1([0,1)). Then (X, U) and U’ are 1l-con-
nected since there are deformation retractions of (X, U) onto (X, 4) and of
U’ onto B. Since ¥ = U’ \U (¥ — B), every path in Y is the sum of a finite
number of paths each of which is entirely contained in U’ or entirely contained
in ¥ — B. Hence it will suffice to prove that every path

N:ILI-Y —B, (Y—BYNU,

is homotopic relative to I to a path entirely contained in U’. In view of the
relative homeomorphism, there is a unique path \: I — X such thatf-\ = N,
and we have \(I) C U. Since (X, U) is 1-connected, \ is homotopic relative
to [ to a path p in U. Such a homotopy composed with f yields a homotopy
relative to I of N to a path u’ completely contained in U’, which completes
the proof of Lemma 2.5.
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We conclude this section with the inductive argument which reduces the
proof of Theorem 1.1 to the case #» = 1. Suppose that the assertions of
Theorem 1.1 hold whenever #n <m —1 (m = 2). Let Y€ W™ let
V= (Vy,...,Yu1) € Wloand let (Y'|u): (Y'|S) — (Y'|T), be the
natural transformation such that

(Y)Y = u¥ € |SY, TY| = [(Y[S)Yn, (V[T)Yn| (Y€ W).

Similarly, if X € W, let (#|X): (S|X) — (T]X) be the natural transformation
such that

@X)Y' = u(¥Yy, Yy ..., Voo, X) (¥ € W),

Then (u|P)P = uP ~cP, (S|P) and (I|P) are cellular P-functors and
(T|P)P = TP is 1-connected. Hence the inductive hypothesis implies that
(u|P) ~c¢ (W) and that (7]P)Y’ is l-connected (Y’ € W™ 1), Thus
(Y'|u)P = (u|P)Y' ~cY’, for each Y’ € W™ 1. By Lemma 2.4, (¥’|S) and
(Y’'|T) are cellular P-functors and since (Y’|T)P = (T|P)Y’ is 1-connected,
a second application of the inductive hypothesis yields (¥Y’|u) ~ ¢ (W) and
(V'|T)Z 1-connected (Z € W), for each Y’ € W™ 1 It follows that u ~ ¢ (W)
and that 7Y is 1-connected (¥ € W™),

3. The case of » = 1. For the proof of the case # = 1 of Theorem 1.1 we
shall require the notion of a singular homotopy equivalence of functors. Let
u: S — T be a natural transformation. u is a singular homotopy equivalence
(SHE) in C if, for each X € C*, uX is an SHE. We recall that this means
that #X induces a one-to-one correspondence between the path components
of SX and TX and that, for every x € SX,

uX)s: 7,(SX, x) = 7, (TX, uX)x) (g>0)

are isomorphisms.

For the remainder of this section we shall assume that » = 1. If (W, ¢) is
a pair, let W, = ¢1(WW), let j: Wy — W be the injection, and let ¢: W — W,
also denote the map which agrees with ¢1. (W, ¢) is cofibrant if j is a cofibra-
tion. Thus every cellular pair is cofibrant. (W, ¢) is fibrant if ¢ is a Hurewicz
fibration and bifibrant if it is both fibrant and cofibrant. We shall prove the
following lemma.

Lemma 3.1. If (W, ¢) is a cellular pair, then there exists a bifibrant pair
(E, p) and a pair map v: (W, ¢) — (E, p) such that vo = v|Wo: Wo— Eg is a
homeomorphism and v: W — E is a homotopy equivalence.

Using Lemma 3.1 we shall prove the following result.

LemMA 3.2. If T is a cellular P-functor (with n = 1), then there exists a
P-functor R in W, and a natural transformation v: T — R such that (RP, ¢z) is
fibrant and such that v is an SHE in W.
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One further basic lemma will be needed, the proof of which we postpone.

LeMMA 3.3. Let u: (W, ¢) — (V, ¢) be a patr map, where (W, ¢) s cofibrant
and (V, ) is fibrant. If u: W — V is null-homotopic, then there exists a homotopy
e W— Vwithuy, = wand uy = * such that, foreacht € I,u,: (W,¢)— (V,¢)
s a pair map.

Proof of Theorem 1.1 (n = 1). Let v: ' — R be as in Lemma 3.2. Then
9P - uP ~ 9P .- cP = %: SP — RP. Applying Lemma 3.3 with

(W7 d’) = (SPv ¢S)! (V' ‘lb) = (RPr d)R)v and =0-Uu,

it follows that there exists a homotopy @, with @, = vP - uP and @, = *
such that @, (SP, ¢s) — (RP, ¢z) is a pair map, for each ¢ € I. By the
remarks following Lemma 2.2 we have, for every ¥ € W,

Y - u¥V ~ % SY — RY.

But SY is a CW-complex and vV is a singular homotopy equivalence, hence
there is no obstruction to defining a homotopy #Y >~ %: S¥Y — T'Y and we
may conclude that # >~ ¢ (W). Since 7" is a P-functor in W, we see that

YrV: ¥ X TP, (VX T%)\U (% X TP) — TY, T

is a relative homeomorphism and an identification map (here * denotes a
space with just one point), for every ¥ € W. T'x is 1-connected, since it is
a retract of TP, and hence, in view of Lemma 2.5, it will be sufficient to
prove that (X, 4) is 1-connected, where X = ¥ X TP and

A= (Y X T%) U (x X TP).

We recall that the pair (X, 4) is l-connected if every point of X can be
joined by a path to some point of 4, and if every map (I, I) — (X, 4) is
homotopic relative to I to some map of I into 4. Since TP is 1-connected,
the first condition is certainly satisfied. For the second condition we can
assume without loss of generality that YV is arcwise-connected. In that case
A is arcwise-connected, and therefore any path beginning and ending in 4
is homotopic to a path in 4 followed by a loop in X based at (%, *) followed
by a path in 4. Since TP is 1-connected, the loop in X is homotopic to a loop
in ¥ X (*). Hence the original path is homotopic relative to I to a path in 4,
as required.

In the proof of Lemma 3.3 we shall need certain results concerning separa-
tion elements. Let H: W X I — V be a homotopy. The reverse homotopy
rH: W X I — V is such that

rH(w, t) = Hw, 1 — t) (w € W,telI).
H is a null homotopy if H(W X (1)) = % € V. If H, H' are homotopies such

https://doi.org/10.4153/CJM-1970-041-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-041-2

HOMOTOPY OF NATURAL TRANSFORMATIONS 339

that H|W X (1) = H|W X (0), then their conjunction is the homotopy
H @ H’ such that

, _ JH(w, 2t) 0=t=43)
HoH w1 —{H’(w,2t—1) G<t=1)

We recall that the reduced suspension of W is the space ZW = (W X I)/A,
where

(weW).

A= WX 0)U WX 1)) U ((x) X I).
Let H, H: W X I — V be null homotopies such that
HIW X (0) = H'|W X (1).
Then their separation element is the class
dH,H) ={(rH® H')-¢g' € [Z2W, V],

where ¢: W X I — ZW is the identification. We recall that the track addition
in [ZW, V] is given by the rule

H-¢y +{H ¢ = {(H® H) g,

where H(A) = H'(A) = x. The proofs of the following two lemmas are
straightforward and will be omitted.

LemMA 3.4. If d(H, H') is defined and H''(A) = *, then d(H,H) = 0,
dH',H) = —dH, H),and dH,H ® H'") =d(H,H') + {H" - ¢"1}.

LemMa 3.5. d(H,H') =0 ¢ and only if there exists a homotopy
0: WX IXI—V such that 6(w, 1,t) = %, 6(w, 0,¢) = H(w, 0) = H (w, 0),
0(w, t,0) = Hw,t), 0(w, t, 1) = H' (w,t) for al w € Wand all ¢t € I.

Proof of Lemma 3.3. Let F:u>~x: W X I — V be a homotopy. We first
show that F can be replaced by a homotopy F':u=~+: W X I — V such
that F/(Wo X I) € V. Let Fo = F|W, X I. Then, since % is a pair map,
Fo|Wo X (0) = 1+ Fo|W, X (0) and if we set

H=F® (tFy@®yY1-Fo) (¢ X11)): WXI—>V
and Hy, = H|W, X I we find, after expanding by means of Lemma 3.4, that
d(Ho, 1+ Hy) = d{1+ Fo, Y1+ Fo) = 0 € [ZW,, V].

In consequence of Lemma 3.5, there exists 6: Wo X I X I — V such that
0(w, 1,¢) = », 0(w,0,¢) = u(w), 6(w,t0) = He(w,t), and 6(w, ¢ 1) =
V- Ho(w, t) (w€ Wy, t € I). Let

B= (WX (0)\U WX I)\U WX (1))

and let 6 be extended to a map 6: B X I — V by defining 6(w, 1, {) = «,
0(w,0,¢) = u(w) (w € W,t € I). Since the injection B — W X I is a cofi-
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bration, § may be extended further to a map 6: W X I X I — V. If we now
set
F'(w, t) = 0(w, t, 1) (we W,tel),

we obtain a homotopy F’: u ~ % with the desired property.
The next stage of the proof is to replace F’ by a homotopy

Gu~xWXI->V
such that G(W, X I) € V, and for which there exists a homotopy
,U,:lp'GzG’ (¢X11). WXIXI-—)VO

such that u(w,0,t) = ¢-u(w) and wu(w,1,f) =% (w € W,t € I). Let
H=7rF-(¢pXi) @Y -F:WXI—V, Then

{Hy-qi Y} = d(F, Fy') =0 € [SW,, V).

Since the injection 4 — W X I is a cofibration, there exists a homotopy
relative to A4 from H to H’, where H': W X I— TV, is such that
H' (W, X I) = x. Moreover, it follows that

{H gy = {H- g} =d(F'- (¢ X i), ¥ F') € [ZW, Vil.
Now let G = F' @ rH’. Then
AG- (¢ X i), ¥-G) =ad(l"- (¢ Xir) ®rH' - (¢ X i1), ¢ - F @ ry-H)
=a(F" - (¢ X i) @ rH - (¢ X 41), ¥ F') + {rH" - ¢7Y}
= —dW-F,F'- (¢ X 2)) —{rH - (¢ X ¢;) - q¢7"} — {H - ¢!}
={H g —{+-¢'} —{H -¢" =0,
so that a homotopy p with the required properties does exist. Finally, we
recall that y: V' — Vyis a fibration and that B — W X I is a cofibration. By

a lifting homotopy extension property [10, Theorem 4] it follows that we may
lift u to a homotopy »: W X I X I — V such that

vev=urwt0)=Gwt),rvxt) =GX (we W,t€ I, x¢€ B).

If we now set
u,(w) = v(w, t, 1) (we W,tel,

then we obtain a homotopy with the desired properties, for we have
e pw = v(gw, b, 1) = G(ow, &) = p(w, t, 1) = ¢ -»v(w, 4, 1) = ¢1-uw,
as required.

Proof of Lemma 3.1. If x € W, let v, € Wy! denote the constant path
atx,let E = {(w, \) € W X W!|\(0) = ¢w} and let

Pl(w, )‘) = ()\(1), 'Y)\(l))v w = (wy 'Y¢w) (w E W; A E WOI)'

Then v is a pair map, v, is certainly a homeomorphism, and it is well known
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[9, p. 99, Theorem 9], that v is a homotopy equivalence and p is a fibration.
It remains to prove that the injection Ey — E is a cofibration. Since (W, ¢)
is cellular, W, — W is a cofibration. But (W, W,) and (E, E,) are homotopy
equivalent pairs and therefore, by [8, p. 85, Corollary 1], (E, E¢) has the
weak homotopy extension property. By [8, p. 85, Corollary 3], it is sufficient
to demonstrate the existence of a continuous function f: E — I such that
f~1(0) = E,. Now W, is a countable CW-complex, and hence is an Xy-space.
By [3, p. 984, property (J)], Wo' is an NXo-space, hence paracompact and
hence normal. Hence [3, p. 983, property (D)] implies that W,! is perfectly
normal. Therefore W', the subspace of constant paths, is a closed G; in WyZ.
It follows that there exists a continuous function %: W' — I such that
h=1(0) = Wy. If we now set f(w, \) = %(gw + k\), where g: W — I is such
that W, = g71(0), we obtain the desired function, which completes the
proof of Lemma 3.1.

Proof of Lemma 3.2. Applying Lemma 3.1 to the cellular pair (I'P, ¢1),
let R be the functor corresponding to the associated pair (E, p). Then
(RP, ¢r) is fibrant, being equivalent to the pair (Z, ). Moreover, the pair
map v determines a unique natural transformation v: 7' — R. It remains to
prove that v is an SHE in W. An application of Lemma 2.5 shows that

UrV: Y X TP, (Y X T) U (x X TP) = TY, Tx,
and
YrYV: Y X RP, (Y X R+) U (* X RP) > RY, R«

induce relative homology isomorphisms (¥ € W). TY and similarly RY are
1-connected, as proved earlier; hence we may argue as in [1, p. 27, proof of
Theorem 4.1, case n = 1] that v is an SHE. This completes the proof of
Lemma 3.2 and Theorem 1.1.

REFERENCES

1. K. A. Hardie, Weak homotopy equivalence of P-functors, Quart. J. Math. Oxford Ser. (2)
19 (1968), 17-31.

2. P. Holm, Excision and cofibrations, Math. Scand. 19 (1966), 122-126.

3. E. Michael, No-spaces, J. Math. Mech. 15 (1966), 983-1002.

4. J. Milnor, The construction FK, Princeton University, mimeographed notes, 1956.

5. G. ]J. Porter, Higher order Whitehead products, Doctoral dissertation, Cornell University,
Ithaca, New York, 1963.

Higher order Whitehead products, Topology 3 (1965), 123-135.

D. Puppe, Homotopiemengen und ihre induzierten Abbildungen. 1, Math, Z. 69 (1958),

299-344.

8. Bemerkungen diber die Erweiterung von Homotopien, Arch. Math. 18 (1967), 81-88.

9. E. H. Spanier, Algebraic topology (McGraw-Hill, New York, 1966).

10. A. Strgm, Note on cofibrations, Math. Scand. 19 (1966), 11-14.

6.
7.

University of Cape Town,
Rondebosch, C. P.,
Republic of South Africa

https://doi.org/10.4153/CJM-1970-041-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-041-2

