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PROBABILISTIC PROOFS OF EULER IDENTITIES

LARS HOLST,* Royal Institute of Technology

Abstract

Formulae for ¢(2n) and Ly, (2n + 1) involving Euler and tangent numbers are derived
using the hyperbolic secant probability distribution and its moment generating function.
In particular, the Basel problem, where (2) = 7%/6, is considered. Euler’s infinite
product for the sine is also proved using the distribution of sums of independent hyperbolic
secant random variables and a local limit theorem.
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1. Introduction

Results in mathematical analysis can sometimes be derived and enlightened using probability
theory. As an illustration of this ‘unity of mathematics’, we will see how properties of the so-
called hyperbolic secant distribution can be used to obtain Euler’s exact sum for the Basel
problem from 1735, i.e. the beautiful identity
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1_|_2_2_|_3_2+...=_

and more generally to obtain formulae for

o]

1
c(2n) =Zﬁ, n=123,...,
k=1
and
o (=DF
LX4(2I’I+1):ZW, i’l=0,1,2,....
k=0

The same formulae are derived in [2] using products of Cauchy random variables. We also
prove Euler’s infinite product formula for the sine using the hyperbolic secant distribution.
2. The hyperbolic secant probability distribution

A random variable X with the symmetric probability density
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and the distribution function

* 2 2
P(X <x)= / ———— dy = — arctan(e"),
—oo (Y +e7Y) T
has a hyperbolic secant (HS) distribution.
Note that, if Y is C (0, 1), that is, standard Cauchy distributed, then

X

e
]P’(ln|Y|§x):/ ;d
—ex (1 +y2)

2
y = — arctan(e”).
b4
Thus, In | Y| is HS distributed.
Theorem 1. Let X and X7 be independent random variables with the HS distribution. Then
the probability density of X1 + X2 is

4x
Hx) = 2 , —00 < X < 0.

(e —e)
Proof. By convolution, the density of X1 + X3, f2(x), is given by

o 2 2
/ o
oo (&Y +eTY) m(er Y e ¥ )
4 [ ue™*
=3 2 3=y du
s Jo (A +u?)(1 4 ue=%)
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4x
JTZ(CX _ efx) ’

proving the assertion.

Theorem 2. Let the random variable X have an HS distribution. Then its moment generating

function is
1

Xy _
B = cos(wt/2)’

—1<t<l,

and its characteristic function is

Xy _ 1 2

E(eX) = - :
C cosh(mt/2)  e7t/2 fe-7/2

—00 <t < 00.
Proof. For —1 <t < 1, we have

o] 2 2 ee} t 1
E(e”‘):f e’x—dxz—/ Y dy=——
oo T(e* +e7¥) 7 Jo 142 cos(t/2)

using a known integral. Replacing ¢ with if proves the second assertion.

Recall the series expansion of the secant function

1 o t2n
— = Eyyy——, —_—— <t < —,
cost nX=(:) 2n 2n)! 2 2
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where Eg = 1, Ep = 1, E4 =5, E¢ = 61, etc. are the Euler numbers, and that of the tangent

function
1 d d — 2+l > 2 n n

—— = —tant = — T —_— = T _— —_—— <t <=,

cos27  dr dr nX_g M on 1) };) RO )
where T1 = 1, T3 =2, T5s = 16, T; = 272, etc. are the tangent numbers.

For X and X; independent HS random variables, we have
1
E(e!X1+X2)y = B(e*)E@E*?) = ————, —1<t<l.
cos2(mt/2)

From the above properties, the following formulae for the moments follow.

Theorem 3. Let X1 and X, be independent HS random variables. Then

2n 2n
T T
E(XT") = E(X3") = Ea, <§> . E(X1 + X2)*) = Ty <5) ,

all odd moments are 0, and V(X)) = V(X3) = (71/2)2.

3. The Basel problem and related identities

Euler’s remarkable exact sum from 1735 for the Basel problem, see, e.g. [3, p. 107],
[5, pp. 45-46], [10, p. 38], and [14], has been proved in many different ways; see [4] with
14 ways and [13] with 6 ways for evaluating ¢ (2), and the recent notes [9], [11], [15], and [16].
We give another proof using Theorem 1.

Theorem 4. (The Basel problem.) It holds that

1 1
§(2)=1+2—2+3—2—|—~-.=—.

Proof. By symmetry we have

[o)0]
1 :/ fr(x)dx
—0Q
f“ 4x
= —2 — dx
—oo TTP(eF —e™Y)
8 [ xe™*
- ; 0 1 — 672)‘ dx
8 * - 2k
= — e e d

8 o [ 2k+1)
= — E xe” *dx
w2 k—O‘/O

8 i 1
T2 2k + 12’

https://doi.org/10.1239/jap/1389370108 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1389370108

Probabilistic proofs of Euler identities 1209

Euler’s identity follows from

o0

1 1 72 1
(@ = k; 2+ T ; A

The following theorem, which partly goes back to Euler, is proved in a similar way. A slightly
different proof is given in [2]; cf. [16].

Theorem 5. Forn=1,2,3,...,

1 1/7\*" Trn—1
<1 N ﬁ)mn) - E(E) Qn— 1

and, forn =0,1,2,...,
00 k 2n+1
(=1 1(m Eop
Lu@n+ 1= Z Qk+ D2+l — 2\ 2 Qn)!’

Proof. From Theorem 1 and Theorem 3, we obtain

p 2n—2
Ton—1 (5) =E((X1 + X2)*"?)
o0
:/ xzn*zfz(x)dx
—00
8 o [ 2n—1_.—k+1)
_ n—1_— X
= FZ/O X e dx
B 2n —1)!
Bz Z < (2k + Qk + 1)

The first assertion follows as in the previous theorem.
In a similar way the second assertion follows from

T 2n 00 4 00 e’}
Eap, —> =/ X2 fi(x)dx = —Z(—l)k/ x M= Gk gy
2 o T =0 0

4. Sums of independent HS random variables

Theorem 6. Let X1, X», ..., X, be independent HS random variables, and let f,(x) be the
probability density of X1 + - - - + Xy. Then, fork =1,2, ...,

k- 2 \2 2
Pt = =0 ,1:[1<1+<<2j—1>n> )n(ewexr
k

Lol x\? 4x
foeale) = mﬂ(l “(52) ) =

and, uniformly in y,
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Proof. Using Theorem 2, we have, for —1 <t < 1,

d2 ¥ ¥ d2
JREE ) = o f e fu(x) dx

dt
=/ e x? f,(x) dx
—0o0

@ 1

"~ dr? cos™(rt/2)

_ n(n+1)7'[2 n?n?

"~ 4cos"t2(wr/2)  4cost(wt/2)

1 2 00 2.2 00

_ it D / e foia(x) dx — / e £, (x) dx.

4 —0o0 —0Q

Thus,

> o0 n 2x\?
/ e fug2(x)dx =/ e <1 + (—) )fn(x) dx, —1<t<l,
—o0 oo h+1 nmw

which implies the recurrence

fara(x) = () ) .
n X n(x
+2 n+ n+1 nw

This is satisfied by

2k =Dt k 2
Srkr1(x) = (2k)” l:[( <—1)n) )f](X)

and

k 2
2N
Soy2(x) = (2]({ —|—)1)” l—[( ( ) )fz(x)

j=1

proving the first two assertions.

By the central limit theorem, (X| + ---+ X,)/(w+/n/2) converges in distribution to a
standard normal distribution asn — oo. From Theorem 2 we see that the characteristic function
of X is integrable, which implies that the probability densities converge to the standard normal
probability density

asn — 0o,

nﬁfn(ynﬁ) N 1 2
2 2 V2
uniformly in y; see [6, Theorem 2, p. 489].

By other methods, the formulae for f>;41(x) and for42(x) are derived in, e.g. [1] and [8].

Remark. Recall that In Y| has an HS distribution for Y standard Cauchy distributed. Thus,
products and ratios of independent C (0, 1) random variables can be studied using sums of
independent HS random variables; cf. [2, Proposition 2], [8], and [16].
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5. Euler’s product formula for the sine

Using the results for sums of HS random variables, we now prove Euler’s infinite product
formula for the sine from 1735. For other proofs, see, e.g. [7], the references therein, and the
recent note [12].

Theorem 7. For all complex z,

sin g :z]lj[l<1 - jznz)'

Proof. Using Theorem 6, we obtain

22k+1(k!)2 2 k )C2
Jrk2(x) = o Jlj[l(l + 127)

(2K)! 2k + )2 e* —
By Stirling’s formula,
22k+1 (k|)2
-
(2k)! 2k + 1

The uniform convergence of the densities implies that, for every fixed x,

i 2k+1f x) — ! ask — oo
_— X —_— .
5 2k+2 o

V2w ask — oo.

Thus,
(2Kk)! 2k + 1r?
22k+1 (k!)z

Combining the above limits, we obtain

Prrr2(x) > 1 ask — oo.

X

et —e™ i x?
smhx = T :Xllj[l(l =+ ‘]27)

As this holds for all real x, it holds by analytical continuation for all complex x. With x = iz,
Euler’s product formula follows.
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