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Abstract  We study the bifurcation problem

—div(a(z)|DulP~2Du) + h(z)u"~! = f(\,z,u) in 2 CRY,

a(z)|DulP~2Du - n + b(z)uP~1 = Og(x,u) on I,

uz>=20, u#O0 in £2,
where 2 is an unbounded domain with smooth non-compact boundary I', n denotes the unit outward
normal vector on I'; and A > 0, 6 are real parameters. We assume throughout that p < r < p* =
pN/(N —p), 1 < p < N, the functions a, b and h are positive while f, g are subcritical nonlinearities.
We show that there exist an open interval I and A* > 0 such that the problem has no solution if § € I

and A € (0, \*). Furthermore, there exist an open interval J C I and Ao > 0 such that, for any 6 € J,
the above problem has at least a solution if A > Mg, but it has no solution provided that A € (0, Ag).
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1. Introduction

Among the great range of processes modelled by nonlinear equations, those leading to
bifurcation problems are of particular difficulty and importance. More precisely, many
models from chemical engineering, mathematical biology, mechanics and engineering may
be written in the form,

uy = F(A\, u, Du, D?u, . ..) in 2x(0,7), (1.1)

where u = u(x,t) is the state of the system under consideration. For instance, if we try
to describe the behaviour of a bacteria culture, then the state variable v might be the
number of mass of the bacteria. In many concrete situations problems like (1.1) represent
a complicated system of equations involving partial differential equations and other oper-
ations, like boundary or initial conditions. Each mathematical model contains (implicitly
or explicitly) parameters corresponding to the real world situation being described. For
example, the outcome of a bacteria-growing experiment will depend on the size of the
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experimental apparatus, the temperature, the composition of the ambient atmosphere,
and other parameters. In such a way, a surprising variety of the problems in applied
mathematics which exhibit multiple steady-state solutions, even systems with infinitely
many degrees of freedom, can be reduced to the form,

ut=.7:(/\1,)\2,...,)\k,u,Du,DQu,...) ian(O,T),

which involves a large number k of parameters. However, even for the biologists, it would
be difficult to figure out how F should depend on all these quantities. In this case, in
order to develop a consistent mathematical theory, one tries to fix as many as possible
parameters and perhaps to vary one of them so as to see the effect of this. Several
parameters in a model, such as Reynold’s number, Lyapunov-Schmidt reduction, etc.,
can often be lumped into a single one by standard scaling procedures. Thus we obtain
the evolution problem (1.1), which depends on a single parameter. The simplest solutions
(1.1) can have are equilibrium solutions. These are time-independent solutions of (1.1),
i.e. the states which satisfy F(\,u, Du, D?*u,...) = 0. Similar problems arise for the
case of several state variables. We refer, for example, to the steady-state Brusselator
model (see [4]), which was developed to describe morphogenesis and pattern formation
in chemical reactions. We assume in this paper that F involves the quasilinear differential
operator,
Ayu = div(|Du|P~2Du), 1<p<oo.

We are concerned in this paper with the study of the following double bifurcation
quasilinear problem,

— div(a(x)|DulP~2Du) 4+ h(z)u""' = f(\,z,u) in 2 CRY,
a(x)|DulP~2Du - n + b(z)uP~! = g(x, u) on T, (Pxo)
u>0, u#0 in (2,

where (2 is an unbounded domain with non-compact, smooth boundary I', A > 0, 6 are
real parameters and throughout p < r < pN/(N —p), 1 <p < N.

The study of non-trivial solutions in the above problem is motivated by the following
example. Suppose an inviscid fluid flows irrotationally along a flat-bottomed canal. The
flow can be modelled by an equation of the form F(\, u, Du) = 0, where F(X,0,0) = 0.
One possible motion is a uniform stream (corresponding to the trivial solution u = 0),
but it is of course the non-trivial solutions which are of physical interest.

Problems of this type arise in the study of physical phenomena related to equilibrium of
anisotropic continuous media which possible are somewhere ‘perfect’ insulators (cf. [7]).
For instance, if T denotes the shear stress and Dpu is the velocity gradient then these
quantities obey a relation of the form 7(z) = a(x)Dyu(z), where Dyu = |Du|P~2Du.
The case p = 2 (respectively p < 2, p > 2) corresponds to a Newtonian (respectively
pseudoplastic, dilatant) fluid. The resulting equations of motion then involve the quasi-
linear operator div(aDpu). We refer in this sense to [2] for the mathematical treatment
of the Hele-Shaw flow of ‘power-law fluids’. The concept of Hele-Shaw flow refers to the
flow between two closely spaced parallel plates, close in the sense that the gap between
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the plates is small compared to the dimension of the plates. Quasilinear problems with a
variable coefficient also appear in the mathematical model of the torsional creep (elastic
for p = 2, plastic as p — oo [3,14]). This study is based on the observation that a pris-
matic material rod subject to a torsional moment, at sufficiently high temperature and
for an extended period of time, exhibits a permanent deformation, called creep. The cor-
responding equations are derived under the assumptions that the components of strain
and stress are linked by a power law referred to as the creep-law (see [13] and [11,12]).
We also refer to the study of flow through porous media (p = 3/2 [19]) or glacial sliding
(p € (1, 3] [15]). We mention the recent papers [5,9,10] for the mathematical treatment
of bifurcation problems for several classes of quasilinear elliptic equations on unbounded
domains and with respect to anisotropic spaces.

The purpose of this paper is to study a quasilinear eigenvalue problem with nonlinear
boundary condition in an unbounded domain {2 C RY, and we generalize in a larger
framework some results from [6]. It is known that for unbounded domains, neither the
embedding WP () — L4(§2), nor the trace WHP(£2) — L™(I") are compact. So, it is
natural to look for more general function spaces, e.g. weighted Sobolev spaces, where
compact embeddings can be obtained for suitable weight functions. However, because of
the nonlinear boundary condition, it is not only necessary to have compact embeddings
of weighted Sobolev spaces, but to also use compactness of the trace operator.

Pfliiger [17] studied the trace operators WP (§2;vg,v1) — L*(I'; w) in weighted Sobo-
lev spaces for sufficiently regular unbounded domains 2 C RY with non-compact bound-
ary. He established certain conditions on the weight functions vy, v, w, which ensure the
compactness of this operator.

For a positive measurable function w; defined in a domain 2 C RY, let LI(£2;w;) be
the space of all measurable functions u such that

el = < [ ey dx>1/q

is finite. If I" is a submanifold in RY, we denote by L™ (I";ws) the space of all measurable
functions u such that ||u|/m rw, is finite. The weighted Sobolev space WP (£2;vg,v1)
is defined as the set of all functions u € LP(§2;vg) such that all the derivatives u,,
(1 <i< N) belong to LP(§2;v1). The corresponding norm is given by

wll1p, 200,00 = ( /Q [u(z)|Pvo(z) dz + /Q Du(ac)|pv1(:c)dx)l/p.

Denote by A, the Muckenhoupt class which is the set of all positive measurable functions
v in RV satisfying

1 1/p (p—1)/p
— (/ vdm) (/ p~ /(=1 dm) <C if 1 <p< oo,
1QI\Jq Q

1
— vde < Cess info(z ifp=1,
|Q|/Q sinfo(e) it
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for all cubes @ in RM. For example, the function v(z) = (1 + |z])? belongs to A, if
B € (=N, N(p— 1)) (see [20]).

We always assume that the continuous weight functions vg, v1, wg, w1, wy belong to
Ap. Furthermore, the unbounded domain {2 C RY and the weight functions are chosen
such that we can apply [17, Theorem 2] and [17, Corollary 6] to guarantee that the
trace W1P(£2;v9,v1) — LP(I";wp) is continuous and the embedding WP (£2;vg,v1) <
L9($2;w) for some p < q¢ < pN/(N — p), respectively the trace W1P(£2;v9,v1) —
L™(I';ws) for some p < m < p(N —1)/(N — p) are compact.

Remark 1.1. To give an example of the domain £2 C RY and of the weight functions

vp, V1, Wo, wy and we that satisfy the above assumptions, consider (2 as an infinite
cylinder w x R where w ¢ RV~ is smooth, bounded and

1
vo(r) = W,

wo(z) = (1+]2))*, wi(z) = (1+]2z), wa(z)=(1+z))*2, zeRY.

v (z) =1,

To obtain continuity of the trace operator WP (§2;v9,v1) — LP(I';wp) and compact-
ness of the embedding WP (§2;vg,v1) < L9(£2;w;) respectively of the trace operator
WP (2;v9,v1) — L™(I";wy) we have to choose

N_
PN+

N —
—N<ay<1l—p, —N<a1<q7p—N and —N<ay<m
p

Denote by C§°(£2) the space of C§°(RY)-functions restricted to 2. We define the
weighted Sobolev space E as the completion of C§°({2) in the norm || - || g, where we shall
use the abbreviation || - ||g = || - |

1,p,£2,v0,v1+

Remark 1.2. The definition of E and the choice of our weight functions ensure the
continuity of the trace E — LP(I;wp) and the compactness of the embedding F <
L9(§2; wq) respectively of the trace operator E — L™ (I';ws).
2. Main results
Suppose throughout this paper that the following hypotheses are fulfilled.
(H;) vo € CH(RY) and there exists a constant 0 < o < N such that

|z| - |Dvg(x)| < owvp(x) Vaz € £2;
(H2) a is a positive measurable function, locally bounded in (2 and there exist positive
constants ag, a; such that
ap(|z|Pvo(z) + v1(z)) < a(z) < arvi(x) a.e. x € £2

(H3) bis a positive continuous function on R and there exist positive constants by and

by such that
bo|z|vo(z) < b(x) < bywo(z) a.e. xz €I
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Let f(\ z,s) : (0,00) x £2 x R — R be non-decreasing in A, measurable in z, derivable
in s satisfying

(Hy) f(-,-,0)=0, f(\z,8)+ f(\,z,—s) 20VA>0,ae. z €2, VseR;

(Hs) |fs(\, 2, 8)| < Ap(x)|s]972 for some p < g <7, YA > 0, a.e. © € 2, Vs € R, where
© is a non-negative, measurable function such that

0 < o(z) <cpwi(z) ae z e 2

(Hs) lirr%) )m = 1 uniformly in x and in X;
S—> 1

(H7) [f(M1,2,8) — f(h2,2,8)| < [A1 — Xafwo(2)|s]77L, VA1, A2 > 0, ae. @ € 2, Vs € R,
where v is a non-negative, measurable function such that

0<YP(x) < Crwi(z) ae x €2

Assume g : I' x R — R is a Carathéodory function that satisfies the following conditions.
(Hs) ¢9(-,0) =0, g(z,s) +g(x,—s) 20 ae. z I, Vs €R;

(Ho) lg(z,s)| < go(z) + gu(z)[s[™ ", for some p < m < p(N —1)/(N —p), ae. z €
2, Vs € R, where gg, g1 are non-negative, measurable functions such that

0< go(z), gi(z) < Cywa(z) ae xel, go€ Lm/(mfl)(l“;w%/(l_m)).

The following integrability condition of the ratio w]/h? is inspired by assumption (1.4)
in [1].

(Hip) h: 2 — R is a positive and continuous function satisfying

r\1/(r—q)
wy
— dr < oo.
/()

Remark 2.1. If 0 < a < a € L®(£2) and b € C(RY) is a positive function such that

C1 C2

W <b(z) < W for some constants 0 < ¢; < ¢g,

then hypotheses (Hy)—(Hj) are fulfilled if we take weight functions as in Remark 1.1
with ag = 1 — p.

Consider the Banach space X = E N L"(£2; h) endowed with the norm,

ol = ol + ([ |u<x>|"h<x>dx)p/r.
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Obviously, the following embeddings

X4 E and x4 L"(§2;h) are continuous. (2.1)
The energy functional corresponding to (Py ) is given by @5 ¢ : X — R,
1 1 1 N
Dro(u) =— [ a(z)|DulPdz+ - [ blx)u|Pdl + - | h(z)|u|"dz
PJo pJr rJo
—/F(A,x,u)dm—@/G(az,u)dﬂ
0 r
where I and G denote the primitive functions of f and g with respect to the last variable,
ie. u "
F\ z,u) = / f(\ x,s8)ds, G(z,u) = / g(z, s)ds.
0 0

Solutions to problem (P, ¢) will be found as non-negative and non-trivial critical points
of @y . Therefore, a function u € X is a solution of the problem (P, g) provided that
u 2 0,u#0in 2 and for any v € X,

/ a(x)|DulP~2Du - Dvdz +/ b(x)|ulP~?uv dl’
Q r

r—2 _ —_
—l—/ﬂh(w)|u| wv dz H/Fg(x,u)vdf /Qf(/\,x,u)vdx.

Set
Ny = {u €X: / g(z,w)udl < O}, Py = {u €X: / g(x,w)udl > 0}
r r
b : [ully
0, = sup ——F——, 0* .= inf ———2%—,
:;/\I;g fF g(z,w)udl’ ulenPg fF g(x,w)udl
where || - || is defined on E as follows:
1/p
[y == (/ a(z)|Dul? d:r—i—/ b(x)|ul? dF) . (2.2)
Q r
We introduce the convention that if Ny = @ then 6, = —oco and 6* = +oo, provided
P, = 0. Define
Ng = {ueX : / G(x,u)dl’ < O}, Pg = {u €X: / G(x,u)dl’ >O}
r r
[Jully , [Jully
0_ = — 9t = inf — 1"
usel:}\l/?g p[r Gz, u)dl’ weP p[rG(x,u)dl’
If Ng = 0 (respectively, Pg = () then we set §_ = —oo (respectively, 617 = +00).

Our main results are the following.
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Theorem 2.2. Suppose 6, < 6 < 0*. Then there exists \* > 0 such that problem
(Pa,9) has no solution, provided that 0 < A < \*.

In order to state the next result, let us denote § = max{f,,6_} and § = min{6*,6+}.
We observe that § < 0 < 0. Set J = (6, 0) and assume that J # 0.

Theorem 2.3. Suppose 0 € J. Then there exists A\g > 0 such that the following hold:
(i) problem (P ¢) admits a solution, for any A > Xo;

(ii) problem (P ) does not have any solution, provided that 0 < A < Ag.

3. Auxiliary results
We first prove that the energy functional @, ¢ is well defined on X.

Lemma 3.1. There exist positive constants C; and Cy such that for every u € E
/ |ulPvo(z) dz < Cl/ | DulPvi(z) dz + Cg/ [n - z||uPvo(z) dI.
Q 0 r
Proof. Using the divergence theorem we obtain, for any u € C§5°(£2),
/ z - D(|ulPvo(z)) dz = / (n - x)|ufPvo(z)dl — N/ |u|Pug(z) de.
0 r 0
This implies
N/ |uPvg(x) de g/ [n - x| |ulPoo(z) A
Q r
+ [ JaPleliDuo@)]de +p [ faljul Dufoo(o)dz. - (3.)
o) Q

Using Holder’s and Young’s inequality, we get the estimate

(p—1)/p 1/p
p/ (| [ufP=2 | Dufvo (z) dar < p(/ lufPuo () dx) (/ | Dul?|2/Pvo (x) da:)
2 2 7
<elp— 1)/ |u|Pug(x) da + El_p/ | DulP|z[Pvo dz, (3.2)
fo) Ie;
where € > 0 is an arbitrary real number. From (3.1), (3.2) and (Hy) it follows that
(N—¢e(p—1)— 0)/ [uPvo(z) de < El_p/ | Du|P|z[Pvo(z) dz —|—/ [n - z||uPvo(z) dT.
Ie; e r
Using (Hz) and choosing ¢ small enough we find
/ |u|Pog(x) da < Cl/ | Du|Poi(x) dz + Cg/ |n - x| |u|Poe(z) AT, Yu € C5°(12).
Q Q r

The conclusion of our lemma follows now by standard density arguments. O
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Lemma 3.2. The quantity || - ||, defined by (2.2) represents an equivalent norm on E.

Proof. The inequality |ul|’; < ¢||ul|} follows directly from Lemma 3.1 by using the
left hand side inequalities which appear in hypotheses (Hz) and (Hg).

By Remark 1.2 we know that the trace F — LP(I';wy) is continuous. Therefore, we
have that there exists C' > 0 such that

/F uPwo(z) Al < Cllull?,  Vu e E. (3.3)
Using the inequalities remained in (Hz), (H3) and by (3.3) it follows that
Jully <an [ 1DuPua(@)de -+ by [ uPuo(e)ar < fulf
Hence the desired equivalence is proved. O
For A > 0 fixed, let f) be the function defined by
iz, s) = f(\x,s) Vaxe 2 VseR.

Set Fx(z,u) = [ fr(x, s)ds. Denote by Ny,, Np,, Ny, N¢ the corresponding Nemytskii
operators.

Lemma 3.3. The operators,

Ny, LY(02;wy) — LQ/(qfl)(.Q;w%/(lfq)), Np, : LY(2;wy) — LY(02),
Ny : L™ (I wg) — L™/ =1/ 7™y, Ng : L™(I';wy) — LY(I),

are bounded and continuous.

Proof. From hypothesis (Hs) we deduce that

A ~
|fa(z,u)| < m@(m)|u|q_1 < CpA\u|? twy () a.e. T € 2, Vu € R,
A Cy
|E\(z,u)] < mg@(mﬂu\q < ?)\|u|qw1(x) a.e. ¢ € {2, Vu e R,

where C denotes cf/(q — 1).
For u € L1(£2;w1) we get (setting ¢’ = ¢/(q — 1))

/Q N, ()] w9 dz < (Cpa)? /Q [u|%w, () da.

Therefore, Ny, is bounded. Similarly, the boundedness of N, follows from the estimate

/|NFA ) de < f/\ [ ot () da
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Let m’ =m/(m — 1) and w € L™ (I";ws). Then, by (Hg)

/ |Ng(u)|m/w%/(1*m) dr 2m/—1 (/ ggbl,w;/(lan) dF+/ ginllurmwé/(lfm) dF)
r r r

gzm’1<c+c;n’/F|umw2(x)dr>,

which shows that N, is bounded. In a similar way, by (Hg) and Hélder’s inequality we
obtain

[ Watwlar
r
1
</go|U\dF+*/gl\UImdF
r

1/m/ 1/m
< (/g wh/ (- m)dF> (/ ™ wa )dF) +7/ [ ws(z) AT,
I

and the boundedness of Ng follows.
From the usual properties of Nemytskii operators we deduce the continuity of Ny,,
Np,, Ny and N¢ (see [21]). O

In view of Lemmas 3.2 and 3.3, @, ¢ is well defined on X.

Lemma 3.4. The functional @) g is Fréchet-differentiable on X.

Proof. We use the notation,

1 1, .,
I(u) = ];IIUHIZ, J(w) = —llully..n.

u):/G(m,u)dF, Kp, (u /FAgcu
r

Then the Gateaux derivative of @) ¢ is given by

’

(@3.0(u),v) = (I (w),v) + (T (u),0) = (Kp, (u),0) = 0(Kg(u),v),

where

u),v) = [ a(z)|DulP2Du - Dvdx 2)lwlP 200
(I(),>/Q()|D| DDd+/Fb()\| ar,
(J (u),v) _/ h(z)|u|"?uv d,
KFA / falz,u)vde,
<KG(U)aU>=/Fg(x,u)vdF.

We need only to show the continuity of 45;\79 and the assertion is proved.
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Clearly, I : E — E’ and J' : L"(£2;h) — (L"(£2;h))’ are continuous. By using (2.1)
we see immediately that I' : X — X’ and J : X — X’ are continuous.
The operator Ké; is a composition of operators

X & B IM(iwy) 2oy L/ m=1) (/=™ Ky g Ly x

where (k(u),v) = [, uvdI'. Obviously, k is a linear operator. By Hélder’s inequality and

(
Remark 1.2,
, 1/m/ 1/m
|uv| dr' < lu]™ w;/(l_m) dF) . </ [v|™we dF>
r

< Ol jm—1y, pwt/a-m 10l 2,

which shows that k is continuous. As a composition of continuous operators, K/G is
continuous, too. Moreover, it is compact since the trace operator v is compact. In a
similar way we obtain that K A is continuous such that the Fréchet-differentiability of
D, ¢ follows. (I

4. Proof of Theorem 2.2

Assume 0, < 0 < 0* and let A > 0 be chosen such that problem (P ¢) possesses at least
a solution. We claim that there exists A* > 0 such that A > A*. Suppose that u is a
solution of problem (P ). Then, using (3.4) we find

fullg =6 [ aewuar+ [ @l ar= [ oz wuds

2
< ACy / |u|%w: (z) da. (4.1)
2

Now, Young’s inequality implies the following estimate:

)\éf/ |u|qw1(1:)dx=/ m-hqmu\qdm
0 o ha/r

. 1/(r—q)
< u(CfA)T/”—q)/ (wl) dx—i—g/ hlul" dz.
r 0 h4 rJo
This inequality combined with (4.1) gives
1/(r—q) _
ull? - 9/ suyudlh < “=4(E /0 q>/ ("‘“) dx+u/ Blul” do
r o) ha T 0

r—q, = w” 1/(r—q)
< (CpA)/(r=a) / <hq1> dz. (4.2)
2

r

On the one hand, § < 6* implies the existence of a constant Cy € (0,1) such that

[[elly

0<(1-C1)o" < (1— Cl)W
I k)

for all u € Py,
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which yields
l|ully — H/Fg(x,u)udf > Cyl|ulfy  for all u € P,. (4.3)

On the other hand, 0, < 6 shows that there exists Co € (0, 1) such that
flully — Q/Fg(%u)u dI’ = Co|lul|y  for all u € N (4.4)
From (4.3) and (4.4) we conclude that
ull? - H/Fg(m,u)u dr > Collull? for all u € X, (4.5)

where Cy = min{C1, C>}.
The continuity of the embedding F < L4(2;w,) implies the existence of C' > 0 such
that

Cllullt g, < llully  forallu e E.

By (4.1) and (4.5) we have

p/q 5
COC( |u|Twq (x) da:) < Collully < ACf/ |u|Twq (x) dz, (4.6)
Q Q

which implies
(CCHCy ALYt/ aD) < / T () da.
fo)
This combined with (4.6) yields
CoC(CCoCH AP < Cllulf?. (4.7)

Using (4.7) together with (4.2) and (4.5) we obtain
_ ~ r—q, =~ w’ 1/(r—q)
CoC(CCC AN ) < T8y / <1> de.
r o\ ha

We see that our claim follows if we take

w” 1/(r—q) —(¢—p)(r—q)/a(r—p)
= —+ dx ,
o\ i

5 _ r (g—p)/qq (r—q)/(r—p)
rfoclif "

where C* denotes
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Corollary 4.1. Suppose 0, < 0 < 0* and A > 0 such that (Py ) has a solution u.

Then o e o vt Vir—g)
P T r/(r—q 1
Collully + —— /Qh|u| dz < ——(Cy)) /Q<hq) dz

and
llllp > K)\—l/(q—p)7

where K > 0 is a constant independent of u.

Proof. The first part of the assertion follows by (4.2) and (4.5). The second one
is implied by (4.7), which shows that the constant K can be chosen, for example, as
C'q/p(q—p)(coéf*l)l/(q—p). O

5. Properties of @, ¢

Proceeding in the same manner as we did for proving (4.5), we can show that if we take
O_ < 0 < 07, then there exists ¢ > 0 such that

1
lull G/FG(J;,U) dr > cful? for all u € X. (5.1)
We shall employ in what follows the following elementary inequality:
s W/ (r=h)
slul® — tul” < C’#,ys<t) Yu e R, Vs, t € (0,00), VO < p < 1. (5.2)

Lemma 5.1. Suppose §_ < § < 0" and X\ > 0 is arbitrary. Then the functional @y g
is coercive.

Proof. From (3.4) we have that there exists C' > 0 such that
F(\ z,u) < CMu|fwy(z) ae z €2, YueR. (5.3)

By virtue of (5.2) and (Hjg) we obtain

h A q/(r—q)
/ <C)\w1|u|q — u|T> dz < er/ Awy (wl) dz
0 2r ’ e} h

\1/(r—aq)
= Cr’q)\r/(T—q)/ (1;23) de < .
2

Using (5.1), (5.3) and the above estimate we find

1 1
Dy o(u) = f||u||‘2’79/ G(z,u) dF—/ F()\,x,u)d:quf/ hlu|" dx
p r Q rJo

h 1
> L CAu|fwy — —|u|" ) d — hlul"d
el = [ (eAuftun = il ) et - [ njupao
1 T
>c||u||]b’—|—§/9h\u| dz — '

and the coercivity of @, g follows. O
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Lemma 5.2. Suppose 0_ < 6 < %, X > 0 is arbitrary and {u,} is a sequence in X
such that @ g(u,,) is bounded. Then there exists a subsequence of {u, }, denoted again
by {un}, such that

Up —~up in X, u, —ugae inf2 and Pyg(ug) < lirginf@%g(un).
n oo

Proof. In view of Lemma 5.1, the boundedness of &, g(uy,,) shows that {u,} must be
bounded in X. Using (2.1) and Remark 1.2 we may assume (up to a subsequence) that

Up — ug in X, up, — up in LY(2;wy) and w, — ug a.e. in 2.

Set
E(x,u) =F(\ z,u) — 1h|u\r and &(z,u) = Zy(z,u).
r

By hypothesis (Hs) and (5.2) we obtain

SU(CU’U) = fu()‘vxvu) - (7“ - 1)h|u|r_2

< )\cfwl\u|q*2 —(r— 1)h\u|rf2
(¢—2)/(r—q)
C’/\wl(/\: > .

It follows that

/Q(E(x,un)—E(x,uo dx—/(/ / Eu(z,up + t(u —uo))dtds)( —uo) dz

/ (T 2)/(r—q) ,
<¢ / m( — up)” da.

This inequality will be used to get the estimate for @y g(ug) — Pag(un):
1
D 0(uo) — Pro(un) = ;;(||Uo||€ = [lunllp) + 9/ (G(z,upn) — G(z,u0)) dI’
r

Jr/Q(E(x,un) — Z(x,up)) dx

’B\H

(lluolly — ||un||§)+9/F(G(fvvun)*G(x,uO))dF

L[ w0 2
e /Q m(“n —up)“ dz.

The compactness of the trace operator E — L™ (I';ws) and the continuity of the Nemyt-

skii operator Ng : L™(I';wy) — LY(I') imply that Ng(u,) — Ng(ug) in LY(I), i.e.
Jr INa(un) = Ne(ug)|dI' — 0 as n — co. It follows that

lim [ G(z,u,)dl = / G(x,ug) (5.4)

n—r oo r
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By Hoélder’s inequality we find

wY_Q)/(T_q) ) w? 1/(r—q) (a—2)/q 2/q
- —_ L . — q
L BB (un —up)” dz < </Q<hq> dx) (/Q [ty —u|Twy () dx) .

Since u, — ug in L9({2;w;1) we obtain

W=/ (=)

: 1 _ 2 _

The lower semicontinuity of ||- || with respect to the weak topology, (5.4) and (5.5) finish
the proof. 0

Lemma 5.3. Suppose 0, < 6 < 0* and A, \, Ao > 0 such that problem (P, ) has a
solution u,, for each n. Then {u,} converges weakly (up to a subsequence) in X to some
ug which is a non-negative critical point of @y, g.

Proof. By Corollary 4.1, {u,} is bounded in X. Therefore, in view of Remark 1.2,
Lemma 3.2 and (2.1), we may assume (passing eventually to subsequences) that

Up = ug in X, wu, —ugin L"(2;h), u, ~wupin E, u, = uyin LP(I';b),

Oup_, Jug

in LP($2; .
axi axi m ( ﬂa’)7 (5 6)
Up = ug in LY(2;5w1),  up — up in L™ (I wa),
U, — Ug a.e. in 2, wu, — ug a.e. in I. (5.7)

We now observe that the embedding E — L3 (£2) is compact for all p < s < p*. This
and (5.6) imply
un, — up in Ly, (£2), Vp<s<p*. (5.8)

Since u, is a non-negative critical point of @, for each n, we derive by (5.7) that
ug = 0 in {2 and for any v € X we have

/a|Dun|p_2Du”~Dvdx+/ b|un|p_2unvdf+/ Rl |" " 2upv dz
19, r 9]

z/ f()\n,x,un)vda:+9/g(x,un)vdﬂ
2 r

By (5.6) we find that {|u,|""2u,} is bounded in L™/"=1)(§2;h), while by (5.7) we have
that |u,|""2u, — |ug|""2ug a.e. in 2. Combining these facts we get

" 2upn — |ug|""2ug in L™V (02; h). (5.9)

For v € L"(£2;h) fixed, set l,(u) = [, huvdz, for all u € L/r=1(0; h). Tt is easy to
verify that I, € (L/("=1(§2; h))’. This together with (5.9) implies

lim [ hlu,|" " ?u,vde = / hluo|" " 2ugv du, Yo € X. (5.10)
7

n—oo 7]
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Similarly,

lim /b\un|p_2unvdfz/b|u0\P_2uovdF, Yo € X. (5.11)
r r

n—oQ

Taking into account (5.7) and Lemma 3.3 we infer that
Ny, (tn) = Ny, () in L0 (2500077 (5.12)
and
Ny (un) = Ny(ug) in L™/ =1 (15 pd/ 7™y, (5.13)
By Holder’s inequality and (Hr) we derive the estimates
[ 106 On,0) = Fdo. )l do
< [ 106 Om) = FOoeun))oldo+ [ |7 00v,) = F(do. )] do

< Crln ol [l e e+ [ (Vg ) — Vg, (0] s
2 2

-1
< CrlAn = Xolllunllg 2w, 0llg.2.0

+ HNf)\O (Un) - NfAO (u0)||q/(q_1),97wi/(1—7) ||U

|47~Q7w1

and
] 0t 00) = a0l 4 <IN (02) = Ny}l s

T, v||m,F,w2'
Then, in virtue of (5.12) we find
lim fn, 2, up)vde = / f(Xo,x, up)vde, Yo € X.
lim [ g(z,up)vdl = / g(x,ug)vdrl, Vv € X.

We now claim that Du, — Dug a.e. in {2. Set
1
g = {m eRY . |z| < R and dist(z,RY \ ) > R}'

It is clear that there exists Ry > 0 such that g # 0 for all R > Ry. Since 2 C 2 CC
2 for all Ry < R < R’ and Ug>p,2r = 2 we need only to show

Du,, — Dug a.e. in 2 for any R > Ry.
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For this purpose we use the following inequalities (see [8, Lemma 4.10]) that hold for

any £, € RV
€ = (P < CEP2E = [P0 (€ = ©), for p > 2; (5.15)
1€ = ¢I? < C(EP2E = [CP720) (€ = Q) (€] + [¢)* P, for 1 <p<2. (5.16)

Therefore, it is sufficient to prove that
(|Dup|P~2Du,, — |DugP =2 Dug) - (Duy, — Dug) — 0 a.e. in 25 for any R > Ry. (5.17)

ForaﬁxedR}Ro,chooseﬂECgo(RN) with0<9<1inRY, 9=1onNrand ¥ =0
on RY \ (2;g. Then by (5.6) and (5.7) we have that Yu, — Jug in E which yields

/ a|Dug|P~2Dug - D(Yu, — Yug) dz + / b |uo|P 2 ug (un — ug) A — 0. (5.18)
Ie) r

By Hoélder’s inequality and (5.8) we find

‘/ n — g)| Dug|P~2Dug - DY da

(r=1)/p 1/p
<Gy (/ a|Dug|P da:) (/ [ter, — ug|? dx) — 0.
Supp ¥ Supp ¥

Using this fact in (5.18) we obtain

/Q a¥| Dug|P~2Dug - D(uy, — ug) da + /F b|ug|P~*uo (un — ug) A" — 0. (5.19)
On the other hand, since <§15I)W79(un), I(un —uo)) = 0 we have
/Q a¥| Dy [P~2 Duy, - D(u, — ug) da + /F b |t [P %, (1, — o) AT
+ /Q a(uy, — uo)|Dun\p_2Dun -DYdx = /Q h19|un|r_2un(u0 — up)dz

+ /Q F O,y upn)Huy — ug) dz + H/Fg(x,un)ﬁ(un —ug)drI.

By Holder’s inequality, (5.6) and (5.8) we derive

‘/ n — tg)|Duy|P~2Du,, - DY dx
(p—1)/p 1/p
<Ci </ a|Duy, |P dx) (/ |tn, — wol? dx) —0
Supp ¢ Supp ¥

‘/ RO | |" 2y, (ug — uy, ) d
[o}

(r—1)/r 1/r
<Oy (/ hlun|" dx) (/ [tp, — wol|” dx) — 0.
Supp ¥ Supp ¢

and
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By (3.4), (5.7), (5.12) and Holder’s inequality we see that

'/Q F sy un )9 (uy, — ug) da

< C’f sup )\n/ [t |9 [ty — wp|wy dz
n>1 0N

< éf sup An”“ﬂ”é,iol,wl [un — uollg, 2wy — 0
n>1

and

Uy — ’U,()Hm’p’w2 — 0.

o0, = 00) 4] < 1 01 0o
It follows that
/Q a¥| Dy, [P~2 Dy, - D(up, — up) da + /F bt [P~y (1, — ug) A" — 0. (5.20)
Since
0< /Q a¥(|Duy|P~2Duy, — |Dug|P~2Dug) - (Duy, — Dug) dz
< /Q a¥(|Duy|P~2Du,, — |Dug|P~?Duyg) - (Du,, — Dug) dx
[ 0l 2 = ol ), = o) a1
we deduce by (5.19) and (5.20) that

lim a(|Dun|P~? Duy,, — |Dug|P~2Dug) - (Duy, — Dug) dz = 0.

n—oo QR
Hence (5.17) holds. Therefore, the claim that Du, — Dug a.e. in {2 is proved. This
combined with the fact that {|Du,,[P~20u,,/dx;} is bounded in LP/P=1((2;a) implies

_ 5 0u
U [P2 =" = |Dug|P~?

| Duy, | | Dug|? 0

T oz

% 7

in LP/ =1 (0; a).

It follows that

lim a|Du,|P~2Du,, - Dvdz = / a|Dug|P~2Dug - Dv dz, Vv e X. (5.21)
2

n— oo 0

By (5.10), (5.11), (5.14) and (5.21) we conclude that ug is a critical point of @5, . O

6. Proof of Theorem 2.3

Let 6 € J and A > 0 be arbitrary. From Lemma 5.1 we see that my ¢ := inf,ex P o(u) is
real. Let {u,, } be a sequence such that lim,,_, o @ o(ur) = my 9. According to Lemma 5.2,
we can assume (up to a subsequence) that

U, =~ uoin X and @y (up) < liminf &y g(uy,) = my .
n— o0
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This shows that inf,cx @ g(u) is attained in ug. From (H4) and (Hg) we deduce that
G(z, |ugl) =2 G(z,up) a.e. x € I' and F(\, z, |ug|) = F(\,x,ug) a.e. x € £2. Tt follows
that @ g(|uol) < Pag(ug). Therefore, we may assume that uy > 0 on {2. To ensure that
ug # 0 we shall prove that m} ¢ is negative provided that A > A for some A > 0.

By hypothesis (Hg) we deduce that there exists 6 > 0 independent of z and A such
that

F\ z,u(z)) > %\u(xﬂqwl(m) a.e. x € 2, Yu € X with sup |u(z)] < 4. (6.1)
e

Set ¢ > 0 with the property that

v ={ue X\ {0} sup [u(z)] < Cllu

q,Q,wl} #0

and denote n = (6/¢)9. Define

- 2 2 2
)\::inf{q||u|§—q9/G(a:,u)dF—|—q/ h|urdx:u6Z},
np n Jr nJo
Z = {u eX: sup lu(z)| < 6, / |ulfwy (x) doe = 77}.

It is easy to verify that Z # (). Imdeed7 if y €Y, then

1/q
u = 7773/ €.
||y||11797w1

where

We now claim that A > 0. For this aim, we consider the constrained minimization
problem,

M = inf{u”ﬁ ‘u € E, / Ju|Tw; () de = n}.
7

Since the embedding E' < L9({2;w;) is continuous, it follows that M > 0. Thus
ull, = M for all u € X with / |ulfwy (z) dx = 7.
Q

By applying the Holder inequality we find

1/(r—q) (r—q)/r a/r
/ || Y0y daz—/ —hQ/T|u|qu< (/ (wl) dm) (/ h|u|rdx) .
o\ h? 7

(6.2)
By virtue of (5.1) and (6.2) we have

|| I — 9/G dr+—/h|u|rdx

2q 2q
> —cHqu—i— —/ hlu|" dx
n nr

w’ 1/(r—q) —(r—q)/q
>—CM-|— nr/q</( 1) dx)
n nr o\ hd
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for all u € X with [, |u|%w; dz = 7. It follows that

~ r\1/(r—a) —(r—q)/q
A > @CM + 2ﬁn(r—q)/q (/ <wl> dx)
n T o\ h?

and our claim follows.
Let A > A. Then there exists a function u; € Z such that

2 2 2
A 2y - ﬁe/ Gla,u)dl + 24 [ | da.
np noJr nJo
This inequality and (6.1) imply
1, 1 r
Dro(ur) = —||urlly =0 | G(z,ur)dl'+ = [ hlui|"dz — [ F(\ z,u(x))d
p r rJo Q

1 1 A
< ,”uleg_g/ G(:r,ul)dl"—l—f/ h|u1|rdm—2—/ lu1]%w; dz < 0.
p r rJo 90

Cons~equently, infyex @xo(u) < 0. Thus, the problem (P ) has a solution if § € J and
A > A Set
Ao = inf{A > 0: (P ) admits a solution}.

By Theorem 2.2, we see that A\g > \* > 0.

We now show that for each A > A problem (P ) admits a solution. Indeed, for every
A > Ao there exists p € (Ag, A) such that problem (P,4) has a solution u, which is a
subsolution of problem (P ). We consider the variational problem,

inf{®xo(u) : v € X and u > u,}.

By Lemmas 5.1 and 5.2 this problem admits a solution «. This minimizer u is a solution
of problem (Pjg). It remains to show that problem (P,,¢) also has a solution. Let
An = Ao and A, > Ag for each n. Problem (P, ¢) has a solution u, for each n. Then,
in virtue of Lemma 5.3, we may assume (up to a subsequence) that w, — wug in X,
Up — up in LY(2;w1), up — wo in L™ (I ws), where ug is a non-negative critical point
of @5,.¢. To conclude that g is a solution of problem (Py, ) it remains only to prove
that uo # 0. Since wu,, and ug are critical points of (®x, ¢) and (Dy,,¢), respectively, we
have

<I (un)7un7u0>7<l (UO),un7UO>+<J (un)aun7u0>7<<] (Uo),un*U0> = Jl,n+J2,n7

where

Jl,n = / (f()‘naxaun) - f()\o,ﬁl?,UQ))(Un - UO) d$,

2
o =0 /F (92, n) — 9(, 10)) (1 — u9) AT
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It is easy to see that

0 < (I (un), un — uo) — (I (wo),un —uo) < Jin+ Jon- (6.3)

Using (3.4) we get the estimate

| 10| < C’f ()\n/ \un|q_1|un — up|wy (z) dz + )\0/ |u0|q_1|un — ug|ws () dx)
10 19)

and it follows from the Holder inequality that
1l < G (50 Al 5, + Aol ) it = ol 0. (60
nz

By (5.12) and Hoélder’s inequality we find
ol < 101N (1) = Nyl pants 0t = 0l = 0. (6.5)
Relations (6.3), (6.4) and (6.5) yield

(I (un)ytn —uo) — (I (uo),un —ug) =0 asn — oo.

We show that ||u, — ugllp = 0 as n — oo. We distinguish two cases which may occur.

Case 1. p > 2. Using (5.15) we obtain

ltn, — u0||€ < C((I/(un),un —up) — (I (o), un —ug)) >0 asn— oo,

which shows that |Jun|ls — [Juolls as n — oo.

Case 2. 1 < p < 2. We observe that it is enough to show that
= woll§ < C'({I' (un )t = wo) = (I' (uo), n — u0))([[unly " + ol ). (6.6)

In order to prove (6.6) we recall the following result: for all s > 0 there is a constant
C > 0 such that

(x4+y)° < Cs(x®+y®) for any z,y € (0,00). (6.7)

Then we obtain
2/p
[un —uollf = (/ a(z)|Duy, — Dug|? dz +/ b(w)|up — uo|” dF)
2 r

<G, K /Q a(z)| Dy, — Duo|pdx>2/p + ( /F b(@)|up — uo|pdf>2/p} (6.8)
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Using (5.16), (6.7) and the Holder inequality we find

/ a(x)|Duy, — Dug|P dz
o
:/ a(2)(|Dun — Duo|?)?/? dar
7
< cl/ (a(|Dtp|P~2 Dy — | Dug|P~2Dug) - (Duyn — Dug))P/?
(a(|Dun| + | Dug)?)772 da

X
p/2
</ (|Dup|P~2Du,, — |Dug|P~?Duyg) - (DunDuo)dx>

(2-p)/2
X ( a(|Duy| + |Dug)|)? dx)

<o
X

% (lunllf + lluollf) =72

p/2
a(|Duy,[P~? Du,, — | Dug|P~2Dug)(Du,, — Dug) dx>

(2—p)/2
/ (a|Dun|P + a|Dup|?) dx)
7}

a\

p/2
<cs a(x)(|Dun|P~2Du,, — |Dug|P~2Dug) - (Du,, — Dug) da:)

VR
a\

p/2
< a(x)(|Dun|P~2Du,, — |Dug|P~?Dug) - (Duy, — Dug) dx)

7N\

0

2— 2 2— 2
x (|22 4 o] PP/,

Using the last inequality and (6.7) we have the estimate,

2/p
(/ a(z)|Duy, — Dugl|? dx)
Q

/ ’

< (I (un), un — o) = (I (uo), un — uo)) (Junlly ™ + lluoll; ™). (6.9)

In a similar way we can obtain the estimate,

( /F b(@)|un — uol? dF)Q/p

’ ’

< (I (un)y un —uo) — (I (), up — uo))(Junlly ™ + [luolly 7). (6.10)
It is now easy to observe that inequalities (6.8), (6.9) and (6.10) imply the estimate (6.6).

In both cases, by Corollary 4.1, ug # 0. This concludes our proof. |
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