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THE RESIDUAL SPECTRUM OF G,

HENRY H. KIM

ABSTRACT.  We completely determine the residual spectrum of the split exceptional
group of type G, thus completing the work of Langlands and Moeglin-Waldspurger on
the part of the residual spectrum attached to the trivial character of the maximal torus.
We also give the Arthur parameters for the residual spectrum coming from Borel sub-
groups. The interpretation in terms of Arthur parameters explains the “bizarre” multi-
plicity condition in Moeglin-Waldspurger’s work. It is related to the fact that the com-
ponent group of the Arthur parameter is non-abelian.

1. Introduction. Let F be a number field and (A) its ring of adeles. Let G be a
reductive group. A central problem in the theory of automorphic forms is to decompose
the right regular representation of G(A) acting on the Hilbert space L? (G(F)\G(/\)). It
has the continuous spectrum and the discrete spectrum:

L*(GF\G(A)) = Liis(GIN\G(A)) & Lo (GI\G(A)).

We are mainly interested in the discrete spectrum. Langlands [L4] described, using his
theory of Eisenstein series, an orthogonal decomposition:

L2,(G\GW)) = 69 Ld.s(G(F)\G(A))(M,,ry

where (M, ) is a Levi subgroup with a cuspidal automorphic representation 7 taken
modulo conjugacy. (Here we normalize 7 so that the action of the maximal split torus in
the center of G at the archimedean places is trivial.) LdlS(G(F)\G(A)) M) is a space of
residues of Eisenstein series associated to (M, w). Here we note that the subspace

2 Ld,s(Gm\G(A))(Gm,

is the space of cuspidal representations Lcusp (G(F)\G(A)) Its orthogonal complement in
dls(G(F)\G(/\)) is called the residual spectrum and we denote it by LreS(G(F)\G(A)).

Therefore we have an orthogonal decomposition
L3 (GI\G(A) = 2,5, (GIF\G(A)) ® Ly (GIF)\G(A)).

Arthur described a conjectural decomposition of this space as follows:

L5(G(P\G(N)) = ?LZ(G(F)\G(A))W
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where 1) runs, modulo conjugacy, through the set of morphism:
:Lp x SL(2,C) — G*,

where L is the conjectural tannakian group, G* is the Langlands’ L-group and 1) satisfies
certain conditions; in particular, 1 restricted to SL(2, C) is algebraic, 9 restricted to Lg
parametrize a cuspidal tempered representation of a Levi subgroup and the image of 1 is
not included in proper Levi subgroups. The space Lz(G(F)\G(/\)) " is defined by local
data (See Section 3.7).

The purpose of this paper is to determine explicitly Lfes(G(F)\G(/\)) for G the split
exceptional group of type G,. There are 3 Levi subgroups modulo conjugacy. Let M, be
the Levi of the maximal parabolic subgroup P; attached to the long simple root and M,
be the Levi of the maximal parabolic subgroup P, attached to the short simple root. Let

My = T be the maximal split torus. Let

L3 (G\GW)),, = DL (GENGW)) -

Theorems 3.6.1, Theorem 4.2 and Theorem 5.1 describe the decomposition of
Lﬁis(G(F)\G(A)) M, for i = 0, 1,2, respectively. Due to the lack of information on the
poles of the adjoint cube L-function of GL, (symmetric cube L-function of GL, twisted
by a character) and insufficient bound for Fourier coefficients of cuspidal representations
of GL;, our results on Lﬁis(G(F)\G(A)) M i = 1,2, are incomplete. Also we only con-
sider the K-finite, Ko-invariant subspace of L}, (G(F)\G(A)) . We also give the Arthur
parameter for automorphic representations in L3 (G(F)\G(A\)) and verify Arthur’s con-
jecture, reformulated by Moeglin [M3].

In order to obtain the decomposition for Lgis(G(F)\G(/\)) > We use the inner product
formula (3.1) of the pseudo-Eisenstein series as in [M-W1]. For L2 (G(F)\G(A)) el =
1, 2, we use the method in [Ki], where we calculated the residual spectrum of Sp,. We
use the notation of [M-W1]. Let us explain in detail in each of the cases.

The most interesting one is the analysis of LﬁiS(G(F)\G(A)) - It was Langlands [L4,
Appendix 3] who first calculated its K-fixed subspace. It is dimension 2. One is spherical
and the other is a very interesting residual automorphic representation. Its Archimedean
component is infinite dimensional, of class one and is not tempered. Moeglin and Wald-
spurger [M-W1, Appendix III] calculated K-finite, K-invariant subspace V of
Lﬁis(G(F)\G(A)) Ty where 1 is the trivial character of T, whose cuspidal exponents
are short roots. They found surprising results that only those which satisfy a certain con-
dition appear in Lﬁis(G(F)\G(/\)) - Letus explain in detail. Let J, = {71y, T2} be a set
of irreducible representations of G,, where 7, is spherical. For S a finite set of finite
places, set ™5 = ®ygs Tlv ® Qves Tav- Then

v= ¢ .
S,card(S)#1

The condition card(S) # 1 is quite surprising (In Sp, case [Ki], we have the condition
“card(S) even”). We can interpret their results in terms of Arthur parameters. In fact, the
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condition comes from the Springer correspondence (see Section 3.7 for more details) and
is related to the fact that 4(u) is non-abelian, i.e., S3, the symmetric group on 3 letters.
Recall that the Springer correspondence is an injective map from the set of irreducible
characters of ¥, the Weyl group of G, into the set of pairs (O, 17), where O is a unipotent
orbit and 7 is an irreducible character of A(u) = C(u)/ Cw)°, u € O and C(u) is the
centralizer of u. Let Springer(O) be the set of characters of A(x) which are in the image
of Springer correspondence. Then J, is associated with Springer(G2(a1)), where G(a;)
is the sub-regular unipotent orbit of G ([Ca, p.401]). We note that Moeglin [M1] proved
that the residual spectrum attached to the trivial character of the torus is parametrized by
distinguished unipotent orbits O and Springer(O) and we can expect that the same thing
would happen for all split groups.

Among non-trivial characters of T(A)/ T(F), modulo conjugacy, the following char-
acters of the torus contribute to the residual spectrum (see Section 3.6). Under the iden-
tification, M; ~ GL,, where M, is the Levi subgroup of P, x = x(u,v), p and v are
grossencharacters of F.

M p=v,pt=1p#1

Q@ p=Lp#1v=p

For Case (2), there is only one residual spectrum, which is the global Langlands’
quotient of Indgl exp(ﬂ4,le ()) ® (Indg;‘2 x)- Case (1) is more interesting. In this case
the Eisenstein series has a pole at 3, the sum of two simple positive roots. If u, is
not trivial, then the character x, ® exp(ﬂz, Hpg( )) is regular and we can apply Rodier’s
result ([R]) to analyze the image of the intertwining operator R(p2, 32, p2x). In particular,
it is irreducible. If y, is trivial, then the image of R(p2, 32, p2X) is the same as the one
Moeglin and Waldspurger found [M-W1, Appendix III]. It is the sum of two irreducible
representations. Let J(x,) = {miy, T2} is the set of irreducible components. We put
7y = 0if x, # 1. For S a finite set of finite places, set 75 = ®ygts Ty @ ®yes Tav. Then
the residual spectrum attached to the character (1) is given by

Jx) = {SBWS

There is no condition on S.

For Lfﬁs(G(F)\G(/\)) M the Levi factor is M, = GL,. We have to look at Eisen-
stein series associated to cuspidal representations of GL,. The L-functions in the con-
stant terms of Eisenstein series are the adjoint cube L-function and Hecke L-function.
We analyze the poles and the irreducibility of the images of local intertwining operators
as in [Ki]. However, the pole of the adjoint cube L-function of GL; is not known. We
assume the location of poles. Also we need to assume certain estimates of Fourier co-
efficients of cuspidal representations of GL,. More precisely, if m, = m(u| |", | |7) is
a complementary series representation of GL,, we assume that » < é. Right now the
best known result is that » < % due to Shahidi [S3]. Assuming these facts, we obtain
a decomposition of Lﬁis(G(F)\G(A)) M parametrized by cuspidal representations m of

GL, with trivial central characters and L(%, m,73) # 0 and by monomial representations
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of GL,. Recall that a cuspidal representation o of GL; is called monomial if o ~ 0 @ 7
for a quadratic grossencharacter 7 of F.

For LﬁiS(G(F)\G(A))MZ, the Levi factor is M; = GL,. The L-functions in the con-
stant term of the Eisenstein series are just Jacquet-Langlands’ L-function, its twist by
a character, and a Hecke L-function. In this case, assuming the fact on the estimates
of Fourier coefficients of cuspidal representations of GL,, we obtain a decomposition
of LﬁiS(G(F)\G(/\)) 0 parametrized by cuspidal representations 7 of GL, with trivial
central characters and L(%, ) # 0.

F. Shahidi brought to our attention the paper by Li and Schwermer [Li-Sc] who studied
the poles of Eisenstein series attached to the maximal parabolic subgroups over Q. After
this paper was accepted, the author received a preprint, “The residual spectrum of the
group of type G,,” by S. Zampera. She obtained similar results. But her result does not
have the interpretation in terms of Arthur parameters.

ACKNOWLEDGEMENTS. The author would like to thank Prof. F. Shahidi and Prof.
C. Moeglin for engaging in many helpful conversations. Thanks are due to the referee
for many helpful comments.

2. Some facts about G,; roots and parabolic subgroups. Let G be a split group
of type G,. Fix a Cartan subgroup 7 in G and let B = TU be a Borel subgroup of G. Let
K be the standard maximal compact subgroup in G(A) and K, = G(0,) for finite v.
The product K = K, X T1K, is a maximal compact subgroup in G(A).

We follow Moeglin and Waldspurger [M-W1, Appendix III]. Let 3; be a long simple
root and f3¢ a short one. Let

Ba=pF1+Ps, B3=201+38s, Ba=pP1+286 Bs=p1+306

then {3, ..., 086} is a set of positive roots.
Let ,8}/ be a corresponding coroot of 3; fori = 1,...,6. Then

By =3 +B¢, B =20 +Pg, By =36+20,, B5=p]+5.

Let P, the maximal parabolic subgroup generated by (3, (long root) and P, be the
maximal parabolic subgroup generated by 3¢ (short root). Then we have Levi decompo-
sitions (Shahidi [S4]):

P] = M[Nl, P2 = M2N2, M1 ~ GLz, Mz ~ GL2

Under the identification M; ~ GL,,

BY(6) = diag(t,t™"), BY(H) = diag(t™', ), By () = diag(F*, 1)

@.1)
By (t) = diag(t, 1), By (1) = diag(¢, 1), 85 (1) = diag(1, ).
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Under the identification M, ~ GL,,

22) BY(0) = diag(1, 1), B¢ (t) = diag(t,r "), B5(¢) = diag(t, )
B5(1) = diag(t,), B3 () = diag(, ), B5 (1) = diag(s, 1).

Let X(T) (resp. X*(T)) be the character (resp. cocharacter) group of 7. Since G is simply
connected,

X(T)=183+2B4, X*(T)=10) +18.
Let

e =XTN®R, at=XTRC, a=Xx(T)®R=Hom(X(T),R)
Qac =X*(T)®C

Then {83, 84} and {B3Y, B¢ } are the pair of dual bases for a* and a, respectively.
The positive Weyl Chamber in a* is
Ct={A €a*|(A,a") > 0 forall a positive roots }
= {aB3+bpBs | a,b > 0}.
The half sum of positive roots is pg = 33 + f34.

We list the elements of the Weyl group together with their actions on the positive
roots.

w  decomposition S B2 B3 Ba Bs Be

1 B1 B2 B3 Bs  Bs B
p1 Pl —b Bs Bs Bs Bz B
P2 P1P6P1 B3 —B —b Bs Bs  Pa
03 P1P6P1P6P1 —Bs —Ba —Pz —B —P B
P4 P6P1P6P1P6 B —Bs —Bs —Ba —B3 —P
s P6P1P6 B3 B2 B —Bs —Bs —Pa
Ps Ps Bs Bs B3 B2 B1 —Ps

o 231) P6P1 —Bs —Bs B B B Ba
o(F) P6P1P6P1 B3 —Bs —Ps —Bs B P2

o(r)  pspipspipspr  —P1 P2 —Bs —Pa —Bs —Pbs
a(“;{l P1P6P1P6 Bs Be —B1 —Po —P3 —Pa
o(3F) P1P6 By Ba  Bs  Ps —P1 —P2

3. Decomposition of Lﬁis(G(F)\G(A)) - We fix an additive character¢ = ®, v, of
A/F and let £(z, 1) be the Hecke L-function with the ordinary I'-factor so that it satisfies
the functional equation £(z, 1) = €(z, p)E(1 — z, "), where e(z, 1) = TI, €(z, iy, V) is
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the usual e-factor (see, for example, [Go, p158]). If y is the trivial character g, then we
write simply £(z) for £(z, 110). We have the Laurent expansion of {(z) atz = 1:

c(F)

z—1

+ag+---.

€@ =

3.1. Definition of Eisenstein Series. For a unitary character x of T(A)/T(F) and for
each A € ag, letI(A, x) = Ind§ x ® exp(A, Hpg( )) be the induced representation, where
Hp is the homomorphism Hp: T(A) — a defined by

exp(x,HB(t» = H |Xv(tv)lv-
We form the Eisenstein series:

Egf,.M)= > fOp),
YEB(F\G(F)
where f € I(A, x)- The Eisenstein series converges absolutely for Re A € C* + pp and
extends to a meromorphic function of A. It is an automorphic form and the constant term
of E(g,f, A) along B is given by

Eog.f,M) = |

Ei s ,A du = M 3A, >
o P& N du w%)W A, x) ()

where W is the Weyl group and for sufficiently regular A,

Mw, A XY (®) = [, S (w™'ug) du,

where U, = UNwOw™!, U is the unipotent radical opposed to U. Then M(w, A, x)
defines a linear map from /(A, x) to I(wA, wx) and satisfies the functional equation of
the form

Mwiwy, A, x) = M(wi, w2 A, wax)M(w2, A, X).

The Eisenstein series satisfies the functional equation
E(g, M(w, A, X)f,wA) = E(g,f, A).

Let S be a finite set of places of F, including all the archimedean places such that for
every v ¢ S, x, and ¢, are unramified and if f = ®;,, for v ¢ S, , is the unique K,-fixed
function normalized by f,(e,) = 1. We have

Mw, A, x) = Q@ Mw, A, x»).

Then by applying Gindikin-Karpelevic method (Langlands [L4]), we can see that for
ves,

LA "), xyo¥) -
M(w, A, v = Vs
( XV)f a>0£/[a<0 L(<A’ a\/> +Lx,o0 aV)
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where L(s, 11,) is the local Hecke L-function attached to a character 7, of F* ands € C
and f, is the K,-fixed function in the space of (WA, wy) satisfying f,(e,) = 1. For any v,
let

~ LA, @), xy 0 a¥)
W) = a>01,:vla<0 L(<A, O(V> +1,xv0 aV)€(<A’ (XV>, XvoaY, d)")

We normalize the intertwining operator M(w, A, x,) for all v by
Mw, A, xv) = n(W)R(w, A, X»).
Let R(w, A, x) = ®, R(w, A, xv) and R(w, A, x) satisfies the functional equation
Rwiwz, A, X) = R(wi, w2 A, wax)R(w2, A, X)-

We know, by Winarsky [Wi] for p-adic cases and Shahidi [S2, p110] for real and complex
cases, that

M(W, Aa XV) H L(<A’ aV)’ XV o aV)—l

a>0,wa<0
is holomorphic for any v. So for any v, R(w, A, x,) is holomorphic for A with
Re((A, ")) > —1, for all positive o with war < 0.
We note that a character x of T(F)\T(A) defines a cuspidal representation of T. For
any w € W, wTw™! = T and so (T, wy) is conjugate to (T, x).
Let I() be the set of entire functions f of Paley-Wiener type such that f(A) € I(A, x)
for each A. Let

() = (2m)2 /Re A=A E(g,f (A), A) dA

where Ag € pp + C*. Then we have

LEMMA ([L4]). L2 (G(F)\G(/\))
through all distinct conjugates of x.
L%,(G(P\G(N)) (7 18 the discrete part of L*(G(F)\G(A)) (.- 118 the set of iterated
residues of £ (g, f(A), A) of order 2.
In order to decompose Ldls(G(F)\G(/\))

T spanned by 0y for all f € I(wx) as wx runs

we use the inner product formula of two

(Tx)
pseudo-Eisenstein series: Let x and x’ be conjugate characters and f° € I(x), /' € I(x).
Then
M(w, A)(A),f (—wA
(6,,07) = (27”)2 Frercns 3o (MOWAYA)S () an

where W(x,x') = {w € W | wx = x'}. Let {dx | d € D} be the set of distinct
conjugates of x.
In order to deal with the distinct conjugates of x simultaneously, we consider, for
JeIx), / o
AGS 0 =3 3 (MOw, A XYA),fi(—wh)),

deD weW(x,dx)
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where f € I(dx). Since W = Uyep W(x, dx), for simplicity, we write it as

3.1 AL 0) = 3 (Mw, A, X (), (—wA)).

wew

We also have the adjoint formula for the intertwining operators

(M(w, A, X (), f'(=wR)) = (f(A), M(w™", —wA, wx)f (—wA))

(3.2) i . |
(ROw, A, XY (A, f'(—=wh)) = (f(A), Rw ™", —wA, wx)'(—wh)).

We use this adjoint formula and calculate the residue of A(f, f”; A) to obtain the resid-
ual spectrum L (GF\G(A)) . -

LetS; = {A € af : (A,B8Y) = 1} and we introduce a coordinate on S; as follows:
A =zu; + '%, where u; = ﬁ4, U; = ,35, uy = ,35, Uy = ,31, Us = ,82, Ug = ﬁ3. We note
that (u;, 8Y) = 0.

In order to get discrete spectrum, we have to deform the contour ReA = Ag to
Re A = 0. Since the poles of the functions M(w, A, x) all lie on S; which is defined
by real equations, we can represent the process of deforming the contour and the singu-
lar hyperplanes S; as dashed lines by the following diagram in the real plane as in [L4,
Appendix 3].

The integral at Re A = 0,

1 .

2mi)? /Re A=0 AGS5 M) aA
gives the continuous spectrum of dimension 2. As can be seen in the diagram, if we
move the contour along the dotted line indicated we may pick up residues at the points
A,’,l‘: 1,...,6:

L / Ress, A(f, /s A) dA

27(1 Re A= )\,‘ S,- D) ’ )
where A € §;. Then we deform the contours Re A = \; to Re A = % i.e., the origin of

S;. The integrals at Re A = %,

2_;7 /R ors Ress A, 3 A)dA
give the continuous spectrum of dimension 1. The square integrable residues which arise
during the deformation span the discrete spectrum.
As we see in the diagram, we have to consider
Resg, Ress, A(f.f"; A)
Resg, Ress, A(f,f"; A)
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Res, s, Ress, A(f,f"; A)
Resg, Ress, A(f,f"; A)
Res,, Resg, A(f,f"; A)
Resg, Ress, A(f,f'; A)
Resy s Ress, A(f,/"; A).
For x a character of T(A)/ T(F), let x; = x o 3}.
Then
X2 = X1X6:X3 = XiX6 X4 = XiXes X5 = X1X6-
Set
; £(2)
Mw, A, x) = 222 Ress M(w, A, X).
W, A, x) o) RS w, A, x)

Let W; = {we€ W|wB; <0} fori=1,...,6. Then

Ress, A(fLf, ) = 3 (Mw, A, XY (A),f (—wh)).

weW;

3.2. Calculation of Ress, A(f,f"; A). M(w, A, x) hasapole at Sy if y; = 1.
On S] ,
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3
(B =2+, (A1) =2+

N —

(MBI =22, (A B) =2 5, (A B} =2~ 5.
LEMMA 3.2.1.
M'(p1, A, x) = R(p1, A, X)
o) = —SE LR AY).
£(z+3,x6)e(z + 3, X6)e(z + 5, X6)
M'(p3, A, X) = £z, X2z — §.x6) R(p3, A, X)

Ez+ 5, x6)EQz + 1, xRz + 3, X6)e(z + 3, X6)e(22, X2)e(z — 3, X6)

£+, x0)
m ("(g)’A’X) = £(Z+%;:)z(:i%,XG)R(UG)’A’X)

M (0(23—”)/\ x)
_ £+ 5, X662z x3) R(0(3),A.X)
€+ 3, x6)EQz + 1, x2)e(z + Ix6)e@ + L, X6)e@ + 1, x6)e(22, X2)

.  £QsxDEE — 2, x6)
M(omAX) = 5 x0)EQz+ 1,X2)

_ R(o(m), A, x)
e+ 3. x6)e + 3. X60)eQ2, X — 3, X6)e( — 3. Xo)

PROPOSITION 3.2.2.  If x is not trivial, then Ress, A(f,f"; A) has a pole at z = % ie.
A = B, when x2 =1, x6 # 1 and the residue is given by

Resg, Ress, A,/ A) = c1(f(B2), R(p2, B2, p2X))
(R(Ps, “B2”, XY (B2) + 2R (U<§) » Ba, p3X)f'(ﬁ4) +cR (Ps, Ba, ZTWX)f/C&)) ,

where ¢y, 2, c3 are constants and R(ps, “B2”, x) = Qv R(ps, “B2", xv) and R(ps, “B2”,
Xv) is the value at 3, of the restriction R(ps, A, X,)|s,. It is an isomorphism from 1(33,x)
to I(B2, psX)-

PROOF. The local intertwining operators are holomorphic at z = % except
R(a(w), A, Xv) when x, = 1. However, Moeglin-Waldspurger [M-W1, Appendix III]
showed that the restriction R(O’(?T), A, Xv)lS, is holomorphic at z = %: Letx, = 1. By
the cocycle relation, R(a(w), A, xv) = R(ps, p2A, xv)R(p2, A, x»)- The pole is contained
in R(ps, p2 A, X»). However, the restriction R(ps, p2A, xv)|s, of R(ps, p2A, X,) onto S; is
holomorphic at 3. If x, is not trivial, R(ps, p2A, ) is holomorphic at 3.
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Therefore, all the poles are contained in the normalizing factors. So

c(F)E(, x6)
§()EB, x6)e(1, x6)e(2, X6)

¥ (R(a(i—”),ﬂz,x)f(ﬂz),f’(m))

c(F)E2, x6)
§(2)€3, x6)e(2, x6)
In order to use the adjoint formula (3.2), we note that p3 = p,0(3) and a(%")_1 =
0(43—”) = paps. We also note that o(m) = pyps = psp, and so we have R(a(w), A, Xv) =
R(p2, psA, psxv)R(ps, A, xv)- By the same reasoning as above, if x, = 1, R(ps, A, x)s,
is holomorphic at 3, and we denote its value by R(ps, “B2”, xv)- If xv is not trivial, then
R(ps, A, xv) is holomorphic at 3, and in this case, R(ps, 82, Xv) = R(ps, “B2”, Xv)-

Resg, Ress, A(f,f; A) =

(R(p3, B2, XY (B2, (Bs))

(R(U(W), B2, x)fB2).f (ﬂz)) :

PROPOSITION 3.2.3.  If'x is trivial, then Ress, A(f,f"; A) has a pole at z = % ie. at
B2 andz = % ie., at (3.
(1) Resg, Ress, A(f,f'; A) was calculated by Moeglin-Waldspurger.
(2) Resg, Resg, A(f,f"; A) = 0.
PROOF. (1) See [M-WI1, Appendix IV].
(2) Atz = 2, M'(ps, A,x) and M'(o(r), A, x) have simple poles. So the residue is
given by
3)c
o (Ren.2.20 — R(otm. s ) V@S G2)-

But R(o(r), 83, X) = R(p3p6, B3, X) = R(ps, B3, X)R(ps, B3, x) and R(ps, B3, x) = id by
the following Lemma. So Resg, Ress, A(f,f"; A) = 0.

Resg, Ress, A(f,f; A) =

LEMMA3.2.4. Supposea charactery, satisfies pexy = Xv- Then for any real number
t, the normalized intertwining operator R(pe, 103, xy) is a self-intertwining operator of
I(tB3, xv). It acts like the identity.

PROOF. Since pgf3 = fs, it is a self-intertwining operator of /(¢83, xy). Since
(B3,B¢) = 0, R(ps, 233, Xv) is actually an intertwining operator for the Levi subgroup
M, ~ GL,, where P, = M, N, is the maximal parabolic subgroup attached to 3. Under
the identification M, ~ GL,, R(ps, 83, X,) is an intertwining operator of Indg’oL2 pl |F %
p| |'. Since Indg’oLZ pl " % p| | is irreducible, R(ps, ¢33, X») acts like a scalar. But it acts
like the identity on the K-fixed vector. Therefore it is the identity.

3.3. Calculation of Ress, A(f,f"; A). M(w,A,x)hasapoleatS,if x> = 1,ie.,xix6 =
1.
On Sz,

https://doi.org/10.4153/CJM-1996-066-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-066-3

1256 HENRY H. KIM

LEMMA 3.3.1.

M2 A0 = 2= +€§—z+ %,xl)f(z:%,{r‘) R
2,X1)£(Z+ 55 X1 )e(—z + 3s X1)e(z + 75 X1 )

M5, A, x) = 5(—273“ 3 >(1)€(Z‘3r 3 Xf1)€(32’3f X1 )Rz X, %)
E(—z+ 3, x1)EE + 5, XxTHEBz + 3, x7)EQz + 1,x72)

, R(p3, A, x)
e(—z+ 3, X)e + 3, X7 DeBz + 5, x7)ez X72)
M2(pa, A, x) = §e+ 3 xR X1 EBz — 3,X7°)

£+ 3 xTNEQz + LxDEBZ+ 3,x, %)

. R(p4’Aa X)
e+ 1, x7DeBz+ 1, x7)ez, x7DeBz — 1,7

2 Ll _ §(—z+ %, X1) ( s )
" (0(3)’“) T e L o(3)Ax
2 E(—z+ 3, x)EE + 3, X1 DEGz + 3, x7)
M? — |, A, — 2 2> X1 35 X1
(0( ;) X) §-z+ 3. x0EE + 3 X EB2* 3.x77)
' R(o(%), A, x)
ez + 3. x)el + 5 x7DeGz + 5.x77)
E(—z+ 5, x0DEE+ 1, X7 DRz xTHEBz — 3, x7°)
62+ 366 + 3 DEQz + LGz + 1.x77)
. R(a(m), A, x)
e(—z+ 1, xDez + 3, x7NeQz, x7HeBz + 3, x7)eBz — £, x77°)

M (o(m), A, x) =

PROPOSITION 3.3.2.  Resg, A(f,f"; A) has a simple pole at z = %, i.e. A = 133 when
xi=LlLie, xs=1 and Res g Ress, A(f,f;A) = 0.

PROOF. All the local intertwining operators are holomorphic at z = é. So all the
poles are contained in the normalizing factors. Therefore,

Res, 5 Ress, A(f s N)

= (*)((R(m, 385.x) —R(o(m, %ﬁg,x))fGﬂa),f’(%ﬁa))
s (o) o) ) 3 5|

with (*) and (xx) being constants depending on xi. Here R(o(r),1p3.x) =

R(p3, 383, X)R(ps, §B3,x) and R(ps, 183,X) = R(o(3), 183, X)R(pe, $83, ). Since
peXx = X, by Lemma 3.2.4, R(ps, 133, x) = id. Therefore, Res,; Ress, A(f,f; A) = 0.
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3.4. Calculation of Ress, A(f,f"; A). M(w,A,x)hasapoleatSsifys=1,ie x1x¢ =
1.On Ss,

(A’IBY> =z— ,<A,,3¥> = 2z, <A,ﬁ§/> = z+%

BN

3 3
<A’5>1/> =z+ E’(Aaﬁg> =—z+ E

LEMMA 3.4.1.

Moy — €z— L xEQzxD)  R(os, Ax)
PN e+ 3, x)EQz + 1, xPez — Loxn)eQz xDe + 1, x e + 3, x1)
€2z, xDEE+ 5, x1)E(—z + 3,x7h)
£Qz+ L2 + 3, x0E(—z+ 3, x; )
_ R(pa, A, X)
eQz,xDe(z + 5, x)e + 2, x)e(—z+ 2, x7h)
&(Z+ é,Xl)&(-Z"’ i’ Xrl) R(p57A3 X)
M5 ,A, — 2 2
s A X) = T S ez * Hx e Txne(—z * Txih)
€z — L, x)EQz DE(—z+ 3, X7
A[j ,A, — 2 2
(oA x) = g% S XVEQz+ LDE(z+ 3. x)
. R(a(m), A, X)
ez — L0z, XDe + L x e+ 3, x0e(—2 + 3, x7 1)
4r €+ 4, x0)E(—z+3,x7h
Mlo(—).Ax]| = 2 2
(”(3)’ X) €z+ 3, xE—Z+ 3, x71)
_ R(o(P), A X)
e+ LxDe + 3, x0)e(—z + 2, X7 )

=+ X))
w(o(F)Ax) - E—z+ %,le:):(fz.+ X fo(3)m)

M(ps, A, x) =

PROPOSITION 3.4.2. I is not trivial, Ress, A(f,f"; A) has a simple pole at A = (,,
ie,z=1 whenx? =1, x1 # 1 and its residue is given by

Res, Ress, A(f,f'; ) = c1(R(p3, Ba, XY (B2).S(82))
e ((R(p4,ﬂ4, %)+ R(o(m), Ba, x))f(64),fw4)),

and cy = AFYE(Lx1)*

c(F)EO,x1)
EQ)EBx1)e,x1) EQEGXxDE2x1)e(,x1)

PROOE. All the local intertwining operators are holomorphic at z = % Therefore
all the poles are contained in the normalizing factors. Our assertion follows from the
straightforward computation.

where c; =
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PROPOSITION 3.4.3. If x is trivial, Ress, A(f,f"; A) has a triple pole at z =
Moeglin-Waldspurger calculated the residue.

3.5. Calculation of Ress, A(f,f'; A). M(w, A, x) has a pole at S¢ if x5 = 1. On S,

=341 (A,B5) —z4)

1 1
<A’B\l/>=z—§’ <A’/8;/>=3Z_57 (A’ﬂ;/):zz
=32+,

5
LEMMA 3.5.1.

€6z — L xDEQz XDEE+ L x1)
M8(ps, A, x) = 22 21 2
(i) = e T ez + LxDEG+ 2x)

. R(pa, A, x)
ez — 1, xDeQz, xDeBz + 1, X}z + 1, x1)
M°(ps, A, x) = £€Bz+ 3, xDEE+ 3.x1)  R(ps, A, x)

€3z + 3, xDEE+ 3, x1)eBz + 3, x}Deiz + 3. x1)
M®(ps, A, X) = R(ps, A, X)
M(o(m, A ) = e — 3, %1603z — 3, xDEC2,X})
£+ 3, x1)EBz+ 3,XDEQz+ 1, x3)
(0’(7‘(‘) A, X)
ez — $,x1)eBz — $,XDeQz, xDe@Bz + 1, xDez + L, x1)

47
M6( ( 3 ) A, X)
_ €2z, xDEBz+ 1, xDEE + 3.x1)  R(o(*p), A,x)
£z + 1,xDEBz+ 3, xDEE + 2, x1)eQz, xDeBz + 5, XDe + £, x1)

W(a(zl),l\,x) _ §(z+%,Xl) R( (Svr) A x)

&z +3,x1)ez+ 3, x1) 3

All the local intertwining operators are holomorphic at z =

§Z= %,z = % and so all
the poles are contained in the normalizing factors.

PROPOSITION3.5.2.  If’x is not trivial, Ress, A(f,f"; A) has a simple pole at A = % Bs,
ie,z=1tifx}=1 Res g Ress, A(f,f"; A) =
PROOF.
Res g, Ress, A(f, fiA)

e (-R(p ) +R(o(5) ) Y (3) ()
v (o 35x) = (ot ) (35) (3
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where ¢y, ¢; depend on ). But
B T Lo Ry
R(a(7r), %ﬁs, x) = R(ps, %ﬁs,X)R(Pz, %35, X)~

Here 0(47”))( = x and pgp1x = p1x and
R(Pz, %ﬂs,x) = R(Pl, %ﬂs,Plx)R(p@ %,337.01X)R(Pl, %BS,X)-

ByLemma3.2.4,R(ps, — % B3, x) and R(ps, % B3, p1x) are the identity. By the cocycle rela-
tion of the normalized intertwining operators, R(p;, % Bs, x) is also the identity. Therefore,
the residue is zero.

PROPOSITION 3.5.3.  A(f,f"; A) has a simple pole at A = B4, ie.,z =L if 3 =1
Xi#lorxi=1Lx1#1
(1) x3 =1, x? # 1. The residue is given by

Resg, Ress, A(f,f'; A) = c(f(B4), R(pa, Ba» pax)('(Ba) + R(p1, Ba, X)f (Ba))

c(PEAXDEX1)
EQECXDEx DX De(Lx)
(2) x3 =1, x1 # 1. The residue is given by

where ¢ =

Ress, Ress, AU ) = er{ (Rpu, B0 20 + R(a(r) ) B0 60))

+er (R(a(f‘-;—),m,x)f(m),f(ﬂz)),

_ 0 xDE0x) o) _ (L)
where €\ = gt inne @ nEd 214 €2 = T meExnian-

PROOF. It follows from Lemma 3.5.1 and straightforward computation.

PROPOSITION 3.5.4. If x is trivial, Ress, A(f,f'; A) has a triple pole at A = Ba.
Moeglin-Waldspurger calculated the residue.

PROPOSITION 3.5.5.  If x is trivial, Resg, A(f,f"; A) has a simple pole at A = pg, i.e.,
z= % The residue is given by

c(F)EGB)

Res,, Ress, (S M) = 97

(R(a), 5. X)f0n1. S (03)).

This gives the constant.

3.6. Conclusion. Let J(x) be the subspace of Lﬁis(G(F)\G(/\))(T > Which is K-finite
and K,-invariant.
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3.6.1. x is trivial. We can see from the above calculation (Propositions 3.2.3, 3.3.2,
3.4.3,3.5.4, 3.5.5) that Moeglin and Waldspurger obtained all the residual spectrum at-
tached to the trivial character of the torus. We summarize their results; J(1) is isomorphic
to the sum of the trivial representation and the image (1+ %E)R(pz, B2)I(B2)y, where I(32 )y
is the K -invariant subspace of /(32) and E = ®, E,. Here E, is defined as follows: Let
R(ps, p2A)|s, be the restriction of R(ps, p2A) to S;. It is holomorphic at 3,. Let E, be the
value of R(ps, p2A)|s, at Bz.

Then R,(pz2, 32)1,(32) = 71, @ 72y, Where 7y, is spherical and

_ f;,, lfﬁ, € Ty
(.3) Ep) = { —2f,, iff, € 7l'21v-

Let S be a finite set of finite places and 75 = ®y¢s Ty ® ®yes may- Then

JH=m® D =,
S,card(S)#1

where 7 is the trivial representation.

3.6.2. x is non-trivial. From Propositions 3.2.2, 3.4.2 and 3.5.3, only the following
characters contribute to the residual spectrum:

M xxi=Lxi=Lxs#1

@ X' =pex:Xi* = Lxi # Lxg = X

G) X" =pipex:xi = Lxi # Lxg =1

C)] )Z:X:s =Lxi 74 1, %6 =1

Under the identification M, ~ GL,, where M, is the Levi subgroup of P;, the above
characters are given by x = x(u,v), where 1, v are grossencharacters of F:

M x=xwv)hp=v,it=1,p#l

@) pex = x(u, ) p=1,1=Lv#1

B3) proex = x(wv), W2 =1, p# Ly =1

@ X =xpv), 1’ =Lp#lv=p

Casel. x:ixi=Lxi=1x#1
From Proposition 3.2.2,

Resg, Ress, A(f./"; A) = c1(f(82), R(p2, B2, p2X)

(R(ﬂs, “B2",X)'(B2) + 2R (0(9 » B4, p3x)/’(ﬁ4) +c3R (Pﬁ, Ba, %Ex)f'(ﬂxa)) ,

where c¢i, ¢3, 3 are constants and R(ps, “52”, X) = ®, R(ps, “B2”, xv) and R(ps, “B”,
Xv) is the value at 3, of the restriction R(ps, A, X,)|s, . It is an isomorphism from (3, x)

to I(B2, psX).
Here we recall the inner product formula (3.1) and our short-hand notation. Note that

o(n) € W(x,x), p3 € W(x, pex) and 0(27") € W(x, p1peXx)- Therefore, the above f”°s
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are all in different spaces. Since R(a(g—'), Bs, p3x) and R(ps, B4, 23—")() are intertwining
operators and R(ps, “32”, x) is an isomorphism, J(x) is isomorphic to the image

R(p2, B2, p2)I(B2, p2X)r = @ Ru(p2, B2, p2X3)1(B2, p2Xv)-

v<00

We already know from Moeglin-Waldspurger that if y, is trivial,

Rv(pZ; ,829 p2XV)Iv(,32, Psz) = Ty (&) Ty

Suppose ¥, is not trivial. Then x, ® exp(ﬂz, HB()) is a regular character of 7. So we can
apply Rodier’s result as follows: By the cocycle relation,

Rv(pZ> ﬁZs Psz) = Rv(pS, _52, Ps Xv)Rv (0'(7"), ,52, P2 Xv) .

From Rodier [R, Cor 3 in p417], Rv(a(w), B2, pzxv)lv(ﬂz, p2Xv) and the unique irre-
ducible subrepresentation of I,(—f2, p2xv) have the same Jacquet module. There-
fore, Rv(a(7r), B2, szv)Iv(,Bz, p2Xv) is the unique irreducible subrepresentation of
1,(—PB2, p2xv)- Since Ry(ps, —B2, psXv) is an isomorphism, R,(p2, B2, p2X)(B2, P2Xv)
is the unique irreducible subrepresentation of I(—03,, xy).

LetJ, = {m1y, T2y }. If x» is not trivial, we take 7, = 0. Let S be a finite set of finite
places and 75 = ®,¢s M1y ® ®yes T2v- Then

J(x) = @ s,
There is no condition on S.

Case2. X' =pex:xi’ = Lxi # Lxe=Xi
From Proposition 3.4.2 and the adjoint formula (3.2),
Resg, Ress, A(f,f'; A)
= ¢1(f(Ba), R(p3, B2 X'V (B2))
+¢2(f(84), R(pa» Ba> p4X)) (£'(B) + R(p1, Ba, X'V (B4)).

Recall the inner product formula (3.1). We note that ps € W(ps, p1psX) since

papeX = p1pex and o(m) € W(psX, psX), 3 € W(psX, x)- Therefore, the above /s
are all in different spaces. Here

R(pa, Ba> paX)(Ba, psx") = @ Ro(pa, Ba, paX)(Bas puXs)-
v

Under the identification M; ~ GLj, pex = x(i,v), p = 1,2 = 1,v # 1. By
inducing in stages, I(B4, pa X)) = Ind}G,l exp(ﬁ4, Hp, ()) ®Ind§0L2 pax., where By is a Borel
subgroup of GL;. m, = IndgoL2 paXy is irreducible. Therefore, R, (04, B4, pax )L (B4, pyX5)
is the Langlands’ quotient of Ind,gl exp(ﬂ4,Hp, ()) ® 7. In particular, it is irreducible.

We have p3 = p1pape and psX’ = x. So

R(p3, B2, xv) = R(p1, —Ba, papesXxv)R(pa, Ba, psXv)R(ps, B2, Xv)-
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If , is not trivial, then R(p1, —B4, papeXxv) and R(pe, B2, X») are isomorphisms. There-
fore, the image of R(ps3, 52, ) is irreducible.

If x, is trivial, R(ps,B2,Xv) is not an isomorphism and we proceed as follows:
Since p3 = p1o(F), R(p3,82:%) = R(p1,—Ba,0(F), xv)R(0(), B2, xv). As i
Lemma 3.2.4, we can show that R(pl, —L4, cr(%")xv) is the identity. Also from [M-W1,
equation (15)], Ru(pe, —B32)(Ru(p2, B2) — EvRu(p2,82)) = 0. From (3.3), E,f = —2f for
f € m,, and so Ry(ps, —B2)f = 0 for f € my,. Therefore R,(ps, —B2)R\(B2, B2)I(32) is ir-
reducible. Since pgp; = 0(27"), the image of Rv(a(%”), ﬁz) is irreducible. It is isomorphic
to the image R, (ps, 34)I(B4).

Therefore, J(x') is isomorphic to the image R(p4, 81, pax )M (B4, pax’). Since psfs =
B2, J(x") is isomorphic to none other than ®, 7y, in Case 1.

CaSE3. X" =pipsx: X" =1Lx{#1Lxi =1
From Proposition 3.5.3 and the adjoint formula (3.2),

Resg, Ress, A(f,f'; A) = c1(f(84), R(ps» Ba» pax")(f'(Ba) + R(p1, Ba, X"V (Ba))
+er (f(ﬂ4),R(0(2_,,—7r),Bz, a(‘;—”)x”)ﬂﬂz)),

We proceed in the same way as Case 2. J(x") is isomorphic to the image
R(p4, B4, pax)(Bs, pax'). It is irreducible and it is isomorphic to the one in Case 2.

CAsE4. =L #1L %=1

From Proposition 3.5.3,

residue = Resg, Resg, A(f,f"; A)
= c(£(Ba), R(pa> Ba> paX)(f'(Ba) + Rp1, Ba, ) (B4)).-

So J(x) is isomorphic to the image R(p4, 84, paX)I(B4, paX)- By inducing in stages,
1(Bs, paXy) = Indg‘ exp(ﬂ4, le()) ® IndgoL2 paXv, where By is a Borel subgroup of GL,.
= Indf.‘,?;‘2 paXy is irreducible. Therefore, Ry(p4, B4, paXv)I(Ba, pyXyv) is the Langlands’
quotient of Indg] exp(m, le()) ® m,. So J(X) is irreducible.

We have proved

THEOREM3.6.1. LetJ(x) be the subspace of L} (G(F)\G(A)) (. Which is K-finite,
Ko-invariant. Then the K-finite, Koo-invariant subspace of Lﬁis(G(F)\G(/\)) ris the di-
rect sum of the following space:

(D) J(1) = o D Bscard(sy1 ™ where 8 = ®ugs Tiv ® ®yes Ty, Ty is spherical.
(2) J(X) = ®S7TS’ WhereXI =1, X% =1, X6 # L. s = ®V¢S Ty ® Ques Ty IfX6v
is not trivial, we set 1y, = 0.
(3) J(X) = the Langlands’ quotient of Ind,(,;I exp(ﬁ4, Hp, ()) ® (Indg(i“2 %), where }* =
1, X1 741,)26= 1.
3.7. Arthur Parameters. In this section, we give the Arthur parameters for the residual
spectrum of Lﬁis(G(F)\G(A)) r We say that a unipotent element u is distinguished if all
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maximal tori of Cent(u, G) are contained in the center of G°, the connected component
of the identity. This is equivalent to the fact that the unipotent orbit O of u does not meet
any proper Levi subgroup of G (Spaltenstein [Sp, p67)). (i.e., if L is a Levi subgroup of
a parabolic subgroup of Gandu € L forau € O, then L° = G°.)

JACOBSON-MOROZOV THEOREM.  Supposeu is a unipotent element in a semi-simple
algebraic group G. Then there exists a homomorphism ¢:SL, +— G such that

1 1
¢ (0 1) T
LEMMA ([B-V, PROP. 2.4]). Let u be a unipotent element and ¢:SL, +— G be a
1] = Let S§4 = Cent(im ¢, G) C S, = Cent(x, G)
and U* be the unipotent radical of S,,. Then
(1) Sy =S4 - U*, a semi-direct product. Sy is reductive.
(2) Theinclusion Sy C S, induces an isomorphism between Sy | S3Zc and S, /e

homomorphism such that ¢ 0

Let F be a number field and let Wy be the global Weil group of F. For G a split
group of type G, we can take the dual group G* = G,(C). An Arthur parameter is a
homomorphism

Y: Wr X SLy(C) — G,

defined modulo conjugacy, with the following properties: (The usual definition of Arthur
parameter uses Langlands’ hypothetical group Lr. But since we are only dealing with
principal series, Wr is enough.)

(1) ¥(Wr) is bounded and included in the set of semi-simple elements of G*.

(2) The restriction of 9 to SL,(C) is algebraic.

Let Sy = Cent(im 1), G*) and

Cy = Sy/SZc.

Now we recall Moeglin’s reformulation of Arthur’s conjecture ((M3]): For each place
v of F, we have local Arthur parameters 1, = 1| Wr, x SLy(C), as well as Sy, Cy,. It
is a part of local Arthur’s conjecture that for each irreducible character 7, of Cy,, there
exists an irreducible representation 7(iy, n,). For each v, let ITy, be the set of 7(1y, 7).
We define the global Arthur packetIT,, = L (G(F)\G(A)) " to be the set of irreducible
representations m = ®, m, of G(A) such that for each v, 7, belongs to I, and for almost

all v, m, is spherical.

ARTHUR’S CONJECTURE (GLOBAL). (1) The representations in the packet corre-
sponding to ¥ may occur in the discrete spectrum if and only if C is finite, i.e., S}, = 1.
We call such an Arthur parameter elliptic.

(2) For an elliptic Arthur parameter 1, any 7 € IT,, occurs discretely in L? (G(F)\G(A))
if and only if

(3.4 Z an(xv) 76 0,

xeCy v
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where m = &, ©(VYy, V), X = (x,).

REMARK 3.7.1.  If Cy is abelian, then the above condition is equivalent to: the charac-
ter [T,n,|c, of Cy is trivial. This is what happens in split classical groups [M1]. However,
it is not true in our G case since Cy, is not abelian as we see below. It is 3, the symmetric
group on 3 letters.

Let I, be the subset of Iy, parametrizing the local components of the residual
spectrum. We will find Iy, and verify (3.4) for a representation 7 = ®, 7, m, € Iy,
for all v, 7, spherical for almost all v.

REMARK 3.7.2. A representation in ITy, but not in Il will appear as a local com-
ponent of a cuspidal automorphic representation. Suppose we know the local packet I,
completely. Thenit is a very difficult problem to determine when a representation 7 € I,
is a cuspidal representation. Moeglin [M5] has a partial result on that in the case of split
classical groups.

3.7.1. x trivial.

The Arthur parameter is given by

: Wg X SLy(C) — G,(0),

where 1|, = 1 and ¥: SL,(C) — G»(C) is given by a unipotent orbit of G(C). In order
that v be elliptic, the unipotent orbit has to be distinguished. There are two distinguished
unipotent orbits of G,(C), namely, G»(C) and Ga(a,) ([Ca, p401]).

CASE 1. The unipotent orbit G(C).
The unipotent orbit G»(C) gives the constant which corresponds to the residue

Res,, Ress, A(f,f"; A).

CASE 2. The unipotent orbit Gy(a;).

If ¢ is determined by the unipotent orbit G»(a1), then Cy = Cy = S, the symmetric
group on 3 letters. There are 3 irreducible characters of S3, namely, 3, 121 and vy;.
Here 1) is the sign character of S3. They are class functions and the character table is

given by
Y3 VYo Y
C, 1 2 1
C; 1 0 —1
C; 1 —1 1
Character table of S3
Here C), C, and Cs are the conjugacy classes in S3, namely, C; = {1}, C; =

{(1,2),(1,3),(2,3)}, Gz = {(1,2,3),(1,3,2)}. From Section 3.6.1, we know that
Ru(p2, B)(B2) = iy @ m,, Where my, is spherical. We attach m;, to 3 and m, to
21. Therefore, in this case, [Ties, = {m1y, T2v }.
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Then ™ = ®,¢5 Ty ® ®yes T2y appears in Lﬁis(G(F)\G(A)) if and only if

Dusts(DOQ w21(1)+2§w3((1,2, 3)) ®Qw21((1,2, 3))
Ve, veES Ve

=2 +2-1) £0,

3.5)

ie,s # 1, where s = |S|. This coincides with Moeglin-Waldspurger [M-W1, Ap-
pendix III]: In Moeglin-Waldspurger, there is an operator £, which acts on 7}, and m,
(See Section 3.6.1). Since we attached 7, to 3 and m, to ¥, E, acts on the irre-
ducible characters of S as follows: E,(13) = 1 and E,(1)2;) = —2. Then we can see that
E(n) = n(l)n((123)) for 17 = 13, . Therefore we can write (3.5) as follows:

2@ v3((1,2,3)) ® @ v ((1,2,3)) (1 + %®®Ev(¢3)®®Ev(¢zl)) #0

V¢S ves vg{S v¢S veS
i.e.,m = ®, m,appears in L} (G(F)\G(A)) ifand only if (1+1 E)r # 0, where E = Q E,.

REMARK 3.7.3. According to Arthur’s local conjecture, the sign character ;)
should give an irreducible representation which is a local component of a cuspidal auto-
morphic representation. We do not know what it is.

REMARK 3.7.4. For O a distinguished unipotent orbit, let A(u) = C(u)/ C(u)°, where
u € O and C(u) is the centralizer of u. Let Springer(O) be the set of irreducible characters
of A(u) which are in the image of the Springer correspondence which is an injective map
from the set of irreducible characters of W into the set of pairs (O, n), where O is a
unipotent orbit and 7 is an irreducible character of A(u) = C(u)/C(u)°, where u € O.
We note that by [Ca, p427], Springer(Ga(a1)) = {3, %21} in G2(C). Therefore the local
component I of the residual spectrum attached to the trivial character of the torus is
parametrized by Springer(Gz(al)). Moeglin [M1] showed that for split classical groups,
the residual spectrum attached to the trivial character of the torus is parametrized by
distinguished unipotent orbits O and Springer(O). In other words, if the Arthur parameter
1 is given by the distinguished unipotent orbit O, then IT,s, = Springer(O) and the
multiplicity formula (3.4) holds.

Therefore we believe that the same thing would happen for all split groups. We state
this as follows:

CONJECTURE. Let G be a split group over a number field F and T be a maximal
torus of G. Then the residual spectrum attached to the trivial character of T(A)/T(F)
is parametrized by distinguished unipotent orbits O of G*(C), the L-group of G and
Springer(0). More precisely, if the Arthur parameter 1: SL,(C) +— G*(C) is given by
the distinguished unipotent orbit O, then I, = Springer(O) and the multiplicity for-
mula (3.4) holds.

We give an example of this conjecture in the case of split exceptional group F and we
hope to settle this example in the near future: Suppose the Arthur parameter v: SL,(C) —
F4(C) is given by the distinguished unipotent orbit F4(a3). By [Ca, p401], A(u) = S4, the
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symmetric group on 4 letters. There are 5 irreducible characters of Ss, namely, ¥4 = 1,

Y31, Y22, Yo and P By [Ca, p428], Springer(Fa(as)) = {va, %31, %22, %211 }. The
character table of Sy is given by

C G, Cy Cy Cs

Va 1 1 1 1 1

P 1 1 1 —1 —1

. 2 2 | -1 0 0

(%) 3 -1 0 1 —1

V31 3 —1 0 | -1 I
Character table of Sy

Here C;,i = 1,...,5, are the conjugacy classes in Sy, with representatives 1, (12)(34),
(123), (12) and (1234), respectively: |Cy| = 1, |C;| = 3, |C3| = 8, |C4| = 6 and |C5| =
6. According to the conjecture, there will be 4 irreducible representations 7y, . .. , T4y
attached to 4, V211, Y22 and 131, respectively. We divide Springer(F4(a3)) as follows:
Springer(Fa(as)) = I} UTI UTIs, where IT; = {th4, ¥211}, T2 = {14, ¥22} and IT3 =
{14,131 }. The residual spectrum factors through IT;, i.e., it is the set of all 7 = @ , such
that there exists i, m, € IT; for all v. Let S be a finite set of finite placesand s = |S|. If 7 =
®y¢s Tiv @ Byes Ty, it appears in L(Z,is(G(F)\G(P\)) ifand only if 2° +3(2°)+8(—1)* # 0,
ie,s # LIfm = ®uesmy ® ®ues T3y, it appears in Lﬁis(G(F)\G(A)) if and only if
F43(=1y+6+6(—1) # 0,ie,s # LI 7 = ®ugmy ® @uesTay, it appears in
L%, (GF)\G(A)) if and only if 3° +3(—1)° + 6(—1)7 +6 # 0, i.e., s # 1.

3.7.2. x non-trivial. In order to find Arthur parameters for non-trivial characters, we
have to look for endoscopic groups of G,(C), since Arthur parameters will factor through
the endoscopic groups.

There are two equivalence classes of proper cuspidal endoscopic groups of G»(C), that
is, SL3(C) and SL,(C) x SL,(C)/{%1} ([Al, p30]). They are given as follows: Under
the identification M ~ GLy, by (2.1), B} (t) = diag(t, £). Then by [Ca, p93], C(8}(w)),
the centralizer of 3} (w) in G2(C), where W =1, w # 1, is reductive and its root system
is @) = {1,483, £Bs}, i.e., C(B{(w)) = SLs. The other one is C(8}(—1)). By [Ca,
p93), its root system is @1 = {£81,£8s}, i.e., C(BY(—1)) ~ SLy(C) x SLy(C)/{%1}.

The center of SL3(C) is Z3 = {wh,w® = 1} ~ Z; and the center of SL,(C) X
SLy(C)/{%1} is Z, = {£L}. Moreover, S3 = Z3 % Z,.

CASE 1. The conjugacyclassof x:x1 = 1, x2 =1, x6 # 1

Under the identification M, ~ GL,, x = x(u,p), p> = 1, p # 1, where p is a
grossencharacter of F. We have the embedding SL3(C) C G,(C).

The Arthur parameter factors through SL3(C):

¥: W X SLy(C) — SL3(C) — Gy(C).

p(w)
Yweiwr— ww) and v: SL>(C) — SL;3(C) is determined by the principal
1
unipotent orbit of SL3(C). Here we note that under the embedding SL3;(C) — G,(C),
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the principal unipotent orbit of SL3(C) corresponds to the distinguished unipotent orbit
Gy(ay) in Go(C) ([Ca, p401]). Then Sy, = Z;, Cy, = Z; and Cy, = Z, if p, is not trivial.
Cy, = S3if p, is trivial.
If py is trivial, then Iy, = {my, ™2y }. If y is not trivial, then Iyes, = {m,}. Then
any T = ®,¢s Ty ® ®yes Moy appears in L‘Z,(G(F)\G(A)) since
Q3(D) @ Q Yar(1) +%¢3(T) ®§¢21(T) #0,

V¢S veS
where 7 is the non-trivial element in Z,.

CASE2. The conjugacyclassof X: %3 =1, %1 # 1, X6 = 1

Under the identification, M, ~ GL,, X = x(i,v), > = 1,0 # 1,v = p?. The Arthur
parameter factors through SL,(C) x SL,(C)/{£l1}:

¥: W x SLy(C) — SLy(C) x SLy(C)/{£1} — G,(C),

1 0
4 (W)) x ( 0 1 ) and 1: SLy(C) — SLy(C) x SL(C)
is determined by the principal unipotent orbits of SL;(C). We note that under the em-
bedding SL,(C) x SLy(C)/{£1} — G,(C), the principal unipotent orbit of SL(C) x
SLy(C)/{=£1} corresponds to the unipotent orbit 4; in G,(C) ([Ca, p401]). Then S, = Z,,
Cy, = Z, for p, non-trivial and Cy, = 1 for p, trivial. In this case, I, consists of the

Langlands’ quotient which corresponds to the trivial character of C, = Z,. Therefore
I1,.s consists of one element.

where Y|, w — H(w)

REMARK 3.7.5. Arthur associated to an Arthur parameter 1), an associated Lang-
lands’ parameter ¢, and conjectured that we could enlarge the L-packet Iy, to ITy, . We
note that in each of our cases, the associated Langlands’ L-packet consists of only one
element.

4. Decomposition of Lﬁis(G(F)\G(A)) e We have

ap, = X(M) ® R = RB4, ap, = RBY

op, is the half sum of roots generating N,. Then pp, = % Ba.

Let & = f4 and identify s € C with s& € af. Let ¥ = ®m, be a cusp form on
M; = GL,. Given a K-finite function ¢ in the space of 7, we shall extend ¢ to a function
@ on G and set

(I)S(g) = ¢(g) CXp(S + pPl’HPl(g)>‘
Define an Eisenstein series
E(S, g’ 8 pl) = Z (Ds(’yg)
YEPIF\G(F)

It is known that E(s, ¢, g, p1) converges for Re(s) >> 0 and extends to a meromorphic
function of s in C, with a finite number of poles in the plane Re(s) > 0, all simple and
on the real axis.
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It is also known that LﬁiS(G(F)\G(A)) +. 18 spanned by the residues of the Eisenstein
1
series for Re(s) > 0. We know that the poles of the Eisenstein series coincide with thosc
of its constant terms. So it is enough to consider the constant term along P, which is

EO(Ss (zb,g’Pl) = Z M(Sa , W)f(g)

weQ

where Q = {1, psp1 psp1ps } and
M(s, m,w)f(g) = /N_f(w"lng) dn

where
N, = ]I U,

a>0
wla<0
U, is the one parameter unipotent subgroup and f € I(s, 7) = Ind,,‘,;l T® exp(s, Hp,()).
We note that for each s, the representation of G(A) on the space of @ is equivalent to

I(s, ).
Then
MGs,m,w) = @ M(s. mw), Mm@ = [, fiw™ ng)d
where f = ®f,, f, is the unique K,-fixed function normalized by f,(e,) = 1 for almost
all v.

Let LM, = GL(C) be the L-group of M;. Denote by r the adjoint action of “M, on
the Lie algebra L n| of “Nj, the L-group of N;.
Then

r=ri®n

_ 0 A2
r=r;, n=~Apmpm

where 7 = r; ® (A2p2)~! is the adjoint cube representation of GL,(C) (See [S4]). Here
r3 is the symmetric cube representation of GL,(C) and p, is the standard representation
of GL, (C)

Then it is well-known ([S3]) that for w = pgp; psp1 96

7 LS(S5 M, rl)Ls(zss , 7‘2)
M 5 T, = Mi 5 Ty, v v X
(670 = QMmoo © @ = o X T s sl + 25,172

where S is a finite set of places of F, including all the archimedean places such that for
every v ¢ S, 7, is a class 1 representation and if / = ®,f,, for v ¢ S, f, is the unique
K,-fixed function normalized by f,(e,) = 1. f, is the K,-fixed function in the space of
1(—s, w(m)).

Finally, Ls(s, m,7;) = I1V¢SL(S, my, ¥i), Wwhere L(s, 7y, r;) is the local Langlands’ L-
function attached to =, r;.
(1) Analysis of Ls(s, m,r1)
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We know ([S4]) that Ls(s, 7, r1) is absolutely convergent for Re(s) > 1 and hence has
no zero there. It is expected ([S4, Bu-G-H, 1k]) that the completed L-function L(s, 7, ;)
has a pole for Re(s) > O ifand only if s = 1,02 = 1, w, # 1 and 7 is the monomial rep-
resentation corresponding to the quadratic character w,,, where w; is the central character
of . We assume this fact.

REMARK. Ikeda [Ik] calculated the poles of the Rankin triple L-function L(s, 7@ 7 ®
) for 7 cuspidal representation of GL,. It is related to the symmetric cube L-function of
w as follows:

Lis,m® 1 ® ) = L(s, 1, 13)(L(s, 7 ® wy)) .

The symmetric cube L-function is given by
L(s,m,r3) = L(s, T ® wy, 73).

L(s,m,r3) hasapole ats = 1 whenw® = 1 and w? # 1 and so L(s, 7, ) has a pole when
w2 =1landw, # 1.!
(2) Analysis of Lg(s, 7, r7)

Forv ¢ S,

L(s,my,r2) = L(s, w?rv) = (1 - wm(w)q;s)_l

so Lg(s, m, r2) is the (partial) Hecke L-function. It has no zero for Re(s) > 1. The com-
pleted L-function L(s, m, r;) has a pole for Re(s) > 0 if and only if s = 1, w, = 1.
(3) Analysis of M(s, 7,,w) forv € S.

For m, tempered, the local factors L(s, 7,,r;) and M(s, w,, w) are holomorphic for
Re(s) > 0. We show that for any v € S,

L(S, 7rva rl )_-IL(2s7 7rV, r2)_lM(s3 7rV5 W)
is holomorphic. It is enough to show it for 7, complementary series. We follow [Ki].

Under the identification M; ~ GL,, by (2.1), for m, = m(u| [,p| [7),0 < r < 1,
complementary series of GL,,

Indg, m, ® exp((s& Hp,0)) = Ind§ x (1, 1) ® exp((A, Hz0)),

where A = (2r)833 + (s — 3r)B34. From this we have our assertion.
Now we assume that » < %. Right now the best known result is < % due to Shahidi
[S3]. Then A is in the positive Weyl chamber for s = % and s = 1 and we have

LEMMA 4.1.  For each v, the images of M(%, my, w) and M(1, m,, w) are irreducible.

! Thanks to F. Shahidi who pointed this out.
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Conclusion. E(s, ¢, g, P1) has a pole in the half plane Re(s) > 0 if and only if

(1) we=1,5=%,L(E,mA3) #0,

2) wfr = 1,w,; # 1, s = 1, # monomial representation attached to w.

Let Jy(m,) be the image of M(3,m,,w) and Ja(m,), the image of M(1,,,w). They
are the unique irreducible quotients of /( %,wv) and I(1,7,), respectively. Let J,(m) =
®,J1(m,) and Jr(7) = &, J>(m,). We have proved

THEOREM 4.2.
Li(GFN\G)),, = B (1) © P Ja(m2)

where | runs over cuspidal representations of GL, with trivial central characters and
L(%, 7,73) # 0 and m, runs over monomial representations.

5. Decomposition of L3 (G(F)\G(A)) "'

In this case ap, = X(M>) ® R = RBs, ap, = RBY, pp, = 36s.

Let & = (33 andidentify s € C with s@ € a§. In this case, for 7 cuspidal representation
of GL,, the constant term of Eisenstein series is given by

EO(S’ ()b’gsPZ) = z M(S, , W)f(g)

weQ
where Q = {1, p1psp106p1 }-
The adjoint action » of !M, on ’n, is given as
r=rénoén
r=pa,ra = Npo,rs = pr @ Nopy.
Therefore for w = p; pep1p6p1,

M(s, T, w)f = Q) M(s, Ty, W)y ® ®fv

veS veS
Ls(s, ™, r1)Ls(2s, 7, r2)Ls(3s,m,73)
Ls(s + 1, m,r)Ls(2s + 1, m,r2)Ls(3s + 1,7,73)

where S is the same as in the case Lﬁis(G(F)\G(/\)) -
Here
L(s, my,r) = L(s, ), the standard L-function for GL,.
L(s, my,r3) = L(s, ™", ® wy,), twisted by the central character.
L(s,m,,r) = L(s, wr,), Hecke L-function.

We know that Lg(s, ™ ® ) is absolutely convergent for Res > 1 for any grossencharacter
6. So it has no zero there. We know also that the completed L-function L(s, 7 ® 0) is
entire for any 6. Under the identification M, ~ GL,, by (2.2), for m, = m(u| |, u| |™)
complementary series of GL,,

Indl.q2 m ® exp((sd, sz())) = Ind§ x(p, p) ® exp((A,HB())),
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where A = (s — 3r)3; + 6r83s. Therefore, for any v € S,

L(is, ,, r,-)”M(s, Ty, W)
1

3
i=

is holomorphic. Also if we assume r < %, A is in the positive Weyl chamber and the
image of M(%, my, w) is irreducible. Therefore, E(s, @, g, P>) has a pole in the half plane
Res >0 ifand only if w, = 1, s = § and L(}, m,r1) # 0.

Let J(m,) be the image of M(%, 7y, w) and J(m) = ®, J(m,). Then we have

THEOREM 5.1.

Ly (GO\GW)),, = @J(m)

where T runs over cuspidal representations of GL, with trivial central characters and
]
L(i’ 7(') ¢ 0.

REMARK 5.1.  The referee suggested the problem of finding a connection between
Arthur’s conjecture and the non-vanishing of L-functions at s = % Arthur [A1] did it for
the group P Sp,. It would be interesting to do so in the above case.
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