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We consider the Gierer—-Meinhardt system with precursor inhomogeneity and two small
diffusivities in an interval

A=A — p()A+ 4, x€(=1,1),t>0,
tH, = DH" — H + 4%, x € (—=1,1),t >0,

A(-1)=A'(1)=H'(-1) = H'(1) =0,

where 0<e< VD < 1,

7 > 0 and 7 is independent of &.

A spike cluster is the combination of several spikes which all approach the same point in the
singular limit. We rigorously prove the existence of a steady-state spike cluster consisting of N
spikes near a non-degenerate local minimum point ° of the smooth positive inhomogeneity
w(x), i.e. we assume that ¢/(1°) = 0, 1”’(¢°) > 0 and we have u(t°) > 0. Here, N is an arbitrary
positive integer. Further, we show that this solution is linearly stable. We explicitly compute all
eigenvalues, both large (of order O(1)) and small (of order o(1)). The main features of studying
the Gierer—Meinhardt system in this setting are as follows: (i) it is biologically relevant since
it models a hierarchical process (pattern formation of small-scale structures induced by a
pre-existing large-scale inhomogeneity); (ii) it contains three different spatial scales two of
which are small: the O(1) scale of the precursor inhomogeneity u(x), the O(v/D) scale of the
inhibitor diffusivity and the O(e) scale of the activator diffusivity; (iii) the expressions can be
made explicit and often have a particularly simple form.

Key words: 35B35; 35J75; 35K 57; 35K58; 92C15

1 Introduction

In his pioneering work [31] in 1952, Turing studied how pattern formation could start
from an unpatterned state. He explained the onset of pattern formation by the presence
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of spatially varying instabilities combined with the absence of spatially homogeneous
instabilities. This approach is now commonly called Turing diffusion-driven instability.
Since then many reaction—diffusion systems in biological modelling have been proposed
and the occurrence of pattern formation has been investigated based on the approach
of Turing instability [31]. One of the most widely used class of biological pattern-
formation models consists of the activator-inhibitor type models which are based on
real-world interactions such as those encountered in experiments and observations on
seashells, animal skin patterns, embryological development, cell signalling pathways and
many more. Amongst these, one of the most popular models is the Gierer—Meinhardt
system [11,16,18], which in one dimension with a precursor-inhomogeneity and two small
diffusivities can be stated as follows:

A = 244 — u(x)A + £, xe(=1L1),¢>0,
tH, = DAH — H + A2, x€(=1,1),t>0, (1.1)

A(~1) = A'(1) = H'(—1) = H'(1) = 0,

where 0<e¢< VD < 1,

7> 0 and 7 is independent of &.

In the standard Gierer—Meinhardt system without precursor, it is assumed that u(x) = 1.

Precursor gradients in reaction—diffusion systems have been investigated in earlier work.
The original Gierer—Meinhardt system [11, 16, 18] has been introduced with precursor
gradients. These precursors were proposed to model the localization of the head structure
in the coelenterate Hydra. Gradients have also been used in the Brusselator model to
restrict pattern formation to some fraction of the spatial domain [14]. In that example,
the gradient carries the system in and out of the pattern-forming part of the parameter
range (across the Turing bifurcation), thus effectively confining the domain where peak
formation can occur.

In this paper, we study the Gierer—-Meinhardt system with precursor and prove the
existence and stability of a cluster, which consists of N spikes approaching the same
limiting point.

More precisely, we prove the existence of a steady-state spike cluster consisting of
N spikes near a non-degenerate local minimum point t° of the positive inhomogeneity
w(x) € C3(Q), ie. we assume that p/(t°) = 0, u”’(t°) > 0 and we have u(t°) > 0. Further,
we show that this solution is linearly stable.

We explicitly compute all eigenvalues, both large (of order O(1)) and small (of order
o(1)). The main features of studying the Gierer—Meinhardt system in this setting are as
follows:

(i) It is biologically relevant since it models a hierarchical process (pattern formation of
small-scale structures induced by a pre-existing inhomogeneity).

(ii) It is important to note that this system contains three different spatial scales two of
which are small (i.e. o(1)):
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(a) The O(1) scale of the precursor u(x).
(b) The O(v/D) scale of the inhibitor diffusivity.
(c) The O(e) scale of the activator diffusivity.

Consequently, there are the two small quantities /D and % which play an
important role throughout the paper.

(iii) The expressions can be made explicit and often have a particularly simple form.

Let us now summarize the analytical approach employed in our paper. The existence
proof is based on Liapunov—Schmidt reduction. The stability of the cluster is shown
by first separating the eigenvalues into two cases: Large eigenvalues which tend to a
non-zero limit and small eigenvalues which tend to zero in the limit D — 0 and ﬁ — 0.
Large eigenvalues are then explored by deriving suitable non-local eigenvalue problems
(NLEPs) based on a compactness argument of Dancer [6]. Small eigenvalues are calculated
explicitly by using asymptotic analysis with rigorous error estimates.

We shall establish the existence and stability of positive N-peaked steady-state spike
clusters to (gm1). The steady-state problem for positive solutions of (1.1) is the following:

AZ
A" — p(x)A+ 4 =0, x e (=1,1),
DH" — H + A> =0, x € (—1,1),
(1.2)
A(x) > 0,H(x) > 0, x e (—11),
A(-1)=A(1)=H'(-1)=H'(1)=0.
To have a non-trivial spike cluster, we assume throughout the paper that
N=2. (1.3)

Before stating our main results, let us review some previous results on pattern formation
for the Gierer—-Meinhardt system (1.1) , in particular concerning spiky patterns.

(1) 1. Takagi [30] proved the existence of N-spike steady-state solutions of (1.1) in an
interval for homogeneous coefficients (i.e. u(x) = 1) in the regime ¢ < 1 and D > 1,
where N is an arbitrary positive integer. For these solutions, the spikes are identical
copies of each other and their maxima are located at

2j—1

tj:il_i_T’ j=1,...,N,

The proof in [30] is based on symmetry and the implicit function theorem.

(2) In [15] (using matched asymptotic expansions) and [43] (based on rigorous proofs),
the following stability result has been shown: For the N-spike steady-state solution
derived in item 1 and 0 < © < 19(N), where 7o(N) > 0 is independent of &, there are
numbers Dy > Dy > --- > Dy > --- (which have been computed explicitly) such that
the N-spike steady state is stable for for D < Dy and unstable for D > Dy.
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(3) In [15] (using matched asymptotic expansions) and [33] (based on rigorous analysis),
the following existence and stability results have been shown: For a certain parameter
range of D, the Gierer—Meinhardt system (1.1) with p(x) = 1 has asymmetric N-spike
steady-state solutions, which consist of exact copies of precisely two different spikes
with distinct amplitudes. They can be considered as bifurcating solutions from those
in item 1 such that the amplitudes start to differ at the bifurcation point (saddle-node
bifuraction). The stability of these asymmetric N-peaked solutions has been studied
in [33].

(4) In [45], the existence and stability of N-peaked steady states for the Gierer—Meinhardt
system with precursor inhomogeneity has been shown. These spikes have different
amplitudes. In particular, the results imply that precursor inhomogeneities can induce
instabilities. Single-spike solutions for the Gierer—Meinhardt system with precursor
including spike motion have been studied in [32].

(5) In [42], the existence of symmetric and asymmetric multiple spike clusters in an
interval has been shown.

Compared to each of the items listed above, the setting and results in our pa-

per have marked differences. We now consider two small parameters, D and —%

which results in new types of behaviour. The leading-order asymptotic expression\/oﬁf
the large and small eigenvalues depend on the index of the eigenvalue quadratic-
ally, whereas in items 1 and 2, this relation is oscillatory (involving trigonometric
functions).

In our study, the spikes in leading order have equal amplitudes and uniform spacing,
although there is precursor inhomogeneity in the system, in contrast to item 3. The
amplitudes, positions and eigenvalues in our study can be characterized explicitly and
have a simpler form than in item 4. We can also prove the stability of clusters not merely
their existence as in item 5. In particular, we show here that the clusters may be stable,
whereas in item 5 they are expected to be unstable.

In the shadow system case (D = o0), the existence of single- or N-peaked solutions
has been established in [12,13,21,22] and other papers. It is interesting to remark that
symmetric and asymmetric patterns can also be obtained for the Gierer—Meinhardt system
on the real line, see [7,8]. We refer to [23] for the singular limit eigenvalue problem (SLEP)
approch for the existence and stability of multi-layered solutions for reaction—diffusion
systems. For two-dimensional domains, the existence and stability of multi-peaked steady
states has been proved in [38—40] and results similar to items 1 and 2 have been derived.
Hopf bifurcation has been established in [6,34,35,40]. The repulsive dynamics of multiple
spikes has been studied in [9].

Another study with three different spatial scales, two of which are small, considers a
consumer chain model allowing for a novel type of spiky clustered pattern which is stable
for certain parameters [46].

The model in our paper shows some similarity to variational models for material
microstructure [1,20,48]. In both models, the solutions have two small scales. However, in
our case, we have two parameters to control each of them independently, whereas in the
microstructure case they are expressions of different orders depending on the same small
parameter and so they are related to one another.
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Results on the existence and stability of multi-spike steady states have been reviewed
and put in a general context in [47].

We plan to continue the investigation of stable clusters in future research. In particular,
we are interested in two-dimensional patterns. Whereas in one space dimension the spikes
in the cluster are aligned, in two dimensions we expect a rather rich geometric picture of
possible spike locations.

This paper has the following structure: In Section 2, we state our main results on
existence and stability. Then, we show some numerical simulations to illustrate the main
results. We also study the dynamics of pattern formation, even outside the regime covered
by the results. Next, we present four highlights of the results and their proofs. Finally,
we sketch the main steps of the proofs. In Section 3, we introduce some preliminaries.
In Sections 4-7, we prove the existence of steady-state spike clusters: In Section 4, we
introduce suitable approximate solutions, in Section 5, we compute their error, in Section
6, we use the Liapunov—Schmidt method to reduce the existence of solutions of (1.2) to a
finite-dimensional problem, in Section 7, we solve this finite-dimensional reduced problem.
In Sections 8, 9 and Appendix B, we prove the stability of these steady-state spike clusters:
In Section 8, we study the large eigenvalues of the linearized operator and show that
it has diagonal form. We give a complete description of their asymptotic behaviour
which is stated in Lemma 15. In Section 9, we characterize the small eigenvalues of the
linearized operator and show that they all have negative real part. This includes deriving
the eigenvalues of a matrix which is needed to compute the small eigenvalues explicitly.
We give a complete description of their asymptotic behaviour in leading order which can
be found in Lemma 16. Our approach here is to interpret the main matrix as the finite-
difference approximation of a suitable ordinary differential equation, compute the solution
of this approximation explicitly and get the eigenvectors by taking its values at uniformly
spaced points. In Section 10, we conclude with a discussion of our results with respect
to the bridging of length scales and the hierarchy of multi-stage biological processes. In
Appendix A, we state a few results on NLEPs which are needed throughout the paper. In
Appendix B, we perform the technical analysis needed to derive the small eigenvalues.

2 Main results on existence and stability

In this section, we state our main results on existence and stability of solutions and present
four highlights of our approach and sketch the proofs of the main results.

We first need to introduce some essential notation. Let L>(—1,1) and H*(—1,1) denote
Lebesgue and Sobolev space, respectively. Let the function w be the unique solution
(ground state) of the problem

w' —w+w2=0,y€cR,
w >0, w(0) = max,cr w(y), (2.1)
w(y) = 0 as |y| — oo.

Then, w(y) can explicitly be written as

w(y) = %cosh_z (%) . 2.2)
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Elementary calculations give

/ w(z)dz = 6, / wi(z)dz = 7.2, / (W) (z)dz = 12. (2.3)
R R R
Let

Q=(-1,1).
Let t° € (—1,1) and set

10 = pu(t°). (2.4)
Let &0 satisfy

A 1

< 23
compare (4.30).

We set
b

Our first result is about the existence of an N-spike cluster solution near a non-degenerate
local minimum point of the precursor.

Theorem 1 (Existence of an N-spike cluster) Let N be a positive integer and t° € (—1,1).
We assume that u € C3(—1,1) and

1w (%) =0, 1" (1% > 0. (2.7)

Then, for ¢ < VD « 1, problem (1.2) has an N-spike cluster solution which concentrates
at t°. In particular, it satisfies

N &
Ap(x) ~ Y & w (m ’H") , (238)
k=1

&

A

Hs(t;c) ~ 6860, k = 15"'5N7 (29)
& -1 k=1,...,N, (2.10)
where 1° has been defined in (2.4), 20 has been introduced in (2.5) and &, has been defined

in (2.6).

Next, we state our second result which concerns the stability of the N-spike cluster
steady states given in Theorem 1.

Theorem 2 (Stability of an N-spike cluster) For ¢ < v/D < 1, let (A, H;) be an N-spike

cluster steady state given in Theorem 1. Then, there exists 1y > 0 independent of ¢ and /D
such that the N-spike cluster steady state (A, H;) is linearly stable for all 0 < 1 < 7.
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3

004

FiGuRE 1. Clustered spiky steady states of (1.1) for ¢ = 0.00001, D = 0.001, u(x) = 6 +
400x? and u(x) = 6 + 200x>, respectively. Shown are a six-spike cluster and an eight-spike cluster. In
both cases, the activator a is displayed in the left graph and the inhibitor h in the right graph.

Now by performing some numerical simulations, we study patterns for the Gierer—
Meinhardt system with precursor gradient given in (1.1) systematically in various situ-
ations.

Throughout all these simulations, we choose t = 0.1, ¢> = 0.00001 and take varying
values for D ranging between a few times &> and 1.

Further, we vary the strength of the precursor gradient and observe two distinct types of
behaviour: For strong precursor gradient, the spikes assemble as a cluster near the global
minimum point of the precursor, for weak precursor gradient, the spikes are distributed
over the whole interval.

We will observe a rather rich dynamical behaviour which by far exceeds the immediate
vicinity of the spike cluster which will be analysed in detail in this paper.

First, we show the results of computations of spike cluster steady states of (1.1). These
have been obtained as long-time limits of (1.1) and are numerically stable.

In Figure 1, we note that the amplitudes of the different spikes of a cluster in the
activator component are very close to each other.

On the other hand, the inhibitor values differ substantially at different spike locations
and are highest near the centre of the cluster. This stands in contrast to the precursor
w(x) which attains its global minimum at the centre of the cluster. The combination of
these two effects leads to almost equal spike amplitudes.

Both the activator and inhibitor peaks have almost equal distance.

Now, we show the initial condition which has been used in all simulations of clusters
and multiple spikes.

Next, we display the dynamics of getting a cluster from the initial condition given in
Figure 2.

In Figure 3, for t = 0, we start with very fine oscillations of the activator a. Then,
for t = 0.70, we reach a pattern which is very close to zero except in the centre of the
interval where fine oscillations still prevail. Starting from ¢t = 0.80, we see eight spikes
which generally increase in amplitude and whose positions are mainly fixed. Looking
more closely, we can also see that the amplitudes show some oscillatory behaviour, first
overshooting the final amplitude of around 0.57 and then oscillating around the final
amplitude and approaching it.

Next, we consider a different regime of a weaker precursor gradient (all other parameters
remain unchanged from before). We observe spikes which are distributed over the whole
interval.

https://doi.org/10.1017/50956792516000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000450

Stable spike clusters 583

1 T T T T T T T T T
a h
s
08
08
06
0.6
04
04+
2
02 02
0 ol
-1 -05 0 05 1 -1 -05 0 05 1

FIGURE 2. Initial condition of cluster and multiple spikes, activator and inhibitor are shown. We
choose a large number of oscillations for the activator in order to get as many spikes as possible.
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FIGURE 3. Dynamics of a spike cluster for ¢+ = 0, 0.05, 0.10, 0.20, 0.30, 0.50, 0.70, 0.80, 1.0, 5.0,
10, 50, 100, 500, 1,000, 5,000 and D = 0.001. The activator is shown. The initial oscillations are
transformed into a spike cluster located at the global minimum point of the precursor inhomogeneity
w(x) = 6 + 200x>.
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5 5
a

FIGURE 4. Multi-spike pattern consisting of 22 spikes distributed over the whole domain for
D = 0.001 and precursor inhomogeneity p(x) = 1 + x*. Activator and inhibitor are shown.

Now, we display the dynamics of getting a multiple spike pattern from the initial
condition given in Figure 2.

In Figure 5, we start with very fine oscillations of the activator a. Immediately, the
amplitudes of the oscillations change driven by the precursor gradient, but their period
remains mainly unchanged. Then, spikes start to form, first at the boundary, then further
and further inside the interval. Finally, the spikes in the centre of the domain form almost
simultaneously and there is also some oscillatory behaviour between their amplitudes.
It takes longest for the amplitudes of the two spikes in the centre to increase to their
steady-state value. The positions of the spikes are mainly unchanged but the increase
in amplitude for the two central spikes is coupled with them slowly moving apart and
pushing the remaining spikes away from the centre.

In Figure 6, we show how the number of multiple spikes depends on the diffusion
constants.

Finally, in Figure 7, we show the behaviour as the two small diffusion constants &> and
D come close to each other.

Remark 3 For the stability, we assume that 0 < t© < 1o for some 1y > 0. Stability in the
case where t is large has been investigated in [35] for single spikes and those results on
Hopf bifurcation are expected to carry over to the case of an N-spike cluster considered
here. We remark that stability in the case of large t for the shadow system has been studied
in [6,34]. It turns out that this Hopf bifurcation leads to oscillations of the amplitudes.
The Hopf bifurcation at © = 1o, where 1o is of order 1, still arises even in the regime
0 < ¢ < VD < 1 considered in this paper. For the spike cluster, 1y is independent of N
which can be shown by the analysis in Sections 8 and 9.

Remark 4 It is an interesting question to consider the maximum number of stable spikes in
the regime 0 < ¢ < /D < 1 studied in this paper. We expect that there are stable multi-
spike solutions if N < ﬁ (in leading order of D ). In the regime N ~ \/LB’ the spikes will be
distributed over the whole interval and at N ~ %’ we expect an overcrowding instability.
This threshold would be an extension of the corresponding result for D =1 (see [43]). The

cluster solutions studied in this paper are only possible if N < ——=— (in leading order

VD log &
of D) due to the distance between spikes. We have presented some numerical simulations of
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FIGURE 5. Dynamics of multiple spikes distributed over whole domain for ¢t = 0, 3, 5, 10, 20, 25,
30, 35, 40, 50, 100, 500, 1,000, 5,000. Further, we have D = 0.001 and precursor inhomogeneity
u(x) = 1+ x2. The activator is shown.
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both situations: A spike cluster as well as multiple spikes distributed over the whole domain.
(For the cluster, see Figure 1, for multiple spikes see Figures 4 and 6. Their dynamics are
shown in Figures 3 and 5, respectively.)

Remark 5 If% ~ 1, the spike solutions will change into other types of patterns, e.g. spatial
oscillations, which could again be stable. It is also possible that the patterns will vanish. We
have presented some numerical examples to illustrate this behaviour (see Figure 7).

Remark 6 Previous studies of the precursor case can be found amongst others in [2,27,28].
We also refer to results for the dynamics of pulses in heterogeneous media [24,49]. This
clustered spike pattern and multiple spikes distributed over the whole interval are more
regular than multiple spike patterns observed for the Gierer—Meinhardt system with precursor
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s 10

FIGURE 6. Multiple spikes are displayed for D = 0.001, 0.01, 0.1 and precursor inhomogeneity
u(x) = 1+x2. The activator is shown. We get 22, 6 and 2 spikes, respectively. The number of spikes
decreases with increasing D which can be understood by an overcrowding instability.

FIGURE 7. A combination of oscillations and pattern-free state is displayed for D = 0.0001, 0.00005,
0.00003, 0.00002. Here, D approaches &> = 0.00001. The activator is shown. For decreasing D, the
oscillations disappear, starting in the centre of the domain, which can be explained by the limited
range of Turing instability.

and order 1 inhibitor diffusivity studied in [45]. In that case, multiple spike patterns have
irregular distances and amplitudes since the precursor interacts with the geometry of the
domain (represented by the Green’s function) globally. On the other hand, for the regime
covered in this paper, the precursor acts globally but the Green’s function acts only locally
between neighbouring spikes.

The proofs of both Theorems 1 and 2 will follow the approach in [47], where we
reviewed and discussed many results on the existence and stability of multi-spike steady
states. Before providing a sketch of the proofs of Theorems 1 and 2, we first state four
highlights of the results and proofs in an informal manner. For each of these, we also
indicate the novelty in comparison to previous work.

Highlight 1: For the proof in Theorem 1, we use Liapunov—Schmidt reduction to derive
a reduced problem which will determine the positions of the spikes. This reduced problem
in leading order is given by

t —
Wot)~er elfx‘k/ﬁ( ">+c2fu” )Nts—1°), s=1,...,N, (2.11)

k,[k—s|=1 ts = tel

where ¢y, ¢; > 0 are constants which are independent of the small parameters and
t = (t1,...,ty) are the positions of the spikes (compare (7.4)). We need to solve Wy(t) =0
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which implies
1
ty — ty_q ~ ﬁlogﬁ, s=2..,N,

(compare (7.6)). The distance between neighbouring spikes in the cluster is small (con-
verging to zero) and in leading order, it is the same between any pair of neighbours.
Further note that the distance is determined by the large diffusion constant D. In previous
work for D = O(1), the spikes either have distance of order 1 or, in the case of clusters,
they have small distance which is determined by the small diffusion constant ¢. Thus,
the spacing between neighbouring spikes follows a new asymptotic rule not encountered
before.

The deeper reason for this behaviour is that the spike cluster we consider in this paper
is formed by balancing the interactions of the inhibitor between neighbouring spikes and
the inhomogeneity. On the other hand, in [42] and other previous work on spike clusters,
they are established by balancing the interactions of the activator between neighbouring
spikes and the inhomogeneity.

Highlight 2: The large eigenvalues with 1, — Jg # 0 and their corresponding eigen-

functions
X —t;

¢ei(y) — i(y), v = pat i=1,...,N,

where ¢, ;(y) is the restriction of the re-scaled eigenfunction of the activator A4, near t;, in

the limit max (%,D) — 0 solve the NLEP
2 [ woid
A}'(i)i_(pi—i_zwqbi_jkij)lywzzioq’)i: i=17---7N9
Jr w2 dy

(see (8.6)). This NLEP has diagonal form. Thus, with respect to large eigenvalues each
spike only interacts with itself and not with the other spikes. It follows that the spike cluster
is stable with the respect to large eigenvalues. In previous work for the case D = O(1),
the stability problem of large eigenvalues for multiple spikes leads to a vectorial NLEP.
It has to be studied by considering the spectrum of the matrix involved. Depending on
the parameters, the multiple spikes can be stable or unstable. In the case of clusters for
D = 0(1), the stability has not been considered rigorously but we expect that the solution
is unstable.

Highlight 3: The small eigenvalues 4, — 0 in leading order are given by the eigenvalues
of the matrix

—8263M(t0),

where ¢3 > 0 is independent of the small parameters, t° = (¢°,...,°) and
1
MOy ~ 1" (1%)] log D [—(i = DN 4+ 1= )dij—1 — i(N = i)3;j+1
+[(i — (N + 1 — i)+ i(N —i)];;] + 46,

with Sy o = d1.n+1 = 0 (compare 9.13). The tridiagonal matrix M(t°) derived here indicates
that with respect to small eigenvalues each spike only interacts with its nearest neighbour
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and not with the other spikes. This is different from the case D = O(1): For multiple
spikes, the matrix typically has strictly positive entries only (although it could have zero
eigenvalues in the presence of symmetries), for clusters, a similar tridiagonal matrix which
depends on ¢ has been studied to show the existence of spike clusters, see [42].

Highlight 4: We determine all the eigenvalues of the matrix M(t°) (see Highlight 3)
explicitly by a method based on exactly finding a finite-difference approximation to a
suitable ordinary differential equation.

These eigenvalues are given by

1
e ~ —& log Ecw”(to)n(n +1), n=1,...,.N—1.
Further, there is an eigenvalue of smaller size given by
Jog ~ —& e (1)

(compare Lemma 16). This implies that the spike cluster is stable with respect to small
eigenvalues. This result seems to be new in the literature. Therefore, we provided this
proof.

Finally, we give a sketch of the proofs of Theorem 1 (existence) and Theorem 2
(stability).

We begin by stating the main steps in the proof of Theorem 1:

(1) The existence problem (4.20) is reduced to a non-local one-dimensional problem
S[A] = 24" — u(x)A + i =0,
T[A]
where

T[A] = /}R Gp(-;2)A%(z) dz

is an integral operator solving (4.21).

(2) The ansatz for a spike cluster is

A(x) = &m(x)

N
k=1

(see (2.8)) with & determined by the amplitude identity

& = T[Al(t)) fork=1,...,N.

A,

(3) The amplitude identity is crucial to show that S,[A4] is small in an appropriate norm.
Therefore, A4 is intuitively almost a solution.

(4) Using the estimate on S, [/i], one can perform Liapunov—Schmidt reduction resulting
in a small

¢, L span{j, k =1,....,N} C HY(Q)
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such that
S.[A + ¢;] € C =span{W], k =1,...,N} C LX(Q).

(5) We find a solution close to A if SS[/i + ¢.] L C is satisfied. Solving the finite-
dimensional problem S, [/I + ¢,] L C amounts to equating N L2-inner products to
zero. This leads to a system of equations to leading order given by (2.11) in the spike
points (tq,...,ty), which can be shown to have a solution.

The main steps in the proof of Theorem 2 can be stated as follows:

The eigenvalue problem is derived by linearizing the Gierer—Meinhardt system (1.1)
around the clustered steady state A, derived in Theorem 1. It is stated in (8.1) and for
T =0, we have

2As:¢e: A;Z

Lowge = &4¢: — u(x)be + T (T[A.)

Z(T, [Aé] d)é) = /Aha({be,

where /, is some complex number and ¢, € H*(Q) satisfying Neumann boundary condi-
tions. Further, for ¢ € L*(Q),

T'[4])¢ = 26, /}R Go(-:2)A,(2)p(2) d=

is an integral operator solving (8.3).
Then, we consider the eigenvalues in three cases separately as follows:

(1) We first study large eigenvalues 4, = O(1).

(i) Using (8.1) and the decay of the spikes, it is shown that in leading order an
eigenfunction satisfies

This means that the eigenfunction can be decomposed into parts which are
located near each of the spikes.

(i1) Taking the limit max(D,%) — 0, we derive ¢.; — ¢;, where ¢; satisfies the
NLEP

fmw¢jdy 2

o .
fJRWZdyW 5®ei» J=1...,N.

Vit 2we; -2 =0

This means that we get an NLEP which has diagonal form.

(iii) By a result in [43], it follows that the spike cluster is stable with respect to large
eigenvalues.

(2) Next, we study small eigenvalues /, = o(1).
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(i) The ansatz for an eigenfunction is
Zas W) (%) + ¢ (x),

where ¢+ L W/ in L?-sense for j=1,...,N.

(i) Then, we show that ¢~ = o(1). Note that sfvg,j is of exact order 1 and so it
dominates the eigenfunction.

(iii) Taking the spatial derivative of the steady-state problem (4.20), we get an identity
for W; ; (up to small error terms) which we subtract from the eigenvalue problem.

(iv) We expand the terms in (8.1) around the spikes using the expansion of the Green’s
function Gp and the inhomogeneity u(x), both around the spike points, collecting
the leading terms and giving rigorous estimates for the remainder.

(v) We multiply the eigenvalue problem (8.1) on both sides by &}, k = 1,...,N
Using the results in (iv), we derive the matrix M(t°) stated in (9.13) which
determines the stability properties caused by small eigenvalues.

(vi) We determine the eigenvalues and eigenvectors of the matrix M(t°) explicitly
by considering it as the finite-difference approximation of a suitable ordinary
differential equation, compute the solution of this approximation explicitly and
get the eigenvectors by taking its values at uniformly spaced points. See Lemma
13 and its proof.

It follows that the eigenvalue problem is stable with respect to small eigenvalues.

(3) Finally, we show that there are no eigenvalues A, with |1, — oo, if we assume
that Re(4,) > —c for some fixed ¢ > 0. (If the latest condition is not satisfied the
eigenfunction will be uniformly bounded in time and so does not cause any instability.)

(i) We multiply (8.1) on both sides by ¢.. This leads to a quadratic form in ¢,.

(ii) By explicit estimates, we show that |4,| < C for some C > 0. See Remark 14.

3 Preliminaries: scaling property, Green’s function and eigenvalue problems

In this section, we will provide some preliminaries which will be needed later for the
existence and stability proofs.

Let w be the ground state solution given in (2.1). By a simple scaling argument, the
function

Wwa(y) = aw(v/ay) (3.1)

is the unique solution of the problem

w/ —aw, +w2 =0, y €R,
(3.2)
we >0, wy(0) = maXycr wa(y), wa(y) — 0 as ‘y| — 0.
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We compute

/ w2 dy = a2 / WA(2)dz, / W) dy = a2 / W(2)dz,
R R R R

/ W) dy = > / (W)2(2) dz. (3.3)
R R

For z € (—1,1), let Gp(x, z) be the Green’s function defined by

DG)(x,z) — Gp(x,z) + 9.(x) =0, x € (—1,1),
(3.4)
G/D(_I’Z) = G/D(LZ) =0,

where G})(x,z) = %Gp(x,z) (and the left-hand and right-hand limits are considered for
x = z). We calculate

Sin%(m) cosh[0(1 + x)] cosh[0(1 — z)], —1 < x < z,

Gp(x,z) = (3.5)
ﬁ(zm cosh[0(1 — x)] cosh[0(1 +2z)], z<x <1,
where
0=D"12
We set
1 — L |x—z
Ko(lx—z) = 5—=e v (3.6)

to be the singular part of Gp(x,z). Let the regular part Hp of Gp be defined by
Hp = Kp — Gp. Note that Hp(x,z) belongs to the space C°((—1,1) x (—1,1)).
By (3.5), we have

Gp(1°,1°) = Kp(0) (1 +0 (efz(%*"o)/ Vﬁ)) , (3.7)
where dy = 1 — |t°| and 5 > 0 is an arbitrary but fixed constant.
For ¢°, we estimate

~ 1 1
0 —2(do—n0)/v'D
= = +0 (e 3.8
¢ 2VDGp (10, 10)(u0)3/2  (u0)3/? ( ) G8)

by (3.6), (3.7).
Let us denote a% as V. When i # j, we can define V,G(t;,¢;) in the classical way
because the function is smooth. When i = j, then Kp(|t;—¢;]) = Kp(0) = ﬁ is a constant

independent of t; and we define

0
Vt,.GD(t,-, ti) == a H(X, ti).

x=t;
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Similarly, we define

e &y Hp(xy) if =,
vt;vleD(tiﬁ tj) = . . . (3'9)
vtivt/GD(tia tj) lf 1 7& .]'

For convenience and clarity, we introduce a re-scaled version of the Green’s function
which has a finite limit as D — 0. Thus, we set

Gp(x,z) = 2VDGp(x,2), (3.10)

Rp(x,2) = 2VDKp(|x — z|), (3.11)

Hp(x,z) = 2vDHp(x, 2). (3.12)

Throughout the paper, let C, ¢ denote generic constants which may change from line

to line.

4 Existence proof I: approximate solutions

Let t° € (—1,1) be a non-degenerate local minimum point of the precursor inhomogeneity,
i.e. we assume that (2.7) is satisfied. In this section, we construct an approximation to a
spike cluster solution to (1.2) which concentrates at ¢°.

The approximate cluster consists of the spikes p;w (\/ﬁl =l
points t; and have the scaling factors

) which are centred at the

wi = u(t;), wherei=1,...,N. (4.1)

Let Q, denote the set of all t = (11,05,...,tx) € QN with -1 <11 <t~ <ty <1
satisfying (4.2) and (4.3), where

e —ts_1 1 1 5u(10)
S5l jog— — 1 1— < .
7> log D + loglog D + log < 16,0 + log[(s — 1)(N + s)] n (42)

fors=2,...,N,

< log% (4.3)

| X

0

N >t
k=1

and 1 > 0 is a constant which is small enough and will be chosen in Section 7 (see

equation (7.9)). The reason for assuming (4.2) and (4.3) will become clear in Section 7

when we solve the reduced problem.
We further denote

= 0%....1%) (4.4)
and set
Qo = {t}. (4.5)
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To simplify our notation, for t € , and k =1,..., N, we set

and

We(x) = pew (ﬁk & t") (4.6)
X — I

wk(x):ukw<\/;7kx8t")~x< : ) 47

where y is a smooth cut-off function which satisfies the conditions

1 3
z(x) = Lfor |x| < 5> z(x) = Ofor |x| > ! € C;°(R) (4.8)
and
£ 0, K ﬂslog 1 4.9)
v e
Using (4.2), we have |t; — (] = O (ﬁ log %) for i = 1,...,N. This implies
1 2
() — u(1)] = 0 (D <log D) ) : (4.10)

2
/() = W ()t — %)+ 0 (D <log ll)) > =0 (ﬁlog })) , (4.11)

W't) = p1"(°)+0 (\FDlOg 11)) =0(1), /"1 = 0(1). (4.12)

©"(6) = 0(1), 1" (1°) = O(1). (4.13)

Further, we compute, using (3.5),

Golt1) = Rp(0) (1407 4=m/VP)) = 1 0 20=0VP) - (4.14)
where dy = min(1 — t%,t° + 1), o > 0 is an arbitrary but fixed constant (compare (3.7)).
We have
N 1 N 1 .
Gp(ti,ts) =0 DlogB , Kp(ti, t;) = O DlogB for |i —s| =1, (4.15)

2 2
Gpl(ti,t) =0 ((D log 11)) > ,Kp(tit) =0 <<D log 11)) ) for |i—s|=2. (4.16)

Generally, we have

A 1\ i3 A 1\ il
Gp(ti,t;) =0 ((D log D) > , Kp(ti,t5) = O <<D log D) for |i—s| = 1. (4.17)
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For the derivatives, we estimate

k Ji—s]
1
aakGD(t,,tS) 0<(DlogD> D—k/2> for|i—s|>1, k=12,... (4.18)
o 1\
akKD(tl,tS)— (DlogD) D7*2| forli—s|=>1, k=1,2,... (4.19)

and analogous results hold for the mixed derivatives.
By rescaling A= EA, H= &.H with ¢, defined in (2 6) it follows that (1.2) is equivalent
to the following system for the re-scaled functions AH:

PA - 0d+ § =0, xe (L),
DH" — H+&A* =0, xe(-11),
AX)>0,H(x)>0 in (1,1,
A=) = A1) = B'(-1)= B'(1) =0

(4.20)

From now on, we shall work with (4.20) and drop the hats. Next, we rewrite (4.20) as
a single equation with a non-local term.
For a function 4 € H*(—1, 1), we define T[A] to be the solution of

{D(T[A])" —T[A]+&£A47=0, -1 <x<1,
( (4.21)

T[A])(=1) = (T[A])'(1) =
It is easy to see that the solution T'[A4] is unique and positive. Then, (4.20) becomes

2

S,[A] == A" — w(x)A + TTA]

=0, A>0, A(-1)=A(1)=0.  (4.22)

For t € Q,, we define an approximate solution to (4.22) by the ansatz
A(X) = wee(x) = Z GW(x), x€Q, (4.23)

where t € Q,, W, has been defined in (4.7) and Ek satisfies the amplitude identity
& = TIAI(). (4.24)

Intuitively, this ansatz is close to a solution of (4.22) since by the choice of Wy, the
first equation is approximately satisfied and due to (4.24) the second equation holds
approximately.

Next, we are now going to determine the amplitudes & to leading order so that (4.24)
will be satisfied.
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From (4.21), we have

1
Tlwad(ts) = & /_ Goltn 2wy (2)dz

1 N
=¢, / Go(tsz) [Zéﬁw,%(zwZékézwk(zwm(z)] dz.  (425)
-1 k=1 kAl

We have

2
i [ Ot =, [ 6ot (s (vie =) ) asr - 0y,

For k # s, we compute
él}/ GD([S, X)\/NVI%(X) dx = if:s(ﬂkﬁ/ZGD(tsa tk) |:/ Wz(y) dy +0 <b>:|
o R

D
— ()26t 1) [1 4o <&)]

2
1+0<\%+D(10gé) )
— (1°)0 <D log 1) 1+o0( 4> (log 1)2

D /D

=0 (D log ll)) , (4.206)

= (1) Gt )

o

using (2.6), (3.10), (4.10) and (4.17). For k = s, we have

2 _ LB _ 2
éS/QGD(tS,x)wS(x)dx fg/g L\/Be Hp(ts, x)| W;(x)dx
= ésg(ﬂs)S/zGD(ts, ts) |:/]R Wz(y) dy+0 (SD>:|

— ()2 f &
(:us) GD(tbatb)—l_O (\/§>

&

R 1\°
— (1,932 D [ log — 4.2
(:u) GD(tS)tS)-i_O(\/BJ’_ <OgD) )9 ( 7)
using (2.6), (3.10) and (4.10). Next, for k # [, we have
¢ [ Golto i) dz =0 (428)
Q
by (4.7). Combining (4.26)—(4.28), we have
2
1+0 £ +D <log1>
VD D

T [wedl(ty) = E3(10)*? (4.29)
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using (3.6), (3.7), (3.10). Then, (4.29) has a unique solution which satisfies

140 (\%—FD (logll)>2>

This concludes the construction of the approximate solution.
In the section, we will compute its error.

A 1

fs = W (4-30)

5 Existence proof II — error of approximate solution

In this section, we compute the error terms caused by the approximate solutions in Section
4. We begin by considering the spatial dependence of the inhibitor near the spikes which is
given by the difference T [w;](xs) — T [we](ts) for x = (x1,...,xn) € Q, and t € Q,, where
the non-local operator 7 [4] has been defined in (4.21) and the approximate solution has
been introduced in (4.23).

To simplify our notation, we let

He(xs) = T [Weel (x;). (5.1)
Let x; = t; + ¢y. We calculate
H::,t(ts +ey) — Hl:,t([s)
N A A
=< / [Gb(ts + &y, %) = Gp(te,x)] | D M)+ &&mx)m(x) | dx,
Q k=1 k#l
=J1, (5.2)

where £; has been introduced in (2.6) and J; is defined by the latest equality. For Jy, we

have
N A A
Ji =fu/ [Go(ts + ey, %) = Gp(te, X)] | DGR + Y E&m(x)ii(x) | dx
Q =1 kAl
—fszék / [Gp(ts + 3, %) — Gp(ty, )] W} dx. (5.3)

by (4.7). We further compute

& [ 16t + 293 — Golt ] i d
Q
1 ”
= /Q {2\5 (e7lrmrmr=xVD — == VP) — (Hip(ts + v, ) — s, x))} g dx

_ 58%/9 (e*“»ﬂy*x‘/wj _ e*“rxl/ﬁ) W2 dx (1 +0 (e*zﬁlrw)/ﬁ)) . (54)

https://doi.org/10.1017/50956792516000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000450

Stable spike clusters 597

using (4.14). Let x = t;, + ¢Z. For k = s, we have

1
—|t,s+1:y—x|/\/5 _ —=lts=x|/VDY\ #2 d
e—— e e We(x)dx
. 2f/ ) &)
=¢ / (emebr=sIVP gk Vf) (2)dz (1+ 0(e))

2\7
582\—5 [ﬁ/(l —ly—Z)wi (@) dz+0 gzy )} +0(e"))

~e3v5 |75 L (5 MHO( Qg’;)+o>>
f]Rw21(y)dy Lﬁ To(y) +0 ( <1 +0 (D <log +81°>> : (5.5)

where w,, has been defined in (3.1) and

S \

—ly —z|) wy (2) dZ+0

S \

To(y) = /}R (2] = |y = 2[) wp d2 (5.6)
is an even function, using (2.6) and (4.10). For k # s, we have
1 !
7\zl,+sy7x\/\/lj _ —lts—x|/vVDY #2 d
Wil e e Wi (x) dx

/ e —|ts—ti+e(y—2)|/vVD _ e lts—t 82\/\f) ()dz( —i—O(SIO))

5‘2\F

s 1 2
2f(,uk)3/2{ z.\szE( |7t‘ = Zi') % +0 (D log D'SDyzﬂ
x/ w(2)dz (1+ 0("))

R

— (1,93/2 | ,—lts—tc]/v/D Q &y 21 12
) [ ( m—m)ww ¢ %D’

2
X (1 +0 (D <10g ;) +81°>> , (5.7)

using (4.10) and (2.6). Combining (5.5) and (5.7), we have

Hc,t(ts +ey) — Ha,t(ts)
¢ |
T Jr WA v fg (2] = [y = 2) Wi (2) d2 + 0(5)?)

. e t—t ) & 1
+Z§;§(Mk)3/ze Its tkl/\/5< |t1i|) Ty» +0 <8210g Dyz))

ks

2
X (1 +0 (D <10g g) + 810>> . (5.8)
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Remark 7

(i) The second line in (5.8) is an even function in the inner variable y which will drop out
in many subsequent computations due to symmetry.

(ii) The third line in (5.8) is an odd function in the inner variable y. For t € Q,, we have

1
e*lz,frkl/ﬁ =0 (D log D) , Jk—=s|=1,

2
1
e ls=ul/VD _ o ((D log D) ) s k=5 =2

Thus, the third line in (5.8) is of exact order O (sﬁlog %y) .

Next, we compute and estimate the error terms of the Gierer—-Meinhardt system (4.20) for
the approximate solution w,;. We recall that a steady state for (4.20) is given by S,[A] = 0,
where

2
T[A]
and T[A] is defined by (4.21), combined with Neumann boundary conditions A’'(—1) =
A’(1) = 0. We now compute the error term

N
SI} [WJ:,t] = SJI [Z zsﬁ)s‘|

s=1

S.[A] = 24" — u(x)A + (5.9)

N (s
A s=1 =8""S
SZA (Z ésﬁ)s> - ,u(x) Z ésws T

s=1

s=1 s=1

v (&) & .
Z e A(Ey) — p&si + T |~ 2o — ()&,

S - 120 ) 1ol

s=1

Using the amplitude identity &= T[A](tx) and the equation (3.2) of the spike profile for
a = us, we have

(W' (t5)ey) oWy

N
_MZ

N
N 1 >
Zé?w ’wawwﬁ/m (121~ Iy — 21) w2, ) a2

s=1
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ts — Tk ey
+ w 2 ) el rk|/f< ) }

s=1 kets

(rvo(o (b +e).

Using 1/ (1) = 0, we get

N
&mm=[ §jM%Wn—&wﬁwm0+oww+0(ﬂn%;)>

s=1
N
E dz

“f wa(5) dyf/ ~ =2 w,
gt () % (o)

2
X <1 +0 (D (log ;) + s“’)) ) (5.10)

Now, we readily have the estimate

1S 0welll 211y = O (\%) . (5.11)

Remark 8 The estimates derived in this section will be needed to conclude the existence
proof using Liapunov—Schmidt reduction in Section 6. In particular, they will imply an explicit
formula for the positions of the spikes in Section 7.

6 Existence proof III — Liapunov—Schmidt reduction

In this section, we study the linear operator defined by

24¢ A2
T[A]  (T[A])

Loy = SlAlp = 4¢ — p(x)p + —— (T'[A]¢$),

L, : H(Q) — LX(Q),

where A = w,¢ and T'[A] has been defined in (8.3).

We will prove results on its invertibility after suitable projections. This will have
important implications on the existence of solutions of the non-linear problem including
bounds in suitable norms. The proof uses the method of Liapunov—Schmidt reduction
which was also considered in [10,12,13,25,26,37] and other works.
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We define the approximate kernel and co-kernel of the operator L., respectively, as

follows:
Kt 1= span {wal i= 1,...,N} C HX(Q), (6.1)
dw; | 5
Cet = span I i=1,...,N; C LY(Q). (6.2)
X

Recall that the vectorial linear operator L has been introduced in (A 2) as follows:

®
Lo = A0 — &+ 2wd— 2RP o (6.3)
Jr W
where
b1
2
D=1 € (H*R)N.

N

By Lemma 21, we know that
L:(Xo@® - ®Xo)" N(HR) = (Xo@® - & Xo)" N(L*R)N

with X = span{ ‘f,—;?} is invertible and possesses a bounded inverse.

We also introduce the orthogonal projection njt L(Q) — CL and study the operator
L.y = n ) L“, where orthogonality has been defined in LZ(Q) sense. We will show
that L, : IC‘gt — Cj is invertible with a bounded inverse provided max( \/B’D) is small
enough. In provmg this, we will use the fact that this system is the limit of the operator
L.« as max(—%, D) — 0. This statement is contained in the following proposition.

\/77
Proposition 9 There exist positive constants d,2 such that for max (\F’ ) € (0,0) and
all t € Q,, we have
[ Lettellie) = Al elln2a,)- (6.4)

Further, the map
7oL 1
Ls,t = Tt O Ls,l . ]Cs,t - Cs,t

IS surjective.

Proof Suppose (6. 4) is false. Then, there exist sequences {e}, {Di}, {t*}, {¢*} such that

maX(\/— )_>O t 6911,¢ d)Fk EICS tk,k=1,2,...and
Lo dl12,) =0 ask — oo, (6.5)
”d)k”Hz(Q,.,k) =1, k=1,2,.... (6.6)
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We define ¢,;, i =1,2,...,N and ¢.n+1 as follows:

¢1:,i(x) = ¢::(X)X <x6— ti) , X€Q, (67)

deNt1(x Z(z’)gl(x x € Q.

At first (after rescaling), the functions ¢,; are only defined on .. However, by a standard
result, they can be extended to IR such that their norm in H*(R) is bounded by a constant
independent of ¢ D and t for max(—= ok ,D) small enough. In the following, we will study
this extension. For simplicity of notation, we keep the same notation for the extension.
Since for i = 1,2,..., N, each sequence {¢*} := {¢,,;} (k = 1,2,...) is bounded in H? (R)
it has a weak hmlt in H? (R), and therefore also a strong limit in L} (R) and LS (IR).
Call these limits ¢;. Then, passing to the limit in the equation (6.5) in each of the sets
Qi={xeQ :x=tj+ey |y < %} (we refer to Appendix A of [40] for further details),

b1

b2
¢ = ) solves the system L¢ = 0. By Lemma 20, ¢ € Ker(L) = Xo & - - - & Xo. Since

N
. € K1, by taking k — oo, we get ¢ € Ker(L)*. Therefore, ¢ = 0.
k ksl

By elliptic estimates, we have ||¢;,i||p2wr) — 0 as k — oo for i =1,2,...,N.
Furthermore, ¢, y11 — ¢n41 In H?(R), where @y satisfies

A¢N+] —¢N+1 :0 in ]R

Therefore, we conclude ¢y41 = 0 and ||¢k +illmr) — 0 as k — oo. This contradicts
k
¢ ||H2(Qék) =
To complete the proof of Proposition 9, we just need to show that the conjugate
operator to L, (denoted by L;,) is injective from K to ;.
The proof for L}, follows along the same lines as for L and is omitted.

U
Now, we are in the position to solve the equation
M2 0 Se[Wee + ¢ = 0. (6.8)
Since Le¢|x 1 is invertible (call the inverse L;l), we can rewrite this as
¢ = —(Le( omzg o Sclwed) — (L' o ey 0 Nee[9]) = Mei[4), (6.9)
where
Neald] = Selwar + @] — Se[weed — S;[wedd ¢ (6.10)

and the operator M, is defined by (6.9) for ¢ € H*(Q.). We are going to show that the
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operator M, is a contraction on
55—{¢€H2 S Pllare) <0}

for suitably chosen o if max( is small enough. By (5.11) and Proposition 9, we

5P)
have

[Medldl|| 2 < 471 <||7T5L,t o Net[]l 12, + ||me © Selwes ||Lz(9))

< 271C(e(6)8) ||l o) +0 (%)

where 4 > 0 is independent of 6 > 0, ¢ >0, D > 0 and ¢(6) — 0 as 6 — 0. Similarly, we
show that

[Mer[d] — Meeld 1|20, < 47'Ce(8)0) | — ¢ || 20,
where ¢(6) — 0 as 6 — 0. If we choose

o= 2/171 Hni_t o Sz:[wl,t]HLZ(Qf) ’

then for max( ) small enough, the operator M., is a contraction on B,s. The

f’
existence of a fixed point ¢.; now follows from the standard contraction mapping
principle and ¢.; is a solution of (6.9).

We have thus proved

Lemma 10 There exists 5 > 0 such that for every pair of €,t with 0 < e <J and t € Q,,
there exists a unique ¢y € KL ct satisfying Se[wes + ¢ey] € Cep. Furthermore, we have the
estimate

€
[ Petllrze) < C ( (6.11)

i)

Following the same decomposition into leading even and odd terms as discussed in
Remark 7 (see also (5.10)) and applying the linear operator L. to both of them, we get

(bz;,t = ¢1:,t,1 + d)s,t,Za (612)

where ¢, is an even function in the inner variable y which can be estimated as

&
||¢8,t,1HHZ(_QH) = O <\/5)

and ¢, 1s an odd function in the inner variable y which can be estimated as

1
el = O (S\FDlog D) .

Note that the even term is bigger than the odd term but it will drop in many subsequent
calculations.
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7 Existence proof IV: reduced problem

In this section, we solve the reduced problem. This completes the proof of our main
existence result given by Theorem 1.
By Lemma 10, for every t € Q,, there exists a unique solution ¢ € ICL such that

Se[Wer + ¢et] € Cer. (7.1)
We need to determine t* = (t{,5,...,t%) € Q, such that
SJI [Wx:,tg + qsé:,tg] 1 Ce,t“a (72)

which lmplles 83 [Wg’tl'r + ¢8,t"] =0
To this end, let

divg
We,s(t): /S th+¢1t] -

sflog o

We(t) := (Wei(t),..., Wen(t) : @, — RN,

Then, the map W,(t) is continuous in t € £, and it remains to find a zero of the vector
field W,(t).
We compute

dwg
Se[Wer + ¢
8\/>10g o / o t]
_;/ S.was] + 8Dl (Be) + O i) | o v
- Sﬁlog% 0 13 &t c &t &t &t H2(Q) dX .

We first compute the main term given by

1 dw
S, W Zs dx = Cs. 7.3
sVDlog% /Q [wed dx (7.3)

Let x = t; + ¢y. By (5.10), we can decompose S.[w:¢] into odd and even functions. In
leading order, only the odd components of S;[w.] matter and we have

1 dw,
/ Ss [Wa,t] l dx = Cs 1 + Cs.25

ev/Dlog & Ja dx
where

1 t5~2dWS 3/2%2 —|ty—t /\/B< Is — lk >
¢ - _ dx e S k -
5.1 Dlog})/ P ;(Hk) Si It — 1]

;
4o +ez(dono)/\5>
(75
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11 3 3/2%82 —|t— by — Ik
- - 1z d 3/2%82 —|ti—te|/vVD (_ >
Dlog,1)3/mw”‘* v e Ty

ks
g
+0 ( + o~ 2do—10)/ /D
VD
24 5/2 3/2%2 —|z_tk|/ﬁ< IS—Ik)
= s e Ibs sk
Dlog ") §(uk> & T
&
+0 ( + efz(d()*ﬂo)/ﬁ
VD
=2 o Py e lfs—tf/f( fs—>+0<8 +ﬁlog1)
Dlog% kots ‘t _tk| \/B D
and
1 042 X—Is dWs
52 = —tr)Cse | —— dx+0 | —= D1
€52 sfloglﬂ( O)(ts )ée/g i dx (@“ﬁogz))
2 dw P 1
= O~ ), . —— +VDlog
VDlog 1" (@) t)é/yw,h & dy+o(ﬁ+fogD
1 3/2 " / 2 & 1
= = 1 \HKs ty— 1t s d o — Dlog —
Tiog T ()N 3 [y +0 ( s+ VDl
3 0\3/2%0, 17,,0 0 < € 1)
= ——— (1) )t — 1)+ 0 —=+VDlog— ).
\mlog%(u) () ) 75 g5
In summary, we have
24 20y2 —|t-—u|/ﬁ< ty — Ik )
Cy = e s - -
DlOg 1 (,Lt) kz#s(é) |IS—Ik|
2 1
+ VDY PN (Ot — o +0<8 +VDlo ) s=1..,N. (74
(W)= () ) 75 £ (7.4)
Next, we estimate
1 dw
- Sl A A N
S\FDlogll)/ el (@) 0 dx dx
1 2 PAT Wezt ’ ]dVNVs
=~ ovDlog L &P, é et ; T [Wetlder) | =— dx
BTy [ O b et (T |
1 241 2w Wz :|dW;
= T A1 EQyr — UsPet + ———— ¢ 7TWS£‘
sﬁlog,g/g{ Put = Mot T[wg,t]d)’t (Tw b])z( dbe)

! dwg
+ m A _('u(x) - M(IS))¢e,tT dx
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Integration by parts and and using the derivative of (3.2) gives

1 dws
sx/f)logll)/ [Ws t]((:be()

__ v e (&,,)?
- 8\510g% A |: |:T[WSJ] é :| Zébwbqﬁm ( [W ])2(T [Wat]qsat)

—(p(x) — /vt(ts))qss,tTS dx

-o(35)

This implies

Ws(t) = 24 (,u ) Z(%O)ze*\l.\*td/ﬁ (_tstk)

1 _
Dlog 5 e |ts — t
1
4 3VD(OP2E 1 (10t — ° +0<8+\/Dlo ) s=1.....N, (15
@)t~ )+ 0 T+ VDlog (1.5

which follows from (6.11) and (6.12). Now, for given small ¢ > 0, we have to determine
t° € Q, such that Wy (t®) =0fors=1,...,N

We first consider the limiting case which only takes into account the leading terms and
set

Wolt) = 24— (OGP 3 eleulivP (_f—fk)

1 _
D10g5 k,\k—s|=1 IS tk|
+3VD (O PEL () 1y — 1°).

We compute Wy(t*) = 0, where t* satisfies

%_10 i—lo lo 1
140 log1 1
“log (5?6,(12)) —logl(s— )N+ 1—8)]+0 (C’lgong> , (7.6)
Ogﬁ
|
Nkz:t,’; = (7.7)
=1

By (7.6) and (7.7), we have t* € @, if D is small enough.
We need to find t* € Q, such that W,(t°) = 0.
Setting e = (1,1...,1)7, we have

¢ *
< [[DWo(t)e]| <

C
VDlog 5 \\/Blog%
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and

V|| < [[DWo(t")v]] < | ifv-e=0.

< £
VD VD"

For t € Q,, we expand

W(t) = W(t) — Wo(t) + Wo(t) — Wo(t") + Wo(t™)

&
=0 (ﬁ) by (7.4)

+DWy(t*) - (t — t¥) + Ro(t — t¥)

+W0(t*)a
where Ry(t) = D> Wy(t*)(r, 1)+0(|t|*). Decomposing © = v+oe, where v-e = 0, we estimate
Cs Co B
o|v| + o,
VDlog & VDlog &

Noting that for t* + 7 € Q,, we have |v| < nv/D and o« < nv/Dlog 5, we get

vl

C
[Ro(2)] < VI +

[Ro(0)| < <C4 + ¢svD + cgVD log ;) :

This implies
|(DWo(t)~ Ro(e)¥] < e7n*V/D
and
1
|((DWo(t))™" Ro(z)ae| < e7n*VDlog .
Setting T = t — t*, we have to determine 7 such that
—(DWo(t) T Wt + 1) = Wo(t" + 1) + Ro(a)] = 7
and so T must be a fixed point of the mapping
T — M;p(1) 1= —~(DWo(t")) ™ [Wilt" + 1) — Wo(t" + 1) + Ro(1)],  Bi — Bu,

where By = @, — t* (pointwise). We estimate

IMop(2)|| = || = (DWo(t*)) " [W,(t" + 1) — Wo(t* + ) + Ro(2)]||

VD

Using projections, we have

<C <8-\FDlogll)+i72\fDlogll)> @log%.

IMyp()-v]| < C <% +n2) VD ifv.e=0

and

IMeof0)- o)l < € (70 VDlog .

S
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We now determine when the mapping M.p maps from B; into B; for max(%,D) small
enough. We need to have

€
Now, (7.8) is satisfied if we choose
&
=2C—= 7.9
n 75 (7.9)
and we assume
o = 4C3E <0 (7.10)
n DS /D .
Note that (7.10) is satisfied if
PR
VD 4C?
which holds if % is small enough since 4% is a constant which is independent of ¢ and

D.

By Brouwer’s fixed point theorem, the mapping M,p possesses a fixed point ° € Bj.
Then, t* = t* +1° € Q, is the desired solution which satisfies W;(t*) = 0.

Thus, we have proved the following proposition.

€

Proposition 11 For max (ﬁ’

that W.(t*) = 0.

D) small enough, there exist points t© € Q, with t© — t° such

Finally, we complete the proof of Theorem 1.

Proof By Proposition 11, there exists t* — t° such that W,(t‘) = 0. Written differently, we
have S;[Wee + ¢ee] = 0. Let A, = E(Wepe + Pee), He = ET [Wepe + Prpc]. By the Maximum
Principle, A, > 0, H, > 0. Moreover, (4., H,) satisfies all the properties of Theorem 1.

O

8 Stability proof I: large eigenvalues

In this section, we study the large eigenvalues which satisfy 1, — A9 # 0 as max(%,D)
— 0.

Then, we need to analyse the eigenvalue problem

24,6, A2

T[A ] - (T[A ])2(TI[A1:]¢1;) = ;“z:qse’ (81)

i‘s,tg ¢1: = 82A¢z: - ﬂ(x)¢1: +

where 4, is some complex number, 4; = Wy + ¢, With t* € Q, determined in the previous
section,

¢, € HY(Q) (8.2)
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and for ¢ € L*(Q), the function T'[A]¢ is defined as the unique solution of
DA(T'[Al¢) — (1 + 1A NT'[Al$) + 25,49 =0, -1 <x <1,

(T'[A]$)' (1) = (T'[4]$)'(1) = 0.

(8.3)

First, we consider the special case t = 0. Because we study the large eigenvalues, there
exists some small ¢ > 0 such that |/,] = ¢ > 0 for max(\%,D) small enough. We are
looking for a condition under which Re(4,) < ¢ < 0 for all eigenvalues 4, of (8.1), (8.2)
if max(%,D) is small enough, where ¢ is independent of ¢ and D. If Re(4;) < —c, then
J; 1s a stable large eigenvalue. Therefore, for the rest of this section, we assume that
Re(4;) = —c and study the stability properties of such eigenvalues.

We first derive the limiting problem of (8.1), (8.2) as max(%,D) — 0 which will be
given by a system of NLEPs. Let us assume that

19ellr20,) = 1.

We cut off ¢, as follows: Introduce

(]5;;,]'()/) = ¢.(y)x (

&y
9,

> , (8.4)

where y = (x — t;)/e for x € Q, the cut-off function y was introduced in (4.8) and I,
satisfies (4.9).

From (8.1), (8.2), using Re(4;) = —¢, ||¢er |20, = 0(%) and the exponential decay of
A,, it follows that the last two terms in (8.1) converge to zero in L™°(Q \ Uﬁ-\;le), where
Q={xeQ:x=t;+ey |yl <%} In particular, their L>*(Q \ UY,Q;) norm satisfies
an estimate of O(—%). Then, taking the limit in (8.1), it follows that ¢, = O(—%) uniformly

vD vD
in Q\ UYL, Q; and so

N
¢, = ¢g,-+0(8) in HX(Q,). (8.5)
200\ p

Next, by a standard procedure, we extend ¢, ; to a function defined on R such that

dejllrzw) < Clldejll 20, j=1...,N.

Since ||¢¢||m20,) = 1, [|¢ejlln2q,) < C. By taking a subsequence, we may also assume that
¢j — ¢; as max(_7, D) — 0 in H'(R) for j =1,...,N.
Taking the limit max(—%, D) — 0 with 4, — ¢ in (8.1), we get

\/57
Aypi — udi + 2wy, ¢

N

N 5 -1
(St o) (S0t ()" 0) -

k=1 k=1
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Using the transformation ¢(y) = ¢(/10y), wo(y) = pw(y/uly), where 0 = p(t®) =
limmax(%’p)ﬁo u(t;), then from (3.2), we get

10A,¢i — 10i + 21w

N N 5 -1
0 1: ;- 0 .0 20 20 2 _
—%l£%<g¥b@JHA¥UWm@><;£D%Jk/<QW)¢O w2 = Jogh

Using the relations

~ 1
Gp(],)) = 6u + O (D log D) ,

A 1 1
0 _ -
= gy [0 (1)
and dropping tilde this implies that

2f]R woidy w? =

Aybi — i + 2w — T w2 dy
R

0<f>,, i=1,...,N, (8.6)

where ¢; € HX(RY).
Then, we have

Theorem 12
Let 2, be an eigenvalue of (8.1) and (8.2) such that Re(4,) > —c for some ¢ > 0.

(1) Suppose that (for suitable sequences max(\;—’[’)fn,Dn) — 0) we have A, — Ay # 0. Then,
Ao is an eigenvalue of the problem (NLEP) given in (8.6).

(2) Let Ay # 0 with Re(Ag) > 0 be an eigenvalue of the problem (NLEP) given in (8.6).
Then, for max(f D) small enough, there is an eigenvalue 2, of (8.1) and (8.2) with
Ae — Ao asmax( D)—>0

Proof (1) of Theorem 12 follows by asymptotic analysis similar to Section 6.

To prove (2) of Theorem 12, we follow a compactness argument of Dancer [6]. The
main idea of his approach is as follows: Let 4y = 0 be an eigenvalue of problem (8.6)
with Re(4g) > 0.

Then, we can rewrite (8.1) as follows:

24, A2

o T A 87)

¢1: = _Rzr(;L{:)

where R;(/4,) is the inverse of —4 + (u(x) + 4;) in H*(R) (which exists if Re(4;) >
— min,er p(x) or Im(4;) # 0) and the non-local operators have been defined in (4.21) and
(8.3), respectively.

The main property is that R,(4;) is a compact operator if max(T D) is small enough.
The rest of the argument follows in the same way as in [6]. O
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We now study the stability of (8.1), (8.2) for large eigenvalues explicitly and prove
Theorem 2.
By Lemma 22, for any non-zero eigenvalue /g in (8.6), we have

Re(lg) <cop <0 for some ¢ > 0.

Thus, by Theorem 12 (1), for max (\F’
of (8.1), (8.2) have strictly negative real parts. More precisely, all eigenvalues 7, of (8.1),
(8.2), for which 4, — ¢ # 0 holds, satisfy Re(/;) < —c < 0.

When studying the case t > 0, we have to deal with NLEPs as in (A 1), for which the
coefficient y of the non-local term is a function of 7a. Let y = y(ra) be a complex function
of ta. Let us suppose that

) small enough, all non-zero large eigenvalues

7(0) € R, |p(ta)] < C for Re(a) =g = 0,7 >0, (8.8)

where C is a generic constant which is independent of t and «. In our case, the following
simple example of a function y(za) satisfying (8.8) is relevant:

2

() = \/ﬁ’

where /1 4 7o denotes the principal branch of the square root function, compare [35].
Now, we have

Lemma 13 ( [43]) Consider the NLEP

f]R we dy W2

¢ — o+ 2w — y(ta) f]R 2 dy

= ad, (8.9)

where y(ta) satisfies (8.8). Then, there is a small number 1o > 0 such that for T < 7,

1) if v(0) < 1, then there is a positive eigenvalue to (A1);
(2) if y(0) > 1, then for any non-zero eigenvalue o of (8.9), we have

Re(o) < —¢op < 0.

Proof Lemma 13 follows from Theorem 19 by a regular perturbation argument. To make
sure that the perturbation argument works, we have to show that if ag = —c¢ (for some
¢>0)and 0 < 1 < 19 (for some 79 > 0), where o« = ag ++/— 1oy, then |¢| < C, where C is
a generic constant which is independent of 7. In fact, multiplying (8.9) by the conjugate
¢ of ¢ and integration by parts, we obtain that

d -
L6+ 107 = 2ut671r = = [ 167 as =BG [ s a0
R
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From the imaginary part of (8.10), we obtain that
lou | < Cify(ze)],

where C; is a positive constant (independent of 7). By assumption (8.8), |y(ta)| < C and
so |oy| < C. Taking the real part of (8.10) and noting that

Lh.s. of (8.10) > C/ |¢|>  for some C € R,
R

we obtain that ag < C,, where C; is a positive constant (independent of 7 > 0). Therefore,
|| is uniformly bounded and hence a regular perturbation argument gives the desired
conclusion.

O

Remark 14 A similar argument as in the previous proof shows that for the original eigen-
value problem (8.1), assuming that Ag = —c (for some ¢ > 0), where 1, = A.g + \/—71/15,1,
0 <1t <19 (for some 19 > 0), then |1 < C, where C is a generic constant which is
independent of ¢, T for all 0 < & < & (& chosen small enough) and 0 < 1 < 19 (T0 chosen
small enough). This argument is sketched as follows:

We multiply (8.1) by the conjugate ¢, of ¢, and integration by parts, we obtain that

Lasr+ioprar— [ 2400y - [ gpay [ A riagasa
o ‘ o, TI[A] o q, (T[A,])? e

(8.11)
From the imaginary part of (8.11), we obtain that

|/1;:,1| < C3a

where Cs is a positive constant (independent of ¢ and t for ¢,t small enough). Taking the
real part of (8.11) and noting that

Lhs. of (8.11) = C/ |pe|>  for some C € R,
Q

we obtain that ., g < Ca, where Cy is a positive constant (independent of e,t > 0). Therefore,
|| is uniformly bounded in &,t for all 0 < & < & (& chosen small enough) and 0 < 1 < 1
(to chosen small enough).

Now, Theorem 12 can be extended to the case 7 > 0 for eigenvalues such that
Re(t4,) = —%. Then, by Lemma 13 it follows that for 0 < t < 7¢ all eigenvalues 2, of
(8.1), (8.2), for which 1, — 1o # 0 holds, satisfy Re(4;) < —c < 0.

For 7 > 0, the large eigenvalues in the limit are determined explicitly by the following
result from [47]:
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Lemma 15 Let 4 = +/—14; be an eigenvalue of the problem

2
1+ﬁ‘%tfwﬁ=hm¢eH%RL (8.12)
- JR

A4¢ — ¢+ 2w —

where
120, 1eC A= g+il,Ar =0
and we take the principal branch of \/1 4+ tA. Then, 4 is a solution of the algebraic equation

15 3a _lz 2 ;
VvV1+71i 2
3 — 1= —4F3 1
249,2-9,3;
o3 4, :
2 r+pr  fArrh oty
?blﬁ 15, (8.13)
[ L+2y, 3473
where y = /14 4 and by is given by
9 (y— 1) m
b = — . 8.14
'S 34 G =3/ — 17227 sin(e(y — D) (519
Here, for two sequences ay,ay,...,a4 and by, by, ..., bg, we let the series

aay---ag z (@ D@+ 1)---(aa+1) 22

i Z 8.15
bbby 1l i+ Dbat 1) (b 1) 21 (8.15)
ap, dz, ..., 44
ZZAFB z
bi, by, ..., bp ;

be the generalized Gauss function or generalized hypergeometric function.

In conclusion, we have finished the study of the large eigenvalues (of order O(1)) and
derived results on their stability properties.

It remains to study the small eigenvalues (of order o(1)) which will be done in the next
section.

9 Stability proof II: characterization of small eigenvalues

Now, we study the eigenvalue problem (8.1), (8.2) with respect to small eigenvalues.

Namely, we assume that 4, — 0 as max D) — 0. We will show that that the small

e
VD’
eigenvalues are given by

2

wafz%a(MG%y

The matrix (M(t°)) will be defined in (9.8) and given to leading order in (9.12). Before
defining and computing the matrix, we have to make a few preparations.
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Let
W, = We + (ps,t”a Hs = T[We,t" + ¢8,t"]7 (91)

where t° = (t},...,t%) € Q).
After re-scaling, the eigenvalue problem (8.1), (8.2) becomes

vy 2
82A¢6 wx)g: + 2 = ¢€ 21,03 LeQes
DAw:: — P + 2551W8¢€ = )w:ﬂl%;, (92)

bi(=1) = ¢i(1) = wi(=1) = y;(1) = 0

Here and in the rest of the proof for small eigenvalues, we set T = 0. Since for small
eigenvalues, we have 74, — 0 the proof and results extended to the case of a fixed constant
7> 0.

Throughout this section, we denote

pi=p(t5), W= ut), W= p(t).

By the implicit function theorem, there exists a (locally) unique solution E(t) =
(&1(t), ..., En(t)) of the equation

N
> Gt t)Ee? =&, i=1.....N. (9.3)
j=1

Moreover, E(t) is C! for t € Q,. Note that we do not want to consider the solution E(t) =0

since it does not correspond to a strictly positive solution.
We have the estimates

2
dey=o(), &) -§i)=0 (D (log 11)) ) |

As a preparation, we first compute the derivatives of E(t).
Now from (9.3), we calculate

N
R 0 3/2
Vidi=2 g ot )&tV + - (Golt ) i
3, - for i & i
+50p p(ti, 17)¢; u] ﬂ, or i # j,
N

A

N
N ~ ~ 0 4
Vil =23 Gty Vi G+ 5 (Gl )&
=1 1=1 l
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34
+ 26t 1)) 1

2

N 5, (1)
22 D(tls ll élul vf,il —|— vt,GD(tl’[)éz 3/2 Zéz’;(tl)

I=1 l

+ 2Gp(ti )20 1, + Fi(t)

N W

N N 5. p(t 1
= 2Gp(11.1:); ’”vz,é,—zl’;((t)HF( +0(fDlogD), i=1,....N. (94)

Here, F(t) is the vector field
F(t) = (Fi(t),..., Fn(1)),

where

A / ti N A o .
Fi() = 281 LSO, o, m)E e, i=1,.N. 9.5)
=1

3
47w

We compute

Fi(t) =

s w(t) 3/2 3/2 1y’ P =
e m + lgl%lV“KD(tl,tl)@y D (log5 ) |, i=1...N, (96)

-lk\m

by (3.7), (4.17).
Thus, (9.4) implies that

Vié(t) = (v log — ) 9.7
Set
6Fi(t)>
M(t)i; = . 9.8
(M(t)); < a1, (9.8)

Comparing with (7.5) and Proposition 11, we have F(t*) = O (% +v/Dlog %) at t¢ =
(t5,...,t}). In addition, if M(t*)) is positive definite, then we will show that all small
eigenvalues have negative real part when 0 < t < 70 for some 7o > 0.

Next, we compute M(t) using (9.4).

For i = j, we have

N
> V26t t)é "
N
% 3
=ZV%,.KD(ti,n)é,2u,/2( +0(e=210VP))

1
D(tlatl 1)51 1,“, 1 + v KD(tl: tl+1)6l+1:”1+1:| <1 +0 (D IOg D))

vro (o) ).

(9.9)

|
— |—|

V2R (1,11 + V2R (1 15:1) EP (102
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For |i — j| = 1, we compute in case j =1i— 1

N
S VL (VG 0)
=1

=

= > Vi (ViRp(t )& 1+ 0(e 207D
=1

=V, (Vo Rp(tti_1)E2 103 {I—FO(Dlogll)ﬂ
1 2
1+0 (D (logD> )]
1 2
1+0 (D (log D) >1 (9.10)

and a similar result holds for j =i+ 1. For |i — j| > 2, we have

N 2
>V (Vabotin) & = 0 (D (log 11)) ) . (9.11)

=1

= Vi (ViR p(ti, ti-1))(E0) ()2

= —V2Rp(t:, ti)(E2 (1)

This implies

M(E) = (mi(€) Ny = (my(CO)N_,

2
140 <D <10g 11)) )] , (9.12)

where
mij(t) = (E0)2(0)*2 [v,%. [Kp(tis ti_1) + Kp(ti, ti1)10:

— V2Kp(ti ti1)di41 — ViKop(ts, ti+1)5i,j1:| + fz i 5

Vi Kp(ti, ti—l)f[-lvz,f,‘—luiil +2 Z Vi Kp(ti, tit1 )éi+1vt,5i+lﬂi.{.1
=1

3_ 4 » 12 3_ 4 52 12
+ fV,,,KD(ti, t,;l)ég,l,uiilll,/;15i,j+l + EVI,KD(tis ti+1)£i2+1:uiiluz/'+15i,]'*1

( 1)2
|:Vt,élA — Gi Zz :|5i,j~

i

()
M-

Therefore, using (7.6), (7.7) and the estimate (9.7), we have

5 s 1
1*6(50) (W' 2 )log

x[-(i—-1)(N+1- 1)51,1,1 — (N = i)0jip1 + [ — DN + 1 =1i)+i(N — )]

my;(t°) =
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2800 ()81, + O p(1og L)
4 u W\1;)0i; gD
_iA02 0N1/2 1700
—16(5)(u) wi(tY)
ng%FU—UW#J—W%4—KN—W%H+KFJXN+1—ﬁ
+i(N —0)]0;;] + 49;]
+0<¢Bmg;>. (9.13)

The matrix M(t°) will be the leading-order contribution to the small eigenvalues (compare
Lemma 23 and the comments following it). Thus, we study the spectrum of the symmetric
N x N-matrix A defined by

ass=(—1)(N—-s+1)+s(N—-s), s=1,....,N, (9.14)

Ass+1 = dsp15=—S(N—5), s=1,...,N—1,

as; =0, |s—t|>1
We will show

Lemma 16 The eigenvalues of the matrix A are given by
Av=nn+1), n=01,....,N— 1. (9.15)
The corresponding eigenvectors are computed recursively from (9.17 ).

The matrix A has eigenvalue 4; = 0 with eigenvector v; = e. To compute the other
eigenvalues and eigenvectors of A, we remark that this problem is equivalent to finding a
suitable finite-difference approximation # of the differential equation

Wx(1 — x)u" +du=0, u'(0)=u(1)=0 (9.16)

in the interval (0, 1) for uniform step-size h = %
More precisely, we identify

k=1/2 for k=1,...,N,

. k
Vi = Et(xk_l/z) with Xk = N and Xk—1/2 =
where in (9.16) we replace x(1 — x)u”(x) by

oD (1 e Css2) + k(1 xxe)
— [x(1 = xx) 4+ xp—1(1 = xp—1)]ii(xk—1/2)]
= (k = (N — k + Di(tx—3/2) + k(N — k)i(tir1/2)
—[(k = I)(N —k + 1) + k(N — k)]ii(ty_1 2)-
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To determine the eigenvectors v;, we have to solve this finite-difference problem exactly.
We assume that the solutions are given by polynomials of degree n (which will be shown
later and n will be specified). Using Taylor expansion around x = x;_;,, and the identities

Xe—1(1 = xp—1) = X1 (1 — xi) = —h(1 — 2x,_12)

and
h2
Xe—1(1 = xp—1) + xk(1 = x1) = 2x4_12(1 — Xp—1/2) — >
the finite-difference problem is equivalent to
/2 o1 2
(Zx 1—x)— > Z
[1/2] p2l-2
~(21-1) - —
+(1 2xz(2l_1)u (x) + Anfi(x) = n=0,...N—1.

Substituting the ansatz
n
fi(x) = Z ax”
k=0
into this equation, considering the coefficient of the power x*, k = 0,...,n, implies that

(An — k(k + 1))ar + (k + 1) a4
[n/2]+1

h*= 2(k—|—21— D! [k+1
+ Z 2 an ~ 1)1 [ o erai—1 = A2l
[n/2]
h o (k +21)!
- - 2(21)! Tak-ry =0, (9.17)

where for k =0, we put (0 — 1)! = 1 in the second line of (9.17).
Fork=mn n=0,1,...,N — 1, this gives

(}“n - n(n + 1))an + (Vl + 1)2an+1 =0.

Thus, if 4, = n(n + 1), we have a,.; = 0 and the solution #i(x) is indeed a poly-
nomial with degree n. After choosing the leading coefficient a, # 0 arbitrarily, from
(9.17), we compute da,_1, dy_»,...,do recursively in a unique way. Then, we set

Un = (0(t1-1/2), W(t2—1/2)s-- -, U(tN—1/2))-

There are two cases. Case 1. n < N: Then, v, # 0 since otherwise we would have
it = 0, in contradiction to the fact that we have chosen i to be a non-trivial eigenfunction
with a, # 0. Thus, (4,,v,) is an eigenpair for A. The eigenvectors v,, n = 1,...,N are
linearly independent. From Case 1, we get N eigenpairs with eigenvalues 4, = n(n + 1)
forn=0,...,N — 1.

Case 2. n = N: Then, v, = 0 although & £ 0. The resulting eigenfunctions for A are
trivial and so in this case there are no new eigenpairs.
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Thus, we have found N eigenpairs with linearly independent eigenvectors.

Remark 17 The eigenvector vy with eigenvalue 1o = 0 corresponds to a rigid translation of
all N spikes.

The leading eigenpair for mutual movement of spikes is (41,v1).

The eigenvector for /1 = 2 can be computed as follows:

fx)=1-2x,0<x <1,

v = (tg—12), k =1,...,N,

20k —1/2) N -2k +1

N N
The components of vy are linearly increasing and have odd symmetry around the centre of
the spike cluster which corresponds to k = %

1)1,1{=17

or X =

N—

Remark 18 The stability of the small eigenvalues follows from the results in [29] but the
eigenvalues have not been determined explicitly.

The technical analysis for the small eigenvalues has been postponed to Appendix B.

10 Conclusion

We end this paper with a discussion of our results. We have considered a particular
biological reaction—diffusion system with two small diffusivities, the Gierer—Meinhardt
system with precursor. We have proved the existence and stability of cluster solutions
which have three different length scales: a scale of order O(1) coming from the precursor
inhomogeneity and two small scales which are of the same size as the square roots of the
small diffusivities. In particular, the cluster solution can be stable for a suitable choice of
parameter values.

Such systems and their solutions play an important role in biological modelling to
account for the bridging of length scales, e.g. between genetic, nuclear, intra-cellular,
cellular and tissue levels. Our solutions incorporate and combine multiple scales in a
robust and stable manner. A particular example of biological multi-scale patterns concerns
the pattern formation of head (more precisely, hypostome), tentacles and foot in hydra.
Meinhardt’s model [17] correctly describes the following experimental observation: With
tentacle-specific antibodies, Bode et al. [3] have shown that after head removal tentacle
activation first reappears at the very tip of the gastric column. Then, this activation
becomes shifted away from the tip to a new location, where the tentacles eventually
appear. There are different lengthscales involved for this tentacle pattern: diameter of the
gastric column, distance between tentacles and diameter of tentacles.

Let us describe the relation of this paper to [17] in more detail. The model in [17] can
be explained in simplified form as follows: It consists of three activator—inhibitor systems,
accounting for the formation of head, foot and tentacles, respectively. These subsystems
are coupled by a joint source density. Further, there is direct interaction between the
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tentacle and head components to account for suppression of tentacle peaks at the site of
head peaks. Altogether, the model is a seven-component reaction—diffusion system.

The main link to the results in this paper is to understand tentacle activation near a
maximum of the source density. For this effect, the foot components can be neglected
and so we are dealing with a five component system only. It is observed experimentally
in [3] and computed numerically in [17] that near a sufficiently high local maximum
of the source density tentacle peaks appear. Two different cases are studied: (i) if there
is already a peak of head activator at this position, the tentacle peaks will appear at
ring-shaped positions with the head activator peak in the centre of the ring, or (ii) if there
is no previous head activator peak at this position, a tentacle activator peak will form,
followed by a head activator peak which causes the tentacle peak to split into multiple
peaks which are finally displaced to positions in ring-shaped positions with the activator
peak in its centre.

For this effect to happen, it is assumed that the source density changes very slowly in time
and acts on a rather long length scale. This corresponds to the precursor inhomogeneity
in our model which is independent of time and has an O(1) length scale. The way the
source density enters into the model is set up differently than in our paper resulting in a
local maximum in [17] having a similar effect to a local minimum in our paper.

We try to model some of these phenomena in a “minimal model” which consists of
only two components corresponding to the two tentacle components in [17] coupled to a
time-independent source density acting on an O(1) length scale.

The cluster pattern of spikes located in a sub-interval studied in our paper resembles
the ring of tentacle peaks reduced to one dimension. (Work on the two-dimensional case
is currently in progress.)

It is interesting to note that our paper is successful in modelling isolated tentacles
(without head formation) observed in some experimental situations as discussed in [17].

Comparing the two models in this paper and [17] leads to immediate possible extensions
of the spike cluster analysis to models which are biologically more realistic by taking into
account the following phenomena: (i) the effect of the head activator—inhibitor system
could be added to show that the head activator peak pushes out the tentacle activator
peaks; (ii) the tentacle activator peaks split easily due to saturation non-linearities in the
tentacle subsystem (whereas in this paper, we do not consider the effect of saturation);
(iii) add the foot activator—inhibitor system; (iv) replace the precursor inhomogeneity by
a time-dependent source density which interacts with the other subsystems dynamically,
e.g. it is enhanced by head activator, suppressed by foot activator, diffuses and possibly
has its own predetermined inhomogeneity.

There are links of the model in [17] to other fields in biology such as the periodic
spacing of secondary structures around a primary organizing region which is observed in
the arrangement of leaves and flower elements in plants around the primary meristem [5].

The molecular basis underlying the model in [17] has recently been confirmed exper-
imentally: After treatment of hydra with Alsterpaullone (which stabilizes f-catenin and
thus increases the source density), it has been found that tentacle formation occurs over
the whole body column [4]. Numerical computations have confirmed this behaviour [19].
This is in agreement with the pattern of multiple spikes covering the whole interval
computed in our paper (see Figures 4-6).
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Systems of the type considered in this paper are a key to understanding the hierarchy of
multi-stage biological processes such as in signalling pathways, where typically first large-
scale structures appear which induce patterns on successively smaller scales. The precursor
can represent previous information from an earlier stage of development leading to the
formation of fine structure at the present time. The multi-spike cluster in this paper is a
typical small-scale pattern which is established near a pre-existing large-scale precursor
inhomogeneity.

Acknowledgements

This research is supported by NSERC of Canada. MW would like to thank the De-
partment of Mathematics at UBC for its kind hospitality. MW would like to thank
the Isaac Newton Institute for Mathematical Sciences for its kind hospitality during the
programme “Coupling Geometric PDEs with Physics for Cell Morphology, Motility and
Pattern Formation” supported by EPSRC Grant Number EP/K032208/1.

References

[1] ArBerTL, G. & MULLER, S. (2001) A new approach to variational problems with multiple
scales. Commun. Pure Appl. Math. 54(7), 761-825.

[2] Benson, D. L., MAINI, P. K. & SHERRATT, J. A. (1998) Unravelling the turing bifurcation using
spatially varying diffusion coefficients. J. Math. Biol. 37(5), 381-417.

[3] BobE, P. M., AwaD, T. A., Koizumi, O., NAKASHIMA, Y., GRIMMELIKHUDJZEN, C. J. P. & BODE,
H. R. (1988) Development of the two-part pattern during regeneration of the head in hydra.
Development 102, 223-235.

[4] Broun, M., GEE, L., REINHARDT, B. & BobE, H. R. (2005) Formation of the head organizer in
hydra involves the canonical Wnt pathway. Development 132, 2907-2916.

[5] Coen, E. S. & MEeYErOwITZ, E. M. (1991) The war of the whorls: Genetic interactions
controlling flower development. Nature 353(6339), 31-37.

[6] DANCER, E. N. (2001) On stability and Hopf bifurcations for chemotaxis systems. Methods
Appl. Anal. 8(2), 245-256.

[71 DoELMAN, A., GARDNER, R. A. & KAPER, T. J. (2001) Large stable pulse solutions in reaction-
diffusion equations. Indiana Univ. Math. J. 49(1), 443-507.

[8] DoELMAN, A., KAPER, T. J. & vaN DER PLOEG, H. (2001) Spatially periodic and aperiodic multi-
pulse patterns in the one-dimensional Gierer-Meinhardt equation. Methods Appl. Anal. 8(3),
387-414.

[9] Ei, S.-I. & WEL J. (2002) Dynamics of metastable localized patterns and its application to the
interaction of spike solutions for the Gierer-Meinhardt systems in two spatial dimensions.
Japan J. Ind. Appl. Math. 19(2), 181-226.

[10] FLOER, A. & WEINSTEIN, A. (1986) Nonspreading wave packets for the cubic Schrodinger
equation with a bounded potential, J. Funct. Anal. 69(3), 397-408.

[11] GrIErer, A. & MEINHARDT, H. (1972) A theory of biological pattern formation, Kybernetik
(Berlin) 12(1), 30-39.

[12] Gui, C. & WEL J. (1999) Multiple interior peak solutions for some singular perturbation
problems. J. Differ. Equ. 158(1), 1-27.

[13] Gui, C., WEL J. & WINTER, M. (2000) Multiple boundary peak solutions for some singularly
perturbed Neumann problems. Ann. Inst. H. Poincaré Anal. Non Linéaire 17(1), 47-82.

[14] HerscHowITZ-KAUFMAN, M. (1975) Bifurcation analysis of nonlinear reaction-diffusion equa-
tions II, steady-state solutions and comparison with numerical simulations. Bull. Math. Biol.
37(6), 589-636.

https://doi.org/10.1017/50956792516000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000450

[15]
[16]
[17]
(18]
[19]
[20]
(21]
[22]

(23]

Stable spike clusters 621

IrON, D., WARD, M. J. & WEL, J. (2001) The stability of spike solutions to the one-dimensional
Gierer-Meinhardt model. Physica D. 50(1-2), 25-62.

MEINHARDT, H. (1982) Models of Biological Pattern Formation, Academic Press, London.

MEINHARDT, H. (1993) A model for pattern-formation of hypostome, tentacles, & foot in
hydra: How to form structures close to each other, how to form them at a distance. Dev.
Biol. 157(2), 321-333.

MEINHARDT, H. (1998) The Algorithmic Beauty of Sea Shells, 2nd ed. Springer, Berlin, Heidel-
berg.

MEINHARDT, H. (2012) Modeling pattern formation in hydra: A route to understanding essential
steps in development. Int. J. Dev. Biol. 56(6-8), 447-462.

MULLER, S. (1993) Singular perturbations as a selection criterion for periodic minimizing
sequences. Calc. Var. Partial Differ. Equ. 1(2), 169-204.

N1, W.-M. & TakAGI, L. (1991) On the shape of least energy solution to a semilinear Neumann
problem. Commun. Pure Appl. Math. 41(7), 819-851.

NI, W-M. & Takacr, 1. (1993) Locating the peaks of least energy solutions to a semilinear
Neumann problem. Duke Math. J. 70(2), 247-281.

NISHIURA, Y. (1995) Coexistence of infinitely many stable solutions to reaction-diffusion
equation in the singular limit. In: C. K. R. T. Jones & U. Kirchgraber (editors), Dynamics
Reported: Expositions in Dynamical Systems, Vol. 3, Springer—Verlag, New York, pp. 25-103.

NISHIURA, Y., TERaMOTO, T., YUaN, X. & UEgDA, K. (2007) Dynamics of traveling pulses in
heterogeneous media. Chaos 17(3), 037104.

OH, Y. G. (1988) Existence of semi-classical bound states of nonlinear Schrodinger equations
with potentials of the class (V),. Comm. PDE 13(12), 1499-15109.

OH, Y. G. (1990) On positive multi-bump bound states of nonlinear Schrodinger equations
under multiple-well potentials. Comm. Math. Phys. 131(2), 223-253.

PAGE, K., MaIng, P. K. & Monk. N. A. M. (2003) Pattern formation in spatially heterogeneous
turing reaction-diffusion models. Phys. D 181(1-2), 80-101.

PaGg, K., MaIng, P. K. & Monk N. A. M. (2005) Complex pattern formation in reaction-
diffusion systems with spatially varying parameters. Phys. D 202(1-2), 95-115.

SANDSTEDE, B. (1998) Stability of multiple-pulse solutions, Trans. Am. Math. Soc. 350(2), 429—
472.

Takaal, 1. (1986) Point-condensation for a reaction-diffusion system. J. Differ. Equ. 61(2),
208-249.

TURING, A. M. (1952) The chemical basis of morphogenesis. Phil. Trans. Roy. Soc. Lond. B
237(641), 37-72.

WARD, M. J., MCINERNEY, D., HOUSTON, P., GaAvaGHAN, D. & Maini, P. K. (2002) The dynamics
and pinning of a spike for a reaction-diffusion system. SIAM J. Appl. Math. 62(4), 1297-1328.

WarD, M. J. & WE] J. (2002) Asymmetric spike patterns for the one-dimensional Gierer-
Meinhardt model: Equilibria and stability, Eur. J. Appl. Math. 13(3), 283-320.

WARD, M. J. & WEI, J. (2003) Hopf bifurcation of spike solutions for the shadow Gierer-
Meinhardt system. Eur. J. Appl. Math. 14(6), 677-711.

WarD, M. J. & WEL J. (2003) Hopf bifurcations and oscillatory instabilities of solutions for
the one-dimensional Gierer-Meinhardt model. J. Nonlinear Sci. 13(2), 209-264.

WEL J. (1999) On single interior spike solutions of Gierer-Meinhardt system: Uniqueness and
spectrum estimates. Eur. J. Appl. Math. 10(4), 353-378.

WEL J. & WINTER, M. (1998) Stationary solutions for the Cahn-Hilliard equation. Ann. Inst.
H. Poincaré Anal. Non Linéaire 15(4), 459-492.

WEL J. & WINTER, M. (1999) On the two-dimensional Gierer-Meinhardt system with strong
coupling, SIAM J. Math. Anal. 30(6), 1241-1263.

WEL J. & WINTER, M. (2002) Spikes for the two-dimensional Gierer-Meinhardt system: The
strong coupling case. J. Differ. Equ. 178(2), 478-518.

https://doi.org/10.1017/50956792516000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000450

622 J. Wei and M. Winter

[40] WEL J. & WINTER, M. (2001) Spikes for the two-dimensional Gierer-Meinhardt system: The
weak coupling case. J. Nonlinear Sci. 6(6), 415-458.

[41] WEL J. & WINTER, M. (2004) Existence and stability analysis of asymmetric patterns for the
Gierer-Meinhardt system, J. Math. Pures Appl. 83(4), 433-476.

[42] WEL J. & WINTER, M. (2007) Symmetric and asymmetric multiple clusters in a reaction-diffusion
system. NoDEA Nonlinear Differ. Equ. Appl. 14(5-6), 787-823.

[43] WEL J. & WINTER, M. (2007) Existence, classification and stability analysis of multiple-peaked
solutions for the Gierer-Meinhardt system in RR. Methods Appl. Anal. 14(2), 119-163.

[44] WEL J. & WINTER, M. (2009) Spikes for the Gierer-Meinhardt system with discontinuous
diffusion coefficients. J. Nonlinear Sci. 19(3), 301-339.

[45] WEL J. & WINTER, M. (2009) On the Gierer-Meinhardt system with precursors. Discrete Contin.
Dyn. Syst. 25(1), 363-398.

[46] WEL J. & WINTER, M. (2014) Stability of cluster solutions in a cooperative consumer chain
model. J. Math. Biol. 68(1-2), 1-39.

[47]1 WEL J. & WINTER, M. (2014) Mathematical Aspects of Pattern Formation in Biological Systems,
Applied Mathematical Sciences, Vol. 189, Springer, London.

[48] Yrp, N. K. (2006) Structure of stable solutions of a one-dimensional variational problem.
ESAIM Control Optim. Calc. Var. 12(4), 721-751.

[49] Yuan, X., TEramoTO, T. & NISHIURA, Y. (2007) Heterogeneity-induced defect bifurcation and
pulse dynamics for a three-component reaction-diffusion system. Phys. Rev. E 75(3), 036220.

Appendix A: Preliminary results on non-local eigenvalue problems

In this appendix, we collect some previous results on NLEPs which will be used throughout
the paper.
We first recall the following result:

Theorem 19 Consider the NLEP

Jr o dywz _

¢/1_¢+2W¢—yf W2 dy
R

2. (A1)

(1) (Appendix E of [15].) If y < 1, then there is a positive eigenvalue to (A 1).
(2) (Theorem 1.4 of [36].) If y > 1, then for any non-zero eigenvalue o. of (A1), we have

Re(a) < —c¢ < 0.
(3) If y # 1 and oo = 0, then
¢ = cow’
for some constant c.

Next, we consider the following system of NLEPs:

wdd
Lo e @' — &4 2w — 2 RVPD

mw > (A2)
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where
b1
$>
¢ = e (H*(R))N.
o
Set
Lou :==u" —u+2wu, (A3)

where u € H*(R).
Then, the conjugate operator of L under the scalar product in L*(IR) is given by

2y q
T TR Y | L (A4)
Jr w2 dy
where
V1
P2
Y = e (HXR))N.
VN
Then, we have the following result.
Lemma 20 ( [43]) We have
Ker(L) = Xo® Xo @ - -+ @ Xo, (A5)
where
Xo = span {w'(y)}
and
Ker(L*) =Xo 2 X0 ® - -- © Xo. (A6)
Proof The system (A 2) is in diagonal form. Suppose
Lo =0.
For I =1,2,..., N, the Ith equation of system (A 2) is given by
& d
D — P+ 2w, — J eIy 5 (A7)
Jrw?dy
By Theorem 19 (3) with y = 2, we have
b Xy [=1,...,N (A )

and (A 5) follows.
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To prove (A 6), we proceed in a similar way for L*. The Ith equation of (A 4) is given

as follows:
2y d
Pl oW — e idy (A9)
Jrw2dy
Multiplying (A 9) by w and integrating, we obtain
2 _
/ w ¥, dy = 0.
R
Thus, all the non-local terms vanish and we have
LyW; =0, [=1,...,N. (A 10)
By Theorem 19 (3) with y = 0, this implies
Y, eXy, I=1,...,N.
U
As a consequence of Lemma 20, we have
Lemma 21 ( [43]) The operator
Jrw®dy

L:(H*R)N - (L*R)N, L = ¢" — @ +2wd — 2R~ 2,
Jr w2 dy

is invertible if it is restricted as follows:
L:(Xo® @ Xo)" N(HAR) — (Xo® - @ Xo)™ N (LA(R))".

Moreover, L= is bounded.

Proof This result follows from the Fredholm Alternative and Lemma 20.

Finally, we study the eigenvalue problem for L:
L® = ud. (A11)
We have

Lemma 22 For any non-zero eigenvalue o of (A 11), we have Re(x) < —c < 0.

Proof Let (@, ) satisfy the system (A 11). Suppose Re(a) = 0 and o # 0. Then, the Ith
equation of (A 11) becomes

JrWOr

Q] — @+ 2w — 2 = o,
] 1+ 2wy f]RW2W o
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By Theorem 19 (2), we conclude that

Re(o) < —c < 0.

O

Throughout the paper, let C, ¢ denote generic constants which may change from line
to line.

Appendix B: Stability proof III — technical analysis of small eigenvalues

In this section, we perform a technical analysis of the small eigenvalues and conclude the
proof of Theorem 2.
First, let us define
x—t

we,j(x)zx( 5 J)wg(x), j=1,...,N, (B1)

where y(x) is given in (4.8) and o, satisfies (4.9). We define similar to Section 6
Kpet = span{ew,; : j=1,...,N} C H*(Q,),
Cret ==span{ew,; : j=1,...,N} C L*(Q,).

Then, it is easy to see that

N
We(x) = > ,(x) + 0("°). (B2)
j=1

Note that W, ; satisfies

~ N2
.SZAVVW- — (X)W, j + M

Further, we have W, ;(x) = E.,wj ( ;) +0 (% + D (log %)2) in H*(Q,), where w; has
been defined in(4.6).

Thus, W; ; == d{‘;;/ satisfies
2 gt ~/ 2V~V€,j~/ Wﬁj i/ (Vo 9
€ Aws,j - M(X)Ws,j + i Wej — (H )2 e M (X)Wﬁ,j + 0(3 )=0. (B 3)
Let us now decompose
N
b= > L, + o, (B4)

where af are complex numbers and o L K¢ Note that the scaling factor ¢ has been
introduced to ensure that ¢, = O(1) in H?*(Q,).

Suppose that [|¢.[|g>o,) = 1. Then, |a}| < C.
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The decomposition of ¢, given in (B4) implies

N
we =2y dipe+ v, (BS)
j=1
where 1y, ; satisfies
DAy — o+ 28 W), =0, wl(—1) =y (1)=0 (B6)
and ;- is given by
DA —y," + 25w =0, () (—1) = (p;) (1) =0. (B7)

Substituting the decompositions of ¢, and v, into (9.2) we have, using (B 3),

_ N
w ) oo (W) T
SZ ( =/ H, I:I} ws,j> + 8Zaj,ul(x)ws,j

j=1
w2
+82A¢sl_.u(x)¢g 7¢e we — A (:bg +0( )
N
=l &> awl; . (B3)
j=1

N
(W, 7)2 i/ (Wﬁ)z )
I =¢ a“( e _

; J H€2 & Hsz &,]
5 ()’ N () ;

=Y d oy H =Y dpey Y e +0()
Jj=1 ¢ j=1 ktj B
(W) u (

= &) e v+ ] —e D) aivus s +0()
= ¢ J=1 k#j :

We estimate I; as follows

e () -
=2} > dp [bu — Hidu] +0()

j=1 k=1
- (We,) 1y’
= > D diphvu O )+0<8D3/2 (logD) ) (B9)
j=1 |k—jl]=1 é
Let us also put
=2
Lot = 240 — u(x)pt + ot Tt - gt (B 10)
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and

a’ = (di,...,a%5)". (B11)

Multiplying both sides of (B8) by W;; and integrating over (—1,1), we obtain, using (3.3),

rhs. = e, Z / W Wi
. 1\?
= )4} /R(w,’(y))2 dy <1 +0 (& +D <log D> )) (B12)
= )t :2y5/2/(w’(z))2 iz [1+0( - +p <log 1)2 (B13)
(e Y | R \/B D

and, using (B9),

N 1 ‘7‘)2[ _
Lhs. = —sZa,ﬁ/ % [par — Hou ] Wi, dx
o o B
N 1
+aZa§~/ W jWr, dx
=1 U
1 WZ
&l /gL
+[ P—TSZ(HS o )dx
L2, 1
&, 1~ ~
— . ?f(wL wé,)dx ‘|‘/_] N/d)g Wel dx

= (Juy + Jog + I3y + Jag + Jsy),

where J;;, i =1,2,3,4,5 are defined by the latest equality.
The following is the key lemma.

Lemma 23 We have

1 X 5
Ji = —¢ <3/ W3dy> fl,US/z{ & KD(IMI D& i
R
N N 2 3/2 ¢
—V?;:KD(I?, t?+1)512+1#141“?+1

)

% £ & z 3/2
+[V?;¢KD(t1’tl+l)flz+1#1_{_1+V KD(II,II 1)5 1,“1 1]

2
+0 <32 (\% +D (log })) )) , (B14)
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Jyy = —¢ E / wdy lzu3/2u§’a} 2 +p log 1 2 (B15)
: 12 Jr ! VD D ’

):
o2 (50 1 ))) oo
(oot
ol o))

where aj has been defined in (B11) and

a) = lim a, a®=(d,...,a%). (B 19)
&E—

Proof We prove Theorem 1 by using Lemma 23. We compute

: 1y’
Lhs.=Jiy+Jy+0 (82 (@ P (1°g D) ))

1 s 52 . sy 32
= —¢ <3/RW3 dy) él,u / [_ V?[;KD(I‘;‘,t?,l)flzfl,ulila‘;il
A e N2 32
- sz;KD(t?a t?+1)512+1/‘l+1a?+1

+[V?;KD(I?,f?+1)212+1ﬂz+1+V Rp(t,6_ )& 1 la ;]

5 6 1\’
2 3 £2,3/2 1 ¢
€ <12/]Rw dy) S a1+0< <ﬁ+D<logD> ))

Comparing with r.h.s. and recalling the computation of M(t°) at (9.12), we obtain
N 1
=242 8102 M(t)a, (1 +0 (8 ++vDlo ))
(02 M) 75 +VDlog

= 2P, [ ks (140 (vl ). 20

using (2.3). Equation (B 20) shows that the small eigenvalues A of (9.2) are given by
Ag ~ 72@0’ (M),

using (2.3).
Arguing as in Theorem 12, this shows that if all the eigenvalues of M(t°) have positive
real part, then the small eigenvalues are stable. On the other hand, if M(t°) has an
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eigenvalue with negative real part, then there are eigenfunctions and eigenvalues to make
the system unstable.
This proves Theorem 2.

Next, we prove Lemma 23.
Proof We first study the asymptotic behaviour of v, ;.
Lemma 24 We have

(pox — HOW)(1) =~V Rp(t5, 1) (a1 + 0uii] — 0w Y. VKp(th,t2)E2u3

m,|m—I|=1

2
+O<\5log;<\/gf)+<Dlog})> )) (B21)

Proof Note that for I # k, we have

i
Pex(t)) = 258/ Gp(t], )W, Wy dz
1

R s 1 e 1\’
e & 3/2
= —VuGp(t, )"+ 0 (VDlOgD (\5 + (D log D> >>
€

% e 622, 3/2 1 1 ?
— Ve Rp(t, ) + 0 <\FDlogD (ﬁ +D <log D) . (B22)

Next, we compute (y,; — H/)(x) for x near t{. We first get

1
Hy(x) = ¢, / G (x, )02 d=
~1
+o0

1
= éx KD(|Z|)W3,I(X + Z)dZ - éﬂ / HD(X’ Z)Wé] dz
-1

— 00

1 2
s 1
+& ) / Gp(x,2)W dz + 0 < D <1Og ) > ,
Kkl Y1 VD D

Then, we have

+o00 1
B =& [ Kp(z)@alx + 2%, (x +2)dz — & / V' Hp(x, 2)i02, dz
oo -1
+¢ Z/l V.Go(x,2)i%, dz + 0 (VD log = 8+D<lo 1>2
£ o . xYUD\A, ek g D \/B 2 D
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2 £ & 3/2 o c 3/2
= Vi Kp(tf, )& + > VKp(x, )

kJk—I]=1
+0 [ vDlog L [ -5 4D (1og L 2 (B23)
tp\ VD £D ‘
This implies
() — () = / V. Hp(x, 2)2 dz + &, / V. Gplx, )2, dz
k£l

1
+2¢&, / Hp(x, z)We Wy, dz
1

2
+0 (\Elogll) <\8F +D <log;) >>

S VRp(x )&

k,|k—1]=1
+0 (vDlogL [~ £ D (1og~ ’ (B24)
tp\ VD £D '
Therefore, we have,
Hé(t) lpg[ tl / vt*HD II,Z)ngdZ +f Z/ VI*GD(tl, ) de

2
£ L& 3/2 & 1
_VITHD(tlatl)élziul +0 (\/Blog D (ﬁ +D <lOgD> ))

N
>~ 3 e e 3/2
=" VG, )8 — Vi Hp(e, )& !

Ve
+0 <\FDlogll) (\% +D <log ;)2»

= Z Vi I% (tz,tk)éfuz/z

2
+0 \FDlogll)<\%+D<logll)> )) (B25)

Combining (B22) and (B 25), we have shown (B21).

Similar to the proof of Lemma 24, the following result is derived.
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Lemma 25 We have

Vei(t] +&y) — per(t))

A 3/2
= —eyVi Ve Gp(t], )&

o) o (o () )
vro () o (o))

. o 3/
= —eyV Ve Kp(t], )15 0141 + S1psi]

(B26)
for 1 #k and
(e — _’)(te + &y) — (per — H)(t})
%yZv G )22 (140 (\%y) +0 (D <1og 11)>2>
= ¢y Z vfjkD(r;, £)8232 1+ 0 (\%y) +0 <D <log 11)>2> . (B27)
m,|m—I|=1

For Jy,;, we compute

~
|
d
M >
=,
T~
1.5

[%k H}ou] W, dx

I
\
™
(1=
Y
\’_
SIS

= [e(f) — HL(t))on | Wi, dx

- ([er(x) — HI(X)0n| — [wex(t]) — H(t})d ] ) Wy, dx.

d
M=
£

—
S

For Jg;, we use (B23) and Lemma 24 to obtain

Jog = — Z / = H’ [Wex(t]) — H(t1)ou] dx

k=1 -1 H}

2, & . .
-3¢ Z </ wi dy) H(t]) [wex(6]) — H;(t})0u ]

140 <\% +D <logll)>2>
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M2
=é a”(/w d) 2
;k 3 y

3/2 3/2
Vi Go(tf. 1) fzfﬂk/ vasGD tlatk)él%:“k/ ]

k=1
140 8+D(1o 1>2
NG &D

X

=z

< | VGt )
Jj=1
N

2
=82Zai <3/w dy) )2
k=1

X Vt;<IA<D(t;5tli)2]%ﬂk [5lk 1+51k+1 Z Vt‘KD tlatk)élz,ui/z
kJk—1|=1
x| Y VeRp(h )& | +0 | £D og L) (-2 40 (1og L)
P Pl *p) \VD £D

N ) )
=¢ a8</wd>52
kZ::lk 3 y

N s R
x| VeRp(t, )& Bt + ] — D VKo, )&
K Jk—I|=1

2 2
2,30 2 1\ (e 1
X ]lglleD tj, 1) —i—O(aD(logD) (\m—i-D(logD) ))

:onQ%;y>

Similarly, we compute, using Lemma 25, (9.10) and (9.11),

J7 = 8221/ (ywiwi(v)) dyz (var’ (6, )& + ZV Gp(t, L5, 5,,1/13/25/(1)

w0 oo (oo (ee5) )

s (1
= —82@ (3/ W3 dy) |: " Z vt‘vleD [l’tk)élgrulzpak
R

Je Jle—1|=1
1 e 1
22 3/2 2 e 2
+ lz;l 1V 2R p(t5,18)E2 i) a,} +0 (8 \/BlogD <\5+D <10gD) >>
m,|m
~ (1 N
=—¢& <3/ w dY) 5/2[— > V;ZyKD(lf,fi)@%Mipak
R k,lk—1]=1
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Al 2
N - 1 € 1
+ Z V?;"KD(’??J;%)@?#;/%?] +0 <82\/BlogD (\5 +D (10g D) ))

kolk—1]=1

A 1 N A
=z%(3AWMQuW S VR )8 (- af)

kJk—1]=1
+0 | &VDlo 1 = 4+ (lo 1 2
' 8o \p &D
s (1 5/2 - 2 3/2
= —&%¢ <3/]RW3 dY> M// {_ v?;;lKD(tfa t?q)f/zqﬂzila?q
2% & 48 2 3/2 ¢
- V,Z;HKD(ID Ui+ )512+]/1,_{_lal+1

5 e e 22 32 5 e e 22 3/21 &
+w%wmm&m+%mmmmmmﬂ

2
+0 <82\/Blogll) (\% +D (log é) )) . (B28)

Combining (B28) and (B 28), we obtain (B 14).
For Jy,, integration by parts gives

N 1
& !~ ~/
Jry=c¢ E aj/ W W, dx
=1 I

1 1+O<\/85+D(logll)>2>

&ay
— [ "2
=-5 W', dx
1

and (B 15) follows.
These are the main terms. The remaining terms are small and we will show that they

1\2
are of the order O (82 (% + D (log &) ))
Similar to the proof of Proposition 9, it follows that L, is invertible from (K'") to

(C"")L with uniformly bounded inverse for max (%,D) small enough. By (BS), (B9),

Lemma 24 and the fact that L, is uniformly invertible, we deduce that
1
16 2@y = O <sﬁlog D) : (B29)

Then, we have by the equation for y;-

1

ph () = 258/ Gp(t, )Wy dz = O (aﬁlog })) .
—1
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Further, we estimate

1
L) =28, / [Go (6] + 2y, 2) = Gp(t] + &y, ) wepy dz
-1

Wit 4 ey) — ;- (t
! I 1\?
= A — —
_2gyé,;[1 ViGp(tjy,z)Wed; dz | 140 <\5+D <logD) >

2
=0 (ax/Blogll)sx/Blogll)y> =0 (82D (log })) y> . (B30)

These estimates of ;" and ¢ are important for the rest of the proof.

For Js;, we have by (B 23), (B29)
€ 1\*
1+0| —=+D|(log—
(@ ( gD))

1
Jy =Hé(f7)/ Wy ¢y dx
—1
1 1\’
=0 (\FDlOg D8|¢§||H2(sz,;>> =0 (821) (log D) )

which proves (B 16).
For J4;, we decompose

Jag = Jsgi+ Joy,
where
1 \7\1
Jy = —/ B (1pL (t))wy,) dx (B31)
L w2,
Jog = — 72 = (it (x) — ()W), dx. (B32)
For Jg;, we have used (B23), (B 30)
1 ~2l
Jsi = —p; (1)) ng Wy dx
[ & 1 2
<L '3 . _
tl)/ i3 1+O<ﬁ+D<IOgD>>
— Bt ) /w3d 140 (-2 4D (log~ :
- 3 W Ly Aul R Yy \/5 g D
—0(evDlogLevDlog L) =0 (2D (1og - 2 (B 33)
= g D g D)= g D .
For Jy;, we have used (B 30)
L w2, . ) 1\2
_ N _ ,
Jog = — H2 -y, ()W, dx =0 <a D (log D) ) . (B34)
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Now, (B 17) follows from (B 33), (B 34).
Finally, we estimate using (B29) and p/(t;) = O (ﬁlog %) that

1 2
Js) = / ,u'qu‘Vvu dx =20 <88\/510g % VD log é) =0 (szD <log 11)) ) (B35)
—1

and (B 18) follows.
O
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