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Counting homomorphisms from surface
groups to finite groups
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Abstract. We prove a result that relates the number of homomorphisms from the fundamental group
of a compact nonorientable surface to a finite group G, where conjugacy classes of the boundary
components of the surface must map to prescribed conjugacy classes in G, to a sum over values of
irreducible characters of G weighted by Frobenius-Schur multipliers. The proof is structured so that
the corresponding results for closed and possibly orientable surfaces, as well as some generalizations,
are derived using the same methods. We then apply these results to the specific case of the symmetric

group.

1 Introduction

Given a closed nonorientable surface, a result of Frobenius and Schur [4] counts the
number of homomorphisms from the fundamental group of the surface to a finite
group G in terms of dimensions of the irreducible complex representations of G, the
Frobenius-Schur indicators of these representations, the order of G, and the nonori-
entable genus of the surface. Given a closed orientable surface, a result of Mednykh [7]
counts the number of homomorphisms from the fundamental group of the surface to
a finite group G in terms of the dimensions of the irreducible complex representations
of G, the order of G, and the genus of the surface. Given a compact oriented surface
with labeled boundary components, a finite group G, and a choice of conjugacy class
in G for each boundary component of the surface, Dijkgraaf and Witten [1] as well
as Freed and Quinn [2] gave formulas (in the context of mathematical physics) of
a formula for the number of homomorphisms from the fundamental group of the
surface to G, sending the conjugacy classes of the boundaries to the chosen conjugacy
classes in terms of the dimensions of the irreducible complex representations of G,
the values of the characters of these representations on the chosen conjugacy classes,
the order of G, the sizes of the conjugacy classes, and the genus of the surface. An
elementary character theoretic proof of this was supplied by Zagier [14]. In the case
where the genus of the surface is zero, the result was also known to Frobenius [3].
Theorem 3.1 is the missing case where the surface is compact and nonorientable
with labeled boundary components. In this paper, we supply simple character-
theoretic proofs of all of these results following the treatments given by Zagier [14]
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142 M. R. Klug

and Mulase and Yu (see section 4 of [8]). We then draw some topological and
combinatorial conclusions from these results. For a more extensive overview of the
history of these equations in the case of closed surfaces, see [12].

In Section 2, we discuss a framework for understanding all of these equations as
consequence of character-theoretic ideas. In Section 3, we make the connection to
2-dimensional topology, and in Section 4, we show how these equations can be used
to deduce some symmetric function identities, following Stanley [11].

2 Counting solutions to equations in groups

All of our representations are over C. Let r be positive integer, let F, be the free group
onrletters, and y € F,. Then for any finite group G, we have the class function f, = f, ¢
with

fw)={(g- &) €G" :y(g1, .., &) = W},

where y(gi, ..., gr) is the image in G of the homomorphism from F, — G, given by
sending the ith generator of F, to g;. Since f, is a class function, we have

Iy = Z“)yc?(
X

for some coefficients a € C where the sum is over irreducible characters y of G. Two
basic questions are as follows: When is f, a character for all G (i.e., all of the a}, are
nonnegative integers), and when is f, a virtual character for all G (i.e., all of the a}, are
integers)?

In general, we have

ay=r= > X(8g-g)
|G| (&1
since with respect to the inner product of class functions given by
_fl > f2 Z _fl fz (g)
|G| geG
the characters y form an orthonormal basis. Therefore,

ay = |G‘ > H(@x(8)

geG

|G‘ > > %(g)

8¢G | (g15---8r)€G" with y(g1,....8)=w

1
G > (g gr)
| ‘ (g15---8r)€G"

This has been observed before, for example, in Proposition 3.1 in [9]. However, in
special cases, such as x{x3--xj € Fx and [x1, y1]-[xg, y,] € Fa, the coefficients a
have a much more explicit form that we now discuss (see [9] for additional results
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on computing aj, for specific types of elements y). As a word of warning, note that f,
depends on “where y is”; for example, f,, depends on if x; € F; or in F,.

Given a irreducible character y of a finite group G, the Frobenius-Schur indicator
of yis

1

geG

v(x) =

Forall y, v(x) € {-1,0,1} with v(y) # 0 if and only if there is a nonzero G-invariant
bilinear form on the representation with character y, v(y) = 1ifand only if there exists
a symmetric such form, and v(y) = -1 if and only if there exists a skew-symmetric
such form [4]. At the root of our discussion is the following theorem of Frobenius [3]
(for the first equation) and Frobenius and Schur [4] (for the second equation):

Theorem 2.1  (Frobenius, Schur) Let G be a finite group and w € G an element. Then

X eGxG:xyx 'y t=w}| = ﬂ w
() €62 Gy =wil - £ (1) 1)

and

e Gix=wh =3 v(x)x(w)
X

where the sums are over the irreducible characters of G.

Equivalently, Theorem 2.1 says that for every irreducible character y, we have

-1,-1

oty _ |Gl
* x(1)

for xyx~'y~! in a free group generated by x and y and

2
X

ay =v(x)

for x? in the free group generated by x.
The following result (see [11] Exercise 7.69 (d)) shows how to obtain an expression

for a}""" in terms of a, ..., a}" when the words y1, ..., y,x contain disjoint letters.

Proposition  Let G be a finite group and let fi, ..., fm be class functions on G. Define
the class function F = Fy, ¢ by

Fw)=" > filw) fin(ttm).

Uy Um=W

Let x be an irreducible character of G. Then

Ed= (1) Gt
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Using this, we note that

Sl Leerel = Efappo Sixg.g]

and

Thus, from Theorem 2.1 together with Proposition 1, we obtain the following formula
of Mednykh [7] for the first equation and Frobenius and Schur [4] for the second
equation - see also [8] where this phrasing is used:

Corollary  (Mednykh, Frobenius, Schur) Let G be a finite group and w € G an element.
For all integers g, k > 0, we have

G 2g-1
Fraon - frert(9) = ()l(l')) X(#)

X

for [x1, y1]---[xg, y¢] in the free group of rank 2g with generators xy, y1, ..., Xg, y¢ and

|G| k-1
w) = E () L w

for x{x3---x? in the free group of rank k generated by xi, ..., x.

Remark 2.2 Note, for example, that setting w =1 and g =1 in Corollary 1, we see
that |G| divides

{(x,9) eGxGixyx™y =1},
This is in fact a special case of a theorem of Solomon [10] that implies that for any

y € F, with r > 1, |G| divides f, ¢(1).

We now mention a few more character-theoretic results that we use in the sequel
(for a proof, see, for example, chapter 3 of [5]).

Proposition  Let y be an irreducible character of a finite group G. Let Z(CG) be the
center of the group algebra. Then the map

wy: Z(CG) - C
Yge Xgx(8)
X= Z Xg g~ £ £
geG X(l)

is an algebra homomorphism.

Proposition  Let Cy,...,C, be not necessarily distinct conjugacy classes in a finite
group G and let y be an irreducible character of G. Then

" > x(er=-en) = |Cil-+[Culx(C1)-x(Ca),

(c1reeerCn)€Cr XX Cy

where x(C;) denotes the value of y on an element of C;.
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Proof Let C} be

Ci=>¢

g¢C;

and note that C; is in the center Z(CG). Then, by applying the algebra homomor-
phism w, from Proposition 2 to the product Cy---C;;, we obtain

X)) > x(ercn) = wy(Cy+Cy)
(c1reeerCn )ECI XX Cyy

= wx(cr)"'wx(CD
= X)) "Gyl Cal x(C1)-+-x(C),

as desired. [ ]

We are now prepared to prove the following result that we need in the next section.
The statement of the result is much more natural from a topological perspective,
which we discuss in the next section.

Theorem 2.3  Let y € F,, G be a finite group, and Cy, ..., C,, be not necessarily distinct
conjugacy classes of G. Then
{(g15r &> €1s s €n) € G x Crxoo-x Cpy 1 Y( g1, e gn ) 1€ = 1}
=[Cil-+1Cal 3 a - x(1)'" x(C1)-x(Ca).
X

Proof

{(g15eer &> €1s s €n) € G X Cyxoo-x Cpy : Y( g1, eer gn )17 C = 1]
= Z fy((cl"'cn)_l)

(¢15eern )€C1X-X Cyy

= 2 ay- x((cr-ca)™))

(¢15eern)€C1X-X Cyy

= Za% Z x(circn)
X

(G cn)€C XX Cy
|GGl Xl () 4(C)x(C),
X

where the removal of the inverse in the third equation is justified by resumming over
the complex conjugates of the characters and recalling that x(g™") = x(g). |

Thus, if we have a more explicit formula for a}, we obtain a more explicit formula
for the expression in the left-hand side of Theorem 2.3. We now do exactly that.

3 Relationship with 2-dimensional topology

In this section, we demonstrate how the following result is proven and how it relates
to topology:
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Theorem 3.1 Let Cy, ..., Cy, be a collection of not necessarily distinct conjugacy classes
in a finite group G. Then
{(&1s o> k> Cl> wvr € ) € GF X Cyxo x Cyy 2 @de--adcy-cpy = 1}
- (C1)--x(Cn)
=[G/ ai-{el B v e A,
1 x(1)

where the sum is over the characters of the irreducible complex representations of G and
where v(x) denotes the Frobenius-Schur indicator of .

Let S¢ be a closed orientable surface of genus g and let N be a closed nonorientable
surface of nonorientable genus k. Let G be a finite group. Noting that

m(Sg) = (a1, b1, ... ag, bgl[ar, bi]-[ag, be])

and
m(Ng) = <a1, ...,ak|af---ai> ,
we have
| Hom(m1(Sg), G)| = [{(g1> > 82¢) € G*¥ : [g1> 2] [ g2g-1> 8261 = 1}
and

|Hom(7(Nx), G)| = |{(g1 . gk) € G* : gt--gx = 1}|.

Thus, we can rewrite the formula of Mednykh in Corollary 1 with w =1 as
|GI'*¢| Hom(m(S), G)| = 3 x(1)*7%,
X
and similarly, we can rewrite the formula of Frobenius and Schur in Corollary 1 with
w=1as
|G"™*Hom(m(Nk), G)| = X (v(x)x(1)".
X

Let S, , denote the compact surface of genus g with n boundary components

labeled from 1 to n. Further, fix an orientation on S, , which thus induces an

orientation on all of the boundary components of S, .. Let Cy, ..., C, be a choice of n
not necessarily distinct conjugacy classes in G. Let

denote the set of homomorphisms from 7,(S,,,) to G such that the conjugacy class
given by the ith boundary component using the given orientation is sent to the
conjugacy class C; for 1 < i < n. Noting that

m(Sgn) = <a1, b, ...y g, by, C1s ..oy Cu|[ar, b1 ]+ [ ag, bg]clmcn) ,

we have that

: [gl’gZ]'”[ng—lang]Cl"'Cn = 1}|
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Frobenius [3] proved for g = 0, and Dijkgraaf and Witten [1] as well as Freed and
Quinn [2] proved in general that for n > 1 that

G 161 Hom @) (1 (5,,), 6)] = Ci-icy) 5 A M)

T X(1)n+2g—2

where here x(C;) denotes the value of y on any element in C;. Note that by setting
n = 0, this gives exactly Mednykh’s formula in Corollary 1.

We now demonstrate the use of Theorem 2.3 by giving a short proof of this formula.
For another elementary proof, see [14].

Proof  (of Equation 3.1) Let y = [xy, y1]--[xg, y¢] in the free group F,, generated
by x1, y1, ... Xg, ¥g- By Corollary 1, we have

ay i (|G|)2gl
oAx(@)

for all irreducible representations y of G. Therefore, by Theorem 2.3 together with the
observation that

for all y, the result follows. |

This formula shows that the ordering of the conjugacy classes as (Cy, ..., C,) does
not affect | Hom (€t~ (1,(S, ), G)|. This also follows directly without the use of
the formula, as noted in [14], since by using the identity

CiCiy1 = (Ci+1)(ij1CiCi+1),
we have a bijection between the set
{(g1s s Q205 €15 s Cn) € G¥xCyxxCp: (81, &2] - [82-1> §2g) 1 cn = 1}

and the respective set

{(g1> s G205 C1sen ) € GX¥ x Cyx+Ciy1 X Ci x % Chp

(g1 &2) [ 82g-1 Q2g)C1e-CiniCircn = 1}
given by interchanging the order of the conjugacy classes C; and C;.;. Thus, as far
(Cy, ..., Cyy) as a multiset.

Let Ny, be the compact nonorientable surface of nonorientable genus k with n
boundary components labeled with the numbers 1 through 7. Let

Hom %) (7 (Ni.»), G)

denote the set of homomorphisms from 71;(N,, ;) to G such that the conjugacy class
given by the ith boundary component using the given orientation is sent to the
conjugacy class C; for 1 < i < n. Noting that

m(Nyk) = (al, wees Q> €Ly wens cn|af---aic1~-cn),
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we have that
| Hom (S0 (111(Sg.n), G)| = [{(g1> --» 8> €1 wvvs €n) € GF X Cy x -+ x C,
: af...aicl...cn =1},

Just as above in the orientable case, we see (with or without the help of Theorem 3.1)
that this does not depend on the number of these homomorphisms and does not
depend on the given ordering of the conjugacy classes Cy, ..., C,,.

Thus, Theorem 3.1 can be restated as

G *|Hom =) (7,(Ny.), G)| = |Cy|-++|C. |Z (X)kX(C(l))ni(k(CZ)'

The proof of Theorem 3.1 is analogous the above proof in the orientable case.

Proof  (of Theorem 3.1) Let y = x{x3---x; in the free group F,, generated by

X1, X2, ..., Xk. By Corollary 1, we have
|G|
0oL
x(1)

for all irreducible representations y of G. Therefore, by Theorem 2.3 together with the
observation that v(y) = v(x) and thus

az = ay
for all y, the result follows. [ |

Note that, by setting #n = 0, this again gives Frobenius and Schur’s result in Corol-
lary 1 (though this is not another proof of that result, just an observation).
Note that 71 (S,,,) and 7 (N, , ) are both free groups with

m(Sgn) = Fagin-1
and
M (Niyn) = Fiern-t-
Note that for any finite group G, we have
|Hom(F,,, G)| = |G|™.

Using this fact and summing over the possible tuples of conjugacy classes in Equation
(3.1) and Theorem 3.1, we obtain the following:

Corollary  Let G be a finite group and let g, n, k be positive integers. Then

(Crse.es X (1 n+2g g
and

|G|" = z |C1|"“Cn|ZV(X)kMW’
(C1s-sCn) X X"
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where the first sums are over all ordered n-tuples of conjugacy classes in G and the second
sums are over all irreducible complex characters of G.

Then, taking the limit as g — co and k — oo, and noting that any bilinear form on
a 1-dimensional space is automotically symmetric and therefore 1-dimensional repre-
sentations never have Frobenius-Schur indicator equal to -1, we have the following:

Corollary  Let G be a finite group and let n be a positive integer.

IGI"=" )|cl|-~-|cn| > x(Cr)x(Ch)

(C15..,Cy x with x(1)=1
= 2 lakc > x(Co)-x(Cy),
(C1,...,Cn) x with x(1)=1 and v(x)=1

where the first sums are over all ordered n-tuples of conjugacy classes (Cy, ..., Cy,) in
G and the second sums are over all irreducible complex characters of G that satisfy the
specified conditions.

As remarked in [14] in the orientable case, Equation (3.1) and Theorem 3.1 have
a topological interpretation. In the orientable case, fill in each of the n boundary
components of Sy , with disks and let p; denote the points at the center of these disks

and denote the resulting closed surface by S ,.. Let G have a faithful action on some

connected) branched covering of S, ,, with Galois group G and ramification points p;.
Conversely, each such branched covering comes from Hom (¢t (77 ($ on)>G).So
Equation (3.1) gives a method for computing the number of such branched coverings.
The construction extends analogously to branched covers of nonorientable surfaces,
and Theorem 3.1 then supplies the relevant counting formula.

As a closing remark for this section, we mention another family of words y where
there is a nice formula for a}, for all G and y. Let

[X15 o0 X | = xy~xmx1_1mx,_,,1

(these are sometimes referred to as generalized commutators). Then a formula of Leitz
[6] (see also [13]) says that

G m—1
oo lar
x(1)mem
where
1 ifmiseven
Em =
2 ifmisodd.

Using this together with Proposition 1, a formula for the f, follows where y is a product
of generalized commutators just as in Theorem 1 (and this generalizes the formula
for products of commutators in Theorem 1). Similarly, applying Theorem 2.3 with
these words, we obtain a result generalizing Equation (3.1) (although with no apparent
topological interpretation).
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In a similar vein but generalizing the case of the elements x{x3---x;, we can
consider words of the form y = x” in a free group of rank one generated by x. In this
case, the class function f, counts the number of nth roots that each element in G has.
Therefore, in this case, we have

ay = vu(X),

where v, is the gereralized Frobenius-Schur indicator given by

> x(g")

geG

1
va(x) = @

(see, for example, Chapter 4 of [5]). In general, v, € Z so f, is a virtual character. From
Proposition 1, taking y = x;" x2---x};" in a free group of rank m generated by xi, ..., X,

with 1y, ..., n,, € Z (note that, in general, f, = f,-1), we have

i = (ﬁ)) (0 ().

We could also involve conjugacy classes by applying Theorem 2.3. Similarly, we could
take products of generalized commutators and powers of elements and do this again,
obtaining a common generalization of all of the results.

4 Some symmetric function identities

In this section, we apply some of the identities from the previous sections to the
symmetric group and use an isomorphism between the set of class functions on the
symmetric group with a certain space of symmetric functions in order to obtain a
few identities among symmetric functions. Let S, be the symmetric group on an n
element set. The relevant definitions and background come from [11]. Let A be the
ring of symmetric functions over the complex numbers and let A" be the subspace of
A spanned by symmetric functions of degree n so that A has a grading

A=EPA".
n>0
Given a partition A of #n, denoted A - n, let p) and s, be the associated power and
Schur symmetric functions. Let x* be the irreducible character of S, coming from
the Specht module S*. Let H) denote the product of the hook lengths of the Young
tableau associated to A. Given an element w € S,,, let p(w) denote the partition of n
given by cycle type of w. Let R” denote the set of class functions on S,,. Then we have
a vector space isomorphism

ch:R" - A"

Fo LS o

* wes,

and this has the property that ch(y}) = s).
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Given y € F,, then we have the class function f, and
1
hH) = 2 PreCuw)
* Upyenns u €S,
and using the expansion
f)’ = Z a;l XA>
A-n

we also have

ch(fy) = > a;sl.

A-n

Therefore, we have shown the following:

Theorem 4.1 Given y € F,,

1
— 2 PypGun)) = 2 a;sk

!
n: Ul,... U €Sy An

This is a generalization of exercise 7.68 (c) in [11]. Taking the examples of
x{x3--xp € F and [x1, y1]-[xg, y¢] € Fag and applying the hook length formula,
which says that

2 T’l!
)=—o,
x (1) o,

together with the fact that all of the Frobenius-Schur indicators for the symmetric
group are 1, we have the following:

Corollary  For integers n, k, g > 1, we have

i Z _ Z Hk—lS

l pp(ulzug---ui = A SA
* Upyenns ureS, An

and

1 2¢-1
=2 Pellmmllugre)) = 2 HYE s

ULV U, VgESy A-n

Let 19 denote the vector that is g ones followed by zeroes. Recalling that

Poewy(19) = "),

where k(w) is the number of cycles in w, and that

(1) = Hy' T(g + (1)),

ted

where c(t) denotes the content of A at ¢, then by specializing to 1¢, we obtain the
following:
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Corollary  For integers n, k, g > 1, we have

1 (w2t _
Loy gedsd o S g (g + ()
n: Uy UKESy A-n ted
and
1 k([u,vi]-[ug,v 2g-2
= 3 g mnl-lugvel) S HE?TI(g+c(2)).
h: UL, V1, Ug,Vg€Sy A-n ted

The first of these is a generalization of exercise 7.68 (e) of [11]. More such identities
can be obtained by applying the same ideas to the identities mentioned at the end of
the last section.

As a final remark, fix a word y = x{x3---x} € Fx or [x1, y1]-[xg, y¢] € Fag and
consider the sequence f, s, (here, we have made the group explicitly a part of the

notation) as » varies. The exponential generating function for this sequence in the case

where y = x{x3--x7 € Fy is, by Corollary 1 together with the hook length formula,

- xn’
Z;)A;z(HA)

which in the specific case of k = 2 has the particularly nice form

(4.1) [T(1-xH"

i>1

(see [11] exercise 5.12). Similarly for y = [x1, y1]--[xg, y¢] € F24, we have the exponen-
tial generating function

> (;i)zg_zx”,

n>0 A-n

which for g = 1 again gives the product in Equation (4.1).

References

[1] R.Dijkgraaf and E. Witten, Topological gauge theories and group cohomology. Comm. Math. Phys.
2(1990), no. 129, 393-429.

[2] D.Freedand E Quinn, Chern-Simons theory with finite gauge group. Comm. Math. Phys. 3(1993),
435-472.

[3] G. Frobenius, Uber Gruppencharaktere. Sitz. Ber. Akad. Wiss. Berlin (1896), 985-1021.

[4] G.Frobenius and I. Schur, Uber die reellen Darstellungen der endlichen Gruppen. Sitzungsberichte
der koniglich preussischen Akademie der Wissenschaften (1906), 186-208.

[5] M. Isaacs, Character theory of finite groups. Courier Corporation 69(1994).

[6] M. Leitz, Kommutatoren und It6’s Satz iiber Charaktergrade. Archiv der Mathemattik 4(1996), no.
67, 275-280.

[7] A.D.Mednykh, Determination of the number of nonequivalent coverings over a compact Riemann
surface. Doklady Akademii Nauk 239(1978), 269-271.

[8] M. Mulase and J. Yu, A generating function of the number of homomorphisms from a surface group
into a finite group. Preprint, 2002, arXiv preprint math/0209008.

[9] O. Parzanchevski and G. Schul On the Fourier expansion of word maps. Bull. Lond. Math. Soc.
1(2014), no. 46, 91-102.

[10] L. Solomon, The solution of equations in groups. Archiv der Mathematik 3(1969), no. 20, 241-247.

[11] R. Stanley, Enumerative combinatorics volume 2, Cambridge Studies in Advanced Mathematics,
1999.

https://doi.org/10.4153/50008439524000420 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000420

Counting homomorphisms from surface groups to finite groups 153

[12] N. Snyder, Mednykh’s Formula via lattice topological quantum field theories, Proceedings of the
2014 Maui and 2015 Qinhuangdao Conferences in Honour of Vaughan FR Jones’ 60th Birthday,
Centre for Mathematics and its Applications, Mathematical Sciences Institute, 2017, 389-398.

[13] T. Tambour The number of solutions of some equations in finite groups and a new proof of It6’s
theorem. Comm. Algebra 11(2000), no. 28, 5353-5361.

[14] D. Zagier, An appendix to “Graphs on surfaces and their applications” by S. Lando and A. Zvonkin.
In Applications of the representation theory of finite groups, Springer, 2004.

Department of Mathematics, University of Chicago
e-mail: michaelklug@uchicago.edu

https://doi.org/10.4153/50008439524000420 Published online by Cambridge University Press


mailto:michaelklug@uchicago.edu
https://doi.org/10.4153/S0008439524000420

	1 Introduction
	2 Counting solutions to equations in groups
	3 Relationship with 2-dimensional topology
	4 Some symmetric function identities

