L))

Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:e3 1-52
doi:10.1017/fms.2023.116 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Modularity of trianguline Galois representations

Rebecca Bellovin

School of Mathematics and Statistics, University of Glasgow, University Place, Glasgow G12 8QQ, United Kingdom;
E-mail: rebecca.bellovin @glasgow.ac.uk.

Received: 8 September 2021; Revised: 5 October 2023; Accepted: 13 November 2023
2020 Mathematics Subject Classification: Primary — 11F80; Secondary — 11F85, 11F33

Abstract

We use the theory of trianguline (¢, I')-modules over pseudorigid spaces to prove a modularity lifting theorem
for certain Galois representations which are trianguline at p, including those with characteristic p coefficients. The
use of pseudorigid spaces lets us construct integral models of the trianguline varieties of [BHS17], [Chel3] after
bounding the slope, and we carry out a Taylor—Wiles patching argument for families of overconvergent modular
forms. This permits us to construct a patched quaternionic eigenvariety and deduce our modularity results.
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2 R. Bellovin

1. Introduction

The Fontaine—Mazur conjecture predicts that representations of Galois groups of number fields which are
sufficiently nice should come from geometry. In practice, the way one proves this is by proving so-called
automorphy lifting theorems, relating the Galois representations of interest to Galois representations
already known to have the desired properties.

In this context, if p : Galp — GL, (Gp) is the representation, ‘sufficiently nice’ includes a condition
on the local Galois group at p called being geometric. In the present paper, motivated by a question of
Andreatta—Iovita—Pilloni [AIP18], we consider a characteristic p analogue of this conjecture. There is
no definition of ‘geometric’ for a Galois representation with positive characteristic coefficients, but we
replace it with the condition trianguline:

Theorem. Assume p > 5, and let L be a finite extension of F,(u)). Let p : Galg — GL(0L) be an odd
continuous Galois representation unramified away from p such that the (p,T")-module Dy (p|G31Qp) is
trianguline with regular parameters. Assume, moreover, that the reduction p is modular and satisfies
certain additional technical hypotheses. Then p is the twist of the Galois representation corresponding
to a point on the extended eigencurve 2gL,.

The eigencurve Sl’(r}'fz was originally constructed by Coleman—Mazur, and it is a rigid analytic space
whose points correspond to overconvergent modular forms. Points corresponding to classical eigenforms
(of varying weight and level) are dense, so we can think of it as a moduli space of p-adic modular forms.
Each point of the eigencurve has a Galois representation attached, but Kisin [KisO3] showed that the
Galois representations at nonclassical points are not geometric at p. Instead, they are trianguline (though
he did not use this terminology; it was introduced subsequently by Colmez). A converse was proved by
Emerton [Emel I, Theorem 1.2.4] when the coefficients are p-adic.

Given a p-adic Galois representation p, there is an associated object D, (p) called a (¢, I")-module;
at the expense of making the coefficients more complicated, the Galois representation can be captured
as the action of a semilinear operator ¢ together with the action of a one-dimensional p-adic Lie group
I'. Then even if p is irreducible, it is possible for Dy (p) to be reducible. Kisin showed that this happens
in small neighborhoods of classical points on the eigencurve; if p is the Galois representation attached
to a point x, there is an exact sequence

0 — Dy — Dyig(px) = D2 — 0,

where D and D; are rank-1 (¢, I')-modules. There is a basis element e; of D such that ¢ acts on e; by
the U ,-eigenvalue at x and I" acts on e trivially. This construction was extended over (a normalization
of) the eigencurve in separate work of [KPX14] and [Liul5].

The eigencurve is equipped with a map wt : X, gf — WM to weight space, which we may view as the
disjoint union of p — 1 rigid analytic open unit disks. The existence of Galois representations attached to
eigenforms means it is also equipped with a morphism 25 — G, X LI Ry, where the R are Galois

deformation rings (more precisely, deformation rings of pseudocharacters), and Gf;g corresponds to the
eigenvalue of the Hecke operator U,,. The triangulation results of [Kis03], [KPX14] and [Liul5] mean
that we can combine these two maps to get a morphism
‘%‘GL2 - U XW’K’rig
p

tri,p

to a moduli space of trianguline Galois representations (here, the decorations ¢ and « simply mean we
are fixing the determinant and the parameters of the triangulation). The result of [Emel 1] then shows
that this morphism surjects onto certain components.

More recently, the construction of the eigencurve has been extended to mixed characteristic by
Andreatta—Pilloni—Iovita [AIP18], [AIP16] and Johansson—Newton [JN16], using Huber’s theory of
adic spaces instead of Tate’s theory of rigid analytic spaces. These authors construct pseudorigid spaces
containing characteristic 0 eigenvarieties as open subspaces, with nonempty characteristic p loci.
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In previous work, we generalized the construction of (¢, I')-module to families of Galois representa-
tions with pseudorigid coefficients [Bel23b] and showed that the triangulation of the eigencurve extends
to the boundary characteristic p points [Bel23a]. This yields an analogous morphism Xgr, — [ Xtﬁg
of pseudorigid spaces. In the present paper, we use that machinery to prove a modularity result for
Galois representations trianguline at p, characterizing the image in many components.

The proof rests on the Taylor—Wiles patching method, as reformulated in [Sch18]. This is the source
of the aforementioned technical hypotheses on p (which amount to assumptions about the image of p
being sufficiently big). However, there are a number of technical complications. For example, to carry
out some preliminary reductions, we first prove a version of the Jacquet—-Langlands correspondence
on eigenvarieties extending the construction of [Birl9], and we characterize the image of the cyclic
base change morphism 2cr,/Q — ZcL,/r of [JN19a]. The latter uses the construction of an auxiliary
‘Gal(F/Q)-fixed’ eigenvariety, which may be of independent interest. This permits us to transfer the
problem to overconvergent quaternionic modular forms over a cyclic totally real extension of Q.

The modules of quaternionic automorphic forms we patch are those constructed in [JN16]. We
construct trianguline deformation rings which act on them, and we patch by introducing ramification at
additional primes. But the construction of trianguline deformation rings is delicate because in general
triangulations of (¢, I")-modules do not interact well with integral structures on the corresponding
Galois representation. Thus, we crucially use the pseudorigid theory of triangulations (and not just the
rigid analytic theory) to ensure that we can construct an integral quotient of a Galois deformation ring
whose analytic points are trianguline, with Frobenius eigenvalues bounded by a fixed slope.

This leads to a further difficulty, which is that it is difficult to study the components of the triangu-
line deformation ring directly. Instead, we patch families of overconvergent automorphic forms, which
lets us compare the Galois representation we are interested in with ‘nearby’ potentially Barsotti—Tate
representations which are known to be automorphic. Along the way, we construct local pieces of a
patched quaternionic eigenvariety 2, together with a morphism to a trianguline variety and a patched
module of overconvergent modular forms. We note that it is only possible to patch families of over-
convergent automorphic forms because we constructed an integral model of the trianguline variety; we
know almost nothing about its structure away from nice points in the analytic locus, but understand-
ing it better would be very interesting. We also hope to glue these local patched modules in future
work.

We have not attempted to work in maximum generality. In particular, it should be possible to relax the
ramification condition and prove an overconvergent modularity lifting theorem for certain totally real
fields. However, this would require constructing and studying a cyclic base change morphism for more
general extensions of number fields. We expect that it is possible to construct these morphisms for the
middle-degree eigenvariety over a totally real field, which would lead to stronger trianguline modularity
theorems in characteristic 0. But we were forced to assume the degree of the cyclic extension was prime
to p to characterize the image of a base change morphism in positive characteristic, so additional work
would be required to strengthen our results in positive characteristic.

We further remark that our ‘big image’ condition on the residual Galois representation is stronger
than the standard one. This is to ensure that we have access to the necessary cohomological vanishing
theorems to permit us to work with middle-degree eigenvarieties.

The work of Breuil-Hellmann—Schraen [BHS 17] constructs a similar patched eigenvariety for unitary
groups, using completed cohomology rather than overconvergent cohomology. It would be extremely
interesting to relate these two constructions.

We now describe the structure of this paper. We begin by recalling the theory of trianguline (¢, T")-
modules and their deformations; this permits us to construct and study pseudorigid trianguline varieties
(generalizing those of [Chel3] and [BHS17]). We compute the dimension of these pseudorigid trian-
guline varieties with fixed determinant and weight, and we show that they have an integral model after
bounding the slopes of the rank-1 constituents.

We then turn to the automorphic theory we will need. We prove that so-called twist classical points
are very Zariski dense in the eigenvariety 2px, which permits us to interpolate the Jacquet—Langlands
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correspondence to extended eigenvarieties and permits us to conclude that 2~ is reduced (extending
the results of [Bir19] and [Che05]). We also study the cyclic base change morphism Lo1,/Q = A6L,/F
of [JN19a]; when F is totally real and [F : Q] is prime to p, we show that x € g,/ is in the image
if and only if it is fixed by Gal(F/Q). To do this, we study the Gal(F/Q)-fixed locus in the Hilbert
eigenvariety, and show that classical points are dense in it.

Finally, we turn to the patching argument. We show that our modules of integral overconvergent
automorphic forms are projective at maximal points of weight space, and we show that we can add certain
kinds of level structure. Then using the standard Taylor—Wiles patching construction, we construct a
patched module with the support we expect. This permits us to deduce the desired modularity statement
by deformation from potentially Barsotti—-Tate points in characteristic 0. This last step requires the
results of [Kis09b].

Notation

We fix some running notation and hypotheses. In Section 2, we assume that p > 3 because we only
developed the theory of (¢, I')-modules over pseudorigid spaces in that situation. In Sections 3 and 5,
we assume p > 5; we need this hypothesis to construct eigenvarieties (and the Jacquet-Langlands and
cyclic base change morphisms between them) at tame level 1 and later to apply Taylor—Wiles patching.

We normalize class field theory so that it sends uniformizers to geometric Frobenius, and we
normalize Hodge—Tate weights so that the cyclotomic character has Hodge—Tate weight —1.

If X is a group isomorphic to Xy X Z;‘f’ x Z.%%, where X is a finite group, we let X = Hom(X, Gi)
denote the functor R — Homg (X, RX).

2. Trianguline varieties and Galois deformation rings
2.1. Galois deformation rings

Let E/Q), be a finite extension, with ring of integers O, uniformizer wg, and residue field F, and let G
be a profinite group satisfying Mazur’s condition ®,,. The two cases we will be most interested in are
G = Galg and G = Galf g, where K is a finite extension of Q,, and F' is a number field, and S is a set
of places of F.

Suppose we have a continuous homomorphism p : G — GL4(F). Then we may construct the
universal framed deformation ring Rg, which prorepresents the functor

A~ {p:G—>GLy(A) | p=p (modmus)}

on the category of complete local Noetherian Of-algebras with residue field F, of lifts of p, that is,
deformations of p together with a basis. If Endg (o) = F (for example, if p is absolutely irreducible),
we additionally have the universal (unframed) deformation ring R5 parametrizing deformations of p.
If R is a complete local Noetherian O -algebra with maximal ideal mg and finite residue field, and ¢ :
Galxg — R* is a continuous character such that det p = ymod mg, there is a quotient R ® Rg - R;"p

parametrizing lifts of p with determinant . Indeed, there is a homomorphism Rgei; — Rg given by the
determinant map, and the choice of i defines a homomorphism Rgez — R; then R;"” = R®r . R/g.

If Endg (p) = F, there is similarly a quotient R @Rﬁ - R;)f parametrizing deformations of p with
determinant .

Now, we specialize to the arithmetic situations of interest. Let K/Q,, be a finite extension, and
assume that Hom(KX, E) has cardinality [K : Q,]. Then by [BIP23a, Corollary 3.37], Rg is a complete
intersection, and by [BIP23a, Corollary 4.21] the irreducible components of Spec Rg are in bijection with
the irreducible components of Spec Rye5. More precisely, if u := up~(K) denotes the p-power roots
of unity in K*, local class field theory identifies it with a subgroup of Gal®; by [BIP23a, Lemma 4.1]
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Ryeip is a power series ring over O [u], so its irreducible components are in bijection with characters
X : 4 — OF. There are quotients RﬁE} - R;’X parametrizing lifts of p whose determinant restricted to
u (via the Artin map) agrees with y, and by [BIP23a, Corollary 4.5, Corollary 4.19] the rings R;’X are
normal domains and complete intersections. In particular, R2 is reduced.

Let F be a number field, andlet X, := {v | p}.If p : Galp — GL4(F) is a continuous representation
and v is a place of F, we let p, denote p|Galy, - Suppose that p is absolutely irreducible, and let S be a
finite set of places of F containing X, and the infinite places such that p is unramified outside S. Then we
let R5 s denote the universal deformation ring parametrizing deformations unramified outside of S, and
we let R/EL  denote the universal deformation ring whose A-points are deformations p 4 of p unramified

outside of S, together with bases for p 4|Gal , foreachv € ¥,. We also let Rg,loc = Qyez, Rgv.

If ¢ : Galp — R* is a continuous character as above, we let

RY.:=R ® Ry
: .S
p.S Rgetp,s
O,¢ P~ m]
. =R ® R=-
.S Ruetp,s p-S

R%Y =R ® RZ

Joc*
Rdclﬁ,loc P

For any place v € X, restriction from Galr g to Galr, defines a homomorphism R%‘ - R/%‘ 50 and
so we obtain homomorphisms

a
Rﬁ,loc

m)
—R5s
and

RE\,l// N RD,lﬂ
p.loc p.S

We can relate our local and global deformation rings more precisely:

Lemma 2.1.1. Suppose that p 1 d. Let h' denote the dimension (as an F-vector space) of

ker| H' (Galr 5,ad’(p)) > [ | H'(Galr,,ad’(®,)) |
Ve,
let 5§ := dimp H%(Galf s,adp), and for v € £, let 6, := dimp H(Galf,,adp,,). Then R;’g' can be
topologically generated over R;’fgc byg:=h'+ Zvez,, 0y — O elements.

Proof. Let my,. denote the maximal ideal of R;’llgc, and let mg denote the maximal ideal of R;’lsp . We

need to compute the relative tangent space (ms / (mé, mloc))* of Rg’lsl’ /Myec. But the maximal ideal of R

is contained in Mo, SO We may assume that ¢ is constant, and the result follows from [KisO9b, Lemma
3.2.2]. ]

2.2. Deformations of trianguline (¢, 1")-modules

Trianguline (¢, I')-modules are those which are extensions of (¢, I')-modules of character type. More
precisely,

Definition 2.2.1. Let X be a pseudorigid space over O for some finite extension £/Q,, let K/Q),
be a finite extension and let § = (dy,...,0q) : (K4 — I'(X, 0%) be a d-tuple of continuous
characters. A (¢, 'k )-module D is trianguline with parameter § if (possibly after enlarging E) there
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is an increasing filtration Fil®* D by (¢, 'k )-modules and a set of line bundles &, ..., %, such that
gr' D = Ax rig,x (6;) ® Z; for all i.

If X = Spa R where R is a field, we say that D is strictly trianguline with parameter ¢ if for each i,
Fil"*! D is the unique sub-(¢, I'x )-module of D containing Fil’ D such that gri*! D = AR rig.x (0is1).

As in the characteristic 0 situation treated in [BC09, §2.3], we may define and study deformations of
trianguline (¢, I')-modules:

Definition 2.2.2. Let R be a finite extension of F,((«)), and let D be a fixed (¢, 'k )-module of rank
d over AR g,k equipped with a triangulation Fil® D with parameter 6. Let Cg denote the category of

Artin local Z ,-algebras R’ equipped with an isomorphism R’/mg = R. The trianguline deformation
functor Def, g : Cr — Set is defined to be the set of isomorphism classes

Defp g (R) := {(Dg/,Fil* D/, 1)}/ ~,

where Dg is a (¢, I'g )-module over A rig i, Fil* D is a triangulation, and ¢ : R ®g' Dy = Disan
isomorphism which also defines isomorphisms R ®g Fil' Drs — Fil' D.

One of the consequences of the proof of [Bel23b, Proposition 5.1] is that when d = 1, Defp g
is formally smooth. As in the characteristic O situation, the same is true for general d, so long as the
parameter satisfies a certain regularity condition. Note that the regularity condition in here is slightly
different than in characteristic 0; the additional characters avoided in the statement of [BC09, Proposition
2.3.10] do not make sense in characteristic p.

Proposition 2.2.3. Suppose the parameter § of Fil® D satisfies the property that 616;.1 # Xceye ©Nmg q,
foranyi < j. Then Defpy gy is formally smooth.

Proof. The proof is essentially identical to that of [BC09, Proposition 2.3.10], but we sketch it here for
the convenience of the reader. We proceed by induction on d; the case d = 1 follows from the proof of
[Bel23b, Proposition 5.1], so we assume the result for trianguline deformations of (¢, I')-modules of
rank d — 1. Let I C R’ be a square-zero ideal. We need to prove that Def, e (R") — Defp pye (R’/1) is
surjective, so we may factor R’ -» R’/I into a series of small extensions and assume that / is principal
and I'mg = 0. By the inductive hypothesis, we may find a trianguline deformation D’ of Fil?~! D over
AR rig,r. By twisting, we may assume that ¢4 is trivial. Then we need to show that the natural map
H;’F(D’) — H;’F(Fﬂd—l) is surjective. But the cokernel of this map is Hi’F(I(XJR«/mR, Fil“"!' D (5(‘11)) =

I ®R s Hi F(Fild_1 D(6;1)), which is 0 by assumption and [Bel23b, Corollary 4.11]. O
In order to build moduli spaces of trianguline (¢, I')-modules, we will use moduli spaces of characters,

as in [Bel23a, §2.3]. If G is a commutative p-adic Lie group and G’ C G is a compact subgroup such
that G/G’ is free and finitely generated, then we have G’ := SpaZ, [[G’]] and the pseudorigid spaces

G and G™ = Spa(Z[G/G'], Z)xza\’an. If X is a pseudorigid space, we also have the pseudorigid
space Gx, which represents the functor

Y ~» Homes (G, O(Y))

on the category of adic spaces over X.
—an ———an
In particular, if K is a finite extension of Q,,, we will be interested in K*  and (K x)d  ford > 1:

Definition 2.2.4. We let 7 := I/(;an, and for any d > 1, we write T4 .= (I'(X\Yian.

We see that KX = Gixg SpaZ,[[0g]1*", and Td = GMdy, SpaZ, [[(@,’é)d]]a“. Since O is
compact, SpaZ, [[OZ]|*" is a quasicompact pseudorigid space; it has a finite cover {U; := Spa R;} by
affinoid subspaces, and G, y, is a rising union of relative annuli Cy, , := Spa Ri<uhT, uhT! >
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If K = Qp, then (S;X,an has connected components indexed by the elements of 1,1, each of which is
isomorphic to (SpaZ, [[Z,])" x G¥.
Remark 2.2.5. In the pseudorigid setting (unlike the classical rigid analytic setting), it is not true that

mzan = a M @an. Indeed, SpaZ,, [[T1, T>]]*" consists of all valuations which do not vanish on
all three of p, T, T,. But

SpaZy [[Ti11*xz, SpaZ, ([T>]]™

also excludes valuations vanishing at both p and T (or both p and 7). In particular, 7¢ is not a product
of copies of T

Definition 2.2.6. We say that a continuous character x : K* — 0O(X)* is regular if for all maximal
points x € X, the residual character «, : K* — k(x)* is not of the form

o amr alora - ol forie legm(K’k(x)) (if x is a characteristic 0 point), or
o trivial or ycyc © Nmg /Qp (if x is a characteristic p point).

The space of regular parameters ﬂgg c T is the Zariski-open subspace whose X-points are given
by parameters ¢ : (KX)¢ — O(X)* such that 5,-5;.1 : K* — O(X)* is regular for all j > i.

Consider the functor S on pseudorigid spaces defined via

X ~ {(D,Fil* D, 6, v)}/~,

where D is a trianguline (¢, I'x )-module with filtration Fil® D and regular parameter § € Trgg, and v is

a sequence of trivializations v; : gr' D — Ax rig.k - There is a natural transformation S — ﬁgg given
on X-points by

(D,Fil* D, 5, y) ~ 6.

Exactly as in [Che 13, Théoréme 3.3] and [HS 16, Theorem 2.4], we have the following:

Proposition 2.2.7. The functor SJ is representable by a pseudorigid space, which we also denote ST,

and the morphism S — 7;g‘g is smooth of relative dimension d(é_l) [K:Qpl.

One proves by induction on d that if D is a trianguline (¢, 'x)-module over X with parameter
J € (ﬂeg)d, then Hglo,l"K (D) is a vector bundle over X of rank d[K : Q,] (the regularity assumption
ensures that H(;,FK (D) = Hi,FK (D) = 0). Now, 8P = T = T,1,. so S is representable and is smooth
of the correct dimension over ﬁég. Then one may proceed by induction on d again and construct S5 as
the moduli space of extensions of the universal (¢, 'k )-module of character type AT rig.k (Suniv) by the
universal object D 4_1 uniy Over SS‘_]. For a specified regular parameter § = (51, ...,04) € ﬁgg(X ), the
fiber 87|55 is equal to Ext' (Ax rig,x (34), Da-1,univl(s,.....64.1)) = H‘L’FK (Da-1,univl(s,,....60-1) (67
This is a rank-(d — 1) vector bundle over X, and the claim follows.

We also introduce variants of S with families of fixed determinant and weights. More precisely,
suppose X is a pseudorigid space and we have a continuous character dqe; : K* — O(X)* and a d-tuple
of continuous characters k := (k1,...,kq) : O — O(X)*. We say that 64 and k are compatible

. . . 0, Sdet»
if 6det|@,><< = K1+ Kq. If 84¢¢ and « are compatible, we consider the functors 83’6"5‘ and S r %L on
pseudorigid spaces over X defined via

Y w {(D,Fil*D,6) € S](Y) | 61 -+ 6a = Saet}/~
and

Y ~ {(D,Fil*D,6,v) € S](Y) | 6i|@7< =k foralli,8; - 64 = Oaet}/~ -
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Proposition 2.2.8. The functor 83’6“"5 is representable by a pseudorigid space over X, which we

also denote Ss’éde"ﬁ, and the morphism S 0wk X is smooth and surjective of relative dimension
ddDIK:Qpl+d-1.

Proof. Set Y := (—Eﬁlm. Then there is a morphism 7¢ — Gy, given by §
(61 |@,x<, R 6d|@,x<,61 (wg) - - 6d(wK)), and it is smooth of relative dimension d — 1. The choice of

Odet and k define a morphism X — G, y, and we have a pullback square

SD 5det K SD

! !

X — Gpy.
Then the result follows from Proposition 2.2.7. O

Example 2.2.9. In the example of most interest to us, we will take K = Q,,, d = 2, and R = Z,, [[To]],
where Ty := T(Z,,) for a split maximal torus T ¢ GL,/Z,. Fix an unramified character ¢ : Galg, —

R*. There is a universal pair of characters A;,4; : ZX = R*, and we set ¥ := (/l]/lz)(cyc) Yo

and k : (43 L (A1 xeye) ) Then the morphism S — Spa R*" is the natural projection S — (Z} )2
composed with taking inverses and swapping factors Furthermore, 7 is two-dimensional and irreducible
(corresponding to a choice of §1); fixing the determinant means the remaining degrees of freedom are the

one-dimensional irreducible space Z}; (corresponding to the choice of 62|Z;), and the generically one-
dimensional space of extensions between them. We see that, in this case, SD £ is four-dimensional

and an A'-torsor over a dense open subspace of G2 x (Z3)?. Hence, it is irreducible.

2.3. Structure of trianguline varieties

Let K/Q, be a finite extension, and let p : Galx — GL4(k) be a continuous representation, where
k is a finite field containing the residue field of K. The fiber product (Spa Rg)a“xsml Z, T exists as a
pseudorigid space, and it is contained in the fiber product

G Ixz(0%) x Spa(RS)™

(with complement of codimension > 2 if d > 2). Let th’i’ﬁ be the Zariski closure in the latter of the
set of maximal points x = {(px,d )}, where p, is a (framed) lift of p and 6 . € ﬂgg(L) is a regular
parameter of Dyjg(px).

Let R be a complete local Noetherian Z ,-algebra with finite residue field. Fix an d-tuple of characters
k= (K1,...,Kq), where k; : O — O(X)* and X := (SpaR)™, and fix a character ¢ : Galx — R*.
Over the pseudorigid space X, a character  : Galx — 6 (X)* corresponds to a rank-1 (¢, I')-module
of the form Dy;¢ (6, ), for some character 6, : K* — O(X)*.If 6, and « are compatible, we may define

Xo® < Gidxz(0%)7 x (Spa RSY)™

to be the Zariski closure of the set of maximal points x = {(px, 0, )}, where p, is a framed lift of p with
determinant ¢ and ¢, € ﬁgg(L) is a regular parameter of D,z (p,) such that §; |@x = K.

In order to study the structure of X, H_ and X o lg =, we will need to know something about the essential
image of the functor from Galois representatlons to (¢, ')-modules. We refer the reader to [Bel23b]

https://doi.org/10.1017/fms.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.116

Forum of Mathematics, Sigma 9

for details on definitions of pseudorigid overconvergent period rings and the construction of (¢, T)-
modules in the pseudorigid setting. However, we note here that Ag [0,5],x is the coordinate ring of a
closed annulus over Spa R, Ag (0,»],x is the ring of global functions on a half-open annulus over Spa R,
and AR rig x = liinb—m AR, 0,b],k - As in the work of [CC98] and [BCO8], (¢, I")-modules attached to
Galois representations are constructed over Ag 0,51,k for some b > 0 (which depends in subtle ways
on the representation).

Lemma 2.3.1. The functor M ~» Dy x (M) from Galg -representations to their associated (¢,I")-
modules is formally smooth.

Proof. We need to show that if D is a projective (¢, 'k )-module over a pseudoaffinoid algebra R’, and
I C R’ is a square-zero ideal such that (R’/I) ®g/ D arises from a family of Galois representations, then
D also arises from a family of Galois representations. Indeed, we have a short exact sequence

0—ID—>D — (R'/I)®v D — 0.

By assumption, D’ := (R’/I) ®g D arises from a family of Galg representations M’ over R’/I, and
since

D" :=1ID = [ ®g D = (R'/anng I) ®g/j; D

it arises from a family of Galg representations M’’ over R’/anng. I. Since D has a model Dj over
Agr' (0,51, » W€ have a commutative diagram

0— KR',(o,b/pj ®r D" —— KR',(o,b/pj ®r D ——> XR',(o,b/pj ®r D! —— 0

i i) i)

0 —— XR',(O,b] ®r D" — KR',(o,b] ®r D —— KR',(O,b] ®r D' —— 0.

By construction, KR”(()’[;] ®r' D" = KR/,(o,b] ® (KR(’),[O,b] ®rR; M(’)’) and KR’,(O,b] ®r D’ = KR/,(O,b] ®

(KRé,[g,b] ®R; M(;), for some integral models M| and M (perhaps after localizing on SpaR” and
shrinking b). Therefore, we have quasi-isomorphisms

[M"] = [Ag:,j0.6] ®r, M/ s AR, [0.6/p) @y M|
= [Agr.(0.6] ®r D" R Ar.(0.6/p) ®r D"
and
[M'] = [Ar [0.5] ®r; M L AR [0.6/p] ®r; M(]
= [Arr. (0.6 &' D’ i AR (0.b/p) ®r D'].
Then the snake lemma implies that we have an exact sequence
0->M"— (KR«,rig,K ® D)w=1 - M -0

of R’-modules equipped with continuous R’-linear actions of Galg , with M’ finite projective over R’/

_ @=1
and M"” = (R'/anng I) ®g/; M’. It follows that M := (AR»,rig,K ® D) is a projective R’-module
of the same rank and Dy, x (M) = D. O
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In [BHS17, §2.2], the authors show that the characteristic O locus XE i’r%g of the trianguline variety is

equidimensional of dimension d*+[K : Q] d(‘?l) , and generically smooth. We note that if s : Galg —

OF is a crystalline character, where E/Q), is a finite extension and O is its ring of integers, then an
o, w rig o, w
C X

identical argument shows that the rigid analytic locus X, ;

d>-1+[K: QP]W (indeed, [BIP23b, Theorem 1.2] prov1des the necessary crystalline lifts
with fixed determinant).

Unfortunately, we cannot rule out components of X;‘l 5Or Xm ¥ supported entirely in characteristic
p, and so to deduce the same result in the pseudorigid setting, we need to repeat a large part of the

argument in a neighborhood of the characteristic p fiber.

1s equidimensional of dimension

Proposition 2.3.2.

1. The space XEI _ (equipped with its underlying reduced structure) is equidimensional of dimension

&+ K : Qp]d“;*”.

2. Imelz is nonempty, it is equidimensional of dimension d*> — 1 + [K : Q,] w + dim Spa R™".

3. There is an open subspace Z C Spa R*™ such that morphism XE i’%’ﬂz — Z is equidimensional of
dimension d*> — 1 + [K : Ql,]@.

Proof. The proofs of the first two parts are very similar to that of [BHS 17, Théoreme 2.6], and we will
prove them simultaneously. By construction, there is a universal framed deformation pyniy : Galg —

GLd(Rg) of p, and we may pull it back to Xt‘:‘1 7 (resp. X *) Then for any irreducible open affinoid

XcX—> X['fiﬁ (resp. X;’;{;’ﬁ), by [Bel23a, Corollary 5.10] there is a sequence of blow-ups and

normalizations f : X — X and an open subspace U C X containing the characteristic p locus such
that f*puniv|r is trianguline with parameters f*d. Shrinking U if necessary, we may assume that f*¢
is regular (indeed, the preimage of ﬂgg in U is open, and by construction U contains a Zariski dense
set of points corresponding to trianguline representations with regular parameters). Furthermore, there
. 1 O,k -

is a Zariski-dense and open subspace V C Xt‘?‘iﬁ (resp. Xm’ﬁ ) such that £~1(V) c U and f defines an

isomorphism f~!(V) = V.

Over U, the (¢,T'x)-module D := Dy x (f*puniv) is equipped with an increasing filtration Fil® D
such that gr' D = Ay rig,x (f*6;) ® Z; for some line bundle Z; on U. We may therefore construct a
G;’l’ y-torsor U B — U trivializing each of the Z;; since U" carries the data (D, Fil® D, f*¢, v), where
y is the set of trivializations v; : gr' D S AU rig,x (f*6;), there is a morphism U" — SS'

Let V7 c U® denote the pullback of U — U to V. We claim that VZ — S7 is smooth of relative
dimension d>. To see this, suppose we have a pseudoaffinoid algebra R’, a morphism SpaR’ — Sy
and a square-zero ideal I C R’ such that the composition SpaR’/I < SpaR’ — &Y is in the image
of V. Then there is a ring of definition R c R’/I such that the homomorphism Rg — R’/I factors
through R(; we let M| = R(’de be the pullback of the universal framed deformation to Rj and we let
M’ :=R'[I & M.

By Lemma 2.3.1, there is a Galg-representation M over R’ such that (R’/I) Qg M - M. It
follows that M and its basis lift to a free module M, over some ring of definition Rj C R’ such that
R’ ®r) My = M. Moreover, M" is residually a lift of p at every maximal point of SpaR’, so M is as
well. By [WEI18, Theorem 3.8], M corresponds to a Spa R|)-point of Spf Rg, and by construction M
corresponds to a Spa R’-point of Xt'fiﬁ deforming M’. Since M’ corresponds to a Spa(R’/I)-point of
the Zariski-open subspace V C Xt‘fi’ﬁ, the image of the morphism Spa R’ — Xt‘i‘i,ﬁ also lands in V. Since
D is trianguline with regular parameters and trivialized quotients, the morphism Spa R’ — V lifts to a
morphism Spa R’ — V",

The claim that V® — S7 has relative dimension d? follows because ‘changing the framing’ makes
V& a (GLg)"-torsor over its image in S5.
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Now, we can compute the dimension. By Proposition 2.2.7, we see that V" is equidimensional of
dimension d%@[K 1 Qpl+d[K : Qpl+d (resp. d2+@[K 1 Qpl+d[K : Qpl+d+dim Spa R™).
Since VP — Visa an v -torsor, it follows that V is equidimensional of dimension d>+ M [K:Qpl

(resp. d* + @ [K:Qpl+d[K : Qp]+dimSpaR*. Finally, V C X is Zariski-dense, so we are done.
For the last part, we define VZ-¥°X via the pullback

VD’¢’£ —> VD

L

0,6, ,.K
Sy > Sq

! l

SpaR™ —— Gy,

where Y := (’@’;é?l and the morphism Spa R™ — G,y is given by k and 6. Since V¥ — G,y is
smooth, its image is open, and the preimage in Spa R*" is open, as well. )

Remark 2.3.3. Suppose that x € Spa R*™ is a maximal point such that the fiber of XE i’lg’£ contains a

point (o, d,) such that ¢ is a regular parameter for Dyig(px). Then if we apply Proposition 2.3.2 with
R = k(x)*, we see that every irreducible component of the fiber containing (pox,d ) has dimension

d*+ 4V 1K Q] +d[K Q).

Example 2.3.4. We return to the setting of Example 2.2.9, where K = Qp,, d = 2, R = Z,[[To]]
corresponds to integral weight space for a split maximal torus of GL2/Z, ¢o : Galg, — R is
an unramified character, and there is a universal pair of characters A, A, : Z; = R*. We again set
¥ = yo(lids chc)_l andk : (43, (4 chc)_l). Then if Xt? ) %,5 is nonempty, each irreducible component
is six-dimensional. ’

Moreover, suppose there is a characteristic-p point (p.,d ) with specified weight and determinant
such that p is trianguline with regular parameter 6,. Then the fiber over ¢ |(Z,x))2 is four-dimensional;
since this is one of p — 1 disjoint characteristic-p fibers, we see that the irreducible component containing

(px,9,) contains a dense open characteristic-0 subspace, consisting of points in U{;(p)™® (in the
notation of [BHS 17, Définition 2.4]).

Now, we consider a global setup. Let F be a number field, and suppose that p : Galp — GL4(F) is
an absolutely irreducible representation, unramified outside a finite set of primes S.
Then the homomorphisms

[m] a
— —_ —
RS — RO

for each v | p induce a morphism
an an
(SpaRg’S) X n T4 - n((SpaRgv) X Td)
vip vip

and we define X 5.5 10 be the preimage of [],,, X 5
If R is a complete local Noetherian Z,-algebra with maximal ideal mg and finite residue field, and
Y : Galp — R* is a continuous character such that det p = yymod mg, the homomorphisms

E’ w\/ — REs(lI
Py .S
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and

0.y =R
Rﬁ,loc - Rﬁ,S

induce a sequence of morphisms
an d an d Da‘//v an d
(SpaR2Y)" X ITy1y T4 — (SRS )" X Ty T Ty ((SpaBZ*)" x T4),

whereyr, := ¥|Galy, - We define X;’w and X g

an
510 1© be the preimages of [],,|,, XE 1%: in (Spa R;;p ) X
an
[1,), T¢ and (Spa Rg,’]'gc) X [Ty, T4, respectlvely.
If we additionally have d-tuples of characters «,, := (ky.1,...,ky,q), Where k,, ; : @IX% — O0(X)*is
a continuous character, and we set X := (Spa R)*", we may form the spaces

0,¢,k N/ I D Yy, K
tri,p,S 7 “ri,p,loc ? vip tr1 Py
N N N

(SpaR;:g’)an XI1yp T4 —— (SpaRf loc)an XI1yp Td — Hv|p((SpaR;;w“)an X Td).

In particular, suppose we have fixed a neat level K = K”1, as in Sections 3 and 4, and consider the
ring R = Z,[[To /Z(K)]| corresponding to integral weight space. Since Ty = [, (Resg,., jz, Tv)(Zp),
we have homomorphisms Z, [[T, (OF, )]l — R, and hence morphisms SpaR — SpaZ,|[[T, (OF,)]l.
Suppose we have a determinant character ¢ : Galp — R*, and a set of weights K, = (Ky 15 s Ky.d):
@;«Ev — O(Wr)* for each v | p such that ¥|Gay,,, and k,, are compatible for all v and such that v,
and «, factor through Z,[[T, (OF,)]] — R for all v, that is, they depend only on the projection to
SpaZ, ([T, (OF,)]l-

Proposition 2.3.5. Under the above assumptions, there is an open subspace Z C Wr such that

Ei"g’ﬁch — Z is equidimensional of dimension |X, [(d?>-1)+[F: Q] M
Proof. Viewing ¢, as a character Galp, — Z,[[T, (OF,)]]* and viewing k, = (ky.1,...,Ky.q4) as a

d-tuple of characters @fév — Z, ([T, (OF,)]]*, we have a pullback diagram

|:| v,K H E| Uy K,
tn ,p,loc vip trl Oy

| l

W —— Tl (SpaZ, [T (0r,)1)"

The right vertical morphism has relative dimension

Z(dZ— + 1R, @ MY 1)):|zp|<c12 DRSTY

vip

over an open subspace of ]—[v“,(Spa z, [[Tv(@pv)]])an, so the morphism XK — WF does, as

tri,p,loc
well. |

The case we will be most interested in is the case where F/Q is cyclic and totally split at p, and
d = 2. In that case, XE i"gv’ﬁv — SpaZ,[[T,(OF,)]]*" has relative dimension 4 over an open subspace
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of SpaZ, ([T, (OF,)]|*" for each v | p, and hence X lf sloc W has relative dimension 4[ F : Q] over
an open subspace of #r.

2.4. Trianguline deformation rings
We have constructed the trianguline varieties Xt‘:‘. _and X% as subspaces of the (nonquasicompact)
11,0 tri,p

—_— an
pseudorigid space Gfﬁ’dxz (@;é)d X (Spa Rg) . However, the advantage of working with general pseu-
dorigid spaces is that we can construct integral models, so long as we bound the slope.
We will apply this to find formal models for pieces of our trianguline varieties. Recall that, when K

is a finite extension of Q), and p is a representation of Galg, we defined X, 0 and X D’l//’ﬁ as analytic
an

subspaces of G& x SpaZ,[[(6%)]] x (SpaRD)an and G x SpaZp[[(@X)d]] X (SpaR®RD) ,

respectively. By construction, SpaZ,, [[(@;é)d]] (Spa RD) has a quasicompact integral model, but

an

an
GY x SpaZ, [[(0%)4]] x (Spa RE) X (Spa RE) does not; in particular, it is not equal to the analytic

- an
locus of Spa RD ®Z p[L(O)(T, T™") (and similarly for G2 x SpaZ, [[(0%)?]] % (SpaR ® Rg) ).
In order to construct integral models of annuli, we begin with an illustrative example.

Example 2.4.1. Suppose R = Z,[[u]] and A is an integer. We may cover Y := Spa(Z, [[u]])am with the
open affinoid subspaces U; := Spa(Qp<I%>) and U, := Spa( [ull(Z) [u]) their intersection is the

circle Uy N U, = Spa(Qp<%, §>)
The annulus Cy, j, is affinoid, with coordinate ring

Qp< p"T, T2>/(TT2—P )—Qp<p,T,T1,T2>/(T1 -p"T.TT, - p").

Restricting to Uy N U,, we obtain an affinoid with coordinate ring
u h
Zp[[u]]<—, ’—’,T,TI,T2>[ ]/(Tl -u(E ) 7,77 - " (2)).
p u u
h h
Writing T} := (%) Tyand T; := (%) T,, we get

[[u]]< TTl,T>[ ]/(T —u"T,TT) — u")

which is also the restriction of Cy, , to U; N Us.
The affinoid spaces Cy,,;, and Cy,nu,,» have integral models, compatible with gluing. Thus, we see
that Cy 5, in this case admits a formal model which lives over the blow-up Bl(, ., R.

Returning to the general case, we may choose a Z,-basis for the torsion-free part of O and
corresponding coordinates on Spa Z, [[ 0% [|*". Then we may consider relative annuli over Spa Z, [[ 0% [|;
as above, these annuli glue to a space 7;, which has an integral model ;, over the blow-up Bl; Z, [[O£ ]
(where I = Nm is the intersection of the maximal ideals of Z, [[O¥]]). Similarly, given some integer
d > 1, we may define relative annuli Td c T4 overSpaZ [[(@ )“']]“m which have integral models ‘Id

Now, we may set

(m]
Xtrl 0 <h

=X (Spa R/E) X 7;1‘1)an
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and

0.k . yOU.K = 0 a\™"
XoLE, = X0E 0 (spaRBRIXT)

When Fis a totally real field and p is a representation of Galy unramified outside a finite set of places
0.4,k

S, we may similarly define bounded global trianguline varieties Xt‘i‘i’ﬁ’ S.<h and X wi5.S.<h

an - an )
of (Spa RS X Ty 771‘1) and (SpaR ®R2 X1, 7;1‘1) , respectively.

as subspaces

Remark 2.4.2. We emphasize that these bounded trianguline varieties are not canonical; they depend
on a choice of coordinates on SpaZ, [[OZ]]*". This may seem strange, but we will use our bounded
trianguline varieties to study bounded-slope pieces of eigenvarieties, and the construction of these pieces
of eigenvarieties also depends on a choice of pseudouniformizer in the coefficients.

Remark 2.4.3. For our purposes, we in fact only need to consider relative annuli and bounded trianguline
varieties over some affinoid subspace U of weight space. Nevertheless, for the sake of completeness we
treat them here over all of weight space.

Now, we restrict to the case K = Q,, and we choose coordinates zj,...,z4 on each component
of SpaZ, [[(Z;_f,)d]]a". Write h = a/b, where a, b are nonnegative relatively prime integers. We will
construct an integral model of X\ 5.<h using Corollary A.0.2.

For z € {p,z1,...,24}, we get an affinoid U, := SpaR,, where R, :=
z, [[(Z;)d]] <§, Ry %“} [%] with ring of integers R; o, inside SpaZ,, [[(Z’,j)d]]a“. Then the restric-

tion of 7;ld to U, has the presentation

z Z 1
SpaZ, [[(Z;)d]]<£, R L .,z“T;”>H.
z z z z
Over this space, there is a d-tuple 61, . .., 84 : Q) 3 R}, where 6;(p) = T; and (5i|z1x,) is the restriction

of the universal character on (Z;j)d .
an
Given an affinoid SpaR C (Spa Rg) with pseudouniformizer u € R, there is a (¢, ")-module

Dpg of rank d over Spa R. To study the bounded trianguline variety, we first study morphisms Dg —

AR rig.Q,, (94)- Equivalently, we consider the twist Dg (6:11) over the (nonquasicompact) space Spa R X

Spa Rz<thjl> and consider morphisms DR((S;I) — AR rig,Q,, to the trivial rank-1 (¢, I')-module.
We wish to first consider the closure Zg of

Zr :={(px,da.x) | there is a surjective map Dr — As(x).1i2.Q, (6a.x)}

in Spa Ry ® R, o(z*T?. T/ ) /(TP T} - z9).

L
There is a nonzero morphism at precisely the points x € SpaR X Spa R, where HO(D}’Q (6a)x)

is nonvanishing; equivalently (by Tate duality), at precisely the points where H>(Dg (6;1 Xeye)x) is
nonvanishing. We write Zj, for the support of H*(Dg (6" Xeye)x)-
The closure of Zy is a priori defined as a subspace of the locus

{lzI" < T3] < |zI™"} c SpaR x SpaR_ o X G,
We first claim that there is a closed subspace of
Spa R x Spa R, (2T}, T/ ) /() T} - 2%)

whose restriction to this subspace is our original closure.
By [Bel23a, Proposition 5.2] (more precisely, by the proof of the corresponding result [KPX 14, Propo-
sition 3.3] in characteristic 0), H>(D R((S;l Xecye)) vanishes if T is sufficiently u-adically small. Here,
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‘sufficiently small’ depends only on Dg, not on the twist by 5d|z;- Thus, Zj, is contained in the locus

{T4 > u™} for some N > 0. Since Spa R @)RZ,()(z“Tib, 7}’)/(7}177"1.’ — z%) is covered by the loci {|Ty| >

|u*N |} and {|T,| < [u*N [}, the closure of Zg is well-behaved in Spa R ® R, o(z“T?, T/ ) /(TP T/ - z%).
We next consider the intersection of Zg with

{T =T} c Spa R(u"T*') x Spa Rz o(2“T7"),

that is, to the locus where T, is not very u-adically large. We may apply [Bel23a, Corollary 5.3] to the
universal twist of D g over this space, and we conclude that Z, is contained in the subspace (2N < |ul}
for some N’ > 0. Since Zr C ZJ,, the same is true of Zg and its Zariski closure ER.

On the other hand, if T is u-adically large, say, if T; > u~!, then we have the pair of inequalities

| < T < 27"
This implies we are over the (affinoid) subspace
{lzI" < |ul} c SpaR x Spa R, o{z*T3").

This lets us study the points consisting of a Galois representation together with a first step in a
triangulation and their Zariski-closure; in order to proceed by induction and study the points consisting
of Galois representations together with a full triangulation, we will need the following lemma:

Lemma 2.4.4. Let R be a pseudoaffinoid algebra with pseudouniformizer u € R, and let D be a family
of (@,T)-modules of rank d over R such that H°(k(x) ®g D") is nonzero at a Zariski-dense set of
maximal points x € Spa R. Then there is a finite affinoid cover {U;} of Spa R and a collection of proper
morphisms nt; : l7i — U; such that

1. There are morphisms A; : n;D — Al?,-,rig,Q,, ® Z, for some line bundle & on U;
2. The kernel of A; is a family of (¢, ")-modules of rank d — 1

Proof. After replacing Spa R with a connected component of its normalization, we may assume that
Spa R is normal and irreducible. Using [KPX 14, Corollary 6.3.6(2)], there is a proper birational mor-
phism f : Xg — Spa R such that H'(f*D") is flat for i = 0 and has Tor-dimension at most 1 fori = 1, 2.
For any x € X, we have an exact sequence

0= ke ® HO(f'DY) > H'(ky ® f'DY) = Tor{ (H'(f'D"), ki) = 0

(where we have used the low-degree exact sequences coming from the base-change spectral sequence cf.
[Bel23a, Corollary 3.12] and the assumption that H(f*D") has Tor-dimension at most 1 fori = 1, 2).
Since we assumed that H%(k(x) ®g D") is nonzero at a Zariski-dense set of maximal points x € Spa R,
we see that HO(f*DV) is projective of nonzero rank.

Let g : Yg — Xg be the projective space Proj(Sym Ho(f*DV)v) over Xg. Since g : Yr — Xg is flat,

we have g*H'(f*D) — H'(g*f*D) for all i, and moreover, g* f*D retains the property that H%(g* f*D)
is flat (of nonzero rank) and H'(g* f*D) has Tor-dimension at most 1 fori = 1, 2.

Over Yg, there is a universal quotient g*H 0( f*DY)Y —>» Oy, (1), which induces an injection
Oy (-1) — g*H°(f*DV) with projective cokernel. If we consider the composition

Avg.tie.Q, ® Ov(=1) = Aygrig.q, ® §°H (DY) — g* f*D",
we may again dualize to obtain a morphism 4 : g* f*D — Oy, (1) ® Ay, 1ig.Q,,-
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There is a finite affinoid cover {Spa R ;} of Y trivializing Oy, (1); we let A; denote the restriction of
A to Spa R;.. For any x € Spa R;., we again have an exact sequence

0 — ke ® H(g"f*D}) — H'(k, ® g"f* D)) — Tor™ (H' (g f*DY), kx) 0.

This implies in particular that the specialization of A; is nonzero. If x has characteristic-p residue field,
this implies that the specialization of A; is surjective. As in the proof of [Bel23a, Lemma 5.7], this
implies that there is an affinoid subdomain V; = {|p| < |u"/|} C Spa R;. containing the locus {p = 0}
over which 4; is surjective.

Let N := max{r;} andsetU; := {|p| < |u™ |} c Spa R. Then the preimage (fog)~!(U,) is contained
in U;V;. We will set Uy = (f o g)"'(Uy). Then by construction, 7 : U, - Uis surjective and

Alg, : 1D — 71Oy, (D]y,

is surjective, so its kernel is a family of (¢, I')-modules of rank d — 1.

On the other hand, set U, := {|u™V| < |p|} € Spa R. Then the preimage (fog)~!(U,) is quasicompact
and contained in the characteristic-0 locus of Yg, so we may apply the techniques of the proof of [KPX 14,
Theorem 6.3.9]. More precisely, we let h : U) — (f o 2) "1 (U,) be a proper birational morphism so that
H'((f ogoh)*D/t) is flat for i = 0 and has Tor-dimension at most 1 for i = 1,2 (again using [KPX14,
Corollary 6.3.6(2)]). This lets us deduce that h*/lluzf is surjective away from a proper Zariski-closed
subspace, and locally on U, its cokernel is killed by a power of 7. Then we make a further blow-up

ﬁg — Ué such that over U,, the kernel of A is a family of (¢, I')-modules of rank d — 1, as desired. O

This permits us to use induction to deduce the following:
Corollary 2.4.5. Let R be a pseudoaffinoid algebra with pseudouniformizer u € R, and let D be a family
of rank-d (¢, I")-modules over R. Consider the Zariski closure Z of the locus in Spa Ry X Spa R; o X Gfln R
corresponding to points x = (D, 0, ), where |; x (p)*Y < |z|™" for all i, and 0. is a regular parameter
of D. Then there is some N’ > 0 such that

Z c {|zY'| < |u| forall i} c SpaR xSpaRz<thf1>.

This is precisely the condition we need to apply Corollary A.0.2, so the closure we are interested in
is well-behaved in Spf Ry ® Rz,()(z“Tib, 7}')/(7}”7}' - 79).

an
Letting Spa R range over a (finite) cover of (Spa Rg) , we obtain a closed subspace of Spf Rg X

Spa R, o(zT?,T!)/(TPT} — z*). Letting z range over {p,zi,...,zq}, in turn, we may glue to get a
closed subspace of Spf Ry x T¢, yielding the desired integral models of pieces of trianguline varieties:

Corollary 2.4.6. Suppose that p is a representation of Galk, where K is a finite extension of Qp,, or of

Galp, where F is a totally real number field (in which case we assume p is unramified outside a finite set
[m] £Dv¢v£ O,¢,k )
tri,p, <h tri,p, < tri,p,S,<h”’

of places S). Then there are formal schemes X (resp. X 5.5.<h ) and , (resp. X
an an
which are affine over Iy, such that (%Ei’ﬁ,gh) = th‘iﬁ’sh (resp. (%E‘i’;’s’sh) = Xt?i,ﬁ,s,sh) and

ok \M Ok 0,¥,K m o ooyk
(%tri,ﬁ,sh) = Xoi5.<n (76D %tri,ﬁ,S,gh = Xi 5.5, <n)
3. Extended eigenvarieties
3.1. Definitions

We briefly recall the construction of extended eigenvarieties in the two cases of interest to us. Fix a
number field F and a reductive group H over F which is split at all places above p; then we define
G := Respq H. If we choose split models Hp,, over OF, for each place v | p, along with split maximal
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tori and Borel subgroups T, ¢ B, C Hp,, , we obtain an integral model Gz, := [, Hop, of G, as
well as closed subgroup schemes

T:= l_l Resgy, 2z, Tv C B = l_[ Resgy, /Z, B,.
vip vip

Let Tp := T(Z), and let the Iwahori subgroup I C Ggz,(Z,) be the preimage of B(F;) under the
reduction map Gz, (Z,) — Gz, (Fp).

We choose a tame level by choosing compact open subgroups K, C G(Qy) for each prime € # p,
such that K, = G(Z,) for almost all primes ¢ (where G is some reductive model of G over Z[1/M] for
some integer M). Then we put K” := [],,,, K; and K := K”I; we assume throughout that K contains
an open normal subgroup K’ such that [K : K’] is prime to p and

x'D*xN K’ cOF* forallx € (Ap,; ®F D)* (3.1.1)

which is the neatness hypothesis of [JN19b].! If Z denotes the center of G, we let Z(K) := Z(Q)NK and
let Z(K) c Ty denote its p-adic closure. We also let Ko, € G(R) be a maximal compact and connected
subgroup at infinity, and let Z2, C Z, =: Z(R) denote the identity component.

Finally, let X C Ty be the kernel of some splitting of the inclusion 7y € T(Q),); there are then certain
submonoids =Pt ¢ ¥+ c ¥, and we fix some ¢t € P,

In the cases of interest to us, F' will be a totally real field, completely split at p, and H will be either
GL,; or the reductive group D* corresponding to the units of a totally definite quaternion algebra over

F split at every place above p. Fixing isomorphisms D, — Mat, (F,) for each place v where D is split,
we may define integral models of H, via He, (Ro) := (Rg ® Matg(@Fv))X for all Of, -algebras Ry
(whether H = GL; or D). In either case, we let B, C Hp,. be the standard upper-triangular Borel and
we let T,, c B,, be the standard diagonal maximal torus.

For either choice of H, the adelic subgroup K(N) C (Ap, F ®@H(F ))>< of full level N is neat for
N > 3 such that N is prime to the finite places v where H,, # GL;. Thus, if we assume p > 5, we may
take KP? arbitrary.

For either choice of H, we define X} := { ( @,

0
define =* :=[],, Xy and A, := IZ*] =[], |, A,. Then we fix U, := [1, (" &, )Iv] € L\H(F))/1,
and U, :=[1,, Uw,-

For each prime ¢ # p, we fix a monoid Ay € G(Q¢) containing K., which is equal to G(Q¢)
when K, = G(Z¢) such that (A, K,) is a Hecke pair and the Hecke algebra T(A¢, K,) over Z,, is
commutative. Then we define AP := ]—[;ip Apand A ;= APA . We write T(AP, KP) := ®¢+pT(A¢, K¢)
and T(A, K) = ®;T(A¢, K¢) for the corresponding global Hecke algebras.

A weight is a continuous homomorphism « : Ty — R* which is trivial on Z(K), where R is a

pseudoaffinoid algebra over Z,,. We define weight space W via

] w_oaz) | ar > al} and A, := I, Z}1,. Similarly, we

W' (R) := {k € Homes(To, R™) | klz(x) = 1}.

It can be written explicitly as the analytic locus of Spa(Zp (To/Z(K)I.Z,[To/Z(K )]]). Then % is

equidimensional of dimension 1+ [F : Q]+, where b is the defect in Leopoldt’s conjecture for F and p.

The next step is to construct a sheaf of Hecke modules over weight space such that U, acts compactly
and admits a Fredholm determinant. We will actually use two such sheaves. If k : Ty — R* is a weight,
then [JN16] construct certain modules of analytic functions A, and distributions D%. Here, r € (r, 1),
where r, € [1/p,1). When r, € (1/p, 1), they also construct A;" and D" so that DY, is the dual of

1The authors assume throughout that the level is neat; to relax this assumption, one chooses an open normal subgroup K’ ¢ K

of index prime to p such that K’ is neat and considers the complexes C2 (K’, —)K/K/ and CBM (K, -)k /K- Since K /K’ has
K/K’

< and CBM(k, —)<h,K /K’ remain perfect.

order prime to p, the finite-slope subcomplexes C2 (K, D)
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Ag" and A7 is the dual of DF". As in [HN17], we fix augmented Borel-Serre complexes CBM(K, )
and C? (K, —) for Borel-Moore homology and compactly supported cohomology, respectively, and we

consider
CBM(k, Ay)
as well as
C)(K,Dy) and CK,D:").
Now, A’ and D7 are potentially orthonormalizable, so CBM(K, A") := eal-ClBM(K, Ar) and

C:(K,DL) := &;CL(K,D;) are, as well. Since U,, acts compactly on A’ and DY, this implies that there
are Fredholm determinants F,*’ and F! for its action on CEM(K, A") and C}(K, D%), respectively.
It turns out that F*" and F + are independent of » by [JN16, Proposition 4.1.2]; we set D, = I(El Dy

and o, = ll_r)n Ay, and we write F, and F, for the Fredholm determinants of U,, on C} (K, <) and

CPM(K, o), respectively. Then F, and F, define spectral varieties Z C Aj, and Z’ C A, . We
letnr: & — Wr and 1’ : Z' — Wy be the projection on the first factor; they are flat morphisms of
pseudorigid spaces.

By [JN16, Theorem 2.3.2], Z has a cover by open affinoid subspaces V such that U := n(V) is an
open affinoid subspace of #F and x|y : V — U is finite of constant degree. This implies that over
such a V, F factors as Fy = Qy Sy where Qy is a multiplicative polynomial of degree deg |y, Sy is
a Fredholm series, and Qy and Sy are relatively prime.

If such a factorization exists, we may make C; (K, Dy) into a complex of Oz-modules by letting
T act via U;l. Then the assignment V - ker Oy, (U,) C C*(K, Dy ) defines a bounded complex #*
of coherent Oz -modules, where Q}, (T) := T%¢2v Qy (1/T). If V = = (U), where (U, h) is a slope
datum, then J* is the slope-< h subcomplex of C: (K, Dy ). We set

M= & H (K)

which is a coherent sheaf on Z.
Such factorizations exist locally, by an extension of a result of [AS]:

Proposition 3.1.1. Let R be a pseudoaffinoid algebra, and let xy € SpaR be a maximal point. Let
F(T) € R{{T}} be a Fredholm power series, and fix h € Q. Suppose Fy, # 0, and let Fyx, = Q0So be
the slope < h-factorization of the specialization of F at x(. Then there is an open affinoid subspace
U C SpaR containing xo such that Fy has a slope < h-factorization Fy = QS with Q specializing to
Qo and S specializing to Sy at x.

Proof. The existence of the factorization of Fy, follows from the version of the Weierstrass preparation
theorem proved in [AS, Lemma 4.4.3]. Then the proof of the proposition is nearly identical to that of
[AS, Theorem 4.5.1], up to replacing p with u and translating the numerical inequalities into rational
localization conditions. O

Since spectral varieties are flat over weight space, we will be able to use the following result to show
that slope factorizations exist:

Theorem 3.1.2 [Con06, Theorem A.1.2]. Let f : X — Y be a flat map of pseudorigid spaces. Then fis
finite if and only it is quasicompact and separated with finite fibers, and its fiber rank is locally constant
onY.

Remark 3.1.3. This result is stated in [Con06] for classical rigid spaces, but the proof goes through
unchanged for pseudorigid spaces. The input from non-Archimedean geometry is the theory of formal
models (and flattening results) of [BL.93a], [BL93b]; Although the authors had in mind applications to
classical rigid analytic spaces, they worked in sufficient generality that their results hold in the more
general pseudorigid context. One uses this theory to reduce to the corresponding algebraic result of
[DR73, Lemma II.1.19].
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We further observe that we have inclusions D, ¢ Dg" ¢ D for any r, < s < r. Thus, the fact that
FI = F$ implies that ./ = &;H.(K, D" )<y, for any r > ry.

‘We may carry out the same procedure for the action of U}, on CBM(K, o, ) and obtain a coherent sheaf
MEM = &, HBM(K, o )<p on Z'. Let T denote either T(AP, KP) or T(A, K). Both .4 and 2™ are
Hecke modules, so we have constructed eigenvariety data (£, /., T, ) and (Z”, /%PM, T, y’) (where
Y : T — Ende, (A2) and ' : T — Endg,, (MBM) give the Hecke-module structures).

Finally, we may construct eigenvarieties from the eigenvariety data. Let J and 7’ denote the sheaves
of O« -algebras generated by the images of ¥ and ', respectively; in particular, if Zyy , € Z is an open
affinoid corresponding to the slope datum (U, £), then

T (Zu.n) = im(@(fu,h) ®z, T— End@(zu’h) (H:.(K, gu)sh) =Ty n

and
TN (Fl4) = im(0(ZF ) ©2, T = Endo(zy, ) (HPN (K. oty ) ) =T
Then we set
fl”g = Spag”
and

Sl’g" := Spag”’

and we have finite morphisms ¢ : X6 — Z and ¢’ : X — Z’, and Z-algebra homomorphisms

¢ : T — @(fl”g) and ¢pg : T — @(fl”g"). If the choice of Hecke operators is clear from context, we
will drop T from the notation.

If T = T(A, K), then unlike [JN16], we are adding the Hecke operators U, at places v | p to our
Hecke algebras (and hence to the coordinate rings of our eigenvarieties), not just the controlling operator
Up.

3.2. The middle-degree eigenvariety

When F = Q and G = H = GL,, for any fixed slope /4 such that C2(K, D) has a slope-< h decom-
position, the complex C2(K, @, )< has cohomology only in degree 1, and H.(K, D, )<, is projective.
As aresult, the eigencurve is reduced and equidimensional, and classical points are very Zariski-dense.
For a general totally real field F, the situation is more complicated. The complex C? (K, Dy )<p lives in
degrees [0, 2d], and we are still primarily interested in the degree-d cohomology; indeed, the discus-
sion of [Har87, §3.6] shows that cuspidal cohomological automorphic forms contribute only to middle
degree cohomology in the classical finite-dimensional classical analogue. However, there is no reason
to expect the other cohomology groups to vanish.

Instead, following [BH17] we will sketch the construction of an open subspace XGr,/F,mid C ZGL,/F >
where H(.(K,9,) vanishes for i # d; by [BH17, Theorem B.0.1], all classical points of Xgr,/F
whose associated Galois representation have sufficiently large residual image lie in XGr,/F mid- The
cohomology and base change result [JN 16, Theorem 4.2.1] shows that the locus where H'.(K, Z,) = 0
fori > d + 1 is open, but we need to use the homology complexes CEM(K, A,) to control H.(K,D,)
fori <d-1.

As in [BH17], the key points are a base change result for Borel-Moore homology, and a universal
coefficients theorem relating it to compactly supported cohomology:

Proposition 3.2.1.

o There is a third-quadrant spectral sequence
Ey? = Tor® (HBM (K, o)<, $) = HEY (K, Ag)<n
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o There is a second-quadrant spectral sequence
Ey’ = Exty (HPM(K, o) <n. R) = HE Y (K, D)<n

These are spectral sequences of T(A, K)-modules.

The proof uses both the fact that D" is the continuous dual of A~ and the fact that H. (K, D" )< =
H(K,DL)<p forall r > ry.

Proposition 3.2.2. If (U, h) is a slope datum, then we have a natural commuting diagram

OU) 8 T(AK) — T, ,

l I

|

4/

’ 3 d
TU,h T;;,h'

: . red ’ : : . red
Thus, we have a morphism 7 : SI"GLz/F — SXGLZ/F and a closed immersion i : %GLZ/F — AGL,/F-

Definition 3.2.3.
XLy /F mid = LGLy/F \ I:(Uiitﬁ.l SUPP(/%Z)) U (Uj-l;(} SUPP(i*T*/%}SM)]-

By construction, a point x € 2gr,/r of weight A, lies in the Zariski-open subspace XGr,/F mid C
Lo, F if and only if H.(K, kx ® D3 )m, = 0 for all j # d (where m, is the maximal ideal of the
Hecke algebra corresponding to x).

Proposition 3.2.4.

1. The coherent sheaf ﬂng[GLz/F wa 18 flat over W'

2. 6L, F,mid IS covered by open affinoids W such that W is a connected component of (m o q)""(U),
where (U, h) is some slope datum, and T (W) acts faithfully on ME(W) = ey HL (K, D) <p (where
ew is the idempotent projector restricting from (m o )~ (U) to W).

Proof. This follows from the base change spectral sequence, and the criterion for flatness. O

3.3. Jacquet-Langlands

The classical Jacquet—Langlands correspondence lets us transfer automorphic forms between GL, and
quaternionic algebraic groups. Over Q, this correspondence was interpolated in [Che05] to give a closed
immersion of eigencurves & g% Q= VA in Y this interpolation was given for general totally real fields
in [Bir19]. We give the corresponding result for extended eigenvarieties. However, as we have elected
to work with the eigenvariety for GL, /F constructed in [JN16] via overconvergent cohomology, instead
of the eigenvariety constructed from Hilbert modular forms, we will never get an isomorphism of
eigenvarieties, even when [F : Q] is even.

Let D be a totally definite quaternion algebra over F, split at every place above p, and let dp be its
discriminant. For any ideal n € O with (dp,n) = 1, we define the subgroup KIQ n) c(Op® Z)X

D* 7 * %
K2 (m) = {g e (Op®D* 1 g=(51) (modm)}.
9/ (n) ¢ Rese,./z, GLa(Z).
A classical algebraic weight is a tuple (k) € Zi‘” together with a tuple (v,) € Z*> such that

2
(kg)+(vg) =(r,...,r) for some r € Z, where X, is the set of embeddings F — R. Set e := (%

We may define a similar subgroup K
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and e; := (r_zk‘r ), and define characters «; : F* — R* fori = 1,2 via

@ =[] @

O €L

Then (1, k2) is a character on T(Z) which is trivial on a finite-index subgroup of the center Z (Z) = OF;.
Then we have the classical Jacquet-Langlands correspondence:

Theorem 3.3.1. Let « be a classical weight, and let w C Of be an ideal such that (n,dp) = 1. There is
a Hecke-equivariant isomorphism of spaces of cusp forms

S& (P () = S (KT (ndp)).

We will interpolate this correspondence to a closed immersion Zpx < gL,/ r, Where the source

GL,/F

has tame level KIQX (n) and the target has tame level K

[JN19a]:

Theorem 3.3.2 [JN19a, Theorem 3.2.1]. Let ©; = (Z;, M;, Ti, ;) for i = 1,2 be eigenvariety data,
with corresponding eigenvarieties I;, and suppose we have the following:

(n). We use the interpolation theorem of

o Amorphism j:Z, — %>

o A Z,-algebra homomorphism Tr — T

o A subset X c X\ of maximal points such that the T,-eigensystem of x appears in M (j(m,(x))) for
allx € X

Let & c I denote the Zariski closure of & °l (with its underlying reduced structure). Then there is a
canonical morphismi : X — 2 lying over j, such that ¢z o o = i* o ¢g,. If j is a closed immersion
and o is a surjection, then i is a closed immersion.

We remark that in the presence of integral structures, we can make a sharper statement:

Corollary 3.3.3. With notation as above, suppose that the Z; = SpaR; are affinoid, with R;o C
R; rings of definition such that j is induced by a morphism Spf R0 — SpfR»o, and sup-
pose that M; = T'(Z;, M;) admit R;-lattices M; stable under the actions of T;. Let leo =

im(R;,0 ® T; — Endg, ,(M;)), and let Lo denote the closure of X in Spf R} - Then there is a
morphism jo : Lo — Spf R} o

Proof. As in the proof of [JN19a, Theorem 3.2.1], one reduces to the case where Ry := Rj o = Rz,0 and
T := T = T», and one considers the actions of T; @ T, on M| o ® M> . Then we have quotients

Rz = im(Ro ® T — Endg,(M;,0 ® Mz,g)) - R;,O'

’

2,0°
We take Z| = Z> = Wr X G,,. In order to define T = T; = T,, we set

Since & ¢ 2> and Spf R3 o is separated, we have Lo C Spf R}, ., as desired. O

3 GL,(F,) ifv ¢ pdpn
UK )y, ifv | opn.

For v | p, we take A, as in §3.1. In other words, T is the commutative Z,-algebra generated by
T, = [K,(' &, )K]and S, := [K, (™ o, )K,] forv { pdpnand Ug, forv | p.

However, we cannot immediately combine this interpolation theorem with the Jacquet-Langlands
correspondence because our choice of weight space means that classical weights may not be Zariski
dense unless Leopoldt’s conjecture is true. More precisely, given a classical algebraic weight, we
constructed a character on T(Z) trivial on a finite-index subgroup of @, and conversely, characters on
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T(Z) trivial on a finite-index subgroup of OF yield classical algebraic weights. This equivalence relies
on Dirichlet’s unit theorem.

This means that there are two natural definitions of p-adic families of weights, ‘WF’ =
SpaZ, [[(Resqy/z, Gm) X Z7]]*" interpolating classical algebraic weights, and 7 interpolating char-
acters on Ty, and the equivalence of those two definitions depends on Leopoldt’s conjecture.

Fortunately, the gap between these weight spaces can be controlled: There is a closed embedding

Wy. — Wr, and the twisting action by characters on @,’é’p / @;’J' defines a surjective map

X X,+ ’ rig
@F’p/@F X Wy — WF .

We say that a weight A € ‘%/an (Gp) is twist classical if it is in the @;’p / @;’Jr(ap)-orbit of a classical
weight. Then twist classical weights are very Zariski dense in Zr .

In addition, we may define a twisting action on Hecke modules, as in [BH17]. Let Galr_, denote
the Galois group of the maximal abelian extension of F' unramified away from p and oo, and let
n: Galp , — 6; be a continuous character. Global class field theory implies that Galr , fits into an
exact sequence

1 — 0f /05" — Galp , — Clp — 1,

where Cl}. is the narrow class group of F (and hence finite). Suppose M is an R-module equipped with

an R-linear left A ,-action. Then we may define a new left A ,-module M () := M ® n! |@; , where
sP

the action of g € A, is given by

g-m= (U‘II@;W (detg - p~2vir ”(de‘g))) (g - m).

In particular, 9, () = 9 by [BH17, Lemma 5.5.2], and there is an isomorphism

n

twy, : Hi(K, 2,) = HA(K, D, 1.

Suppose x € Xpx (6,,) is a point with wt(x) =: A, corresponding to the system of Hecke eigenvalues
Uy: T — 61,. Then we define a new system of Hecke eigenvalues via

n(@ )W (T) ifvy{pdpnandT =T,
twy (Y )(T) = Tl(wv)zwx(T) ifv{popnandT =S,
(@)Y (T) ifv|p.

Then it follows from [BH17, Proposition 5.5.5] that tw,, (i) corresponds to a point tw,,(x) € Xpx of
weight 7! |@;‘ L,k

We say that a point x € Zpx (6,,) is twist classical if it is in the Gm,(ap)—orbit of a point
corresponding to a classical system of Hecke eigenvalues.

Proposition 3.3.4. Twist classical points are very Zariski dense in XLpx.

Proof. Recall that 2« admits a cover by affinoid pseudorigid spaces of the form Spa 7 (Zy 1), where
7 Zu.n — U is finite of constant degree, and

I (Zu.n) = im(@(zu,h) ®z, TV — Endp(z,, ,,) (H (K, 9U)5h)~

We write U = Spa R for some pseudoaffinoid algebra R over Z,,. We will show that Spec 7 (Zy n) —
Spec R carries irreducible components surjectively onto irreducible components, and we will construct a
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Zariski dense set of maximal points W{}’i ;fl C U such that the points of wt™! (W{}’i ;fl) are twist classical.
By [Che04, Lemme 6.2.8], this implies the desired result.

To see that irreducible components of Spec 7 (Zy_;,) map surjectively onto irreducible components
of Spec R, we observe that D is totally definite, so the associated Shimura manifold is a finite set of
points and H}: (K, Dy ) vanishes outside degree 0. The base change spectral sequence of [IN16, Theorem
4.2.1] implies that the formation of H’(K, Py )<;, commutes with arbitrary base change on U, which
implies that H°(K, Dy )<y, is flat. Then [Che04, Lemme 6.2.10] implies that Spec 7 (Zy ) — Spec R
carries irreducible components surjectively onto irreducible components, as desired.

Thus, it remains to construct WBN, ;f‘. Birkbeck proved a ‘small slope implies classical’ result [Bir19,

Theorem 4.3.7] and constructed a set ch} ,, Zariski dense in U N7/} such that the points of wt™! (W{,1 )

are classical (see the proof of [Bir19, Theorem 6.1.9]). Setting W{}” ZCI to be the OF » / @;’Jr(ap)-orbit of

Wcl

U n» [BH17, Lemma 6.3.1] implies that points of wt~! (W{}” ;fl) are twist classical, and we are done. O

As a corollary, we deduce that > has no components supported entirely in characteristic p:
Corollary 3.3.5. & lr)iﬁ is Zariski dense in Lpx.

We may use similar arguments to show that 2~ is reduced:

Proposition 3.3.6. The eigenvariety Xpx is reduced.

Proof. We first show that X ;5 is reduced. By [JN 16, Proposition 6.1.2] (which adapts [Che05, Propo-

sition 3.9]), it is enough to ﬁ;d a Zariski dense set of twist classical weights W7 , c U C W;g for each
slope datum (U, h) such that 4 (Zy p)« is a semisimple Hecke module for all « € W} , . Birkbeck

[Birl9, Lemma 6.1.12] constructed sets W;*, Zariski dense in U N WF"rig with this property, and we
will again use twisting by p-adic characters to construct Wp; .

=X . . .
Ifn: 05,/ Oy — Q,, is a character, we have an isomorphism

tw,, : H (K, Dy) =S H.(K,2

77—1 K
By [BH17, Proposition 5.5.5], tw,, is Hecke-equivariant up to scalars, so ./ (Zy i)« is a semisimple
Hecke module if and only if . (Z,-1 .1/ 1)1 . is. Thus, we may take W3 , to be the O p/@:f’(ﬁp)—

orbit of UUrWl']’fSh, as (U’, h) varies through slope data, and we see that 2 ;5 is reduced.

Now, let X ¢ 2~ be an open affinoid subspace, and let {X;} be an open affinoid cover of the rigid
analytic locus X" c X. Since X \ X" contains no open subset of X, the natural map

mmeﬂmm

is injective. Each O(X;) is reduced, so O(X) is, as well. o

Now, the Jacquet-Langlands correspondence for eigenvarieties follows immediately:

Corollary 3.3.7. There is a closed immersion Xpx — 2GL,/F interpolating the classical Jacquet—
Langlands correspondence on (twist) classical points, where the source has tame level KIQ (n) and the

target has tame level K IGLZ/ Fm).

In particular, if [F : Q] is even, we can find D split at all finite places and ramified at all infinite
places. Then we may take in particular n = O to obtain a morphism of eigenvarieties of tame level 1.
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3.4. Cyclic base change

Fix an integer N € N, and let S be a finite set of primes containing every prime dividing pN. For any
number field F, we again let K g C GL;,(AF) be the compact open subgroup given by

Ky :={g €GL2(Ar) | g=((1) (mod N)}
and we let K := K ﬁl . We also define the Hecke algebra

T3 = Tng/F = @,¢sT(GLy(F,), GL,(OF,)).

There is a homomorphism o-;? : T; — Té induced by unramified local Langlands and restriction of
Weil representations from Wr to Wq.

Similarly, there is a morphism of weight spaces %0 < #q — #F induced by the norm map
Tr,0 — Tq,0.

In the special case where F/Q is cyclic, the classical base change map produces cuspidal automor-
phic representations of GL,(Af) from certain cuspidal automorphic representations of GL,(Aq), and
[JN19a] interpolated it to a morphism of eigenvarieties:

Theorem 3.4.1 [IN19a, Theorem 4.3.1].2 There is a finite morphism

SN

S
Z, GL,/F

GL,/Q,cusp,F —ncm

lying over W — Wr and compatible with the homomorphism oS,

Here, the source includes only cuspidal components with a Zariski-dense set of forms without
complex multiplication by an imaginary quadratic subfield of F.

Let Gal(F/Q) = (7). Then a cuspidal automorphic representation 7 of GL,(AF) is in the image
of the base change map if and only if 7 o 7 = &. In particular, the systems of Hecke eigenvalues of
base-changed representations must be fixed by Gal(F/Q).

This characterization of the image of the classical base change map permits us to prove automorphy
lifting theorems by passing to a more convenient solvable extension. We therefore wish to characterize
the image of the interpolated base change map when F is totally real and completely split at p (so that
the ‘F - ncm’ condition is vacuous). We further assume that [F : Q] is prime to p.

We will study the ‘Gal(F/Q)-fixed locus’ in the GL,,r-eigenvariety 2 gL?;]JU(F/ @ and show that it is
the image of the cyclic base change map; Xiang [Xial8] used a similar idea to construct p-adic families
of essentially self-dual automorphic representations.

Remark 3.4.2. We expect that it is possible to construct a base change morphism and characterize
its image for more general cyclic extensions of number fields F’/F; however, for simplicity (and
compatibility with [JN19a]) we have chosen to restrict to this setting.

We first observe that Gal(F/Q) acts on GL;/r, stabilizing T ¢ B and /, and also stabilizing the
tame level K7 Next, observe that Gal(F/Q) acts on T5. via (7 - T)(g) = T(r7'(g)) for all T € T5.
and g € GLy(AfF r). Then for any § € A, (7 - [KrdKF])(g) = [Krt'(6)KF](g); in particular,
T -Ug, = Ur(y), and hence Gal(F/Q) fixes U,. Similarly, we have an action of Gal(F/Q) on %
given via (7 - 1)(g) = A(r7!(g)); the image of Wg in W is the diagonal locus, that is, exactly the
Gal(F/Q)-fixed locus.

Since U, is fixed by Gal(F/Q), we see that if « is a weight fixed by Gal(F/Q), then the Fredholm
determinant F, (T') of the action of U, on C*(KF, D) is fixed by Gal(F/Q). Thus, we have a spectral

variety ZGA(F/Q ¢ "W/FGal(F/Q) x Al-A gyer %/FGal(F/Q).

2The authors only construct the morphism when N > 5, to maintain their running assumption that the level is actually neat (as
opposed to containing an open neat subgroup with index prime to p). However, the argument is identical for small N.
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Lemma 3.4.3. Let « : Ty — R* be a weight fixed by Gal(F/Q). There is an action of Gal(F/Q)
on C*(Kp,D,) and if D, admits a slope-< h decomposition, the action of Gal(F/Q) stabilizes
C.(KF, @K)S/’l'

Proof. Referring to the definition of I, for an arbitrary weight «, we have 9, = lim D}, where D}, is
the completion of a module D, with respect to a norm || - ||,.. The module D, itself is the continuous dual
of the space A, c C(I, R) of continuous functions f : I — R such that f(gb) = x(b) f(g) forall g € I
and b € By. It follows that we have a map 7 : A, — A, (since the action of Gal(F/Q) preserves
both I and By). If « is fixed by 7, we obtain a dual action of Gal(#/Q) on D,, and hence D}, and ;.
Since K f; is also stable under the action of Gal(F/Q) and the actions of K g and Gal(F/Q) on
2, commute, by functoriality we obtain an action of Gal(F/Q) on C*(Kr, D). Moreover, the action
of Gal(F/Q) fixes the Hecke operator U, so [JN16, Proposition 2.2.11] implies that the action of
Gal(F/Q) also preserves C*(Kg, Dy )<p- O

Lemma3.4.4. Let« : Ty — R* be aweight fixed by Gal(F/Q). ForanyT € TS., we have t-T = toTotr™!
as operators on C*(Kr, Dy.).

Proof. We may assume T = [Kr§Kp] for some 6§ € A. Then 7 - [KpdKFp]| = [Kp7(5)KF], and the
corresponding morphism

C*(Kr,2y) — C*(1(8)Kpt(8)™", Dy)

is induced by the conjugation map 7(8)Kr7(5)~! — K and the map @, — D, givenby d — 7(6)-d.
But 7(8)Kr7(6)™! = 7(677 1 (KF)d~!), so we may factor the conjugation map as

-1
7(O)Kp7(6)' 5 5t (Kp)o ™ — v (KF) 5 Kr.

1

Similarly, d +— 7(8) - d factors as T o T o 77, so our morphism of complexes also factors as desired. O

We may restrict £} to ZF/Q); we denote this restriction by %* and by abuse of notation, we
again use I to denote the sheaf generated by the image of Tfp in &ndgcar o (). Then the slice of
the eigenvariety SL”SLZ JF OVer ‘WFG AF/Q) g, by definition, SpaJ .

Both T(A?, K?) and Endg(v) (%) have actions of Gal(F/Q), and Lemma 3.4.4 implies that they

are compatible. Thus, 7 (V) and fl”ng IF |,y-cacr /) have actions of Gal(F/Q).
F

The subspace of ZgL,/r fixed by Gal(F/Q) corresponds to the sheaf V +— T (V)ga(r/q) of
coinvariants of 7. Since Gal(F/Q) is a finite group with order prime to p, 7 (V)gai(r,q) is a O;. (V)-
linear direct summand of I (V).

The above discussion gives us a closed subspace %gijgF AN Ing JE
We let

S,Gal(F/Q),o ,_ S,Gal(F /Q) S
e%‘GLz/F T e%.GLz/F N '%.GLZ/F,mid’

S,Gal(F/Q),o . s 1. . S
and we let X Gla/F denote its Zariski closure in GLaJF

Lemma 3.4.5. Classical points are very Zariski dense in 1557};” Qe

Proof. 1f (U, h) is aslope datumand W C &”ng IF is a connected affinoid subspace of the preimage of U,

then 7 (W) = ew I (U) and M (W) = ew H: (K, Dy )<n, where ew is the idempotent projector to W.

twc é‘l"ng/F’mid, then ! = ew HY(K, Dy )<p and HY (K, Dy )<y is a projective Oy (U)-module.

It follows that the restriction of ./ to X, gL?;’IL(F/ @< is a vector bundle over U.
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By [Che04, Lemme 6.2.10], 7 (U) is Oy;. (U)-torsion-free, and it remains torsion-free after any flat
base change on U. Since I (U)ca(r/q) is a direct summand of I (U), the same property holds for the
coinvariants.

Now, we may apply [Che04, Lemme 6.2.10] again to conclude that W n 3 Gal(F/ Q-

GLy/F is equidimen-
qS-Gal(F/Q).0

sional of dimension dim @Wgal(F‘/Q) (U), and every irreducible component of W N GlLa/F

surjects

onto an irreducible component of Spec @WGAI(F/Q) U).
-

IfxeWn Sl’gL(j/a]lp(F/ @-° has a classical weight that is sufficiently large (where ‘sufficiently large’

depends on &), then x corresponds to a classical Hilbert modular form. But sufficiently large classical

weights are very Zariski dense in %/FG al(F/ Q), so [Che04, Lemme 6.2.8] implies that classical points are

S:Gal(F/Q).0

GL,/F =

very Zariski dense in

Remark 3.4.6. The proof Lemma 3.4.5 is the only time we use our assumption that |Gal(F/Q)| is prime
to p. If we restricted to the rigid analytic locus (where p is invertible, so that IGa(F/q is unconditionally
a direct summand of I, this assumption would be unnecessary.

o S-Gal(F/Q).0

Corollary 3.4.7. The image of the cyclic base change morphism in X5 Gla/F

GLy/F.mid exactly

Proof. Since the cyclic base change morphism g1, ;Q,cusp = ZGL,/F i finite, it has closed image.

S,Gal(F/Q),o
‘EXGL2 /F

is closed in &g,/ F, it contains the entire image of the cyclic base change morphism.

GL»/F
On the other hand, every classical point of 2 GSLS;%F/ Q-° i5 in the image of cyclic base change, by the

classical theorem, so Lemma 3.4.5 implies the desired result. O

Moreover, cyclic base change carries any classical point of 2L, /Q,cusp t0 a point of ; since

o SGal(F/Q).0

3.5. Galois representations

In [JN16, §5.4], the authors construct families of Galois determinants (in the sense of [Che14]) over the
eigenvarieties 2 when G = Resy g GL,, and F is totally real or CM, and prove that they satisfy local-
global compatibility at places away from p and the level. Then the Jacquet-Langlands correspondence
lets us deduce the following:

Theorem 3.5.1. Let D be a quaternion algebra over a totally real field F, such that F is totally split at p
and D is split at all places above p. Let K = KPI C (Ap y ® D)™ be the level, and let S be the set of finite
places v of F for which D is ramified or K,, # GL,(OF, ). Then there is a continuous two-dimensional
Galois determinant D : Galp s — O(Xpx)* such that

D(1 - X - Frob,) = P, (X)

forallv & S, where P, (X) is the standard Hecke polynomial.

Moreover, if v | p, then for every maximal point x € Xpx of weight kx = (kx1,kx2), We let
W O(XLpx)T — k(x)* denote the corresponding specialization map. Then there is a proper Zariski-
closed subspace Z C X px such that for x ¢ Z, the Galois representation corresponding to D Gatye., 1S
trianguline with parameters 51,8, : FX =3 k(v)*, where

Stlox = Kehloy and 61(@y) = ¢ (Ug,)

and . -
52|@;§v = (Kx,l|@§chc)_ and 52(wv) = w(lv( v 1)Iv)-

Proof. It only remains to check local-global compatibility at places above p. But this is true for
noncritical classical points by work of Saito, Blasius—Rogawski, and Skinner, and it is true for twists
of those classical points by the definition of twisting. Then the result follows from [KPX14, Corollary
6.3.10] and [Bel23a, Theorem 6.8]. |

https://doi.org/10.1017/fms.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.116

Forum of Mathematics, Sigma 27

Remark 3.5.2. For each point x € 2px, there is a residual Galois determinant D, valued in a finite
field. These residual Galois determinants are constant on each connected component of 2 D, as a
consequence of [Chel4, Lemma 3.10].

As in Corollary 3.3.3, we can make a sharper local statement in the presence of integral structures.
Suppose « : Ty /m — R* is a weight, where R is a pseudoaffinoid algebra equipped with a norm
adapted to «, and Ryp C R is the corresponding unit ball (so in particular, « takes values in Ryp). If
(Spa R, h) is a slope datum, for any r > r, we define

HO(K D<r)<h 1m(HO(K D<r ) N HO(K D<r)<h)

and

T, = im(Ro ® T = Endg, (HO(K, Dg™)<n) ).
Corollary 3.5.3. With hypotheses and notation as above, there is a two-dimensional Galois determinant
Dy : Galp g — Tjrs’z’rw such that

R° ®r, Do = R° ®@(5[QX)+ D.

Proof. This is a corollary of the construction of [JN16, §5.4], rather than of Theorem 3.5.1. For each
maximal pointx € Spa R with residue field L and ring of integers Oy, let k. be the composition of x with
Ry — Op. By [JN16, Corollary 5.3.2(2)] combined with Corollary 3.3.3, there is a two-dimensional
Galois determinant D, : Galp g — T<r ° ;ed valued in the reduced quotient of T<r °.. We have an
injection

T<r-° ,red SN l_[ T<r,o,red,

K <h Kx,<h

where the x range over maximal points of Spa R. The ring T<r °1ed js compact since it is a finite Ro-

module, so by [Chel4, Example 2.3.2] the T:r ; Zed-valued determmants glue to Dy. O

3.6. Quaternionic sub-eigenvarieties

In order to study suitable spaces of overconvergent quaternionic modular forms, we will need to
define and study eigenvarieties parametrizing quaternionic modular forms with certain auxiliary data
fixed. We let F be a totally real number field totally split at p, and we let D be a totally definite
quaternion algebra over F, split at all places above p. We fix a level K C (Ap,; ®F D)>< and monoid
KcAc(Ar,s ®F D)x, and we set T to be either T(AP, KP) or T(A, K).

In order to construct an eigenvariety for D, we fixed a Borel-Serre complex CZ2(K, —) and we con-
sidered the cohomology C? (K, Z,). However, because we assumed D is totally definite, the associated
Shimura manifold is a finite set of points, and so the cohomology of C2(K,—) = C*(K,—) vanishes
outside of degree 0.

Thus, we can give an extremely concrete description of the automorphic forms of interest to us and
of the Hecke operators acting on them. Suppose that M is a left R[A]-module, for some pseudoaffinoid
algebra R. Then if f : D*\(AF ¢y ®F D)* — M is a function and y € A, we define , | f via , |f(g) =
y - f(gy)- Then

H(K,M) ={f : D’\(AF,f ® D) — M | ,|f = f forall y € K}

We can describe the Hecke operator [KgK] : HO(K, M) — H°(K, M) explicitly for any g € A; we
decompose the double coset KgK = []; g;K as a finite disjoint union of cosets, and we have

[KgK1f = ) alf.
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The first piece of auxiliary data we want to fix is the central character. If ¢ : A%, P /F* — R} isa
continuous character such that &|x noy. agrees with the action of K, N @;V on M for all finite places v of
F, we may extend the action of K on M to an action of K - A%, P by letting A% 7 act by &£. Then we define

HO(K,M)[¢] := {f € H'(K,M) | .|f = f forall z € A} ;}.

If we write D*\(AF,y ®F D)*/K = |1;c; D*g:iKAT / for some finite set of elements g; € (Ar s ®F
D)%, the natural map

HO(K, M)[€] — @ M S N5 081 P 80/
[ (f(g))

is an isomorphism.

The calculations of [Tay06, Lemma 1.1] show that (KA% Fp 0 g‘leg,) /F* is a finite group with
order prime to p for all i (since we assumed p # 2). Thus, if M is a potentially orthonormalizable Banach
R-module, then so is H(K, M)[£], and we will be able to apply the formalism of slope decompositions
to quaternionic modular forms with fixed central character. More precisely, we may consider the action
of a compact operator U on H(K, M)[£]. If H°(K, M)[£] admits a slope-< h-decomposition, then
HO(K, M)[&]<p, is a finite R-module which is a direct summand of H°(K, M)[£]. Since H*(K, M)[£]
is potentially orthonormalizable, H®(K, M)[&]<), satisfies the property (Pr) of [Buz07] and by [Buz07,
Lemma 2.11] it is actually projective as an R-module.

The coefficient modules of interest to us are the modules of distributions 9, constructed in [JN16],
and we fix a character & : A% Ff [F* = Z,[[To/Z(K)]I* as above. The operator U, commutes with
the action of A%, Fof /F* on 9, given by &, so U, acts compactly on C* (K, D )[£]. We may construct a
corresponding spectral variety Z¢ and eigenvariety datum (Z¢, #¢, T, ), where /¢ is the coherent
sheaf on Z¢ coming from factorizations of the characteristic power series of U,; we write Zpx  for
the corresponding eigenvariety.

By construction, H(K, @,))[¢] <y, is a projective R-module whenever (U, h) is a slope datum. Then
[Che04, Lemme 6.2.10] implies that if ./ ¢ is nonzero, & D¢ 18 equidimensional of the same dimension
as Wr.

Moreover, for each maximal point x € Zpx ¢, the corresponding Hecke eigensystem appears in Zpx
(with unrestricted central character), by construction. Then the interpolation theorem [JN19a, Theorem
3.2.1] implies that there is a closed immersion 27 red — Ipx, and dimension considerations imply

that its image is a union of irreducible components of Ipx.

This implies in particular that as (U, &) runs over slope data for C*(K, D,)[£], the sets WL']SZ cU
of semisimple weights constructed in Proposition 3.3.6 are Zariski dense. Then we may repeat the
argument of that proposition to conclude that Zpx ¢ is itself reduced.

We have shown the following:

Proposition 3.6.1. Given a character & : A}, Ff [F* — O(Wr)* as above, there is an eigenvariety
Ipx, & of quaternionic modular forms with central character &. It is reduced and equidimensional, and
it is naturally identified as a (possibly empty) union of irreducible components of X px.

We also wish to introduce eigenvarieties localized at maximal ideals of Hecke algebras. Let m c T
be a maximal ideal. By Theorem 3.5.1 and Remark 3.5.2, the residual Hecke eigenvalues are locally
constant on Xppx. It follows that the restrictions .y, and /¢ y, are supported on unions of connected
components of Z, which we write Z,, and Z. £ m, respectively. In particular, if (U, h) is a slope datum,
then H*(K, D) <p.m and H*(K, Dy )<, & m are again finite projective O(U)-modules. Then an identical
argument shows the following:
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Proposition 3.6.2. Given a character & : A% P |F* — O(Wr)* as above and a maximal ideal m C T
as above, for any choice of Hecke algebra T’ (possibly different from T) there are eigenvarieties LY, -
and X bT'X £m of quaternionic modular forms localized at m. They are reduced and equidimensional,

and they are naturally identified as (possibly empty) unions of connected components of L~,.

Remark 3.6.3. We write &7 = m/n and consider the closed ball By, := {|T"]| < |[u™™|} C Ab for
some open affinoid U C #F. Setting Zy , := Zwm N By p (tesp. Zy,n := Z¢m N By n), we abuse
terminology slightly and say that (U, h) is a slope datum for Xpx y, (resp. Lpx zm) if Zun — U is
finite of constant degree.

4. Overconvergent quaternionic modular forms
4.1. Definitions

We will use overconvergent cohomology to define and study spaces of overconvergent quaternionic mod-
ular forms. Maintaining our notation from §3.1, and in particular §3.6, we fix alevel K C (A F.f ®F D) %
and monoid K C A C (AF,f F D)X, and we set T to be either T(AP, KP) or T(A, K).

The coefficients for our families of overconvergent modular forms will be a pseudoaffinoid algebra R
over Z,,; we set U := Spa R. We also fix a pseudouniformizer u € R. If « : To/m — R* is a weight,
we choose a norm |- on R so that |-| is adapted to x and multiplicative with respect to u, and log , |-| is
discrete (which we may do, by Lemma 4.1.1 below). Then the unit ball Ry C R is a ring of definition
containing u.

Fix some r > r.. We let D}° C Dy, denote the unit ball, and we also consider larger modules
of distributions D" > Dk, with unit ball D"*° c Dg". Following §3.6, we also fix a character
& A;, P /F* — R* such that £| K,noy, agrees with the action of K,, N @IX% on Dy, that is, such that
é| KOy, is trivial for v ¢ p and &|;, Ny, is equal to the action of 1, N @;V onDj forv | p.

The construction of the required norm on R is a variant of [JN16, Lemma 3.3.1], and we refer to that
paper for the terminology:

Lemma 4.1.1. If R is a pseudoaffinoid algebra over Z,, and « : To/Z(K) is a weight, there is a norm
|-| on R such that || is adapted to k and multiplicative with respect to u, the unit ball Ry is Noetherian,
and log , || is discrete.

Proof. Choose a Noetherian ring of definition Ry C R formally of finite type over Z,,. As in the proof
of [IN16, Lemma 3.3.1], «(Tp) € R° and x(T¢) C 1 + R°°; since both groups are topologically finitely
generated, we may replace Ry with a finite integral extension and assume that x(7p) C Ry, and we may
find some integer m > 1 so that k(T¢)™ C 1 + uRy.

Let R’ := R[u'/™], let R} = Ro[u'/™] and let u’ := u'/™. Then R’ is a finite R-module, so it has a
canonical topology, and the subspace topology it induces on R agrees with the original topology on R.
Now, for any a € R.| we may define a norm |-|" on R’ via

|r'|" = inf{a® | u"*r" € R{}.
The restriction of |-|” to R has the desired properties. O

When U is a subspace of #F, we can make a more precise statement. In this case, R is reduced, so the
ring of power-bounded elements Ry := R° is a ring of definition. Then we may define a norm |-| on R via

|r] :=inf{p™ | r € u" Ry, n € Z}.

Lemma 4.1.2. If U is a rational subspace of Wr and « is the restriction of the universal character on
Wr, then || is adapted to .
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The proof is essentially identical to that of [JN16, Lemma 6.3.1].
Recall that we have Fredholm power series

Fo = det(l ~TU, | H'(K, :D;))

and
Feg = det(l ~-TU, | H'(K, DZ)[é])

and they are independent of r > r,, by [JN16, Proposition 4.1.2].
If H'(K, D) (resp. HY(K,D%)[&]) admits a slope < h-factorization, then the formalism of slope
decompositions implies that we have a decomposition
H°(K.Dy) = H' (K. Dy)<p ® H' (K, D})sn
resp.

HY(K, D) €] = H* (K, Dy)[é]<h & HY (K, Dy)[€]n

for all r > r,, and the decomposition is independent of r.
Moreover, if ¥’ € [ry, r), the inclusions

Dl c DI c DY
induce an isomorphism H*(K, D%)<;, — H°(K, D% )<j,. We may therefore define
HY(K, D)oy = im(HO(K, D)o — HY(K, D,f’))
and
HO (K, D7) [€)en = im(HO(K, D} [€]n — HO(K. D)€,
‘We make the additional definitions
HO(K, D) <p = im(HO(K, D7) = HO(K, D) = H(K, D))
and
HO(K, D7) €] = im( HO(K, DE™)[€] — H'(K. DE) €] — HO(K, D) [€] < ).

We are now in a position to define spaces of overconvergent quaternionic modular forms, together
with an integral structure and Hecke algebras:

Definition 4.1.3. Suppose that H(K, D") admits a slope-< h-decomposition, where h = a/b for a, b
positive and relatively prime integers. We define the modular forms of weight « and slope-< & to be the
module

Se(K)<n = H (K, Dy)<ns

it is a module over the Hecke algebra

Ty, <n = im(T ®z, R — EndR(SK(K)Sh)).
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We define two modules of integral overconvergent modular forms (and corresponding Hecke alge-
bras). As in §3.5, we set

ST (K)en = H (K, D) <n
and

T<"° .= (T ®z, Ro — Endg, (HO(Ka D:r’o)sh))'

k,<h *

We also define a second lattice
Sy (K)<n = im( TV Yo pp] @1 S5 (K)<n = Se(K)<
which is stable under the operators u“U ;f"_, as well; we set

To

K<h

1m(T[uaU | ®z, Ro — Endg, (Si(K)Sh)).

Ife: A% f /F* — R is a continuous character as above and H O(K,D")[€] admits a slope-< & de-

composition, we define the modular forms with central character £ tobe S & (K)<p = H(K, D) [€] <
and similarly for integral modular forms with central character &.

Remark 4.1.4. We expect that S, (K)<;, and the corresponding Hecke algebra T}, _, depend on r, but
we have suppressed that from the notation for the sake of compactness.

Remark 4.1.5. We will write T;r;f <, and Ty, for these Hecke algebras if the level is not clear
from context.

We again write & = a/b with a, b positive and relatively prime integers. If S, (K)<p (resp. Sy, & (K)<n
has rank d, then the characteristic polynomial of u“U;UbV is a monic degree-d polynomial over R. By
the definition of a slope decomposition, its roots are integral at every rank-1 point of Spa R. Hence,
the coefficients actually live in R° and u“U;,”v is power-bounded on S, (K)<p (resp. S« ¢(K)<p. In
particular, if R is reduced and Ry = R°, we see that S (K )<, (resp. S ¢ (K)<p) is given concretely by

l_[(MaU b )lv S<r O(K)<h)

(iv)€{0,..., d—l}zl’ vip

In particular, Ub(d D (S2(K)<n) € Sg"°(K)<p (and similarly for S° £ (K)<n).
We now fix a choice of Hecke algebra. Let S denote the set of places of F such that v | p, D is
ramified at v, or K, # O}, by Forv ¢ S, we define

Se = [K(™ o )K]. 1= [K(! 0 )K] € K\(Ar s 8 D)/K

for some fixed uniformizer @, of Of, .

We define the Hecke algebra T to be the free commutative Z,-algebra generated by {U, },|p and
{Sw,Tw }wes. Since A, acts on the modules of distributions D;"° and Hecke operators away from p
preserve the slope decomposition, we may view Sg”*°(K)<j, as a T-module.

We also describe the so-called diamond operators after modifying the tame level K”. Suppose we
have a finite set Q of places of F such that foreachv € Q,v ¢ p,Nmv =1 (mod p), D is split at v, and
K, = GLy(0F,). For each v € Q, we again let Ko(v) € H(F,) denote the subgroup {(5:) mod v},
and we consider the homomorphism

Ko(v) = k(n)* = A,
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given by composing
(45) - ad”
with the projection to the p-power quotient k(v)* — A,,. Let K~ (v) denote the group
K (v) := { a*yeKo(v) |ad™' + lin Av}

for each v € Q, and let

Ko(Q) = [ [ Ko - [ [ K

veQ veQ

and

K (Q) = 1—[ K (v)- 1_[ K.

veQ veQ

Then Ko(v)/K™(v) = A, and every h € Ag =[], ¢ Ay gives rise to a Hecke operator
() = |k (@hK~(0))|

on S5"°(K~(Q)), where h is a lift of 1 to Ko(Q); (h) is independent of the choice of h.
We let Té be the free commutative Z,-algebra generated by {U, }v|p, {Sv, Ty }ves, and {Ug, }veg,

where Uy, = [K‘(v)((l) wov )K‘(v)]; it acts naturally on S;"°(K~(Q))<n, and we let T;’,’EJQ) o

denote the Ry-algebra its image generates in Endg,(Sx""°(K™(Q))<n). Similarly, we let To o be the
free commutative Z,-algebra generated by {Ue, }vip, {Sv. Ty }ves, and {Ug, }vep, Where Uy, =

[Ko)(b &, JKo)].

4.2. Integral overconvergent quaternionic modular forms

We need to make a closer study of the structure of the integral modules of distributions and their finite-
slope subspaces.

Lemma 4.2.1. If k : Ty/Z(K) — R* is a weight and H*(K, @) (resp. H*(K, D) [€]1) admits a slope-
< h-decomposition, then S (K)<p (resp. S« (K)<n) is a finite projective R-module. If the Fredholm
power series F has a slope < h-factorization, then S,(K)<p (resp. S« ¢(K)<p) is compatible with
arbitrary base change on R.

Proof. We prove the result for H*(K, 2,); H*(K, @) [£] is handled similarly. It is enough to handle the
case where the tame level is neat. Then S, (K)<j, is a direct summand of the potentially orthonormalizable
Banach R-module H(K, 9,.) which is finitely generate over R, so by [Buz07, Lemma 2.11] is projective.

If the Fredholm power series F, has a slope-< h-factorization, then the slope decomposition is
functorial in R, by [JN16, Theorem 2.2.13]. m]

Corollary 4.2.2. If k : Ty/Z(K) — R* is a weight and H*(K, D,) (resp. H (K, 2,)[&]) admits a
slope-< h-decomposition, then Si"°(K)<p, (resp. S,f’régo (K)<p) is a finite Ry-module.

Proof. This follows from the equality H*(K, D%)<, = H°(K, DS") <, and the fact that Dg"™° is bounded
in DZ". o

Now, we consider the behavior of HO(K,Dg""°)[¢]<, under change of coefficients. Let xg :
To/Z(K) — R* be a weight. If f : R — R’ is a homomorphism of pseudoaffinoid algebras, we
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let kg denote the composition T /m B RX —f—> R’*. By [IN16, Corollary A.14], f is topologically
of finite type, so we have a surjection R(X1,...,X,) - R’.If R is equipped with a norm adapted to
kg and Ry C R is the corresponding ring of definition, with u € Ry a pseudouniformizer, we define
R} == Ro(X1, ..., Xp) and u” := f(u).

Let a := |u|g. We define a norm |-|g- on R’ via

|r'|g :=inf{a™ | r" € u"R}}.

Then R is the unit ball of R” with respect to |-|g/, and [u’|g = |u|g. Moreover, if |-|g is adapted to g,
then |-|g- is adapted to xg-.

Lemma 4.2.3. With notation as above, suppose that f : Ry — R is a finite map. Then the natural map
R} (§)Ro D,er - D,er,’O is a topological isomorphism (with respect to the u’-adic topology), where the
completed tensor product is taken with respect to the u-adic topology on Dy and the u’-adic topology
on R/.

0

Proof. We first check that the morphism R} ®g, Dy,"° — D;,,° is an isomorphism of Rj-modules.
The discussion after [JN16, Proposition 3.2.7] shows that

,lel:,o ~ l_[RO . u—nR(r,u,zt)n(t’
(e

|| log,, r
log,, ulr
on the group-theoretic data we fixed at the beginning of §3), and « is a multi-index (and similarly
for D,er,’o). Now, R is a finitely presented Rp-module, and for any finitely presented Ro-module M,
the natural morphism M ®g, [], Ro - u R he [T M - u”"R(1@h s an isomorphism. By
construction, ng(r, u,a) = ng (r,u’, @) for all @, so the claim follows.

Finally, the morphism R ®g, Dy,."° — Dy, is clearly continuous, so the open mapping theorem
implies that it is a topological isomorphism. O

where ng(r,u, @) = [ J, n is a certain (noncanonical but explicit) finite set (depending only

Corollary 4.2.4. With notation as above, suppose that f : Ry — R{ is a finite map. If F,c has a slope
< h-factorization, then the natural map

R} ®g, S;:”;(K)gh - S,Z:,’;(K)gh

is surjective.

Proof. Writing D*\(Afr ¢ ®F D)*/K = [l;c; D*giK for some finite set of elements g; € (Ar,r ®F
D)*, we have an isomorphism

HO(K, DE)[€] = @ieg (D7) K47 060 Pi80I17
For every map R — R’ as above, Lemma 4.2.3 implies that the base change map
R} % & D5, — &Dg°
is an isomorphism. Moreover, the calculations of [Tay06, Lemma 1.1] show that the order of

(KAé,f N gl.‘lDXg,v)/FX is prime to p for all i, so the base change map R/, ®r, H'(K, D )[€] —
H(K,Dg!>°)[£] is an isomorphism.

KR’
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Now, we have a commutative diagram

R ®r, H*(K, D5 °)[€] — R'@r H*(K, DZI)[€] —» R’ ®r HY(K, Dgr)[€]<n

| ! |

H (K. D5 [§] ———— HO(K. D )[§] —— HO(K. D, ) (€]

(where the fact that the right vertical arrow is an isomorphism follows from Lemma 4.2.1). This implies
first of all that the map R’ ®g H°(K,Dgr)[£] — HO( D,er,)[.f] carries R) ®g, S<r f(K)<h to
<r,o
(K)<h
To prove surjectivity, we may lift f € 7’ <r.e «(K)<p, to an element of R} ®r, H (K, D50°°) [£] since

the left vertical arrow is an isomorphism. Its 1mage inR' ®g H 0( . Der )[€]<n is therefore an element
of Rj ®g, S s (K)<h in the preimage of f. O

We may also extend [KisO9a, Lemma 2.1.4] and [Kis09a, Lemma 2.1.7] to statements about families
of integral overconvergent modular forms.

Proposition 4.2.5. Let « : To/Z(K) — R* be a weight, and let  : Ag — R* be a character. For any
finite set of primes Q as in §4.1, suppose that H*(Ky(Q), D) and H*(K~(Q), D) admit slope-< h-
decompositions. Then the natural map

2 Xy (ST KT @Dan), ST K@)

h GAQ
is an isomorphism.

Here, (S<r °(K~ (Q))<h) is the maximal quotient of S<r °(K (Q))<n on which Ay acts by x;
Ao=x
if y is the trivial character, this is simply the coinvariants.

Proof. We first assume that K is neat. Writing D*\(Afr r ®F D)*/Ko(Q) = U;er D*giKo(Q), we have
a finite disjoint union

HY(K™(Q), D) [€] = ®ier ®neap, D™°.

We claim that Ao acts freely on D*\(Afr s ®F D)*/K~(Q).Butif D*g;h;K~(Q) = D*gph K~ (Q),
then the neatness hypothesis 3.1.1 implies that i = i” and j = j’. Hence, we have

HO(K™(Q), D) [€] = ®ies Ro[Ag] ®r, DF"°
and we can write

D xTNmy: (HOKT(Q). DI )E]) S HOK(Q), D) [¢]%e7

heAg -

and

2. Xty (HOK (@ DNIEY), = UK (@), D)€l e,

hEAQ =
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If K" < K with K’ neat and [K : K'] prime to p, then };,c5, x (d)(h) induces diagrams

(HO(K™(Q). D) [€]) pyey == > HO(K™(Q). D7) €] e~

! !

(HO(K' (Q),Ds" o)[f])AQ—X —= % HYK'~(Q), D) [¢]2e=x-K'IK

and

(HY(K~(Q). D)) p ey ———— > HY(K~(Q), D) [£]e™

(HO(K'=(Q). DEN[€N) N 1K = HO(K'~(Q), DLr)[£]ex-KIK.

Ao=x
Using [IN16, Proposition 2.2.11], for any level K we obtain an isomorphism

D0 X)) < Si e (K™ (Q)<mag = Si,e (Ko(Q))<n-

hEAQ

Then we have a diagram

0 —— Ing yHO(K™(Q), D) [¢] —— H(K™(Q), D~"°)[£] —— H(K™(Q), D) [£]°CF —— 0

l | !

0 — Ing W HOK(Q). D) [£]ey — HO(K(Q). D<) [£]en — HO(Ko(Q). DF)[£1227" —— o0,

where Ip, ., C Ro[Ag] denotes the ideal generated by the elements () — y (h) for h € Ag. A diagram
chase shows that we have the desired isomorphism

O Xy (ST K@) ST KO

hEAQ ~ [m}

Now, assume that R is a local field with uniformizer u, that is, a finite extension of Q,, or F,, ((u)).
Then by [AS, Theorem 4.4.2], it is automatic that H(K, 2,) and H°(K, 2,)[¢] admit slope-< h-
decompositions (and that F, and F ¢ admit slope-< h-factorizations).

Proposition 4.2.6. If R is a local field, with ring of integers Ry and uniformizer u € Ry, the module
S=r O(K (Q))<n is finite projective over Ro[Ao].

Proof. To check that S<r °(K (Q)<n) is projective over Ro[Ap], we may replace Ry with a finite

extension, so we may assume that Ry contains the values of all characters y : Ag — R If A, has order
P, we can write Ro[A o] explicitly (but noncanonically) as Ro[{x, }vp]/ ({xP - 1); this assumption

implies that the polynomials x? " split completely, and the ideals I, introduced above are the
nonmaximal prime ideals of Ro[Ag].
On the other hand, we have a family of surjections

HO(K™(Q), D) [é]en » HO(K™(Q), DF"°) [€]227.

The target is a lattice in H°(K(Q), D<r)[§]AQ Y. since Ry is a discrete valuation

ring, H°(K=(Q),Dg" °)[§]AQ_X is free of some rank d,. Since Ro[Ap] is a local ring,
H°(K=(Q),D5"°)[é] < can be generated by d,, elements as a Ry[A g]-module.
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Furthermore, Ro[Ap]ay=y = Ro. Since HY(K=(Q), D,f”’)[f]if:x cannot be generated as an Ry-
module by fewer than d, elements, this implies that the ranks d, agree for all characters x; call this
number d.

We therefore have a presentation of S ;rf" (K= (Q)<n):

RolAg]®" — Ro[Ao]®! — S77°(K™(Q)<h) — 0.
Since the surjection Ro[Ag]®¢ — S<r °
of Ro[Ag]®¢ in Ry[Ag]® is contalned in Ing,  RolA 01®4. In particular, if d’ # 0, then the Fitting
ideals of S<r 2" (K™ (Q)<p) are contained in Ny Iny -

On the other hand, the module H*(K~(Q), D")[£] is potentially orthonormalizable as an R[Ao]-
module, so by [JN16, Theorem 2.2.2] H*(K~(Q), D5")[€]<p is a finite projective R[Ap]-module. In
particular, for each prime p C R[A ], there is some integer dy, < d such that Fitty (S, (K™ (Q))<p,p) =
0 for k < dp and Fitty (S« ¢ (K~ (Q))<h.p) = R[Ap]p for k > dy,. But the formation of Fitting ideals is
functorial in the coefficients, and N, 15, does not generate the unit ideal in R[Ag], so d’ = 0 and

=" °(K (Q)<n) is free of rank d over Ry[Ap]. |

(K™ (Q)<n) is an isomorphism modulo each I, ., the image

We may consider characteristic polynomials of operators on S ¢ (K~ (Q))<p, viewed as either a rank-
d projective R[A g]-module, or as a rank-d|A o] projective R-module. In particular, we have seen that
if h = a/b, the R-linear characteristic polynomial of u“U;U”V has coefficients in R°. Using properties of
circulant matrices, we see that the R[A o ]-linear characteristic polynomial of u“U ;.,’i has coefficients in
R°[Ag].

Corollary 4.2.7. Let notation be as above, and let d denote the rank of Sy & (Ko(Q))<n. Suppose that R
is reduced and Ry = R°. Then the natural map

RCE (sz,§<K*(Q>>Sh)AQ — 82 (Ko(Q))<h

hEAQ

is surjective, and its kernel is annihilated by u(4=)¢.

Proof. Since u“U;Ul’v is power-bounded for all v | p on both S, ¢(Ko(Q))<p and S, ¢ (K~ (Q))<h, by
assumption, and U, commutes with the diamond operators, surjectivity follows.

To study the kernel of ZheAQ(h) we first observe that for f € S, f(K O)N<n, U b(d l)(f) €
S<r °(K (Q))<n- Suppose f € S (K (Q))<p is in the kernel OtheA (h).Since U, commutes with

the dlamond operators, (u“U," )d 1( [) is also in the kernel of Y}, (h), and by Proposition 4.2.6 it
actually lives in I, S ff(K (Q))Sh But then

ud-Va g _ (uaU;b)d—lyz(d‘l)(f) € Ing Sy (K7(Q))<n
as desired. -

Proposition 4.2.8. Suppose that « is an open weight such that Spa R contains a Zariski-dense set of
classical weights, and suppose that F, admits a slope < h-factorization. Let A,,, B, € T;r’o be lifts of
ay, By, respectively. Then the map

[ [Wa, = Bu) : ST (K)nm = S5 (Ko(Q)<hmon
veQ

is an isomorphism (where we view S< b °(K)<h.m as a submodule 0fS<r °(Ko(Q))<n.m)-
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Proof. We may assume Q = {v}, by induction on the size of Q. Then the source and the target are finite
Ro-modules. After inverting u, [Kis09a, Lemma 2.1.7] implies that the map is an isomorphism when spe-
cialized to any sufficiently large classical weight. It follows that Sy ¢ (K)<p,m and Sk, £(Ko(Q))<n.mep
have the same rank over R. We claim that it suffices to check that U, — B,, is surjective after specializing
at every maximal ideal of Ry. Indeed, this implies that

Uwv -B,: SK,.f(K)Sh,m - SK,f(KO(Q))Sh,mQ’()

is a surjection of projective R-modules of the same rank, so it is injective. Then the kernel of U, — B,
onsS, < °(K )<h.m is u-torsion. But S (K)<h m has no u-torsion, by definition, so the kernel is tr1v1a1
Thus we need to check that

U‘LD'V - BV : F, ®R0 <r O(K)<h m = F/ ®R() <r O(KO(Q))<I’! ,MQ 0

is surjective for any specialization Ry — F’ at a maximal ideal. There is some maximal point x € Spa R
with residue field R, and ring of integers R0 such that Ry — F’ factors through Ry — Ry o, and by
Corollary4 2.4 the maps Ry 0®r, S, E (K)<hm — S<’ O(K)<h mand Ry o®g,S<"; O(KO(Q))<h mog —

S, (KO(Q))S h.mg, are surjective. It therefore sufﬁces to prove that

Ug, =By 1 F' ®g, , S (K)<hm = F ®r, oS¢ 72 (Ko(Q))<h,mg,o

is surjective. But this is a map of vector spaces of the same dimension, so it is enough to prove injectivity.
The module F’ ®g, S Ifr; (K)<n.m is a finite module over the Artin local ring Ty, /7, so if the kernel
of Ug, — By, is nontrivial, it contains f # 0 which is m-torsion. In particular, T, (f) = (@, + B, )x and

Umv (f) = :8v~

Since

Ko (" o Ko = | | (5, . )Ko ),

ack,

where a denotes a lift of @, we have

Uwvf = 1 )lf

ack(v) ( aw, @y

But (ahy o ) = ("o ) (4 )and (1

)|f f, since f is fixed by (L |) € GL,(O, )by assumption,

a

Um, f = |k(V)|(1 w )|f=(1 )|f-

wy
Similarly, we have
[GL2(0r,) (!, ) GLa(Or)] = (7 1) GLa(Or) | | | | (& o ) OLa(OR,)
ack,
)

va=(wv )|f+ Z (

1 ack(v)

)lf-

Q=

Wy
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Now, for any @ € k(v),

(Lo T () )V =P
so
& 1)|f= (Ty - Ug,)(f) =ayf.
But
Y it P T TP A S At
since f is fixed by (! o, ) € GL2(0OF, ), so @, = B, which contradicts our assumption. 0

Corollary 4.2.9. With notation as above, the map

[ [Wa, = BY) 8% e (K)<hm = Sz (Ko(Q)<hnmo
veQ

is an isomorphism.

4.3. Varying the level

We record some results on the existence of slope decompositions as we vary the tame level. Fix a set of
places Q as above, and fix a maximal ideal m c T which corresponds to the residual Hecke eigenvalues
at some maximal point of 2px. There is a corresponding Galois representation p,, : Galr — GL,(F)
for some finite field F; it is unramified at all places of Q and the characteristic polynomial of p,, (Frob,,)
is X?> — T, X + Nm(v)S, for all v € Q. After replacing F with a quadratic extension if necessary,
we may assume that each such characteristic polynomial has roots {a,,8,} in F; we assume that
ayfy! ¢ {1,Nm(v)*}.

Let E/Q), be a finite extension with ring of integers O, uniformizer 7 and residue field containing
F, and replace the Hecke algebras T and T ¢ with Of ®z, T and O ®¢, Tg,0, respectively. Similarly,
replace the coefficient module &, with its base-change to Of so that the Hecke algebras continue to act
(the upshot is that we also base-change the resulting eigenvarieties from Z, to Og, but we suppress this
from the notation). Fix a root @, € F of each characteristic polynomial, and fix a lift A, € O of each
a,. Then we define mp o C Tp o to be the maximal ideal generated by m N Tp ¢ and U4, — A, for all

v eQ.

Lemma 4.3.1. Fix a central character & : A; f/F X — O(Wr)*. Then there is an isomorphism

aK-Too = oKo (0),To.0

D e D £’ compatible with the respective morphisms to Wr.

Proof. Let S¢(K)<nm = T ®1 Sk(K)<h, and similarly for S, (Kg(0))<n,mg,- By [Kis09a, Lemma
2.1.7], for any slope h and any sufficiently large classical weight x, we have an isomorphism of T o-
modules

SK (K)sh,m ;’ SK (KQ (O))sh,mgvo-

K,T Ko (0),T,
Q.0 and & 0(0),Tg,0

By construction, classical points are dense in 2 < £om D" £

, so we may use [JN19a, Theorem
3.2.1] to construct morphisms of eigenvarieties

Ko (0),To0 K.,Too
0 X
%stf,mg’o %Qx,f,m
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and
K.,Too Ko (0),To0
ﬁ
&ﬂgx,&m ‘%Qx,f,mg,o ’
These morphisms are mutually inverse, so they are isomorphisms. O

Corollary 4.3.2. Fix a central character & : A% f/F X — O(WFr)*. Let U = SpaR C Wy be a
connected affinoid open, corresponding to a weight k, and fix h € Qsq. Then (U, h) is a slope datum

Jor 'E[gx,g,m if and only if it is a slope datum for %ggfgkgio.
Proof. We write h = m/n and consider the closed ball By j, := {|T"| < |[u™™|} C Ab. If Z and &’
denote the spectral varieties for &’ [I)<><’ £m and & 52 ,(?,)mg,o’ respectively, we set Zy , := Z N By, and

Zl']’ n = Z’ N By n. We need to show that Zy.n — U is finite with constant degree if and only if
Zl']’h — U is.

Since the morphisms Z — % and £’ — W are flat and we have assumed U is connected, it is
enough to prove that Zy; , — U is finite if and only if Z{,’h — U is. To see this, it is enough to show

red

the same statement about the morphisms Z;7, ,

Setting T := Of, we have

Z’L’,re;: — U on the underlying reduced subspaces.
red _ o-K,T
Fr=x D em
and

‘red _ 9-Ko(Q),T
Zz = %stggm .

Ko(Q).T
"CXQX»‘:’ ,m
morphisms to ZF, and the result follows. O

Then as in Lemma 4.3.1, we have an isomorphism 2’ l’;’Tg m compatible with the respective

We may also compare slope data for 2 e @ and & gx_<Q) :

Lemma 4.3.3. Fix a central character & : A%, f [F* — O(W)*. Let U = SpaR C WF be an affinoid
open, corresponding to a weight k, and fix h € Qxq. Then (U, h) is a slope datum for X g °§<Q) if and
only if it is a slope datum for ,fl"g;(Q).

Proof. Let £ and Z” be the spectral varieties for 2 g °§<Q) and & g ;(Q), respectively, and let x € U be

a maximal point. Then by Proposition 4.2.6 the module H°(K~(Q), Dy )[€]<n is finite projective over
kx[Ap] of constant rank, and the natural map HY(K(Q), Dy,) [{l<hng — H(Ko(Q), Dy, )<n is an
isomorphism. It follows that the fiber of Zy; 5, over x is finite of order d if and only if the fiber of Z’
over x is finite of order d|A o |. Since spectral varieties are flat over weight space, the result follows from
Theorem 3.1.2. O

5. Patching and modularity
5.1. Setup

Let us recall our goal. Assume p > 5. Fix a non-Archimedean characteristic p local field L with ring
of integers Oy, residue field F,; and uniformizer u. Fix a continuous odd representation p : Galg —
GL,(F,) such that:

o p is modular
o PlGalg &) is absolutely irreducible
o The image of p contains SL,(F),)
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o p is unramified at all places away from p

op+rxY® (YCYC I) for any character y : Galg — F;.

The assumption that p has large image is stronger than the typical hypothesis. This is because we need
touse [BH17, Theorem B.0.1] to ensure that we can work with middle-degree eigenvarieties for Hilbert
modular forms.

We wish to prove the following modularity theorem:

Theorem 5.1.1. Suppose p : Galg — GL2(0OL) is a continuous odd representation unramified away
from p and trianguline at p with regular parameters, whose reduction modulo u is as above. Then p is
the twist of a Galois representation arising from an overconvergent modular form.

The predicted weight « can be read off from the parameters of the triangulation, as can the predicted
slope A.

More precisely, we will show that p corresponds to a class in S, (K)<p, where K = I - K{(N)P =
I Tlesp,exn GL2(Qe) - [1gn K1 (€) for some N > S prime to p. To do this, we will consider an open
weight « : Tp — O(U)*, where U C %’ contains a point corresponding to « and (U, k) is a slope datum,
and we will study the spaces S, (K~ (Q))<y, for varying sets of primes Q.

5.2. Patched eigenvarieties

In this section, we construct local pieces of patched quaternionic eigenvarieties, using the language of
ultrafilters of [Sch18, §9]. We fix a totally real field F split at all places above p and a totally definite
quaternion algebra D over F, which is ramified at all infinite places and split at all finite places. We
also fix the tame level K? := GL, (A'7 .). We further assume that F/Q is abelian, so that Leopoldt’s
conjecture is known to hold Unlike [Sch 18], we do not assume that F has a unique prime above p; we
let X, := {v | p}. We expect these hypotheses can be relaxed considerably, but this is not necessary for
our applications. Fix some finite extension £ /Q,, with residue field containing F.

Recall that there are Galois deformation rings R;?,z,, and Rp x,, parametrizing deformations of p
unramified outside of X,,, where RE additionally parametrizes framings of the deformations at places of
2. There is also a local framed deformatlon ring RE o - = Qyex » Rgv, where ngv parametrizes framed

deformations of p|Galy, » and there is a natural map R, Sdoc Rg.

We define a distinguished family of characters Nuiv :© Galp — Z,[[To/Z(K)]]* over in-
tegral weight space. We have a universal weight 4 = (A4;,1;), where each A; is a character
[Ties, @IX% — Z,[To/Z(K)]I*, and we define n,, : @;v = 775 — Zy[[To/Z(K)]I* via n(x) :=

(/ll |@1X% (x)/12|@;v (x)) l. Then because we have assumed that Leopoldt’s conjecture holds for F, we
see that n, is independent of v € X; global class field theory gives us a corresponding character
Galg — Z,[[To/ m]]X which we restrict to Galg to obtain nypjy-

We fix an unramified continuous character ( : Gal g — Op([To/Z (K )]I** such that the reduction Zo

modulo the maximal ideal satisfies detp = Wo’lumv chc, and we set ¥ := Yonuniv and ¥’ = Yonuniv chc
Then we constructed quotients

OelTo/ZION 8RSy > RY

- R%Y

IOC p,loc

O [[To/Z(K)] ® RE
O 1T/ Z(K) B Rs.x, > RY

»&p

parametrizing families of deformations with fixed determinants.
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We also define families of weights «,, over ZF via
— — -1 -1 -1
K, = (K> Ky 2) = (/12|@;<: s/lllgé chc)-

In order to find sets of Taylor—Wiles primes, we impose the following standard hypotheses:

I.p=5
2. plF(¢,) is absolutely irreducible
3. If p = 5 and p has projective image PGL; (F's), the kernel of p does not fix F({s)

Then we have the following relative version of [Kis09a, Proposition 2.2.4] (since we assumed p splits
completely in F, [F : Q] = |Z,):

Proposition 5.2.1. Let g := dimg, H ! (Galp z,,, ad’ p(1)) — 1. Then for each positive integer n, there
exists a finite set Q,, of places of F, disjoint from Z,, of cardinality g + 1 such that

1. forallv € Q,, Nm(v) =1 (mod p"), andp(Frob ) has distinct eigenvalues
2. the global relative Galois deformation ring R>Y 5.5, U0, parametrizing families of deformations with

determinant y unramified outside %, U Q,, can be topologically generated as an Rﬁ,loc-algebra by
g elements.

Proof. This follows from Lemma 2.1.1, as in [Kis09b, Proposition 3.2.5]. O

We fix such a set O, for each n > 1, as well as a nonprincipal ultrafilter § on {n > 1} (more
precisely, on its power set, ordered by inclusion). For notational convenience, we set Q¢ := 0, and we
let Q;, := Q, U X,. For each n, we again let K~ (Q,) C Ko(Qn) C G(A’;’f) = GLZ(Af;’f) be the
compact open subgroups

K™ (Qn) = [ | GLa(@r) x [ | &) ¢ [] GLa(@r) x [ | Ko().
vEQOn vEQn vEQn veQn

Let & : A% ¢ J/F* — O(WF)* be the central character corresponding to ¢ via class field theory.

K~ (Qn

Now, we analyze the eigenvarieties 2, ) Let k be a weight valued in a reduced pseudoaffi-

noid Z,-algebra R, and write U := SpaR. Assume that the Fredholm determinant corresponding to
HY(K,D,)[£] admits a slope-< h-factorization for some slope h = a/b (where a, b are relatively prime
nonnegative integers); by Corollary 4.3.2 and Lemma 4.3.3, the Fredholm determinants corresponding
to H*(Ko(Qn), D) [£] and HO(K~(Q,), D) [£] also admlt slope-< h-factorizations. We also assume
that R can be equipped with a norm adapted to « such that the corresponding unit ball is the ring of
definition Ry = R°; this is possible, for example, if U is an affinoid open or a maximal point in #F by
Lemma 4.1.2. Then we fix some r > r.

The modularity of the residual representation p means that p corresponds to a maximal ideal m c T.
For each v € Q,,, we fix a root a,, of the characteristic polynomial X> — T\, X + Nm(v)S,, of p(Frob,))
(increasing F,, and hence E, if necessary), and we consider the corresponding maximal ideal mg,, C Tén
(as in §3.6).

Then we have a collection of diagrams

K~ n
Op X fl"DX (ng) — LsSpaRs5.0,us,

I

O X Wr.
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The preimage wt™'(U) in the slope-< & part of the eigenvariety has the form

o K™ (Qn) :
Spa(TK*(Q,,),K,f,gh,TK,(Qn),K’f’Sh), and since &”DX g, is reduced, T%_ O wt<h

Tk-(0,).x,£,<h is aring of definition.
For each n, the module of overconvergent modular forms Sy «(K™(Qn))<n is a Tx-(0,) .« &, <h-

module, and it is projective as an R-module; let d be its rank over R. The T;r’(c’ On) k£ ,,-submodule
S’ °(K (Qn))<n is alattice in Sy ¢ (K~ (Qn))<n. Recall from Definition 4.1.3 that there is a second

lattlce

Sp.e (K (@)en 1= Y 3 UL ) (57 (K™ (Qu)en)

vip i=0

which is stable under the operators u“U ;Ubv , as well.

Let Rf’Q, |y denote the localization Ro@ e[l RiVQ,; the formal scheme Spf R£,Q;|U

Th/Z(K)]|
is an integral model for the pseudorigid space U X Spa RY 5.0, Similarly, we will write

=RVN'S
Rtri,ﬁ,Q;,sh |

Ry ®

N 0,k 0,0,k o
u for the localization Ry ® 0p [0/ ZE) 1] Rtri 5.00.<h and Rtrl iloc,< h|U for the localization
RD,W,E

0 [To/ZE) 1] Rustp.doe,<h” Using the existence of Galois representations, we see that T
isa Rg o, |y -algebra.
By Lemma 4.2.6, S<r °(K (0n)<n. my, is a finite Ro[A g, ]-module, with

K=(Qn).x,&,<h

Ro ®r, (20,1 523" (K™ (Qu))<hmg, = S5 (Ko(Qn))<hmo o, -

Since the augmentation ideal 15, is contained in the Jacobson radical of Ro[Ag, ], this implies that
<" °(K0(Qn))<h mo.g, and S<r O(K (0n))<n. mg, can be generated by the same number of elements
(over Ro and Ro[Ap, ], respectlvely)

Similarly, S7, f(K (On))<n, mg, is a finite Ro[A g, ]-module. Since S,‘z’f(K’(Qn))Sh,mén is gen-
erated by d |2P| translates of S<r °(K (On))<n, mg, » We see that the number of generators of
SZ,_g (K‘(Qn))sh,mgn over Ry[A Qn] is bounded 1ndependently of n.

Set j = 4|X,] =1 and k = |Q,] = g + 1. Using local-global compatibility at places
in Q,, there is a homomorphism Ry® Z,[yi,-. 9l — R/,":':Q;l |y such that the action of
Ro @Zp [[¥1s...,yk]] on Sz,g(K_(Q"))zh,mén is compatible with the action of Ro[Ag, ] via a fixed
surjection Ry ® Z,[[y1,.-.>ycll = Ro[Ag,].

We observe that we may view Sk,f(K_(Qn))Sh’m*Qn as a module over Spa R[Ag]xyCy i, where
Cu i, is the annulus of radius £, by letting the coordinate on Cy 5, act as U;l.

Now, we consider local-global compatibility at places in X,,. Recall that the actions of u“Uﬁ’UV and
“U‘l: on Sy, & (K™ (Qn))<n are power-bounded for all v | p. Thus, we can make S, P (K_(Qn))sh’mé

into a module over Ril'Q, |U< hrst, ,phTIiil |
ibility tells us that, over the analytlc locus Sk,£(K7(Qn)) is supported on the trianguline locus, so

S° g(K_(Qn))<h mg, is actually a Rm 5.0,

Since RY’ S0, RE g is formally smooth of dimension j, we may construct a homomorphism

> by letting 7; act as U;Ulv_. But local-global compat-

) ) _
<h |y -module, where the coordinates of G,, act as U le~

> RS
RO®ZP[[yl7-~~’ykayk+l7~--9yk+j]] R[rIan _hlU

compatible with

Ro®Zylly1,-...ykll = R—Q, 1%
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such that yx41,...,yk+; are the framing Variables Finally, we fix a surjection R;’]'f); [x1,....,xq]] -
R™ g and a map Ry ® Z,([yis-- 5 yesill — RV 5 loc [[xl , ..., Xg]| such that the corresponding diagram
- D
Ro®Zy([y1,- s yisjl — ml’ilgc allxxelllu
tr1 0, Q <h|U

commutes.
Now, we can patch. We add framing variables by setting

Mrfr =Zp[yests -5 YViasll ;X\’ S,j,réo(Kén)sh,m*Qn
P

and
M, = Zp [[yk+l7 ceey yk+j]] 22) S,o“é:(Kén)Sh,m’Qn
P

so that B o
o~ o
Ro @R, 52, (131l Mn' = S & (K)<im

foralln > 1, and
Ro ®ry 82, (11, y1es 1 Mn = S 6 (K)<inm

foralln > 1.
For any open ideal / € Ry ® Z,[[y:]l, we define

M7 = Ro®Zpllyill /1@, oz, s | | Ma /1
n

and _
M; = RoBZ, lyill/1 @y, g,z 11 | | Mall
n

Here, the homomorphism [],,»; Ro @Zp ([yill/I = Ro @Zp [[y:11/1 is the localization map coming
from our choice of nonprincipal ultrafilter.
Passing to the inverse limit, we obtain the patched modules

MZ = liLanr
1

and M, :=lim M;.
b
ji
Similarly, we may define patched global deformation rings m‘gﬁ IlU and Hecke algebras

T, , and TS, via

oo,k,<h,l k,<h,l

RS —p = . ~ 0.y .k
Rtri,ﬁ,m,shJ'U =Ro®Zy[[yill/1 ®Hn21 Ro®Zy,[[yill/1 1_[ Rtri,ﬁ,Q;,,5h|U/1
n

T:ofzsh,l : RO@Z (Ly:ll/1 ®ﬂn>1Ro®Z [[y: 11/1 I_[TK (On) k&, <h/I

Too<nt = Ro® Ly [yill/ I @y, ryaz, 1y 11 HTK*(Qn),k,sh/I
n
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VNS T 0¥’k T<r-° _ <r,o _
Settlng Rm 0,09, <h|U T 11;1’11 Rtri,ﬁ,oo,gh,l |U’ 00,K, <h 111’1’1 Too LK, <h,I’ and T<>o LK, <h hm Toc Lk, <h,I’
we have a sequence of homomorphisms
~ o,¢',k WK o
RO ® Zp [[yl]] - Rtri,ﬁ,loc,gh [[xl]] |U - Ru.l D00, <h |U - Too,/(

compatible with their actions on M.
Note that for each open ideal 7, we have a surjection

RV =RVN'S
Rtri,ﬁ,loc,sh [[x’]] |U/I - Rtri,ﬁ,oo,gh,l U

Hence, we have a surjection
R™ N3 o,¢' .k
[xilllu > R 570 plu

tr1 ,0,loc,<h tri,p, 00,

and a closed immersion

0.y .k 0¥,k an
XgoE o= (SpaRGEE o) o XGUE (o

. o,¢ .k ~ pO¥.K
Furthermore, since Rm’ﬁ,Q;nshw/(y,-) = m,ﬁ,zp,<h|U for all n, we see that Rmp . <h|U/(y,) =
0.y'.x
tri,ﬁ,E,,,Sh'U'

Lemma 5.2.2. The patched modules MZ' and My, are finite over Ry ® Z plyill. In particular, they are
complete.

Proof. The powers of the ideal (u, y1, ..., yx+;) are cofinal in the set of open ideals of Ry ® Z, [y,
and for any open ideals I C I’ C Ry @)Zp [[:]l, the natural maps M;" /I’ — M} and M;/I" — My
are isomorphisms. Then [Stal8, Tag 09B8] implies that M 3" and M, are complete and M /1 = M["
and Mo, /I = My for all open ideals I C Ry @Zp [yl

We have

MZ [ (uyyi, .. yis) = M) = 8.7 (K)<hm /1

(U1 5eees Ykt f)

which is Ro-finite. Since the number of generators of M,,/(u, y1,...,yk+j) over Ry is bounded inde-
pendently of n, Mo /(u, y1,...,Yk+j) is Ro-finite. Hence, by [Mat89, Theorem 8.4], M5 and M., are
Ro®Z, [[y;:]l-finite. O

Proposition 5.2.3. If R = L is a field with ring of integers Or, then MS" is a finite projective
Ocly1, ..., yk+jll-module.

Proof. We claim it is enough to show that, for any open ideal I, M,>" /1 is a free O [[y;]]/I-module of
rank d for all n > 0. Indeed, because our ultrafilter is nonprincipal, this implies that M ;" is also a free
Or[[yi]]/I-module of rank d (since the localization [],,~; OL[[y:]l/I — Or[[y:]l/I factors through the
localization [1,,5, OL[[y:[l/T — [l,usn, Ocllyill/1 for any ng > 1). Since M is (u, y1, ..., Yk+j)-
adically separated, [Mat89, Theorem 22.3] implies that Mg is flat over Or [[y;]] and hence projective.
By Proposition 4.2.6, S<r o(K (Qn))<n is a projective Ro[A o, ]-module of rank d for all n. Then
for n > 0 (depending on I) M<’/1 is free over O [[y;]] of rank d, so we are done. O

The modules MS" and M., behave well under finite base change, in particular, under passage to
closed subspaces of U:

Lemma 5.2.4. Let f : Ry — R| be a finite morphism, where R is a Noetherian ring of definition in a
pseudoaffinoid algebra. Let ' be the weight f o k, and let M,~" denote the patched module constructed
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Jfrom the modules of modular forms S (K )<h mg, . Then the natural maps

- ’
Ry®Zp[lyill ®k,y 52,1y Ms" = MS

and —~
Ry®Zp[lyill ®r, 52,1y Mo — Me

are surjections.

Proof. We treat the first map; the second is similar. Let M, = Z,([[yk+1,-..,Yk+j]] ®z,
S<r ¥ (K5 )<, mg, - The open ideals I C Ry ®Z, [[y:]] generate open ideals of R} ®Z,[[y;]] and are
coﬁnal 50 it suﬂices to show that we have a surjection

Ry®Zyllyill /1 ®r, 52, 1y, M1 = M} = (R B Zpllyill /1) ®y,., my 5z, vy | | Ml 1

n>1

The left side is isomorphic to R; ®g, M; (because Ry ® Z,[[y:]l/1I is discrete, by construction). Since
each map R ®g, M,, — M, is surjective (by Lemma 4.2.3, and since the transition maps fl;’} M, —
Hﬁ:] M, are surjective, the Mittag—Leffler condition implies that the natural map

R ®r, M; — M|
is surjective. m]

We have constructed two coherent Ry ® Z pllyi]l-modules, Mg" and Ms; M is naturally a
EI% of <, lu-module, but MCZ" is projective when U is a point, making its support over Ry ® Z pllyill
easier to analyze.

We now pass to the loci of the corresponding map

SpaRZ"E  (x]llu — SpaRo®Z, i,

tri,p,loc, <h

where u # 0, and we consider the analytification MZ' of M. as a coherent sheaf over Xm ﬁ o, < hlU X
SpaZp[[x:]l.

Lemma 5.2.5. The support of M is a Zariski-closed subspace of dimension
- 1
dim Spa Ry ® Z, [[ y:]l [—] =dimU+(g+ 1)+ 4|2, - 1) =dimU + g +4[Z,]|.
u

Proof. If x : R — L is a maximal point and Of is the ring of integers of L, it suffices to show that
Or ®r, M is supported on all of Spec O [[y;]]. We set «” := x o k and we let M/,~" and M/, be
the patched modules constructed from the modules S<r °(K (On))<h, mg, and SZ',.{ (K’(Qn))sh,mé ,
respectively. Since the natural map ‘ !

Or, ®R, My — Molo

is surjective, it suffices to show that M/, is supported on all of Spec Oy [[y;]]. To see this, we consider
the natural morphism M., <" — M.

We will show that M., <" — M, is an isomorphism over a dense open subspace of Spec Oy [[y;]]. Let
P,, be the cokernel of M, <" — M, and let P be the cokernel of M, =" — M(,. Since the cokernel of

S<r O(K (Qn))<h, my, Si,g(K_(Qn))sh,m*Qn

is finite and u-power-torsion, P, is also u-power-torsion.

https://doi.org/10.1017/fms.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.116

46 R. Bellovin

There is some integer ko > 0 such that

MkOSZ/,g (KO(Qn))gh,mOVQn S,f/rgo(KO(Qn))sh,mO,Qn

and by Corollary 4.2.7 the kernel of
(52,6 K@Dz, ), = Sir e (Ko(@uDzh g,

is annihilated by u@-Da_Hence, there is some N > 0 such that u™¥ P, c (yi)P, for all n, and by
devissage, the modules P,,/(y;)* P, are annihilated by u*" for all k,n > 0.
Next, we observe that we have exact sequences

0= M [(y) = Ma/ ()" = Pp/(y0)* =0

for all n. Indeed, there are surjections
T @L[[yi]] @ A .k P k M<r .k M . k
or, OLlyill/(yi)", Pn) > ker(M7" [ (yi))" — Mn/(i)" )

But M;" is projective over Or[[yill, so M;"/(y;))¥ has no u-torsion, whereas
Tor @L[ vill (O [yill/ (yi)¥, P,) is entirely u-power-torsion because P,, is.

Let Jr € O [[vi]] be the ideal generated by «™* and (y;)*. Then the Tor long exact sequence gives
us exact sequences

Tor VOO (), OL Iyl ) = My 13k = My [Jic = Pufdic = 0.
Moreover,

Tory VOO (v, O [[yill /i) = (Puf )V u™*] = P = PufJi

Let P, denote the localization of [],,»; Pn/Jk at the ideal corresponding to our chosen ultrafilter.
We have an exact sequence

Py —»M;~" - M) — P —0
and since the set {J; } is cofinal in the set of open ideals of O [[y;]], an exact sequence
P> M.~ - M, —P—0.

But since u™ P c (y;)P, P is supported on a proper closed subscheme of Spf Oy [[y;]]; away from the
support of P, the map M., <" — M/, is an isomorphism, as desired. O

The support of MZ' over X - ﬁ loc, <plu XSpaZy[[x;]] is a Zariski-closed subspace, whose dimension
must therefore be

~ 1
dim Spa Ry ® Z, [ y; ]l [;] =dimU + g +4|Z,].

But the morphism X *lv — U has relative dimension 4|X,| over an open subspace of U by

7100
Proposition 2.3.5, so any nonempty irreducible components have total dimension dimU + 4|Z,|. It

follows that the support of MZ' on XE lﬁ loc. <h |y X SpaZ, [[x;]] is the union of irreducible components.
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Finally, since we have a closed embedding

x>E PYE 1y x SpaZy[[x]),

tr1 0,09, % tr1 ,p,loc,<h

0.0.&

we conclude that the support of M« on X, .00 <h

|y is also a union of irreducible components, which

RVNS
we denote &”DX U.<h’

We have a sequence of morphisms

XDAJK’K|U x> vk lu x SpaZ,[[x;:]] — GiS,U X SpaZ,|[[yill

tri,p,00 tr1 ,p,loc

(where we send the product of the factors of G2 in the definition of the trianguline varieties to the factor
of G2 on the right, corresponding to the action of Ul;l); M, is a finite module on XE ].’fg’:flu whose
pushforward to foiU x SpaZ,[[y;]l is also finite.

We summarize this discussion:

Theorem 5.2.6. There is a space VA szi] <h (which we call the patched eigenvariety over U), a finite

module Mo, supported on X . (which we call the patched module) and a morphism

><U<h)

r1p loc <h|U x Spa ZP [[xi]]

whose image is the union of irreducible components.

Since this morphism factors through the global trianguline variety, we also deduce the following

corollary:
Corollary 5.2.7. The support of Ms/(¥1,...,Yx) in the trianguline variety over
Xsi’;’;f’ghb/(yl, e Vi) = X;’fgfp,shb is a union of irreducible components.

Remark 5.2.8. We carried out this construction locally because it is difficult to study the behavior of
MS and M., under rational localization; we have not checked that the analytic patched modules M2}
form a coherent sheaf. However, because specialization maps induce surjections on patched modules,
as (U, h) varies over slope data, the supports of patched modules glue to a global patched eigenvariety

00,41k
Tk,

5.3. Modularity

We are now in a position to prove Theorem 5.1.1. We will say that a Galois representation p is modular
if it comes from a point on the extended eigenvariety.

Proposition 5.3.1. Let F'/Q be a real quadratic extension split at p such that the image of p|Gal. contains
SLy>(Fp). Then p : Galg — GLo(L) is modular if and only if p|gal,. is modular.

Proof. We have the cyclic base-change morphism 2Gr,/Q,cusp — ZGL,/F,mid from §3.4, so if p corre-
sponds to x € ZGL,/Q,cusp> then plgal, corresponds to the image of x in 2Gr,/F mid- To show the other
direction, we note that if p|gay. is associated to x” € Zg,/F, then the corresponding eigenvalues are
fixed by Gal(#/Q). Since we assumed that the image of p|gai, contains SL»(F ), by [BH17, Theorem
B.0.1] we may apply Corollary 3.4.7 to conclude that x” is in the image of 2GL,/Q,cusp- m}

Choose F/Q areal quadratic extension split at p. We may additionally choose F such that the image
of plgal. contains SL»(F,), by requiring that ¢ splits in F for ¢ in some finite set of primes S of Q
such that {p(Frobs)}secs generate SL,(F,). Maintaining the notation of the previous section, we let

D/F be a totally definite quaternion algebra, split at all finite places, and we let R := Og[[Ty/Z(K)]].

https://doi.org/10.1017/fms.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.116

48 R. Bellovin

The Jacquet-Langlands correspondence gives us a morphism of eigenvarieties Zpx — gL, /F, S0 it
suffices to show that p|ga,. corresponds to a point on D

Theorem 5.3.2. p|Ga,. corresponds to a point on Lpx.

Remark 5.3.3. There is some & € Qx¢ such that ,0|Galpv is trianguline with parameter of slope-< & for
each v | p, and there is some open affinoid U C % containing the weight of p|Gal,, such that (U, h) is

a slope datum for 2px. In the following proof, we will work with a patched eigenvariety XE . gof alu-

However, since our arguments only require working sufficiently close to the boundary, we are always
free to shrink U (or increase ). For compactness of exposition and notation, we therefore suppress
(U, h) from the proof.

Note that we may also arrange (U, k) so that the slope-< h part of Zpx|y is nonempty. Indeed, we
have assumed that p is modular, so there are components of 2, with residual Galois representation
Plcal, - Then [JN19b, Corollary 4.2.4] shows that such componeﬁs contain classical points with parallel
weight 2, and the proof shows that we may find such points arbitrarily close to the boundary by varying
the p-nebentypus. Such classical points have slope-< 1, so we may ensure nonemptiness by increasing
h (and shrinking U, if necessary).

Proof. Let py = plca,.. We have assumed that ,0|Ga1Qp is trianguline, so we may write D g (p|GalQp) as
an extension of rank-1 (¢, I")-modules:

0— AL,rig(él) i Drig(plGalQp) - AL,rig((SZ) -0

for characters 01, 97 : Qf, = L*. After twisting, we may assume that & |Zf, is trivial. We fix a weight

ko according to 61|Z; and (52|Z§, and we fix an unramified character ¢ : Galp — Og[[To/Z(K)]*
deforming ycycko,140,2 det plGaly -

It is enough to show that the point xo € X,
module M. To see this, we treat separately the cases when p is ordinary or nonordinary at p.

We first assume that p is ordinary at p. Then po|Ga, has the form

D’; “* corresponding to py is in the support of the patched
0

0 — x1.v = polcaly, = x2.v =0

for each v | p, where x; ., : Galp, =3 O are characters.

We wish to consider the slope-0 trianguline variety, which is the same as considering ordinary
deformations of these extensions (with determinant fixed). The characters ;. y|o, deform over weight
space, and the unramified characters specified by x1,, (p) correspond to a point on Spf O [[{t, }, |,
Note that since we specify a determinant at every point of weight space, deforming x ., (p) also uniquely
deforms x>, (p).

Thus, we see that the space

Spf Oe([To/ Z(K), {tv}v)p ]l

is the moduli space of pairs of characters. Moreover, away from a Zariski-closed subspace of this space,
the space of extensions of the universal characters is a rank-1 vector bundle. In particular, since «g is
regular, over an open neighborhood of « in 7, this moduli space is irreducible (and contains the point
corresponding to pp). Adding framing variables and passing from extensions to Galois representations
preserve irreducibility of the moduli space.

Thus, it suffices to show that the ordinary patched module for some characteristic 0 weight «
sufficiently near the boundary is supported on the fiber of this moduli space. We choose «; so that it is
parallel. But the ordinary part of the Coleman—Mazur eigencurve is finite flat and surjective over weight
space, so we may choose ordinary overconvergent eigenforms of appropriate weight and transfer them
to D*, where they contribute to the support of the patched module, as desired.
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We now assume that p is not ordinary at p so that pg is not ordinary at either place above p. Since the
parameters of D rig (p) were assumed regular, x( is a smooth point of X E ',s!/ “

— = . Therefore, x( is contained
i,p0,loc

=RVEN'S
Xlri,ﬁo,loc
of xq so that V’ contains no ordinary parameters.

It follows that p( can be analytically deformed to characteristic O (as in Example 2.3.4). In fact, the
nRV4Y'S
Xtri,ﬁo,loc
assume that the weights corresponding to the first term in the triangulation remain trivial as we deform,

at both places above p.
Recall that for any p-adic field K/Q,, given a character § : K* — 6;, its weight (wty (6))
is the tuple such that

in a unique irreducible component V of , and we can find an open affinoid neighborhood V’ c V

morphism — Wr is smooth in a neighborhood of x¢; in particular, it is open, and we may

O'CK;»GP

|61 +a) =1+, wty(6)o(a)l
lim =

0.
a—0 |a|

We say that § is locally algebraic of weight (ks ) if Wty (8) = ko € Z for all o; equivalently, the
restriction of ¢ to some open subgroup of Og is yx = x = [, o (x)~ko If § is the parameter of
a trianguline (¢, I')-module, we say that it is locally algebraic of strongly dominant weight if ¢; » is
locally algebraic of weight (k;, ) and k; & < k41,0, for alli and o

We claim that there is some locally algebraic strongly dominant x| € %/an such that the fiber V"¢,
is equidimensional of dimension 8. Indeed, since we chose a deformation of (po, d) keeping ¢ 1|@I>f_’p

trivial, it is enough to see that there are points of Spf Z,, [[Z}]] "¢ which are locally algebraic of positive
weight arbitrarily close to the boundary, which follows from the calculations of, for example, [JN19b,
§2.7]. In fact, we can choose « to be locally algebraic of weights {0, 1} at both places above p.

We further claim that we may assume that V' |, consists of points corresponding to Galois
representations which are potentially Barsotti—Tate at both places above p. Indeed, two-dimensional
(characteristic 0) (¢, FQP)—modules are classified in [Col08, §3.3], and after possibly replacing x; with
a weight closer to the boundary which is locally algbraic of weights {0, 1}, the corresponding (¢, I'g,, )-
modules are crystabelline.

Now, it suffices to show that the patched module for weight «; is supported on all of V"rigl,q. Buta
dense open subspace of V"¢ |, is a subspace of the generic fiber of one of the potentially Barsotti—Tate
deformation rings constructed in [KisO9c]. Then we may apply [KisO9b, Theorem 3.4.11] (with some
hypotheses relaxed in [Gee(06]). m]

A. Extensions of Zariski-closed subsets

The paper [Loul7] proves Riemann extension theorems for functions on normal pseudorigid spaces and
normal excellent formal schemes; in this appendix, we use those results to extend certain Zariski-closed
adic subsets (in the sense of [JN19a, §2.1]) of pseudorigid spaces over missing subsets of codimension
at least 2.

Proposition A.0.1. Let X be a normal excellent formal scheme, which is nowhere discrete. If Z C X :=
X is a Zariski-closed adic subset, then there is a closed formal subscheme 3 C X such that Z = 3.

Proof of Proposition A.0.1. We may assume that X = Spf R, where R is a normal excellent domain with
ideal of definition J = (fi, ..., fu). Then by the definitions of [JN19a, §2.1], there is a coherent sheaf
Z c Ox of ideals such that Z = {x € X | Z, # Ox_}. We need to show that there is an ideal / C R
whose associated sheaf agrees with Z on X.

We define 7% := 7 N Oy, and we set [ := I'(X,Z*); by [Loul7, Proposition 6.2], R = T'(X, 0%), so
we may view / as an ideal of R. It remains to show that for each affinoid open subspace SpaR’ C X,
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R’ ®g I = Z(SpaR’). To see this, we observe that we have a finite cover X = U; Spa R<Jic_>, so it suffices

to check this with R’ = Spa R<i>

Setting R; R< > and U; = Spa R< > we have an exact sequence of R-modules

0—>1_>ﬂz+(U):;]_[z+(U nu;).

iJ

For any fixed index /o, we may tensor with Ry and complete f; -adically; as R is Noetherian, our sequence

0— Ry ®1— H(RSO gf(Ui)) 3 ]_[(R;’O %I*(U,- nU;)

i i,j

remains exact. But RY ®r I*(U;) generates Z(Uj, N U;) and Ry ®rIT(U; N U;) generates Z(U;
U; N Uj) after inverting a pseudouniformizer u;, of R;, for all i, ] and {U;, N U; }, is a cover of Ulo,
in fact R;, ®g I = Z(Uj,), as desired. O

Corollary A.0.2. Let E be a p-adic field, let X = Spa Ry, where R := Og[[x1,...,Xn, ]| <y1, el yn2>/l,
and letY) := Spa Ry, where Ry = Og[[z1, - . -, zml]]<w1, AU wm2>/l. Suppose that R has dimension at
least 2. Suppose that Z C %a“X@ 9 is a Zariski-closed subset and that there is some integer N > 1 such
that ZNSpa R, < 0 {x' }>[ ] X9 is contained in the rational domain {z <u#O0foralj=1,...,m}
for each u € {wg,x1,...,%,, }. Then there is a closed formal subscheme 3 c x&)% Y such that
3% N (SpaR1)* X0, Y = Z (where the intersection is taken inside (Spa R) ®¢, Rz)an).

Proof. Replacing Z with Z N V(1)*™ N V(J)*, we may assume that / = J = (0) so that R} =
Oe [[{xi}1{{yx}) and R, = Og[[{z;}]I{{w¢}). Then by Proposition A.0.1 it suffices to extend Z to
a Zariski-closed subset of (Spa R §>@E Rg)an. This analytic locus, in turn, is covered by the affinoid
pseudorigid spaces

V, = Spa@E[[{xi}i,{Zj}j]]<%’{ l} {yite: { }J {Wf}e>[i}

foru € {wg,x1,...,%, } and

Vi, ::Spa@E[[{x,-}i,{z,-},-]]<w—_E,{ } {yk}k{ } {wm>[1
Zjo \Zjo)i Zjo ) j

Zjo

for jo =1,...,m. Since the V, are contained in (Spa R;)*" X, Rz, we only need to extend the intersec-
tions Z NV, to Zariski-closed subsets of V.
We can cover each V,, by its open subspaces defined by inequalities

. N+l . N+l
Vooed = N <lwgl), Voo = {120 < )
fori=1,...,n and

v

22 = {lwel < [ # 0and x| < || # 0 for all i}

so it suffices to find suitable Zariski-closed subsets of each of these spaces.
By assumption, Z NV, -2 1s empty. Moreover,

Ve

Jo

Pl C (Spa Rl)anX@E R2
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and
Vejooist € (SpaR1)*" X, Ro
since the conditions Iz% *!| < |wg| and z, # 0 imply wg # 0 (and similarly for {|z% 1 < x|} and

Zj, # 0). Thus, Z N Vz_,-o, p2,ZN VZ./OJ,Z are defined by sheaves of ideals which agree on intersections
Ve

0is] N Ve inl

By construction, these sheaves agree on the overlaps Vz_,-(,, p1 N Vz_/(), p2 = Al Z%+1| = |wg|} and
Vejsit N Ve i2 = {Iz% *1| = |x;|}. We have therefore extended the sheaf of ideals defining Z N Ve, N
(SpaR;)* X, R> to a sheaf of ideals on all of szo, as desired. O
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