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Abstract

Doctrines are categorical structures very apt to study logics of different nature within a unified environ-
ment: the 2-category Dtn of doctrines. Modal interior operators are characterised as particular adjoints in
the 2-category Dtn. We show that they can be constructed from comonads in Dtn as well as from adjunc-
tions in it, and we compare the two constructions. Finally we show the amount of information lost in the
passage from a comonad, or from an adjunction, to the modal interior operator.

The basis for the present work is provided by some seminal work of John Power.
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1. Introduction

The approach to logic proposed by F.W. Lawvere via hyperdoctrines has proved very fruitful as
it provides an extremely suitable environment where to analyse both syntacic aspects of logic and
semantic aspects as well as compare one with the other, see Lawvere (1969, 1970). The sugges-
tion is to see a logic as a functor P: C°® — Pos from the opposite of a category to the category of
posets and monotone functions where the category C collects the ‘types’ of the logic and terms in
context, a poset P(c) presents the ‘properties’ of the type ¢ with the order relation describing their
‘entailments’. The reader is referred to Section 2 for the precise details, but may just keep in mind,
for the present discussion, that the contravariant powerset functor P: Set” — Pos is an instance
of a doctrine.

One of the main points of Lawvere’s structural approach to logic is that all the logical oper-
ators are obtained from adjunctions. That view in itself is very powerful and contributes to
unifying many different aspects in logic. In the present paper, we show that also a wide class of
modal operators, namely, those satisfying axioms T and 4 as in Definition 2.1, is obtained from
adjunctions.

Typically, modalities are unary logical operators, which are quite well understood in the context
of propositional logic. However, their meaning is less clear in a typed logical formalism. In this
setting, there are various semantics which are interrelated, and we show that many of these are
instances of the general situation of an adjunction between two homomorphisms of doctrines.

Since they are structured categories, doctrines get swiftly organised in a 2-category. And, as we
learned also from the works of John Power, in a 2-category one can develop a very productive
theory of monads and comonads, extending the elementary case of the 2-category Cat of small
categories, functors and natural transfomations.
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Doctrines are a rather simple categorical framework for logic, but still capable to cover a large
range of examples. We could have considered more general settings such as indexed preorders
(equivalently, faithful fibrations) or even arbitrary fibrations, but we preferred to keep things at a
very simple level as already there one finds many interesting examples. Yet, after this first step our
plan is to extend results to general fibrations in future work.

We show that an adjunction in the 2-category of doctrines gives rise to a doctrine with a modal
operator. An adjunction between doctrines is very much like an adjunction between categories:
roughly, it consists of two doctrines P: C°®* — Pos and Q: D** — Pos and two homomorphisms
of doctrines connecting them, which should be thought of as an interpretation of P in Q (the left
adjoint) and an interpretation of Q in P (the right adjoint). Such a situation can be summarised by
a modal logic which uses the logic Q to describe properties of types in C (the base category of P)
and the modal operator to recover (an image of) properties described by P. In a sense, we extend
the logic P through the adjunction to a richer logic and use a modal operator to keep memory
of the original logic. As we said, many standard approaches to the semantics of modal logic are
instances of such construction.

Taking a slightly different perspective, we show that also a comonad in the 2-category of doc-
trines determines a doctrine with a modal operator, this time on the category of coalgebras for the
comonad. Intuitively, we get a logic where types have a dynamics, given by the coalgebra structure,
and the modal operator specifies when a property is invariant for such dynamics.

These two constructions are tightly related. Relying on results in Blackwell et al. (1989), we
show that every comonad in the 2-category of doctrines determines an adjunction, hence, also a
modal operator. In fact, the construction starting from comonads is defined in this way. On the
other hand, every adjunction determins a comonad, hence a modal operator. However, the two
construction starting from an adjunction do not coincide, but we show they can be canonically
compared by a homomorphism of doctrines preserving the modal operator.

We further our analysis measuring in a categorical form how the passage to a modal operator
hides part of the structure that generated it.

In Section 2 we introduce interior operators on doctrines, which are the class of modal oper-
ators we are interested in. In Section 3 we recall basic notions about comonads and adjunctions
in a general 2-category. In Section 4 we define the 2-categories of doctrines and doctrines with
interior operators that are at the core of our analysis. In Section 5 we show how to construct an
interior operator starting from an adjunction between doctrines, while in Section 6 we describe the
analogous construction starting from a comonad on a doctrine. Finally, in Section 7 we compare
the two constructions showing they are part of local adjunctions, in the sense of Betti and Power
(1988), between the 2-category of doctrines with modal operator and, respectively, the 2-category
of adjunctions and that of comonads in the 2-category of doctrines. In Appendix A we sketch an
example on how to use our construction to obtain models of the bang modality of linear logic.

2. Interior Operators and Doctrines

A simple semantic approach to propositional standard modal logic (satisfying axioms T and 4)
would consider an interior operator on a poset (H, <), i.e. a monotone function j: H — H such
that, for all x € H, j(x) <x and j(x) <j(j(x)), see e.g. Esakia (2004). The intuition is that the ele-
ments of the poset are an interpretation of (some kind of) formulas, the order relation realises the
entailment between them, and the interior operator j: H — H acts as a modality on formulas.

From a similar semantic point of view, one could consider a many-sorted logic to be a doctrine
P: C — Pos, i.e. a (contra)variant functor from a category C to the category Pos of posets and
monotone functions. Such a functor is often called an indexed poset in consonancy with the more
general notion of indexed category.

The intuition for a doctrine is that the objects of the category provide the interpretations of the
sorts in the logic and the arrows interpret terms between sorts. For an object X in C, the poset PX
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gives the interpretations for the formulas expressing the properties of ‘arbitrary elements’ of X —
although no set-theoretic determination of X may have been provided, see Lawvere (1969, 1970),
but also Jacobs (1999); Maietti and Rosolini (2013a).

Conjoining these two semantic approaches it is quite natural to consider interior operators on
a doctrine as an extension to many-sorted logic, of the propositional modal logic satisfying axioms
T and 4, like the [J-modality, a.k.a. necessity modality, of S4 modal logic.

Definition 2.1. Let P: C® — Pos be a doctrine. An interior modal operator on P is a natural
transformation O: P = P such that, for each object X in C, the following inequalities hold:

(i) Ox <xidpx
(ii) Ox <xUOx o Uy

Note that standard axioms of the S4 modal operator, see e.g. Awodey et al. (2014), require
further structure. But here we consider the very simple structure of a poset on the fibres because
we want to focus mainly on the comonadic structure of the modality.

In the following, an element @ € PX of the form o = Uxf for some f € PX will be called -
stable. An immediate consequence of Definition 2.1, obtained combining the two requirements
on [, is that Ox = Ox o Ly. Hence [U-stable elements are the fixed points of [y, that is, those
elements « € PX such that Oya = «.

Examples 2.2. Letj: H — H be an interior operator on the poset (H, <), i.e. a monotone function
such that, for all x € H, j(x) < x and j(x) <j(j(x)). Given this, we can consider two examples of
doctrines with an interior operator:

(1) Let H: 1°° — Pos be the functor defined on the category with a single object x and a single
arrow id, as H (%)= H. Thenj is an interior operator on H.

(2) The functor HO): Set — Pos, which maps a set X to HX with the pointwise order and
a function t: X — Y to the monotone function - o t: HY — HX, is a doctrine. The natural
transformation j o —: H®) > HO) given by postcomposition with j is an an interior operator
on HO.

Note that the example in (a) is obtained from that in (b) by precomposing the doctrine
HO: Set*® — Pos with the (opposite of the) functor > {0}: 1 — Set which maps the one object
* to a(ny) singleton set.

Example 2.3. Consider the category Opn of topological spaces and open continuous maps. Define
P: Opn®® — Pos as P(X, t) = P(X), the powerset of the set X, and Pt=1¢""!, the inverse image
along the open continuous function t: (X, t) — (Y, o) Let (X, t) be a topological space, then 7 is
the set of fixed points of the interior operator int;: P(X) — P(X), which maps a subset A C X to
its topological interior. Since int;(A) € A and int;(A) C int, (int; (A)), for each A € X, to get an
an interior operator on P we need to prove that int; is natural. Indeed, consider an open contin-
uous map t: (X, 7) — (Y, o), and a subset B C Y. So t~!(int, (B)) C int, (t~!(B)) by continuity of
t. But also t(int, (t~(B))) C int, (B) since the set t(int, (t~(B))) C B is open by openness of t. So
t~(int, (B)) = int, (t"!(B)) which proves that int: P = P.

Example 2.4. A Kripke frame is a pair K = (W, R) where W is the set of possible worlds and
R C W x W is the accesibility relation. On the poset P(W) ordered by set inclusion, consider the
monotone function jg: P(W) — P(W) defined as

jrR(A)={we W|Rw)C A}
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where R(w) = {v ew ’ (w,v) €R } When R is reflexive and transitive (i.e. a preorder on W), for
any w € W, we have w € R(w) = R(R(w)). Hence jg is an interior operator.

(a) As a particular instance of Example 2.2(b), postcomposition with the interior operator
jrRo - fP(W)(’) = iP(W)(’) endows the doctrine fP(W)(’): Set®® — Pos with an an interior
operator. Intuitively, given a formula’ & € P(W)P, for an element x of D, the set a(x) C W
consists of those worlds where x satisfies «. Indeed, one can see the data consisting of
the Kripke frame K and the set D as a constant domain skeleton as in Definition 1 in
Braiiner and Ghilardi (2007), where the fibres P(W)" " enlist all possible interpretations
for predicates as n varies.

(b) Another doctrine with an interior operator built from a Kripke frame K with a reflexive
and transitive accessibility relation can be obtained via W-indexed families. Consider the
category W-Fam whose

objects are W-indexed families of sets, that is, pairs X = (X, (X;,)wew), where X,, C X, for all
w € W, and where

an arrow : X — Y is a function #: X — Y such that, for each w e W, X,, C t~1(Y,,).

Consider the subobject functor Suby._ ga,: W- Fam®™ — Pos mapping a W-indexed family
to the poset Subyy. g4, (X) of its subfamilies, i.e. a family A such that A € X and A,, € X,,
for each w € W, ordered by pointwise inclusion. The action on arrows is defined point-
wise by inverse image. For each W-indexed family X the function Uyx: Subw_ gz (X) —
Subyw._#am (X)

OxA)y= [ A

veR(w)

is clearly monotone; and it satisfies conditions (i) and (ii) in Definition 2.1 for the same
reason as in the previous example. Moreover, it is natural in X since, for each function
t: Y — X, we have

t—l((DxA)W)=t‘1< N Av)= () A =0yt (A

veR(w) veR(w)

for any w € W. Though surprising, we shall see in Example 4.2 that this example is a
universal completion of the previous one in (a).
Intuitively, given a W-indexed family D, for each w € W, the subset D,, consists of those
elements of D which are present at the world w, and, given a ‘formula’ « € Suby._gg, (D),
for each world we W, the set «,, consist of those elements x which are present and
satisfy o at w. Indeed, one can see the data consisting of the Kripke frame K and the
w-indexed family D as a varying domain skeleton as in Definition 7 in Bratiner and
Ghilardi (2007), with few additional requirements, where the fibres Suby_gg, (D") enlist
all possible interpretations for predicates as # varies.

(c) Yet another possibility is to consider a doctrine over the category of presheaves on the
preorder K; we shall discuss this in Example 5.12, as a particular case of a more general
construction.

3. Adjunctions and Comonads in a 2-Category

In this section, we recall basic notions which can be introduced in an arbitrary 2-category with the
purpose to use them in the particular case of the 2-category of doctrines.
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Given a (strict) 2-category X, we denote 0-cells as A, B, C, . . ., which we shall refer to also as
objects of K; a 1-cell, also referred to as I-arrow, from A to B will be written as a: A — B while
a 2-cell, or 2-arrow, from the 1-cell a to the 1-cell b will be written as : a = b. Composition of
1-cells and horizontal composition of 2-cells is denoted as o, and often omitted — we shall use it
mainly to emphasise the composition of functions and functors. The identity 1-cell on the object A
is denoted by e4 and the identity 2-cell on the 1-cell a is denoted by 1,. A horizontal composition
with a 2-identity cell 1, will be written simply as aa. Vertical composition of 2-cells is denoted as
.. So, for instance, the defining property of vertical composition of natural transformations would
be written as something like (¢ - ¢)c = ¥¢ o ¢c.

Many well-known concepts from standard category theory can be transferred to an arbitrary
2-category K; a basic reference is Street (1972).

Definition 3.1. Let K be a 2-category.
(i) An adjunction A in K consists of the following data: two objects C and D, two 1-arrows

I: C— Dand r:D— C, and two 2-arrows n: ec = rl and €: Ir = ep, such that the following
triangles of 2-arrows commute

I
1:77> Irl r é rlr (1)
\Md » ﬂre
i .

(if) A comonad c in K consists of an object A, a I-arrow ¢: A — A, and two 2-arrows v: c = e4
and [u: ¢ = cc, such that the following diagrams of 2-arrows commute

c :IL> cc (2)
/\H]\ IL\H/ \H]CM
ne
C<:CC:>C cC ———— CCC.

(iii) In line with Power and Watanabe (2002); Street (1972), one says that K admits the
Eilenberg-Moore construction for the comonad (A,c, i, v) if there is a universal rep-
resentation of the following 2-problem: given an object B in X, objects are pairs (x,&)
with

A

/
B & ¢ (3)
e
\ M

and such that the diagrams of 2-arrows

X :§> cxX X E S cx
sﬂ ﬂ,ux \ va (4)
Ly
cX C:§> ccx M
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commute; an arrow y: (x, &) — (y, ¢) is a 2-arrow y: x = y such that the following diagram
commutes

§
X =—=>cx

yﬂ ﬂcy (5)
¢

y == 0).

Spelling out the data for an Eilenberg-Moore construction for the comonad ¢ = (4, ¢, u, v), it
requires that there is an object A® in X together with a 1-arrow and a 2-arrow as in

which satisfy the commutative diagrams in (4). Moreover, for any object B in X, every pair (x, §)
as in (3) satisfying (4) can be obtained by precomposition

A C A

X u
/
B/S;ic = B> A° /wc;lc

for a unique 1-arrow x’: B— A%, and similarly for arrows y: (x, §) — (y, ¢) between pairs:

x x

B |r A=B |y ac¥>4
c~——_ 7 \_j
y Y

for a unique 2-arrow y": ¥’ =y in K.

In case the universality condition is verified for each comonad in X, it can be restated in terms
of a 2-adjunction after introducing the appropriate! 2-category Adj(X) of adjunctions in % and
the 2-category Cmd(X) of comonads in XK. Since we can safely refer the reader to Power and
Watanabe (2002) for a very clear presentation of the general setup, we limit ouselves to recapping
the main diagram of 2-adjunctions:

ne ~Cmd
KT L md®) " L Adi(®O ©)
EM EMA

where the 2-functor Inc sends an object A in X to the identity comonad (4, e4, 1.,, 1¢,) on A, and
the 2-functor EM sends a comonad ¢ = (4, ¢, i1, v) to its Eilenberg-Moore object A®; while the 2-
functor Cmd sends an adjunction A = (C, D, [, r, 7, €) to the associated comonad (D, Ir, Inr, €),
and the 2-functor EMA sends a comonad ¢ to the Eilenberg-Moore adjunction between A
and A®.

Example 3.2. Although the terminology already suggests clearly the kind of generalisation
adopted, we hasten to point out that in the 2-category Cat of (small) categories, functors and
natural transfomations, the definitions in (i) and (ii) instantiate exactly to the usual notions of
(standard) adjunction between categories [ 4 r — where 1 and € are the unit and the counit of the
adjunction - and to comonads. Clearly, Cat admits the Eilenberg-Moore construction for every
comonad.
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In the next sections we shall characterise adjunctions and comonads in the 2-category Dtn of
doctrines.

4. The 2-Category of Doctrines
The 2-category Dtn of doctrines consists of the following data:

objects are doctrines, i.e. a functor P: C*® — Pos from the opposite of a category C to the category
Pos of posets and monotone functions - in the nomenclature of indexed categories, the
category C is named the base of the doctrine, for X an object in C the poset P(X) is the
fibre over X, and for t: X — Y an arrow in C, the monotone function Pt: PY — PX is called
reindexing along t;

a l-arrow (F,f): P — Q from the doctrine P: C®* — Pos to the doctrine Q: D*® — Pos is a pair
where the first component F: C — D is a functor and the second component f: P > QF°® is
a natural transformation;

a 2-arrow 0: (F, ) = (F/,f’) is a natural transformation 6: F > F such that, for each object X in
G, fx <x (QO)x o fy.
Composition of 1-arrows (G,g): (B, M)— (C,P) and (F,f):(C,P) = (D, Q) is (essentially)
pairwise (FG, (fG®) - g): (B, M) — (D, Q).
Composition of 2-arrows 0: (F, f) = (F,f’) and ¢: (F', f') = (F”,f") is the natural transforma-
tion (¢x o Ox)xeqy: (F.f) = (F”,f") since, for any object X in C,
fx <x QO%x) o fx <x Q(O%x) 0 Q(¢®x) o f <x Q((£ 00)*x) ofy.

There is an obvious forgetful 2-functor Dtn — Cat to the 2-category of categories, functors and
natural transformations, which maps a doctrine (C, P) to its base category C, and acts similarly
on the arrows. Note that such a 2-functor is actually a 2-fibration, in the sense of Hermida (1999),
where cartesian 1-arrows are ‘change of base, that is, arrows of the form (F, id), while vertical
1-arrows are arrows of the form (Id f).>

We define also the 2-category [J-Dtn of doctrines endowed with an interior operator as follows:

objects are pairs (P, [J) where P is a doctrine and [J is an interior operator on P;

a l-arrow from (P, ) to (Q, ') is a 1-arrow (F, f): P— Q in Dtn such that, for each object X in
the base category of P, we have fy o Ox < [y o fx;

a 2-arrow from (F, f) to (G, g) is a 2-arrow 0: (F, f) = (G, g) in Dtn.

Compositions are inherited from those of the 2-category Dtn.

It is easy to verify that the requirement on the component f of a 1-arrow in [J-Dtn is equivalent to
the condition that D%X o fx o Ux = fx o Uy, i.e. fx maps U-stable elements to [J-stable elements.

Example 4.1. Consider the forgetful functor U: Opn — Set, and for a topological space (X, 7)

let ux =idpx): P(X) — P(X). If (P, int) is as in Example 2.3, then (U, u): (P, int) — (P,Idp) is a
1-arrow in [J-Dtn.

Example 4.2. For a Kripke frame K = (W, R) where R is reflexive and transitive, the pairs
(ZP(W)(‘), jr o —) and (Suby . ¢4, ), introduced in Example 2.4, are objects of []-Dtn.
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Consider the functor C: Set — W-Fam which maps a set S the pair (S, (S)wew) where the sec-
ond component is the constant family of value S. Also, for @ € P(W)S, consider the W-indexed
family given by

(cs(@)),y := {s I | we a(s)} .

Then (C, ¢): (TP(W)(’),jR o-) — (Subw.ggm, ) is a 1-arrow in [J-Dtn.
One can show that the 1-arrow (C, ¢): fP(W)(’) — Subw._ g4 is the comprehension completion

of the doctrine P(W)"): Set®® — Pos, and that the interior operator [ is the canonical extension
of the other operator jr o -, see Maietti and Rosolini (2013b); Streicher (1991).

Remark 4.3. There is a forgetful 2-functor [J-Dtn — Dtn which deletes the interior operator. It
has a right 2-adjoint, which sends a doctrine P: C*®* — Pos to (P, id) and is the identity both on
1-arrows and 2-arrows. Indeed, for any object (P, [J) in [J-Dtn the inequality Clx < idpx holds; so
for any 1-arrow (F, f): P — Q in Dtn we have fx o [x < fx by monotonicity of fx.

5. Interior Modalities from Adjunctions

The main goal of this section is to connect interior operators as in Definition 2.1 and adjunc-
tions in Dtn. First we characterise the general 2-categorical notion of adjunction, as introduced
in Section 3, for the particular case of the 2-category Dtn in terms of the functors and natural
transformations involved.

Proposition 5.1. An adjunction in the 2-category Dtn in the sense of Definition 3.1(i) is com-
pletely determined by an octuple (P, Q, L, 1, R, p, n, €), where P: C®* — Pos and Q: D — Pos are
doctrines, L: C— D and R: D — C are functors, A: P> QL®, p: Q= PR*®, n:1dp — RL and
€: LR = 1dy are natural transformations such that

(i) (C, D, L, R, n, €) is an adjunction in Cat;
(i) (L,A): P— Qand (R, p): Q — P are I-arrows in Dtn;
(iii) n: (Id¢,idp) = (RL, (pL?)A) and €: (LR, (AR*)p) = (Idp, idq) are 2-arrows in Dtn.

Proof. If (P, Q, 1,1, 1, €) is an adjunction in Dtn, applying the forgetful functor Dtn — Cat one
gets immediately i where L and R are the first components of / and r respectively. The rest of the
proof is plain bookkeeping. O

As for any 2-category, one can consider the 2-category Adj(Dtn) of adjunctions in Dtn. The
following proposition is just as straightforward as the previous one.

Proposition 5.2. The 2—cate§ory Adj(Dtn) of adjunctions in Dtn has objects which are adjunc-
tions A = (P2, Q% LA, A2 RA, p, nA, ) as in Proposition 5.1, where PA (CR)P — Pos and
QM: (D)P — Pos.

A I-arrow (F.f,G,g,0): A— B in Adj(Dtn) consists of two 1-arrows (F,f):PA—> PB and
(G g): Q* > QB, and a 2-arrow 6: (FRA, (f(RA)W)pA) = (RBG, (pBG"P)g) in Dtn such that the
triple (F, G, 0) is a homomorphism of adjunctions in Cat, and the two natural tmngormations
(g(LA)°P)AA: PA 5 QB(GLA)* and (ABF"P)f: PA =5 QB(LBF)® coincide (note that GL® = LBF by
the first condition).

A 2-arrow (o, B):(F.f,G,g,0)= (F,f,G,¢,0") in Adj(Dtn) consists of two 2-arrows
a: (F,f)= (F,f") and B: (G, g) = (G, ¢’) in Dtn such that («, B) is a 2-cell from the adjunction
homomorphism (F, G, 0) to the adjunction homomorphism (F', G',0’) in Cat.
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Remark 5.3. To elucidate the conditions in Proposition 5.2 in terms of some diagrams, consider
first that the forgetful 2-functor Dtn — Cat extends to a 2-functor Adj(Dtn) — Adj(Cat). Hence
the condition that the triple (F, G, €) is a homomorphism of adjunctions in Cat requires that the
diagram of functors

commutes as well as (either of) the diagrams of natural transformations

Fn® B
F——1 _ pRALA [Bpra L0 BRBG
nBF l leLA J/GEG
RE[Bp—— RBGLA GLARA —=G

Ge

as the two commutativity conditions are equivalent. For instance, if we assume the first com-
mutes, postcomposing it with L® and precomposing it with R®, and using the naturality of § and
€® and the triangular identities of adjunctions, we get the second as depicted in the following

diagram:
[BEpARA BrpA A

[Bprh = 1% Bppapaps LTFRTET Bppa
lLE‘n]BJ':RA LBoLARA lLBG

i LBRBIBFRA——— [BREGLARA M LBREG
leBLBFRA leBG

A
IBFRA— GIARA o Gem IBRBG

The condition that the pair («, B) is a 2-cell from the adjunction homomorphism (F, G, 6) to
the adjunction homomorphism (F/, G, 6’) in Cat translates into commutativity of the following
diagrams of natural transformations:

B A
[Bp L@ Bp FRA 9B prpa
0 l J{a/

BLA RBS
GLA s GLA, REG —5 RB@

From now on, when referring to an adjunction in the 2-category Dtn, we shall take advantage
of Proposition 5.1 and write it as an octuple (P, Q, L, A, R, p, 1, €).

Example 5.4. Examples are many as any adjunction between categories with pullbacks gives rise
to an adjunction between the doctrines of subobjects. In details, given a category with pullbacks C,
one can define a functor Sub: C® — Pos taking advantage of the fact that pulling back preserves
monos. The functor maps an object to the poset of its subobjects and reindexing along f: X’ — X
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is as follows: a subobject [AC-% ~X], determined by the isomorphism class of the mono «, is
taken to the subobject determined by the mono &’ obtained as a pullback

/
ACY

| b

AC——=X.
o

Let D be also a category with pullbacks, and consider an adjunction (C, D, L, R, 1, €) where
L: C — D preserves pullbacks (as a right adjoint, the functor R: D — ( preserves all existing lim-
its). Between the doctrines Sub,: C® — Pos and Subgp: D® — Pos there are 1-arrows of Dtn
(L, 1): Subs — Subgp and (R, p): Subgp — Sub, where for X in C and Y in D
o Lo B Rp
Ax([A——=X]) = [LA——LX] px([B——Y]) = [RA——RY].
The naturality of A and p follows since reindexing is given by pulling back, and L and R preserve
pullbacks. To see that (Sub¢, Subyp, L, A, R, p, n, €) is an adjunction in Dtn there remains to check
that n: (Id ¢, idsub,.) = (RL, (pL?)A) and €: (LR, (AR*)p) = (Idp, idsyp,,) are 2-arrows of Dtn: in

other words, for any [ACY . X] and [BCL Y], we have

[] < Sube (x) [RL(e)] and  [LR(B)] < Suby (ey) [B].
But this follows from naturality of n and € together with the reindexing pullbacks

LRB\W

Sp »y “pC_ IRy

T e N e e

RLA“———RLX B&——Y
RL(x) B

We now put to use the characterisation in Proposition 5.1 to construct an interior operator
starting from an adjunction of doctrines. We begin the process performing the construction for a
very specific type of adjunctions: adjunctions between vertical 1-arrows.

Proposition 5.5. Let P: C® — Pos and Q: C*® — Pos be doctrines, and suppose the octuple
(P, Q,1d¢, A, Id¢, p,id1d > id1d,-) is an adjunction in Dtn. Then

(i) for each object X in C, the following adjunction holds between the fibres

AX
e T
PX_ L QX XeG;
PX

(ii) O =\ - p is an interior operator on Q.

Proof. By Proposition 5.1, the hypothesis ensures that idig.:(Id¢,id) = (Id¢, pA) and
idiq,: (Id¢, Ap) = (Id, id) are 2-arrows in Dtn. From this, the conclusion follows directly. O
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Example 5.6. Recall from Rosenthal (1990) that a commutative quantale is a complete lattice
endowed with further structure (V, \/, <, ®, 1) where (V, \/, <) is a complete lattice, (V, ®, 1) is
a commutative monoid such that the operation ® distributes over sups:

x® <\/iel xi) = Vi@ ®x)

for elements x and families (x;);e; in V - note that this yields that ® is monotone in its two
arguments.

Let Ry ={xeV|x<landx <x®x} C V. It is easy to check that 1 € Ry and Ry is closed
with respect to ® and \/. Hence (Ry, \/, <, ®, 1) is a commutative quantale. Let ¢:: Ry — V be
the inclusion function which clearly preserves sups. Its right adjoint r: V' — Ry is determined as
r(x)=V{yeRy|y=x}.

Consider the doctrine V0): Set®® — Pos and R@: Set® — Pos mapping a set X to the sets
of functions VX and Rf, ordered pointwise, and acting on functions by precomposition. And
the 1-arrow (Id, t0-): Ri;) — VO has a right adjoint given by (Id, r 0 -): VO — R(‘}). Hence, by
Proposition 5.5, there is an interior operator !: ve 5 yo given by Ixa =t oroa, for any set X
and a € VX,

Recall that the doctrine V) carries a much richer structure induced from that of the original
quantale V: for any set X, (VX, V., <x, ®x, 1x) is a commutative quantale with the pointwise
structure and, for a, B € V%, the operation o —ox 8:=\/{¢ € VX | & ®x ¢ <x B} determines an
adjoint pair - ®x o Ha —ox —;i.e. forevery y € VX, one has that @ ®x y <x B ifand onlyify <x
o —ox fB. Furthermore, the interior operator !: V) <> V) enjoys additional properties: for any
set X and o, B € VX, we have !ya <x 1x and !ya <y !xa ®x !xa, and 1y <x !xlx and !y ®x
xB <x !x(@ ®x B). Therefore, the indexed poset ye) provides a model of first order intuitionistic
linear logic, where ! is the linear exponential modality.

Examples 5.7. Let P: C®* — Pos be a doctrine. The propositional connectives are defined in
terms of adjunctions involving P and another doctrine defined from it where the adjoint functors
between the base categories are the identity, see Lawvere (1969), see also Jacobs (1999); Maietti and
Rosolini (2015). So Proposition 5.5 provides interior operators associated with each connectives.
Two interesting instances are the following:

(1) Consider the doctrine P?: C®* — Pos, defined by P?X = PX x PX and P*f = Pf x Pf.
Note that there is a l-arrow (Id-, A): P— P> where Ax = (idpy, idpx). Conjunction
on P is determined by a right adjoint to (Ids, A) in Dtn, that is the octuple
(Id¢, A, Idg, A, idjg,., idig.) is an adjunction between P and P2. Hence, by Proposition 5.5,
there is an interior operator on P? given by (a, 8) > (& A B, a A B), for a, B € PX.

(2) Assume further that C has finite products and consider an object X in C. Consider the
doctrine PX: C® — Pos, determined as PX(Y) = P(Y x X) and PX(f) = P(f x idx). There
is a 1-arrow (Id¢, p¥): P— PX where p§ = Py and 7r1: Y x X — Y is the first projection.
A universal quantifier Vx on P over X is a right adjoint to (Id¢, p¥) in Dtn, i.e. the octuple
(P, PX, IdC,pX, Id¢, Vx, idid,» id1g,) is an adjunction in Dtn. Hence, by Proposition 5.5,
there is an interior operator on PX given as a > p*(Vxa) for a € PX(Y) = P(Y x X).

We did not consider the other cases of connectives because the modality each of those induces
is the identity as the next proposition explains in a more general context.

Proposition 5.8. Let P: C®® — Pos and Q: C** — Pos be doctrines on the same base category.
Suppose (P, Q,1d¢, A, 1dc, p,id1d,» id1a,.) is an adjunction. Then, for each object X in C, the
following hold:
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(i) Ax - px - Ax =Ax and px - Ax - px = px;
(if) Ax - px =idqx if and only if px is injective if and only if Ax is surjective;
(iii) px - Ax = idpx if and only if Lx is injective if and only if px is surjective.

Proof. (i) is immediate since the adjunction Ax - px involves posetal categories. (ii) and (iii)
follow directly from (i). O

The next step is an application of a remarkable result by Hermida (1994) about fibred adjunc-
tions as it allows to show that any adjunction in Dtn can be factored as the composition of
two adjunctions where one is the identity adjunction on the base categories. For this, recall
that Dtn has a vertical/cartesian factorisation system, that is, any 1-arrow (F,f): P — Q from
the doctrine P: C® — Pos to the doctrine Q: D — Pos can be factored by ‘change of base’ as

(F,idqrer) o (Id¢, f)
Cc*

P
| 2
c o [
QT

c

p B
Dep Q

The factorisation of the adjunction follows this decomposition for the left adjoint. Recall
Lemma 3.2 from Hermida (1994) in the case of doctrines.

Lemma5.9. Let (C, D, L, R, n, €) be an adjunction in Cat. If Q: D — Pos is a doctrine, then there
is an adjunction (QL*?, Q, L,id, R, Qe®?, n, €) in Dtn as depicted in the diagram

—_— T
QL* Q. (7)

Proof. We apply Proposition 5.1 to show (QL®, Q, L,idqrer, R, Qe®, 1, €) is an adjunction in
Dtn. Since (C, D, L, R, n,€) is already an adjunction in Cat, it remains to check the natural
transformations 7: Id- —> RL and ¢: LR > 1dp determine 2-arrows in Dtn as follows

n: (Id¢, idqrer) = (RL, Q(eL)®) €: (LR, Qe*) = (Idp, idg).
In other words, the inequalities

idorx < QLnx o Qerx Qey < Qey

hold for each object X in C and Y in D. They are in fact identities: the second is immediate, and
the first follows from the triangular identity (1) for an adjunction

QLnx o Qerx = Qlerx o Lnx) = Qidrx =idorx (8)
by functoriality of Q. O

Theorem 3.4 in Hermida (1994) restricted to the case of doctrines is the following.

Theorem 5.10. Let P: C® — Pos and Q: D*® — Pos be doctrines, and suppose the octuple
(P, Q,L, A, R, p,n, €) is an adjunction in Dtn. Then that adjunction factors through the adjunction
in (7) as
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(Id¢e, ) (L,id)
e 0
(Id¢, (PnP)(pL?)) (R, Qe*®)

where the first one is (P, QL*, Id ¢, A, Id ¢, (Pn®)(pL®), id, id).

Proof. We see the (P, QL*,1dc, A, Id¢, (Pn®)(0oL),idq,, id1q,) is an adjunction in Dtn as
another application of Proposition 5.1. Obviously (C, C, Id¢, Id¢, id, id) is the identity adjunction
in Cat. To check the natural transformation idjg,.: Id¢c —> Id¢ determines 2-arrows in Dtn

idig,: (Id¢, idp) = (Idc, (Pn™)(pL*®)A) and  idig.: (Ide, A(PRP)(pL™)) = (Id ¢, idqrer)
we must see that the inequalities
idpx <Pnxoprxoix and AxoPnxoprx <idqrx

hold for each object X in C. The first inequality holds since n: (Id¢, idp) = (RL, (oL?)A) is a
2-arrow in Dtn. For the second inequality, note that Ax o Pnx o prx = QLnx o Arrx © pLx since
A:P = QL*. Since €: (LR, (AR®)p) = (Idyp, idq) is a 2-arrow in Dtn, we have that Agrrx o prx <
Qerx. Now the result follows from (8).

To see that the composition of the two adjunctions gives the original adjunction, note that the
top and bottom compositions in (9) give the top and bottom 1-arrow in

(L, 1)
R
(R, p)

It is immediate to see that (L, id) - (Id¢, A) = (L, A). For the other composition, the first compo-
nents coincide trivially, and for the second components apply the commutativity of the following
diagram of natural transformations

0
Q= PR — i——)
P((Re)(nR))*®
Qe PR

PyoPReP

pLPR
QL?R® ——————— PR’L*R*

where the square commutes by naturality of p, the right-hand triangle by functoriality of P, and

the top triangle by one of the triangular identities for adjunctions (1). Finally one sees immediately

the compositions of the 2-arrows give the 2-arrows of the original adjunction. O

Corollary 5.11. Let P: C®* — Pos and Q: D*® — Pos be doctrines, and suppose the octuple
(P,Q,L, A\, R, p,n, €) is an adjunction in Dtn. Then (1= X - (Py) - (oL*®) is an interior operator
on the doctrine QL*®: C°? — Pos.

Proof. It follows immediately applying Proposition 5.5 to the first adjunction in (9). O

Example 5.12. Let C and D be category with pullbacks, and let (C,D,L,R,n,€) be an
adjunction where L: C — D preserves pullbacks. As in Example 5.4, there is an adjunc-
tion (Subg¢, Subgp, L, A, R, p,n,€) on the doctrines of subobjects. By Corollary 5.11, there is
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an interior operator on the doctrine SubpL°: C°? — Pos, defined as Oxa = Lo/, where X € (4
and @ € Subgp (LX) and & € Sub¢ (X) is defined by the following pullback diagram

/
p_ % _x

l pb. lnx

RAC“——=RLX
Ra

The construction is reminiscent of that of a modal operator from a geometric morphism between
elementary toposes, see the original paper Ghilardi and Meloni (1988), or Section 10.1 in Braiiner
and Ghilardi (2007), and also Awodey and Birkedal (2003); Awodey et al. (2002); Reyes (1991).
Indeed, a geometric morphism from the topos ‘E to the topos ¥ is an adjunction (£, F, L, R, n, €)
such that the left adjoint L preserves finite limits.

The paradigmatic example of a interior operator obtained from a geometric morphism is that
offered by presheaves over a category C. Recall that the category of presheaves over ( is the func-
tor category [CP, Set]. If we let () be the discrete category of the objects of C and write i: (o — C
the inclusion functor, postcomposition with it determines a functor L= -0 i%: [C, Set] —
[Go®, Set] which preserves all limits and colimits as these are computed pointwise — although
Go= (' we maintain the redundant notation ;" just for mental hygiene. Since the functor
category [C?, Set] is complete and has a generating set, L has a right adjoint R: [, Set] —
[C®, Set]. Hence, L 1 R is a geometric morphism, thus it induces an interior operator on

Subyop g1 LP
[CP, Set]® (G, 5et] Pos

L* %b[;"pdet]

(G, Set]

Finally, note that, if K= (W, R) is a Kripke frame with R reflexive and transitive, taking
C = K*?, the above geometric morphism provides another way to construct Kripke models cat-
egorically. In detail, a presheaf D over K specifies, for each world w € W, a set D(w), modelling
individuals which exist at the world w, and, for each wRv, a function D,,,: D,, — D,,, describing
how individuals existing at the world w ‘evolve’ in the world v. A formula’ @ on D is a family
of subsets, that is, for each world w € W, «,, C D,,, and the modal operator identifies those for-
mulas which are subpresheaves of D, namely, those « such that, for all w,ve W, if wRy then
oy © D;& (aty).

We conclude this section showing that the construction in Corollary 5.11 extends to a 2-functor
AM: Adj(Dtn) — [J-Dtn.
For an adjunction A in Dtn write
O =22 PR ™)) - ("))

which is an interior operator by Corollary 5.11. Let AM(A) = (QA(LA)», ). For a l-arrow
(F.f,G,g,0):A— B, let

AM((E.f, G, g, 6)) := (F, g(L*)*), (10)
For a 2-arrow («, B): (F.f, G, g,0) = (F.f',G,¢,0), let
AM((a, B)) := «. (11)
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Proposition 5.13. With the assignments above, AM: Adj(Dtn) — [J-Dtn is a 2-functor.

Proof. We just have to check that the identities in (10) and (11) determine arrows in [-Dtn, as
the algebraic identities will then follow immediately. Since g(LA)"P: QA (LAY =5 QB(GLA)*? and
GL* = LBF by Proposition 5.2, in order to see that

(F, g(L2)?): (QA (L), O%) — (QB (LB, F)

ia a 1-arrow in [J-Dtn we are left to check that for every object X in the base category of Q(L™),
we have

A B
giax - Ux <Upx - grax

In the diagram of natural transformations

ArrAvo A Ao
LA )op P P A
Qb (LAY P (L) PA(RALA ) (") pA AL Qb (LAY
ATA f J/g(LA)OP
f(R L ) P * QB(GLA)OP
Avo P]B F A op B 1o H
g(L )P P]B(FRALA)OP ( .n ) P]BFop )“.Fp PB(LBF)OP
PBOLA . Fpf)e
- PB(oLA) (//
PBQ(LA)OP
B Ao . B(pB 7 Ayo ,
L?)®? ——— > PP(R®GL™)®
QB(LA) ( ) BB
p®(LEF)?

PB(RBLBFR)or

the marked square commutes by naturality of f, the triangle by functoriality of P, and all the
other paths commutes (possibly up to inequality as shown) by Proposition 5.2.

Given now a 2-arrow (a,B):(F.f,G,g0)= (F,f',G,g,0") in Adj(Dtn) to see that
a: (F,gL®) = (F',g'L*) is a 2-arrow in [J-Dtn, we have to show that, for every object X in the
base category of Q(L™)*, it is the case that gy < Q' LBay - 8, 4 x- By Proposition 5.2, the equality
LIBoedzdﬁLA holds and, since : (G, g) = (G',¢’) in Dtn, we obtain that grax < Q'Brax - g4 aDs
needed.

Example 5.14. A particular example of interior operators is found in the categorical semantics
of the linear exponential modality (a.k.a. bang modality) of propositional linear logic provided by
linear-non-linear adjunctions. A linear-non-linear adjunction is a monoidal adjunction between
a symmetric monoidal category and a cartesian category; the induced comonad on the symmetric
monoidal category interprets the bang modality, see Benton (1994). The categorical notion swiftly
extends to doctrines where the construction in Corollary 5.11 provides a model of the bang modal-
ity in a higher order setting. The role of the cartesian category is played by a primary doctrine, see
e.g. Emmenegger et al. (2020)), that is, a doctrine P: C*® — Pos where C has finite products and,
for each object X in C, the fibre PX carries an inf-semilattice structure preserved by reindexing.
The role of the symmetric monoidal category is played by a (symmetric) monoidal doctrine, which
one defines following the work on monoidal indexed categories of Moeller and Vasilakopoulou
(2020). We give some of the details in Appendix A, but shall develop fully the particular instance
of interior operators in a subsequent paper.
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6. Interior Modalities from Comonads

As is well known, there is a deep connection between comonads and adjunctions in a 2-category:
every adjunction determines a comonad. Viceversa, when the 2-category admits the Eilenberg-
Moore construction for comonads, a comonad generates an adjunction. This connection is
particularly interesting when we consider a left exact comonad K on a topos E: the category of
coalgebras ‘EX is a topos and the Eilenberg-Moore adjunction between EX and ‘£ is a geometric
morphism, see e.g. Mac Lane and Moerdijk (1992). As we have seen in Example 5.12, geometric
morphisms generate interior operators; hence, combining these two facts, we obtain that a left
exact comonads on an elementary topos determines an interior operator.

In this section, we study the relationship between adjunctions and comonads in the 2-
category Dtn of doctrines, showing how comonads generate adjunctions, as expected, and interior
operators from those. We start by determining comonads in Dtn.

Proposition 6.1. Let P: C°® — Pos be a doctrine. A comonad on P is completely determined by a
quadruple K = (K, k, i, v) where

(i) (K, u,v) is a comonad on C;
(ii) (K,«):P— Pisa l1-arrow in Dtn;
(iii) w: (K, k) = (K2, (kK®)k) and v: (K, k) = (Id, id) are 2-arrows in Dtn.

Proof. Straightforward. O

Remark 6.2. More explicitly, condition (ii) in Proposition 6.1 requires that u: P> PK and

condition (iii) in Proposition 6.1 states that, for each object X in C, the following inequalities hold
kx < Pux o Kgx o kKx and kx < Pvy.

For abstract reasons, a comonad in Dtn always admits the Eilenberg-Moore construction, see

Blackwell et al. (1989). Here we limit ourselves to present the direct computation of the Eilenberg—

Moore object for a comonad K = (K, «, i1, v) on the doctrine P: C°® — Pos. The Eilenbeerg-Moore
object for K can be given on the doctrine PX: (CX)” — Pos defined as follows.

The category CK is the category of coalgebras for the comonad (K, j, v) on C, namely, objects
are pairs (C, ¢) where C is an object in C and c: C — KC is an arrow in C such that the diagram

c—“ - KkC

ke

C<~—KC—— KKC
ve Kc

commutes, and an arrow f: (C, ¢) — (C', ¢’) is an arrow f: C — C in C, such that

f

C——=C

Cl Kf lc/

KC ——=KC..

With the intention to produce the doctrine PK: (C’K)OP — ‘Pos, for each coalgebra (C, c) let
PX(C, ¢) be the suborder of PC on the subset {oz e PC ‘ o < Pc(kc(a)) }
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Given an arrow f:(C,¢) — (C,¢) in CK and g € PK(C',¢'), note that B < P (kc(B)) by
definition of PK(C', ¢). Thus

Pf(B) < Pf(Pc (kc(B))) = P(cf) (ke (B))) = P(fKe) (ke (B)))
= Pc(PK(f) (k¢ (B))) = Pe(kc(Pf(B))).

So Pf sends elements of PK(C, ¢) to elements of PX(C, ¢): let PX 'f be the restriction of Pf. It follows
immediately that P is a doctrine.

Remark 6.3. Note that the inequality Pc(kc(e)) <o holds for every o € PC, by properties of
¢ and vc. Hence the elements of PX(C, ¢) are the fixpoints of Pc o k¢. Furthermore, as we shall
see, Pco k¢ is an idempotent on PC (it is a consequence of Proposition 6.6). Thus, as in Pos
idempotents split, one gets PX(C, c) by splitting Pc o kc.

Next we introduce the forgetful 1-arrow (UK, (X): PX — P as follows: the functor UX: ¢K — ¢
is the actual forgetful functor from the category of coalgebras; the natural transformation (X: PX >
P(UX)* is given by the inclusion of PK(C, ¢) into PC as (C, ¢) varies amongst the objects of ck.
It is immediate to see the functor UX is faithful and, for each object (C, ¢) in K, the map L(KC 0 is
injective. ’

Finally the universal 2-arrow K (UK, ) = (K, k)(UK, X) as requested in (3) is given by the
family ¢¥ given by

g(KC,C) :=c:C— KC, as(C,c) varies amongst the objects in ck.

One sees immediately that ¢X: UK <> KUK, It determines an appropriate 2-arrow in Dtn because
forany o € PK(C, o), by definition of PX(C, ¢) one has that

a < Pc(kc(a)) = (PS‘(Kc,c) ° K(UK)(()pC,c)> ()

After introducing the dramatis persona, we are ready to prove the characterisation of the
Eilenberg-Moore construction for a comonad in Dtn.

Theorem 6.4. Let P: C® — Pos be a doctrine and K a comonad on P. Then

K K
\g/
(UK, ™=p

is the Eilenberg—Moore construction for K in Dtn.

P (K, k)

Proof. We begin the proof analysing the data for the 2-problem in Definition 3.1(iii): one has an
arbitrary doctrine Q: D — Pos and a diagram of 1-arrows and 2-arrows in Dtn

Q £ _|(K«k) (12)
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where the pair ((X,x), &) satisfies the two commutativity conditions in (4). These translate
precisely in the commutative diagrams of natural transformations

§
X ——KX X% kx

El iux \ lvx (13)
KX ——> KKX idx M
K&

while the condition on the 2-arrow in (12) requires that the natural transformation &: X = KX is
such that, for every object D in D and 8 € Q(D), we have

xp(B) < P(&p)(kx(p)(xp(B))). (14)

In turn, the commutativity of the two diagrams (13) is equivalent to requiring that, for every
object D in D, there is a structure of coalgebra (X(D), £p) for the comonad (K, u, v) on the object
X(D) in the category C, and that, for every arrow f: D — D' in D, the arrow X(f): (X(D), ép) —
(X(D'), &pr) is a homomorphism of coalgebras. At the same time, condition (14) is equivalent to
requiring that the monotone function xp: Q(X(D)) — P(X(D)) factors through

XD

QX(D)) P(X(D))

D pPX(X(D), £p)

Hence the data for the 2-problem determine precisely a 1-arrow ((X,§),x): Q — P ensuring
uniqueness, and it is immediate to check that the required diagram commutes.

Similarly, for an arrow y:((X,x),&)— ((Y,y),v) of the 2-problem, that is, a 2-arrow
y: (X, x) = (Y, ) in Dtn, the commutative diagram (5) determines precisely a natural transfor-

mation ¥: (X, §) = (Y, v); the inequality encoded in the 2-arrow y: (X, x) = (Y, y) in Dtn is the
same as that encoded in the 2-arrow y: (X, £), x) = ((Y, v), ) in Dtn. O

Corollary 6.5. Let P: C°* — Pos be a doctrine and K= (K, k, i, v) be a comonad on P. Then there
is an adjunction A¥ = (PX, P, UK, (X, K, k, n%, v) between PX and P.

Proof. It follows from Theorem 6.4 and general results in Street (1972). But we make explicit each
component of the adjunction as is obtained from the general case. Amongst the data determining

the adjunction, only two may need to be described: the functor K: C — CX is the free coalgebra

functor and gives, for an object X in C, the free coalgebra KX = (KX, jtx). The natural transfor-

mation is the canonical embedding of a coalgebra into the free coalgebra n: Id -« —> KUX defined
K

as gy ) =¢C 0

In fact, in the general 2-adjunction between comonads and adjunctions in a 2-category X when
K admits the Eilenberg-Moore construction, as in diagram (6), we know that the Eilenberg-
Moore construction gives the right 2-adjoint from the 2-category Cmd(X) of comonads in K. So
we briefly collect the data for the 2-category Cmd(Dtn) in order to apply that result in the present
situation. The 2-category Cmd(Dtn) has

objects which are pairs (P, K) where P is a doctrine and K is a comonad on P;

1-arrows from (P, K) to (Q, J), with K= (K, k, uX, vK) and J = (J, ¥, u”, v?), consist of a 1-arrow
(F,f): P— Qand a 2-arrow 6: (FK, (fK?)x) = (JF, ( F°?)f) in Dtn such that the following
diagrams of functors and natural transformations commute:
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K JF FK 0 JF
J K J
Fv\* lv E Fi l i'u F
F FK? — JFK — J*F
0K Jo

2-arrows from ((F,f),0) to ((G,g),¢), which are l-arrows from (P,K) to (Q,J), with K=
(K, 1, n,v%) and J = (J, ¥, u?, v?), consist of a 2-arrow a: (F,f) = (G, g) such that the
following diagram of functors and natural transformations commutes
Fr 9K Gk

T

B¢

The instance of diagram (6) which we have been addressing is the following:

Inc N Cmd
P P
Dtn \j___w Cmd(Dtn) -ww....J_:.,WMr Adj(Dtn)
EM EMA

Since by Corollary 5.11 every adjunction between doctrines induces an interior operator, via EMA
one obtains an interior operator also from a comonad.

Proposition 6.6. Let P: C°® — Pos be a doctrine and K = (K, k, i, v) a comonad on P. Then, the
natural transformation (0X: PUK = PUK, defined, for each coalgebra (X, c) in CX, by D&C) =Pco
Kkx, is an interior operator on PUX™: CK — Pos.

Proof. By Corollary 6.5, (UK, X, K, «, n¥, v) is an adjunction between PX and P. By Corollary 5.11,

OK =K. (PKn*) - (k UX) is an interior operator on PUX™: CK™ — Pos, but, for each coalgebra
(X,¢)in ck, n(KX g=¢ and UK(X, ) =X, PX¢=Pc by definition, and X'is an inclusion. O

Example 6.7. An interesting case of Proposition 6.6 is that of toposes of presheaves as models
of first order modal logic. We have already seen in Example 5.12 how one obtains an interior

operator
Subrgop e L
[C®, Set]*® [G.5et) Pos
Le /@:@,set]
[Co, Set]
on the category of presheaves [C*, Set] from the adjunction which is the geometric morphism
R
e e
[Co™, Set] T [CP, Set] (15)
B S ———
— 0P

where ( denotes the discrete category of the objects of C and i: (o — C is the inclusion functor.
But the category of presheaves is exactly the category of coalgebras for the comonad determined
by the adjunction (15), see Johnstone (2002); so Proposition 6.6 applies, and the modal operator
obtained on a presheaf model is obtained directly from the subobject doctrine on [(*, Set]] and
the geometric morphism that determines the presheaves as coalgebras.
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7. The Global Picture

Proposition 5.13 produces a construction of an interior operator from adjunctions as a 2-functor
AM: Adj(Dtn) — O-Dtn. And Proposition 6.6 describes the action of the composition CM in the
diagram

Cmd

1 Adj(Dtn)

AM

O-Dtn.

The goal of this section is to complete the above diagram, by showing that AM is part of a local
adjunction, see Betti and Power (1988). Hence so is CM.

We start by comparing the 2-functor AM to the composite CM o Cmd, both constructing a
doctrine with interior operator from an adjunction in Dtn. They do not coincide, but can be
canonically compared by a 2-natural transformation. Recall that CM maps a comonad (P, K), for
K= (K, k, u¥ vK), to the doctrine with an interior operator (P(U¥)r, OX) where D?X’ o= Pc-k.

Since AM is a 2-functor, its action on the unit of the 2-adjunction Cmd 4 EMA produces a
natural comparison AM(A) — CM(Cmd(A)) for A = (P, Q, L, A, R, p, 1, €) an adjunction in Dtn.

Indeed, let K:= Cmd(A) = (LR, (AR®?)p, LnR, €) be the induced comonad on Q. The compo-
nent of the unit of the 2-adjunction on A is given by the 1-arrow (K, k, Id, id, id): A — EMA(K),
where (K, k): P — QK is the comparison 1-arrow given by the Eilenberg-Moore construction. The
1-arrow (K, k) is obtained by the universal property of QX applied to the following diagram:

(L) _»Q

/
p Ln l(LR, (AR?)p)
=
m Q

More explicitly, (K, k) is defined as follows: KX := (LX, Lnx), for each object X in the base category
of P, Kf := Lf, for each arrow in the base category of P, and k = A. This is well-defined thanks to
the following chain of inequalities:

Ax < AxoPnxoprx o Ax = Q(Lnx) o (AR™) - p)Lx 0 Ax.
Proposition 7.1. Let A= (P,Q,L, A, R, p,n,€) be an adjunction in Dtn, and consider K:=

(LR, (AR®)p, LR, €) the associated comonad on the doctrine Q. Let (K, k) be the comparison
I-arrow. Then, (K, id): (QL**, I*) — (Q(U¥)**, 0X) is a 1-arrow in Dtn and [ = XK.

Proof. It is immediate since, for each object X, Dj‘% = AxPnxprx = QLnxARLxPLX = DIK<X. O

Finally, let us note that this comparison 1-arrow is a component of a 2-natural transformation,
obtained by postcomposition of the unit of the 2-adjunction Cmd 4 EMA with the 2-functor AM.

In order to show that AM is part of a local adjunction, We start by constructing a comonad
from an object (P, 1) in [J-Dtn.

Proposition 7.2. Let P: C°* — Pos be a doctrine and [J: P => P be an interior operator on P. Then,
(Id¢, 0, id, id) is a comonad on P.

Proof. There is only to check that id: (Id¢, J) = (Id¢, id) and id: (Id¢e, O) = (Id, O - OJ) are
well-defined 2-arrows. But, for each object X in C, Ux <idpx and Ux <[Ox -Ox hold by
Definition 2.1. O
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In other words, Proposition 7.2 shows that an interior operator on a doctrine P is exactly a
vertical comonad on it.

We introduce the 2-functor MC: [J-Dtn — Cmd(Dtn) by letting, for (P,J) a doctrine with
interior operator, MC((P, 1)) := (P, Id, [J, id, id), which is a comonad by Proposition 7.2; for a
1-arrow (F, f): (P, 0Py - (Q,09) MC((F, f)) := (F, f,id); for a 2-arrow 6: (F, f) = (G, g) MC(0)
=0.

Proposition 7.3. With the assignments above, MC: [J-Dtn — Cmd(Dtn) is a 2-functor.

Proof. The proof is straightforward. The only interesting part is checking that it is well defined on
the 1-arrows. Indeed, for each object X in the base category C of the doctrine P, we have fx - (0§ <
DSX - fx, by definition of 1-arrow in [J-Dtn. And this ensures thatid: (F, f - O0P) = (F, (OQF») . §d)
isa 2-arrow in Dtn. O

It is easy to see that the 2-functor MC is full and faithful. Hence the 2-category UJ-Dtn is
isomorphic to the 2-category of vertical comonads in Dtn.

Now let MA: (J-Dtn — Adj(Dtn) be the composition [-Dtn lg Cmd(Dtn) % Adj(Dtn)

which sends an object (P,J) in [J-Dtn to the Eilenberg-Moore adjunction of the associated
comonad MC(P, ) = (Id¢, [, id, id)

(1dg, X
op~ 1 P

~—

(Id¢, 0)

where, from the general construction in (6), the Eilenberg-Moore object [IP: C®® — Pos for the
comonad induced by [ is OPX = {« € PX | @ =Oxa }. Also OPf = Pf, and (*: (0P = P is the
inclusion.

Theorem 7.4. There is a local adjunction MA < AM, where

o the unit A:1dO-py, — AM - MA is the identity lax 2-natural transformation, and

o the counit V: MA - AM = Idagjipw) is given, for an adjunction A =(P,Q,L, A, R, p,1,€)
where P: C® — Pos and Q: D*® — Pos, by Vi =(Id¢, (Pn®) - (pL?),L,id, n), as in the
following diagram

(Ide, O4)

and, for each 1-arrow ¢: A — B, V4 = (id, id).

Proof. The fact that A is a well-defined lax 2-natural transformation is straightforward, since
AM - MA =1d.pin- We check that Vg is a 1-arrow from MA((QL, [04)) to A. We have
(Lolde, A+ (Pn®) - (pL?)) =(Lolde,id - (%), since, for each object X in C and o € JQL*®X,
we have Ax(Pnx(prx())) = D%a = «, by definition of LJQL®. Then, we have to check that
n: (Ide o Ide, (Py®) - (pL®) - O4) = (RL, (pL°?) - id) is a 2-arrow in Dtn, but this holds because
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n:1d¢c = RL is a natural transformation and , for each object X in C, D% <idgrorx, hence we get
Pnx o prx o 0% < Pnx o prx.

Now, consider a 1-arrow ¢ = (F, f, G, g, 0): A — B in Adj(Dtn); hence, we have MA(AM(¢)) =
(F, g(LA)°P, F, g(LA)"P, id), and we have to show that
Vy = (id, id): (F,f, G, g,0) 0 V5 = Vg o (F, g(L™)*, F, g(L*)*, id)
is a 2-arrow in Adj(Dtn). To this end, it is enough to prove that
id: (F,f - (P (™)) - (0™ (LP)) = (B, (PP ()" F) - (0% (LP) P ) - (g(L)))
and
id: (GL*, g(L*)™) = (L®F, g(L*)*")

are 2-arrows in Dtn, since the other conditions are trivially satisfied as the two components are
identities. The second is a 2-arrow since, by definition of 1-arrow in Adj(Dtn), the equality GL* =
LBF holds. To see that so is the first, consider the following inequalities for X an object in C:

fxoPhyko 'OLAAX = PEBFn} o faupay o 'OLAAX f is natural
< PBFn§ o PBQLAX ° ’OELAX giax 0 isa2-arrowin Dtn
= P%11fix © Ppb py © 814X (OL*)(Fn*) = n®F and GL* = LBF

Finally, we have the check the adjunction triangular laws: (AMV)(AAM)=Idam and
(VMA)(MAA) =1Idma. The former holds as AM(V,) is the identity on AM(A) for any adjunc-
tion A. The latter holds because, for any object (P, J) in [J-Dtn, Vyz(p,ry) is the identity on
MA((P, )), since MA((P, 1)) is the Eilenberg-Moore adjunction of the comonad (Id, [J, id, id)
on P. O

Now recall that, by definition, we have MA = EMA - MC and observe that Cmd - EMA =
Idcmd(ptn). Hence MC = Cmd o MA. Therefore, MC <4 CM is a local adjunction, as stated in the
following corollary.

Corollary 7.5. There is a diagram of (lax) 2-adjunctions

Cmd
Cmd(Dtn) — | Adj(Dtn)
EMA
CM

e AM || MA
MC

O-Dtn

where the diagonal adjunction is the composite of the other two.

Finally we refine Theorem 5.10, providing a new factorisation through the doctrine CIQL?®.
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Theorem 7.6. Let P: C® — Pos and Q: D* — Pos be doctrines and consider an adjunction
(L, A, R, p, 1, €) between them. Then, the following diagram (of adjunctions)

commutes. Moreover L: P = CJQL is surjective and (Pn°)(pL°): QL™ => P is injective.

Proof. The commutativity of the diagram follows immediately from the definition of [J and con-
dition (i) in Proposition 5.8 and Theorem 5.10. The fact that, for each object X, the function
Ax: PX — OQL*X is surjective and Pnxprx: JQL*X — PX is injective, follows from condi-
tion (ii) in Proposition 5.8, noting that [Jx = Ax o Pnx o prx is the identity on CIQL*X by
definition. O]

Example 7.7. Temporal Logics. Consider the standard powerset doctrine P: Set®® — Pos, send-
ing a set X to the powerset P(X) and a function #: X — Y to the inverse image function t*: P(Y) —
P(X), and a 1-arrow (F,f): P — P. Suppose that F: Set — Set is an accessible functor, hence it
admits a free comonad (cf. Ghani et al. (2001)) KF: Set — Set. We recall the construction in the
following.

« Given a set A, let KF'A=1vX.A x EX be the (underlying set of the) final coalgebra for the
functor

Set % Set

X——A X FX

and denote by ¢4: KFA — A x F(KFA) the structure map of the final A x F-coalgebra, which
is an iso by the Lambek Lemma.

« Since (id, pr, o £4): KFA — KFA x F(KFA)isaKFA x F-coalgebra, there is a unique KFA x
F-coalgebra homomorphism pfj: KFA — KFKY A such that the diagram

(id, pr, 0 ¢4)
KkFa SOPROSA) Lp pkEa)
p,ﬁ ;Li x id

Ca

KFKFA KFKF x F(KFKFA)

commute.
o Let v: KFA — Abev] =pr, o La.
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« Given a function t: B— A, the function {z: KB — B x F(KFB) is a final B x F-coalgebra; let
KFt: KFB — KF A be the unique A x F-homomorphism such that the diagram

KB B g pxcFp) X1 xid F(KFB)

KFtl lKFt

KFA A A x F(KFA)

commutes.

We can also define a natural transformation «¢: P > P KF as follows. Consider a set A and a sub-
set a € P(A). We define a function ¢q: P(KFA) — P(KFA) as ¢ (B) = £ (o X fxra(B)), which
is monotone by construction, hence, since P(K*A) is a complete lattice, by the Knaster-Tarski
theorem, ¢ has a greatest fixed point, given by ve, = | {,3 € fP(KFA) | B C du(B) }

Define K{:‘(oz) as v¢y. This function is monotone, because, if o C B, then v, = ¢} (o
Sfira(Woe)) S 25 (B X fyra(voa)) = @p(véy ). Thus, by coinduction, we get vg, S Vg, as needed.
In order to prove that K{; is natural in A, we have to check that, for each function #: B— A and
a € P(A), it is the case that (KFt)*(vgy) = vy inf ()- First, note that

(KFD*(vpo) = (KEO* (¢ (00 % fiera (Vb))
= (L4 o K'Y (@ X fier g (Vb))
= ((id x FKFt) o (t x id) 0 2g)* (@ X fir 4 (Vo))
= 05 (t* (o) x (FK"1)* (fr s (Vo))
= 05 (1" (o) X fierg(K 1)* (vha)))
= P (o) (KT * (Vo).

Hence, by coinduction, we get (KFt)*(vepe) C V@r+(«). To prove the other inclusion, we just have
to prove that KFt[vgy()] C vy, where KF't[B] denotes the direct image of g € P(K'B) along

KFt. To this end, we note that

K t[vpe(o)] € KT () X fierp(vre(a))]

= K"t[((t x id) 0 £p)* (o X fierp(Vpe(@)))]

C £;((d x FK ) x fyrp(vr(a)])

= i (a x FKEt[firg(0pe(a))])

C Cilar X frra(KEH[vehpe(@)])

= o (K" t[vpp ()
To check that KF = (KF, «F 2 wF,vF) is a comonad on P, it is enough to show the following two
inequalities: (1) KA(Ol) C(v ) (o) and (2) KA( o) C (,uA) (KKFA(KA(Ol))) foralla € P(A).
(v;‘)&:i(of)l) note that o foFA(vqba) Cpri(a). Hence vy = i (a X frra(voe)) C &5 (pri(a)) =

AAd (2) we show ug[vq’)a] C vpyg,. First of all, since o X fyra(voe) C pr5(fra(Voa))s

we have v = (e X fira(vga)) C (pry 0 La)*(fira(ve)).  Hence v © vy N (pry o
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Sa)*(fgra(vepe)) = (id, pry 0 £a)* (Vo X fier 4 (Va)). Therefore

phvee] S phld, pry o 2a) (Ve X ficra (V)]
C e, ((id x Fpb) vy x fira(vehe)])
= e, (Vo x Fuli[fra(va)])
< (;FA(V%c XfKFKFA(Mi[Wf’a]))
= Pug, (15 Vo))

Thus by coinduction we obtain (2).
Applying the construction in Proposition 6.6, we obtain a comonadic modal operator O on

the indexed poset Q: (SetKF)“P — Pos, mapping a coalgebra (A, c) for the comonad KF to P(A) and
a coalgebra morphism t: (B, d) — (A4, ¢) to the inverse image function t*: P(A) — P(B). Explicitly,
given a coalgebra (4, ¢) and an element o € P(A), we have Dg)c)a = c*(Kf:(oe)) =c*(vy).

This setting has a temporal interpretation: given the 1-arrow (F, f), the functor F represents
the ‘branching type, namely, the branching structure of time, and f lifts formulas to branches. The
functor K¥ models the whole time structure, that is, the present and all possible futures, generated
by the branching type F, and «f lifts a formula to time structures, basically, universally quantifying
over time, according to f, roughly saying that the formula holds in all possible future branches.
Given a coalgebra (A, c) for the comonad KF, for each x € A, c(x) represents the whole evolution

of x along time, hence, for each o € P(A), we have x € D'((: oY if all future evolutions of x belongs

to «. Therefore, roughly, 0K isa generic kind of ‘always’ modality, typical of temporal logics. In
the following we consider two explicit instances of this situation.

Example 7.8. Linear time. Consider (F, f) = (Id, id), that is, each instant has exactly one possible
future. The free comonad is the stream comonad StrA = vX.A x X = A“, mapping a set A to the
set A” of sequences of elements in A indexed over natural numbers. Given a sequence a € A,
we write s; to denote the ith element of s, and s[i..] to denote the sequence r € A such that r; =
sj+i for all j € N. Then, the counit maps s to sp (the first element, namely the present) and the
comultiplication maps s to the sequence (s[i..]);en, namely the sequence of all suffixes of s.

Let o € P(A), we have K}:(Ol) ={se€ A”|s; € a for all i € N}, namely, the set of sequences where

all elements belongs to/satisfies «. Therefore, if (A, ¢) is a coalgebra for Str, D(SX g ={x€A]
c(x); € o for all i € N}, that is, it is the set of all elements x € A such that all its future instances

(including the present one) belongs to «.
Therefore, D(SX o Provides a model for the ‘globally’ (G) modality of Linear Temporal Logic

(LTL) Baier and Katoen (2008) and, moreover, the modality on the free coalgebra (StrA, ,uitr)
implements exactly the standard semantics of such a modality on infinite sequences.

Example 7.9. Finitely ordered branching time. Let F: Set — Set be the functor FX =, .y X"
We can consider several natural transformations f: P —> P F* making (F, f) a 1-arrow. The two
paradigmatic examples are the following: fX(a) ={(n, (x1,...,xy)) € FX | x; € a forall i € 1..n}
andfj(ot) ={(n, (x1,...,x,)) € EX | x; € « for some i € 1..n}.

The free comonad is Tr, mapping a set A to the set of finitely branching and ordered trees
labelled by A. Formally, such a tree is a partial function #: N* — A with a non-empty and prefix-
closed domain such that, if (kj,...,k,) € domt and k <k,, then (k;,...,k) € domt (cf. Aczel
et al. (2003); Courcelle (1983)). The counit maps a tree t to the label of its root, that is #(e),
where ¢ is the empty sequence, and the comultiplication maps a tree t to uf(t) such that
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domu};(t) =domt and ,ui(t)(u) is the subtree of t rooted at u € domt. The behaviour of the nat-
ural transformation «F of course depends on f, for instance, for f = fv, it maps @ € P(A) to the
set of trees where all nodes have label in «, while for f = f 3 it maps « € P(A) to the set of trees
containing an infinite path starting from the root where all nodes have label in «.

Then, given a coalgebra (A, ¢) for the comonad Tr and o € P(A), we have x € D(Tfr‘)c)oz if all

nodes in ¢(x) have label in , when f = f7, and if there is an infinite path in c(x) where all nodes
have label in &, when f = 3. Therefore, D(TA,C) provides a model for the modalities ‘invariantly’
(AG) and ‘potentially always’ (EG) of Computation Tree Logic (CTL) Baier and Katoen (2008),
depending on the choice of f.

Acknowledgements. The authors would like to thank Jacopo Emmenegger, Fabio Pasquali and Cosimo Perini Brogi for
many helpful discussions on the subject, and the two referees for their useful comments.

Notes

1 There are many reasonable 2-categories whose objects are adjunctions in %. In this paper, the 2-category Adj(X) we
introduce is the one that gives rise to the 2-adjunction with Cmd(X).

2 In the following, we may sometime refer to a doctrine as a pair (C, P) in order to make the base C of the doctrine conspicous.
3 Many notions in this paper can be phrased using the language of 2-fibrations, but with the hope to keep the presentation
more accessible, we shall just highlight the connection in a few important cases.

References

Aczel, P., Adamek, J., Milius, S. and Velebil, J. (2003). Infinite trees and completely iterative theories: A coalgebraic view.
Theoretical Computer Science 300 (1-3) 1-45.

Awodey, S. and Birkedal, L. (2003). Elementary axioms for local maps of toposes. Journal of Pure and Applied Algebra 177
(3) 215-230.

Awodey, S., Birkedal, L. and Scott, D. S. (2002). Local realizability toposes and a modal logic for computability. Mathematical
Structures in Computer Science 12 (3) 319-334.

Awodey, S., Kishida, K. and Kotzsch, H.-C. (2014). Topos semantics for higher-order modal logic. Logique & Analyse (N.S.)
226 591-636.

Baier, C. and Katoen, J. (2008). Principles of Model Checking. MIT Press.

Benton, P. N. (1994). A mixed linear and non-linear logic: Proofs, terms and models. In: Pacholski, L. and Tiuryn, J. (eds.)
Computer Science Logic, 8th International Workshop, CSL 1994, vol. 933. Lecture Notes in Computer Science. Springer,
121-135.

Betti, R. and Power, A. J. (1988). On local adjointness of distributive bicategories. Bollettino della Unione Matematica Italiana
2 (4) 931-947.

Blackwell, R., Kelly, G. M. and Power, A. J. (1989). Two-dimensional monad theory. J. Pure Appl. Algebra 59 (1) 1-41.

Bratiner, T. and Ghilardi, S. (2007). First-order modal logic. In: Blackburn, P., van Benthem, J. F. A. K. and Wolter, F. (eds.)
Handbook of Modal Logic., vol. 3. Studies in Logic and Practical Reasoning. North Holland Publishing Company, 549-620.

Courcelle, B. (1983). Fundamental properties of infinite trees. Theoretical Computer Science 25, 95-169.

Emmenegger, J., Pasquali, F., and Rosolini, G. 2020. Elementary doctrines as coalgebras.]. Pure Appl. Algebra 224 (12) 106445,
16.

Esakia, L. (2004). Intuitionistic logic and modality via topology. Annals of Pure and Applied Logic 127 (1-3) 155-170.

Ghani, N,, Liith, C., Marchi, F. D. and Power, J. (2001). Algebras, coalgebras, monads and comonads. Electronic Notes in
Theoretical Computer Science 44 (1) 128-145.

Ghilardi, S. and Meloni, G. C. (1988). Modal and tense predicate logic: models in presheaves and categorical conceptualiza-
tion. In: Categorical Algebra and Its Applications (Louvain-La-Neuve, 1987), vol. 1348. Lecture Notes in Math. Springer,
130-142.

Hermida, C. (1994). On fibred adjunctions and completeness for fibred categories. In: Recent Trends in Data Type
Specification (Caldes de Malavella, 1992), vol. 785. Lecture Notes in Computer Science. Springer, 235-251.

Hermida, C. (1999). Some properties of fib as a fibred 2-category. Journal of Pure and Applied Algebra 134 (1) 83-109.

Jacobs, B. (1999). Categorical Logic and Type Theory. North Holland Publishing Company.

Johnstone, P. T. (2002). Sketches of An Elephant: A Topos Theory Compendium, Vol. 1, vol. 43. Oxford Logic Guides. The
Clarendon Press, Oxford University Press.

https://doi.org/10.1017/50960129521000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129521000207

Mathematical Structures in Computer Science 795

Lawvere, F. W. (1969). Adjointness in foundations. Dialectica 23 281-296. also available as Reprints in Theory and
Applications of Categories 16 (2006) 1-16.

Lawvere, F. W. (1970). Equality in hyperdoctrines and comprehension schema as an adjoint functor. In Heller, A. (ed.) Proc.
New York Symposium on Application of Categorical Algebra. Amer. Math. Soc, 1-14.

Mac Lane, S. and Moerdijk, I. (1992). Sheaves in Geometry and Logic a First Introduction to Topos Theory. Springer.

Maietti, M. E. and Rosolini, G. (2013a). Elementary quotient completion. Theory and Applications of Categories 27 445-463.

Maietti, M. E. and Rosolini, G. (2013b). Quotient completion for the foundation of constructive mathematics. Logica
Universalis 7 (3) 371-402.

Maietti, M. E. and Rosolini, G. (2015). Unifying exact completions. Applied Categorical Structures 23 43-52.

Moeller, J. and Vasilakopoulou, C. (2020). Monoidal Grothendieck Construction. Theory and Applications of Categories 35
(31) 1159-1207.

Power, A. J. and Watanabe, H. (2002). Combining a monad and a comonad. Theoretical Computer Science 280 (1-2) 137-162.

Reyes, G. E. (1991). A topos-theoretic approach to reference and modality. Notre Dame Journal of Formal Logic 32 (3)
359-391.

Rosenthal, K. I. (1990). Quantales and Their Applications, vol. 234. Pitman Research Notes in Mathematics Series. Longman
Scientific & Technical; copublished in the United States with John Wiley & Sons, Inc.

Street, R. (1972). The Formal Theory of Monads. Journal of Pure and Applied Algebra 2 (2) 149-168.

Streicher, T. (1991). Semantics of Type Theory. Progress in Theoretical Computer Science. Birkhduser Boston, Inc.
Correctness, completeness and independence results, With a foreword by Martin Wirsing.

Appendix A. Interior Operators from Linear-Non-Linear Adjunctions

A well-known approach to provide categorical semantics to the linear exponential modality ! —
read as ‘bang’ - of propositional linear logic is by means of linear-non-linear adjunctions as in
Benton (1994). A linear-non-linear adjuction is a monoidal adjunction beween a symmetric
monoidal category and a cartesian category; the induced comonad on the symmetric monoidal
category interprets the bang modality. This notion is easily extended to doctrines where the
construction in Corollary 5.11 provides a model of the bang modality in a higher order setting.

In the present context, the role of the cartesian category is played by a primary doctrine, that
is, a doctrine P: C* — Pos where C has finite products and, for each object X in C, the fibre PX
carries an inf-semilattice structure preserved by reindexing, see e.g. Emmenegger et al. (2020).
The symmetric monoidal category turns into a (symmetric) monoidal doctrine, which we define
below, following the definition of monoidal indexed categories in Moeller and Vasilakopoulou
(2020). We shall employ the 2-cartesian structure of the 2-category Dtn. So, in the following, given
indexed posets P: C*®* — Pos and Q: D — Pos, we denote by P x Q: (C x D)* — Pos the prod-
uct doctrine mapping a pair of objects (X, Y) to the product (in Pos) PX x QY and acting similarly
on arrows. Furthermore, we denote by 1 the terminal doctrine whose base is the terminal category
and mapping its unique object to the singleton poset. We shall write ap, p, p;: P1 X (P2 x P3) =
(P1 X Py) X P3, Ap:1 X P— P, pp:1 X P— P, and op, p,: P} X P — P, x P; for the usual 1-iso
for associativity, left and right identity, and symmetry.

A (symmetric) monoidal doctrine consists of

 a doctrine Q: D — Pos,

o two 1-arrows (®,): Q x Q— Qand (I,¢): 1 — Q, and
« four invertible 2-arrows

a: (®, e) o ((®,e) x (Id,id)) 0o Q0 = (®, @) o ((Id, id) x (®, e))
I (®,0)0((I,1) x (Id,id)) = Aq r:(®, @) o ((Id, id) x (I,1)) = pqg

5:(®,0) 0000 = (®,e)
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such that (D, ®,1,4a,1,1,s) is a symmetric monoidal category. As the 2-arrows a, I, r and s are
invertible, the inequalities they induce on the fibres are actually equalities, namely, the following
diagrams commute

(2Q,0.Q)A.B,
(QA x QB) x Q€ —22MEE 04 X (QBX Q0) 1 0y
—dxenc
o4 B X id QA X Q(B ® C)
QA®B) xQC .- ®4,B8C
Q(aaB.c)
QA®B®C) ————— QA®(B®C())
(t,id) (id, ¢)
QlxA——=QIx QA QA x1— QA xQI
()\Q)Al i‘I,A (PQ)Ai i‘AJ
oa . quea) oa -2 quen

0A x QB 2 (A ® B)

(0Q)a,B lQ(SA,B)
®3A
QBx QA ——= QBRA)

Note that a primary doctrine P: C°®® — Pos is a monoidal doctrine with (x,M): P x P— P and
(1, T1): 1 — P, where 1 is the terminal object and T is the top element in P1, x is the binary
product in the category and M is defined, for all objects X, Y in C, by Mx,y = Axxy o (Pm; X Pmy),
where m1: X X Y — Xand mp: X x Y — Y are the projections.

Now, consider a primary doctrine P and a monoidal doctrine Q. An adjunction
(P,Q,L, A, R, p,n,€) is said to be monoidal if L and R are lax monoidal functors and n and €
are monoidal natural trasformations, that is, we have the following additional structure:

o two 2-arrows u: (I,t) = (LX) o (1, T) and ¢: (®,e) o ((L, 1) x (L, 1)) = (L, 1) o (x, ), that
is, u: I — L1 and, for all objects X, Yin C, ¢x,y: LX ® LY — L(X ® Y) are arrows in D, and

o two 2-arrows v: (1, T) = (R, p) o (I,t) and ¥:(x,M) o ((R, p) X (R, p)) = (R, p) o (x, ),
that is, v: 1 — RI and, for all objects A, B in D, ¥4 p: RA X RB— R(A x B) are arrows in
C,and

o the following diagrams commute:

id
XxY Y XxY

nx X nYl \LUXXY

R
RLX x RLy VLY R(LX ® LY) Rox.y RL(X x Y)

L
LRA ® LRB ‘ML(RA % RB) LYap LR(A ® B)
€A® EB\L \LGA®B
id
A®B A®D A®B
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v Ru

Ly

l1—RI——RIL1 IHLIHLRI
n €1

i idrr1 id; l
RL1 I

and the following inequalities on the fibres:

rx,y
PXx PY —————=PX xY)

QA x QB QA®B)
P4 X /OBi Ax X /\Yi
PRA x PRB < PAQB QLX x QLY = AXxY
MRA,RB i ®LX,LY i

P
P(RA x RB) Pyas PR(A ® B)

11—t S

Tll = ipl
Dby

Pl<———— PRI

QUX ® LY)gL QL(X x Y)

P1

Ll < l)\l
Qu

QI QL1

797

From general results about monoidal adjunctions between categories, we know that u and ¢ are
(natural) isos. Hence the inequalities on the left-hand side are equalities, that is, those diagrams
commute,

Consider now the doctrine QL®: C® — Pos. By Corollary 5.11, there is an interior operator
I: QL = QL°® defined as ! = A - (Pn°) - pL°?. However, in this richer context, QL has a richer
structure. First of all C has finite products, hence, for each object X in C, there are arrows {: X — 1
and Ax: X — X x X natural in X. Then, we can define a monoid structure on QL X as the two
composite arrows

1 or 2% g P gux
_______ o
—1
QLX) x QLX) "~ _Lf X QULX @ LX) Wxx ax x x)EAX L oy,
o

It follows that (QL?X, xx, ex) is a commutative monoid and that such structure is preserved by
reindexing. This structure interprets the multiplicative conjunction of linear logic and its unit. To
ensure that ! correctly interprets the ‘bang’ modality of linear logic, four properties, in addition to
those of interior operators, are required to hold: for each object X in C and &, 8 € Q(LX),

(1) 'xax <ex (2) 'xa < !xa *x Ixa

(3) ex < !xex (4) 'xa *x !xB < Ix(a *x B).

(1) Note that Pnx(prx(«)) € PX, which is an inf-semilattice with top element Tx, hence
Pnx(prx(a)) < Tx =Ptx(T1), because reindexing preserves the inf-semilattice struc-
ture. Therefore, we get !xa = Ax(Pnx(porx(a))) < Ax(Pix(T1)) = QLEx(A1(T1)) = ex, by
naturality of A and one of the diagrams above.
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(2) Again, note that Pnx(prx(«)) € PX, which is an inf-semilattice, hence Pnx(prx(e)) <
Pnx(prx(a)) Ax Pnx(prx(e)). Since ; o Ax = idx, using naturality of A, we get

Pnx(prx(@)) < PAx (P (Pnx(prx(a))) Axxx Pra(Pnx(prx())))
= PAx(Pnx(prx(@)) Nx,x Pnx(prx(a)))
Therefore, applying Ax and using one of the diagrams above we get
Ixa = Ax(Pnx(pLx(@)))

< Ax(PAx(Pnx(prx(a)) Mx,x Pnx(prx(@)))

= QLAx(Axxx(Pnx(prx(a)) Mx,x Pnx(prx(a))))

= Ax(Pnx(prx(@))) *x Ax(Pnx(porx(a)))

= Ixa xx Ixa

(3) By one of the diagrams above, naturality of A and the fact that reindexing in P pre-
serves the inf-semilattice structure, we have ex = Ax(T x). Furthermore, since n: (Id, id) =
(RL, (pL°?)A) is a 2-arrow in Dtn, we get

ex = Ax(Tx) < Ax(Pnx(prx(Ax(Tx)))) = Ixex
(4) Using the diagrams above and the definitions of *x and !x we get
Ixaexx IxB = (Ax(Pnx(prx(@)))) *x (Ax(Pnx(prx(B))))
= QLAx(Axxx(Pnx(prx () Mx,x Pnx(prx(B))))

= Ax(PAx(P(nx x nx)(prx(e) Mrrx,rex prx(B))))
< Ax(PAx(P(nx x nx)(PY¥rx,x(prxerx(a erxix B)))))

From one of the diagrams above, we have ¥1xx o (7x X nx) :R¢;}< o nxxx, hence
we get

xa xx IxB < Ax(PAx(P(nx x nx)(PY¥rx,rx(prxerx(a erx,x B)))))
= )»X(PAX(PﬂXxX(PR¢§}((PLX®LX(Ot orx.1x B)))))
= Ax(Pnx(orx(QLAX(Qex k(o e1x,1x B)))))

=Ix(a *xx B)
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